
Mathematics and Computers in Simulation 30 (1988) 493-504 
North-Holland 

493 

PRACTICAL METHODS FOR EVALUATING THE ACCURACY 
OF THE EIGENELEMENTS OF A SYMMETRIC MATRIX 

Faezeh TOUTOUNIAN 

Department of Mathematics, University of Mashhad, Mashhad, Iran 

The results of the Householder and QL algorithms for determining the eigenelements of a symmetric matrix, 
provided by a computer, always contain the errors resulting from floating-point arithmetic round-off error 
propagation. The Permutation-Perturbation method is a very efficient practical method for evaluating these 
errors and consequently for estimating the exact significant figures of the eigenelements. But, in the cases of: 
eigenvalues very close to zero, eigenvalues of widely varying range, and multiple eigenvalues, the Permutation- 
Perturbation method is not complete. In this paper we propose an algorithm which is able to complete this 
method. 

1. Introduction 

The standard algebraic eigenvalue problem is the determination of the nontrivial solution of 
AX = XX. It is one of the basic problems of numerical analysis. There exist many efficient 
methods to compute the eigenelements of a matrix. 

The most efficient program for finding all the eigenvalues alone or all the eigenvalues and 
eigenvectors of a symmetric matrix is a combination of the Householder tridiagonalization and 
the QL algorithm. 

In the Householder algorithm [5], the symmetric matrix A = A, is reduced to the symmetric 
tridiagonal matrix A, _ 1 by n - 2 appropriately chosen elementary orthogonal transformations, 

A, +A,+1 =PlA,Pi, i = 1, 2,. . . , n - 2, 

where 

Pi=& l(qT/Hi, H,=iQTV, 

with I=n-i-t1 and 

ui = (ag)* + ( a;,g2 + * . . + ( ajl,)_,)2 
Matrix A, is of tridiagonal form in its last i - 1 rows and columns. If z is an eigenvector of 

the tridiagonal matrix A,_i, then PIP,. . . P,_*z is an eigenvector of A,. 
In the basic QL algorithm, a sequence of matrices A = A,,, A,, A,, . . . , is computed by 

A.7 = Q.&s, LsQ, =As+l> s=O,l , * f ., 

where Q,, is an orthogonal and L, a lower-triangular matrix. Note that from the uniqueness of 
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the QL decomposition it follows that the sequence A,, s = 0, 1, _ . . , is essentially uniquely 
defined. Since 

A s+l = L,Q, = Q%,Q,, 

each step in the QL algorithm is a similarity transformation. It can be shown that, under rather 
general conditions, A, will tend to a lower-triangular matrix with the eigenvalues on the 
diagonal. Since the QL algorithm preserves symmetry, it follows that, for a symmetric matrix, 
the limiting form is a diagonal matrix [6]. 

If some ratios 1 X k+l/Xk 1 are near 1, then convergence will be slowed; the QL algorithm must 
therefore be modified to incorporate shift as follows: 

A, - K,I = Q,L,, A,+, = L,Q, + KJ, s = 0, 1, 2,. . . . 

It is easily seen that A,+1 is still similar to A,y. Here, K, is a shift parameter which is used to 
accelerate the convergence. 

If matrix A, is real and symmetric, all Q, are orthogonal and all A, are real and symmetric. 
Finally, in the case when A, is symmetric and tridiagonal, the process is particularly simple. For 
a detailed description of this particularity, the reader is referred to [5]. 

For breaking off the iterative process, we have used the termination criterion which is 
suggested by Wilkinson and Reinsch [5]: 

and d’“‘, e!.‘) are the current values of diagonal and subdiagonal elements of the tridiagonal 
matrixr A,. E = MACHEPS is the smallest number representable on the computer for which 
1 + MACHEPS > 1. On the IBM 3081 computer, MACHEPS for simple, double, and quadruple 
precision is respectively 0.95 x 10p6, 0.22 X 10-15, and 0.31 X 10-32. 

For computing the eigenvectors of a tridiagonal matrix we use the product of the matrices Q,, 
s=o, l,.... 

By examining the algorithm thus described, we have seen that its_ implementation in a 
computer raises various problems, which we shall attempt to solve. 

2. Accuracy of the solution 

When the eigenvalues and eigenvectors are computed, what is the accuracy obtained for these 
results? 

We propose a solution to these problems based on the Permutation-Perturbation method of 
Vignes [4], which is also known under the name CESTAC [l] (Control et Estimation STochas- 
tique des Arrondis de Calcul), and which is summed up below. 

2.1. The Permutation-Perturbation method 

This method provides an automatic analysis of propagation of computing error caused by the 
floating-point arithmetic of the computer for any algorithm whose results are obtained in a finite 
number of arithmetic operations. 
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Les us consider an algebraic expression defined by 

y =f( d, + , - , X , :, funct), (I) 

in which d c R is the set of data, y E R is the result of algebraic expression (1) and 

+, -9 x , :, funct are the exact mathematical operators. 
To perform algebraic expression (1) on a computer, it is transcribed into a programming 

language and we obtain 

Y=F(D, @, 8, *,/,FUNCT), (2) 

in which D c IF is the set of data, YE F is the result of procedure (2) and @, 8, * , /, FUNCT are 
computer arithmetic operators. IF is the set of floating-point values that can be represented on 
the computer. 

2.2. The Permutation method 

Since the rules of algebra, such as associativity of addition, are not valid in floating-point 
arithmetic, there is no computer expression image of the algebraic expression of f but there is a 
set P = { F, } of computer expression images obtained by performing all possible combinations of 
permutable arithmetic operators in the algebraic expression. We obtain 

Card(P) = CO,, 

in which CO, is the number of combinations corresponding to all permutations of the arithmetic 
operators. 

2.3. The Perturbation method 

Let us consider one of these F, images performed on a computer. At each arithmetic 
operation, the result contains an error (chopping or rounding-off). So, any result of a computer 
arithmetic operation (assignment, arithmetic operations, etc.) must be considered to have two 
possible results: one by lack and the other by excess. 

Therefore, if the computer expressions c require k computer arithmetic operations, then each 
4 will provide a set R = { y ) x E IF}, so that each Y. thus legitimately represents the exact result 

Y. 

2.4. The Permutation-Perturbation method 

By applying the Perturbation method to each computer expression image F, of f, a set 
R = { 5 1 ‘I; E IF} is obtained with 

Card(R) = 2kC0,. 

Each YJ thus legitimately represents the exact result y. 
It has been shown [3] that the best approximation of y E R is the average r of YJ E lF. 

Moreover, it has been shown [3] that the number of significant decimal figures of r is given by 

C=log,0(I~l/Q 

in which 6 is the standard deviation of Y,. 
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Since the YJ’s can be considered as a Gaussian random variable with mean 7 and standard 
deviation S [3], the confidence interval at p% of the exact result y defined by Student’s law is 
given by 

P[y E (Y- t,s/lm, r+ t$/flj] = 1 -p%, 

where t, is the value of the Student distribution for N - 1 degrees of freedom. 
It has been shown [3] that we can evaluate the number of significant decimal figures C with a 

subset containing only two or three elements Y, E If%. These two or three elements Y, are obtained 
by two or three runs of the same &. computer expression images. Each of these runs consists in 
randomly permuting the order of the permutable operators and randomly perturbing the last bit 
of the mantissa of the number after each operation. 

For N = 3 and p = 5, t, = 4.3 (Student’s table) the confidence interval is then defined by 
y c I,, where: 

1, = [y - 2.486, r + 2.4861. 

The number of exact significant decimal figures is evaluated by C,: 

C, = log,,( ) r I/e), with :e = 2.488; 

then 

C,=log,,( IrI,‘S)-0.696=C-0.696. 

For N = 2 and p = 5 we obtain 

C,=log,,( Ir1/6)-1.25=C-1.25, 

thus we can obtain with 95% confidence the number of exact significant decimal figures of r. 

3. Evaluating the accuracy of eigenelements of a symmetric matrix 

When we have to compute the eigenelements of an algebraic symmetric matrix &= [a, j] E R 

by using the Householder and QL algorithms, it are in fact the eigenelements of a computer 
image A = [Aij] E lF which will be computed. The Permutation-Perturbation method enables us 
to evaluate the number of significant decimal figures of eigenvalues and associated eigenvectors 
of matrix A. But, in the cases of: very small eigenvalues (small with respect to the computer 
used), eigenvalues of widely varying range, and multiple eigenvalues, the Permutation-Perturba- 
tion method is not complete. We complete this method by the methods presented below. 

3.1. Determination of a null eigenvalue 

When the Permutation-Perturbation method is used for evaluating the number of decimal 
significant figures of an eigenvalue of a matrix A = [Aij] E IF, sometimes C is found to be less 
than 1 (C < 1). This result can be found in two cases. Either the absolute value of this computed 
eigenvalue is near MACHEPS ( 1 A 1 < 9 x MACHEPS) and we call it a numerically null eigenvalue of 
A (null with respect to machine precision), or it is much greater than MACHEPS. In the first case, 
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by computing the eigenvalues of the matrix A + I we can determine the order of magnitude of 
this eigenvalue. If we want to find it with more accuracy, we must use a higher machine 
precision. In the second case (a nonnull eigenvalue), the algorithm used, with the machine 
precision used, is not stable and we cannot compute this eigenvalue with them. By changing the 
algorithm or by using a higher machine precision, it may be possible to determine this 
eigenvalue. 

3.2. Evaluating the accuracy of the eigenvectors corresponding to the multiple eigenvalue 

When there is a multiple eigenvalue, the computed eigenvectors corresponding to this 
eigenvalue, in every run of the Permutation-Perturbation method, span an invariant subspace 
which will converge to the invariant eigenspace associated with this eigenvalue. But, because 
these computed eigenvectors change their directions in every run, we cannot evaluate the number 
of significant decimal figures of components of these computed eigenvectors such as the other 
computed eigenvectors. 

Let us suppose A, to be a multiple eigenvalue of algebraic multiplicity m, and V:“‘, 
I/:“’ VCsj the eigenvectors corresponding to this multiple eigenvalue, which have been ,..., m 
computed in run s, s = 1, 2, 3, with the Permutation-Perturbation method. Let M be the 
eigenspace associated with this eigenvalue X,, and MC”‘, s = 1, 2, 3, be the subspace which has 
been constituted by the computed eigenvectors corresponding to this eigenvalue in run S, s = 1, 

For evaluating the number of significant decimal figures of the eigenvectors associated with 
the eigenvalue h,, we choose the vectors V/l’, V$‘) ,-.., V(l) ’ the computed eigenvectors in the M 3 
first run, as the eigenvectors corresponding to the computed eigenvalue and, with the help of the 
other vectors V/“‘, V$“‘, . . . , VL”‘, s = 2, 3, we construct the unitary vectors in the directions of 
the vectors V{“, V$“, . . . , VA”, so that we can determine the accuracy of the vectors V{“, 
V-J” VW .-> m . 

k, define the vectors 0: and y., i = 1, 2,. . . , m, in the subspaces M , (*) M”’ of the following 
forms : 

u. = ‘yi$p + a,*vp + . * . I + aimV;*), ky = p;Jq3) + pi2v$3) + . * . + p,mv;3), 

with two arbitrary coefficient q, and Ptk (for example, I = k = 1 and ail = ,8;, = 1). We 
computed the other coefficients (q ., &j, j = 2, 3,. . _ , m) such that the vectors U, and U: will be 
orthogonal to the vectors Y, (s), yp: ). . .) Y,“‘l Y. ,!“I, . . . , YA”‘, s = 2, 3, where Y{“‘, Y$“‘, . _. , YCS), 
s = 2, 3, are respectively the orthogonal projections of V$“, Vi’), . . . , V:,” on the subspaces M . , 77, 

s = 2, 3, i.e, 

,rJTyQ) = 0 
' J 

#y(3) = 0 
' 'J 9 j = 1, 2,. . . ” i-l,i+l,.._, m. 

After we normalize the vectors U,, K, i = 1, 2,. . . , m, we can use them for determining the 
number of significant decimal figures of K(r), i = 1, 2,. . . , because if M(l), MC*‘, MC3’ have been 
confounded with eigenspace M, then the computed unitary vectors U;, W, will be confounded 
with Y(t) Therefore, when these subspaces are very close to the eigenspace M, the vectors U,, W, I . 

’ We can choose the vectors Vj2’, I/;(‘), . . . , VA2) or V13’, Vj3), . . . , Vd3) instead of the vectors V,(l), Vi’), . , Vil). 
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legitimately represent vector 1/(l) and so they can be used to determine the accuracy of the result, 
i.e., its number of significant digits. 

4. Test results 

These procedures have been tested on several matrices of all types on the IBM 3081 computer 
in simple, double, and quadruple precision. Here we present the different examples that can 
appear in the practical domain. In Tables l-11 we denote by ‘value’ the computed value and by 
‘ value * ’ the exact value of the results. 

Example A. First we consider a symmetric matrix whose eigenvalues are well separated and not 
close to zero: 

A= 

4.5 
0.6 4.5 
0.0 -1.2 4.5 

-0.3 0.0 0.6 4.5 
0.4 1.3 0.2 0.6 4.5 
1.4 0.2 -0.3 0.4 1.2 4.5 

-0.8 -0.6 -0.4 -2.2 0.0 0.6 4.5 
-1.8 -0.4 - 1.4 -0.8 0.6 0.0 0.3 4.5 

The results obtained are reported in Table 1. In this table, the values of L, Xi, i = 1, 2, _ . . ,8 

(the average of the eigenelements obtained in the three runs of the Permutation-Perturbation 
method), and C, the computed number of significant digits of the computed eigenelements are 
shown. We can see that there exists an agreement between the exact and the computed number 
of significant digits. 

Example B. This example is associated with the Hilbert matrices of orders 6 and 8 (matrix 
H = (a,,) with the elements ajj = l/( i +j - 1)). For these matrices, the results produced for the 
eigenvalues by the Permutation-Perturbation method with simple precision are given in Tables 2 
and 3. We note that there are one eigenvalue in Table 2 and three eigenvalues in Table 3 whose 
number of significant digits are less than one, and their absolute values are near the used 
MACHEPS (MACHEPS = 0.95 x 10e6). So, by definition we have null eigenvalues with respect to 
simple precision. By computing the eigenvalues of the matrices H + I of orders 6 and 8 (Tables 4 
and 5, respectively) we can say that the absolute values of these eigenvalues are less than 10p5. 
With the double precision we find more precise results for these eigenvalues (Tables 6 and 7). 

Example C. This example is taken from [5] and was constructed in such a way: 

B= 

1o16 1o1’ 

10” 1o12 lo7 

lo7 lo8 lo3 

lo3 lo4 

10-l 

1 

1 

3 

0-l 

0-l_ 
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Table 1 

0.10000038E+01 0.10000000E+01 4.3 
0.20000105E+01 0.20000000E+01 4.6 
0.30000010E+01 0.30000000E+01 4.8 
0.39999924E-tOl 0.40000000E+01 5.1 
0.49999914E-tOl 0.50000000E+01 5.3 
0,59999847E+Ol 0.60000000E+01 5.0 
0.6999979OE+Ol 0.70000000E+01 4.9 
0.79999695E+Ol 0.80000000E+01 5.0 

X, x1* c C* X2 x2* C 

-0.4472125 -0.4472136 4.6 5 0.2236041 0.2236068 4.7 
-0.2236060 -0.2236068 4.5 6 -0.4472109 -0.4472136 4.6 

-0.2236058 -0.2236068 4.4 5 -0.4472125 -0.4472136 4.4 

-0.4472125 -0.4472136 4.7 5 0.2236058 0.2236068 4.4 

0.2236050 0.2236068 4.5 5 0.4472116 0.4472136 4.7 

0.2236072 0.2236068 4.6 5 -0.4472103 -0.4472136 4.6 
-0.4472135 -0.4472136 4.9 6 0.2236055 0.2236068 4.4 
-0.4472119 -0.4472136 4.8 5 -0.2236074 -0.2236068 4.2 

- 
x3 x,* c c* x,* C 

c* 
5 

5 

5 

5 

5 

5 
5 

5 

c* 

0.4472122 0.4472136 4.7 5 0.2236083 0.2236068 4.4 5 

-0.2236057 -0.2236068 4.3 5 -0.4472116 -0.4472136 5.0 5 

0.2236072 0.2236068 4.6 5 -0.4472132 -0.4472136 4.4 6 

-0.4472122 -0.4472136 4.9 5 0.2236052 0.2236068 4.4 5 

0.2236061 0.2236068 4.6 5 -0.4472122 -0.4472136 4.5 5 

-0.2236072 -0.2236068 4.4 5 0.4472125 0.4472136 4.9 5 

-0.4472138 -0.4472136 5.0 6 -0.2236065 -0.2236068 4.5 6 
0.4472113 0.4472136 5.0 5 0.2236065 0.2236068 4.9 6 

X5 x5* c C* X6 X6* C c* 
0.2236056 0.2236068 4.7 5 -0.4472138 -0.4472136 5.1 6 
0.4472151 0.4472136 4.5 5 0.2236046 0.2236068 4.2 5 

-0.4472122 -0.4472136 4.5 5 -0.2236058 -0.2236068 5.0 5 
-0.2236070 -0.2236068 4.3 5 0.4472138 0.4472136 5.1 6 
-0.4472128 -0.4472136 5.0 5 0.2236030 0.2236068 4.8 5 
-0.4472119 -0.4472136 4.7 5 -0.2236062 -0.2236068 4.6 6 
-0.2236054 -0.2236068 4.4 5 -0.4472132 -0.4472136 4.6 6 
-0.2236071 -0.2236068 4.9 5 0.4472122 0.4472136 4.9 5 

X7 x7* c C* X8 X8* C C* 

-0.2236068 -0.2236038 
-0.4472135 
0.4472109 
0.2236056 

-0.4472147 
-0.4472094 
-0.2236048 
-0.2236084 

-0.4472136 
0.4472136 
0.2236068 

-0.4472136 
-0.4472136 
-0.2236068 
-0.2236068 

4.2 5 
4.6 6 
4.6 5 
4.6 5 
4.9 5 
4.4 5 
4.4 5 _ 
4.4 5 _ 

0.4472109 
0.2236066 
0.2236053 
0.4472119 
0.2236069 
0.2236064 
-0.4472109 
.0.4472116 

0.4472136 
0.2236068 
0.2236068 
0.4472136 
0.2236068 
0.2236068 
-0.4472136 
-0.4472136 

_ 

4.5 5 
4.8 6 
4.4 5 
4.9 5 
4.4 6 
4.7 6 
4.9 5 
4.3 5 
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N L C 

1 -0,10518279E-05 0.0 
2 O.l2305172E-04 1.2 
3 0.61576068E-03 2.9 
4 O.l6321525E-01 4.5 
5 0.24236047E+OO 4.7 
6 O.l6188993E+Ol 4.6 

Table 3 

N L c 

-0.25281048E-06 0.0 
O.l3993019E-06 0.0 
O.l2893834E-05 0.1 
0.54328106E-04 3.3 
O.l4678065E-02 3.7 
0.2621283OE-01 4.8 
0.29812461E+OO 5.2 
O.l6959400E+Ol 4.5 

Table 4 

N L c 

1 0,99999744E+OO 5.0 
2 0.10000086E+01 4.6 
3 0.10006132E+01 4.7 
4 O.l0163212E+Ol 4.6 
5 O.l2423582E+Ol 4.6 
6 0.26188974E+Ol 4.9 

Table 5 

N L c 

0.99999583E+OO 4.6 
0.99999869E+OO 4.7 
0.10000010E+01 4.5 
0.10000515E+01 4.7 
0.10014648E+01 4.5 
O.l0262098E+Ol 4.8 
O.l2981224E+Ol 4.6 
0.26959372E-tOl 4.8 
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N L C 

1 O.l082799483665924D-06 8.6 
2 O.l257075712252147D-04 10.5 
3 0.6157483541826442D-03 13.0 
4 O.l632152131987581D-01 14.6 
5 0.2423608705752092D+OO 14.8 
6 O.l618899858924338D+Ol 14.3 

Table I 

N L C 

O.l111538052962231D-09 5.5 
0,1798873731948086D-07 7.6 
0,1294332091833888D-05 9.8 
0,5436943369747321D-04 11.7 
0,1467688117741881D-02 14.0 
0,2621284357811901D-01 14.0 
0.2981252113169303D+00 14.4 
0.16959389969219481)+01 14.3 

Table 8 

N L C 

1 0.1000000000000000D+01 0.0 
2 0.9998989995904267D-tO4 3.1 
3 0.9999989968657938D-tO8 7.5 
4 0,9999989999986667D+12 11.2 
5 0.1000000000100010D+17 15.1 

Table 9 

N L C 

1 0.99998999988999971)-01 14.9 
2 0,9999989999989904D+04 14.4 
3 0.9999989999989998D-tO8 14.6 
4 0.9999989999999998D+12 14.3 
5 0.1000000000100010D+17 16.0 

Table 10 

N L C 

1 0,999989999889999716740533277620424Q-01 15.2 
2 0.999998999998990996990400661887910Q+04 19.8 
3 0.999998999998999999000199033737070Q+08 23.8 
4 0.999999000000000200040105980933770Q+12 27.9 
5 0.100000000010001000099009700950292Q+17 32.3 
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that the eigenvalues are of orders 1016, lo’*, lo’, 104, lo-‘, that is to say, the eigenvalues are of 
widely varying range. Table 8 gives the eigenvalues and their number of significant digits which 
are computed by the Permutation-Perturbation method with double precision. We note that 
there is an eigenvalue with C less than one and the absolute value much greater than the used 
MACHEPS (MACHEPS = 0.22 X 10-15). Thus, in this case we cannot find this eigenvalue with 
double precision and the QL algorithm. We could find it by using the implicit QL algorithm [5] 
with double precision (Table 9), and also by the QL algorithm with quadruple precision (Table 
10). 

Example D. As a final test we take the matrix C = QDQT of order 8, where Q is a unitary matrix 
of the form 

Q=& 

2.0 1.0 2.0 1.0 1.0 2.0 1.0 2.0 
1.0 -2.0 -1.0 -2.0 2.0 -1.0 2.0 1.0 
1.0 -2.0 1.0 -2.0 -2.0 1.0 -2.0 1.0 
2.0 1.0 -2.0 1.0 -1.0 -2.0 - 1.0 2.0 

-1.0 2.0 1.0 -2.0 -2.0 -1.0 2.0 1.0 
-1.0 -2.0 - 1.0 2.0 -2.0 1.0 2.0 1.0 

2.0 1.0 -2.0 - 1.0 -1.0 2.0 1.0 -2.0 
2.0 -1.0 2.0 1.0 - 1.0 -2.0 1.0 -2.0 _ 

and D is a diagonal matrix with elements d, = 0.0, d, = 0.0, d, = 0.0, d, = 0.001, d, = 0.01, 
d, = 10.0, d, = 1.001, and d, = 10.01, so as to illustrate the case of multiple and close eigenval- 
ues. This example has been tested on the NCRDNS with simple precision (MACHEPS = 0.12 x 
10p6). Table 11 gives L, Xj, i = 1, 2,. _ . ,8 (the computed eigenelements), and C, the computed 
number of significant digits of these computed eigenelements. For the first three eigenvalues, 
which are the numerically null eigenvalues of matrix C, the associated eigenvectors have no 
significants digits. We have considered these eigenvalues as equal eigenvalues and with the help 
of the vectors U,, c, i = 1, 2, 3, defined above, we have computed the new eigenvectors 
associated with these three eigenvalues and their number of significant digits. For checking these 
results we have done the same transformation on the three exact eigenvectors corresponding to 
the eigenvalue zero. In Table 11, the vectors X,, i = 1, 2, 3, are the new computed eigenvectors 
and C is the new computed number of significant digits. We see that the C’s obtained are a very 
good estimation of the corresponding C* ‘s. 

For the other eigenvalues, by considering their number of significant digits we can say that the 
distances between exact values and computed values of these eigenvalues are nearly of order 
10e5, the number C for eigenvectors 4, 6, and 7 is about 2 and for eigenvectors 5 and 8 about 3. 
These results are obtained because of the spectral condition number of these eigenvectors. For a 
symmetric matrix, the spectral condition number of the eigenvectors associated with A simple is 
l/d(h) (where d(h) = min pE V(A)_ (xI 1 p - A I) [2]. We note that the spectral condition number 
of eigenvectors 4, 6, and 7 is lo3 and that of eigenvectors 5 and 8 is lo*; thus, the number of 
significant digits of eigenvectors 4,6,7 and 5,8 should be respectively about 5 - 3 = 2 and 
5 - 2 = 3, so our results agree with the theory. 
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Table 11 

N L L* C C* 

1 -O.l885738OE-06 0.00000000E+00 0.0 0 

2 0.31435430E- 06 0.00000000E+00 0.0 0 

3 0.2027786OE - 05 0.00000000E+00 0.0 0 

4 O.l0009190E- 02 0.10000000E-02 1.9 3 

5 O.l0000530E-01 0.10000000E-01 3.3 4 

6 0.1000001OE+02 0.10000000E+02 5.4 6 

7 0.10001010E+02 0.10001000E+02 5.1 6 

8 0.10010010E+02 0.10010000E+02 5.4 6 

XI x1* C c* X, x,* c C* 

-0.4240365 -0.4241433 2.9 3 -0.2767033 -0.2770221 2.0 2 

0.4761802 0.4761395 2.5 3 -0.2629441 -0.2624215 1.8 2 

0.2977771 0.2979816 2.4 3 -0.1086248 -0.1082390 1.5 2 

-0.0672117 -0.0678275 1.1 2 -0.5852171 -0.5853871 2.6 3 

-0.4764313 -0.4761395 2.4 3 0.2626662 0.2624215 2.1 3 

0.5181466 0.5181036 2.7 4 0.1564657 0.1566743 1.9 2 

-0.0673372 -0.0678275 1.2 2 -0.5853561 -0.5853871 3.2 4 

-0.0160746 -0.0161007 1.6 2 -0.2527829 -0.2528045 3.0 4 

XX x,* C c* Xl ‘G* C c* 

-0.4398374 -0.4397285 2.4 3 -0.2239634 -0.2236068 2.2 3 

-0.0665403 -0.0665293 1.5 3 0.4472530 0.4472136 2.6 4 

-0.4467028 -0.4466444 2.4 3 0.4471073 0.4472136 2.3 3 

0.3204851 0.3205019 2.5 4 -0.2237040 -0.2236068 2.0 3 

0.0662337 0.0665293 1.5 2 0.4471744 0.4472136 2.6 4 

0.0841548 0.0837961 1.5 2 -0.4469922 -0.4472136 2.7 3 

0.3203317 0.3205019 2.4 3 0.2235098 0.2236068 2.0 3 

-0.6211115 -0.6211526 2.8 4 -0.2239059 -0.2236068 2.0 3 

x, x,* c C* X, &i* c c* 

0.2235918 0.2236068 3.2 4 -0.4468039 -0.4472136 2.1 3 

0.4471968 0.4472136 3.6 4 0.2245318 0.2236068 1.6 2 

-0.4472233 -0.4472136 3.8 4 -0.2246056 -0.2236068 1.6 2 

-0.2236374 -0.2236068 3.6 4 0.4466566 0.4472136 2.1 3 

-0.4472096 -0.4472136 3.3 5 0.2245317 0.2236068 1.6 2 

-0.4471948 -0.4472136 3.4 4 -0.2226799 -0.2236068 1.5 2 

-0.2236437 -0.2236068 3.3 4 -0.4466565 -0.4472136 2.1 3 

-0.2236173 -0.2236068 3.1 4 0.4474667 0.4472136 2.1 3 

x7 x7* C c* x, XX* C C* 

-0.2245519 -0.2236068 1.6 2 -0.4471489 -0.4472136 2.9 3 

-0.4467219 -0.4472136 2.1 3 -0.2236605 -0.2236068 2.3 3 

0.4467386 0.4472136 2.2 3 -0.2235535 -0.2236068 2.3 3 

0.2245853 0.2236068 1.5 2 -0.4472790 -0.4472136 2.9 3 

-0.4467220 -0.4472136 2.1 3 -0.2236605 -0.2236068 2.3 3 

-0.4474847 -0.4472136 2.2 3 -0.2235870 -0.2236068 3.0 4 

-0.2245854 -0.2236068 1.5 2 0.4472794 0.4472136 2.9 3 

-0.2226595 -0.2236068 1.6 2 0.4471316 0.4472136 2.6 3 
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5. Conclusion 

The algorithms described in this paper are based on the Permutation-Perurbation method and 
are very easy to implement on the Householder and QL algorithms. They allow us to determine 
the existence of a null eigenvalue and to evaluate the number of significant decimal figures of the 
eigenvectors, corresponding to the eigenvalues, multiple or very close as well as the other 
eigenvectors. These efficient algorithms have been used on several matrices of all types and 
different order and the results have always been satisfactory. 
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