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Global least squares method (Gl-LSQR) for solving
general linear systems with several right-hand sides
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Abstract

In this paper, we propose a new method for solving general linear systems with several right-hand sides. This method is
based on global least squares method and reduces the original matrix to the lower bidiagonal form. We derive a simple
recurrence formula for generating the sequence of approximate solutions {Xk}. Some theoretical properties of the new
method are discussed and we also show that how this method can be implemented for the sylvester equation. Finally, some
numerical experiments on test matrices are presented to show the efficiency of the new method.
� 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Many applications require the solution of several sparse systems of equations
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AxðiÞ ¼ bðiÞ; i ¼ 1; 2; . . . ; s ð1Þ

with the same coefficient matrix and different right-hand sides. When all the b(i)’s are available simultaneously,
Eq. (1) can be written as
AX ¼ B; ð2Þ

where A is an n · n nonsingular and nonsymmetric real matrix, B and X are n · s rectangular matrices whose
columns are b(1),b(2), . . . ,b(s) and x(1),x(2), . . . ,x(s), respectively.

In practice, s is of moderate size s� n. Instead of applying an iterative method to each linear system, it is
more efficient to use a method for all the systems simultaneously. In the last years, generalizations of the clas-
sical Krylov subspace methods have been developed. The first class of these methods contains the block solv-
ers such as the BL-BCG algorithm [2,11], the BL-GMRES algorithm introduced in [17], the BL-QMR
algorithm [5], and recently the BL-BiCGSTAB algorithm [4]. The second class contains the global GMRES
003/$ - see front matter � 2005 Elsevier Inc. All rights reserved.
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[8] algorithm and global Lanczos-based methods [9]. A third class of methods use a single linear system named
the seed system and then consider the corresponding Krylov subspace. The initial residuals of the other linear
systems are projected onto this Krylov subspace. The process is repeated until convergence; see [13,1,10,15,16].

In this paper, we present a global version of least squares (LSQR) algorithm [12] for solving the problem
(2). The algorithm will be derived from the LSQR algorithm in the same way as global FOM and GMRES
methods were derived from FOM and GMRES algorithms, respectively [8]. The global FOM and GMRES
algorithms reduce the coefficient matrix A to an upper Hesenberge matrix form. In new method, the coefficient
matrix A will be reduced to a lower bidiagonal matrix form. This leads to a simple recurrence formula for
generating the sequence of approximate solutions {Xk}. Our algorithm has certain advantages over global
FOM and GMRES algorithms; namely we do not need to store the basis vectors, we do not need to prede-
termine a subspace dimension, and the approximate solutions and residuals are cheaply computed at every
stage of the algorithm because they are updated with short-term recurrences.

Throughout this paper, we use the following notations. For two n · s matrices X and Y, we define the fol-
lowing inner product: hX,YiF = tr(XTY), where tr(Z) denotes the trace of the square matrix Z. The associated
norm is the Frobenius norm defined by kXkF = (hX,XiF)1/2. We will use the notation h Æ i2 for the usual inner
product in Rn and the associated norm denoted by k Æk2.

The outline of this paper is as follows. In Section 2, we give a quick overview of LSQR method and its
properties. In Section 3, we present the global version of the LSQR algorithm and some properties. In Section
3.2, we will show that how this method can be implemented for the sylvester equation. In Section 4, some
numerical experiments on test matrices from application problems and Harwell–Boeing collection are pre-
sented to show the efficiency of the method. Finally, we make some concluding remarks in Section 5.
2. The LSQR algorithm

In this section, we recall some fundamental properties of LSQR algorithm [12], which is an iterative method
for solving real linear systems of the form
Ax ¼ b;
where A is a nonsymmetric matrix of order n and x; b 2 Rn.
LSQR algorithm uses an algorithm of Golub and Kahan [6], which stated as procedure Bidiag 1 in [12], to

reduce A to the lower bidiagonal form. The procedure Bidiag 1 can be described as follows.

Bidiag 1 (starting vector b; reduction to lower bidiagonal form)
b1u1 ¼ b; a1v1 ¼ ATu1;

biþ1uiþ1 ¼ Avi � aiui;

aiþ1viþ1 ¼ ATuiþ1 � biþ1vi;

�
i ¼ 1; 2; . . .

ð3Þ
The scalars ai P 0 and bi P 0 are chosen so that kuik2 = kvik2 = 1. With the definitions
U k � ½u1; u2; . . . ; uk�;
V k � ½v1; v2; . . . ; vk�;

Bk �

a1

b2 a2

. .
. . .

.

bk ak

bkþ1

2
66666664

3
77777775
the recurrence relations (3) may be rewritten as
U kþ1ðb1e1Þ ¼ b;

AV k ¼ U kþ1Bk;

ATU kþ1 ¼ V kBT
k þ akþ1vkþ1eT

kþ1.
As we observe the procedure Bidiag 1 will be stop if Avi � aiui = 0 or ATui+1 � bi+1vi = 0, for some i.



454 F. Toutounian, S. Karimi / Applied Mathematics and Computation 178 (2006) 452–460
For the procedure Bidiag 1, we have the following propositions.

Proposition 1. Suppose that k step of the procedure Bidiag 1 have been taken, then the vectors v1, v2, . . . , vk, and

u1,u2, . . . , uk,uk+1 are orthonormal basis of the Krylov subspaces KkðATA; v1Þ and Kkþ1ðAAT; u1Þ, respectively.

Proposition 2. The procedure Bidiag 1 will stop at step m if and only if min{l,k} is m, where l is the grade of v1

with respect to ATA and k is the grade of u1 with respect to AAT.

The proof of these propositions are similar to those given in [14] for the classical Arnoldi process.
By using the procedure Bidiag 1, the LSQR method constructs an approximation solution of the form

xk = Vkyk which solves the least-squares problem, minkb � Axk2. The main steps of the LSQR algorithm
can be summarized as follows.

Algorithm 1 (LSQR algorithm)

Set x0 = 0
Compute b1 = kbk2, u1 = b/b1, a1 = kATu1k2, v1 = ATu1/a1

Set w1 = v1, �/1 ¼ b1, �q1 ¼ a1

For i = 1,2, . . . , until convergence Do:

w = Avi � aiui

bi+1 = kwk2

ui+1 = w/bi+1

zi = ATui+1 � bi+1vi

ai+1 = kzik2

vi+1 = zi/ai+1

qi ¼ ð�q2
i þ b2

iþ1Þ
1=2

ci ¼ �qi=qi

si = bi+1/qi

hi+1 = siai+1

�qiþ1 ¼ �ciaiþ1

/i ¼ ci
�/i

�/iþ1 ¼ si
�/i

xi = xi�1 + (/i/qi)wi

wi+1 = vi+1 � (hi+1/qi)wi

If j/i+1j is small enough then stop
EndDo.
More details about the LSQR algorithm can be found in [11].
3. Global least squares method

In this section, we propose a new procedure, based on Bidiag 1, for reducing A to the lower bidiagonal
form, and we introduce the notations of block subspaces and global LSQR method.

The global Bidiag 1 procedure constructs the sets of the n · s block vectors V1,V2, . . . and U1,U2, . . . such
that hVi,VjiF = 0, hUi,UjiF = 0, for i 5 j, and kVikF = 1, kUikF = 1; and they form two F-orthonormal basis
of Rn�ks.

Global Bidiag 1 Algorithm 1 (starting matrix B; reduction to lower bidiagonal form)
b1U 1 ¼ B; a1V 1 ¼ ATU 1;

biþ1Uiþ1 ¼ AV i � aiU i;

aiþ1V iþ1 ¼ ATUiþ1 � biþ1V i;

�
i ¼ 1; 2; . . .

ð4Þ
The scalars ai P 0 and bi P 0 are chosen so that kUikF = kVikF = 1.
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We define
Uk � ½U 1;U 2; . . . ;Uk�;
Vk � ½V 1; V 2; . . . ; V k�;

T k �

a1

b2 a2

. .
. . .

.

bk ak

bkþ1

2
66666664

3
77777775
and as [8], we use the notation * for the following product:
V � c ¼
Xk

j¼1

V jcj;
where c = [c1,c2, . . . ,ck]T is a vector of Rk and, by the same way, we set
V � T k ¼ ½V � T .,1;V � T .,2; . . . ;V � T .,k�;
where T., j is jth column of the matrix Tk. It is easy to see that the following relations are satisfied:
V � ðcþ gÞ ¼V � cþV � g and ðV � T kÞ � c ¼V � ðT kcÞ;

where c and g are two vectors of Rk. Now, according to the notation *, the recurrence relations (4) may be
rewritten as
Ukþ1 � ðb1e1Þ ¼ B;

AVk ¼ Ukþ1 � T k;

ATUkþ1 ¼Vk � T T
k þ akþ1V kþ1 � eT

kþ1;
where ei is the ith column of identity matrix.

For the Global Bidiag 1, we have the following proposition. It is similar to Proposition 1.

Proposition 3. Suppose that k step of the procedure Global Bidiag 1 have been taken, then the block vectors
V1,V2, . . . ,Vk, and U1,U2, . . . ,Uk+1 are F-orthonormal basis of the Krylov subspaces KkðATA; V 1Þ and

Kkþ1ðAAT;U1Þ, respectively.

The proof of this proposition is also similar to that given in [8] for the classical Arnoldi process.
Proposition 2 can be also restated with the block vectors V1,V2, . . . ,Vk; U1,U2, . . . ,Uk rather than the vec-

tors v1,v2, . . . ,vk; u1,u2, . . . ,uk.
Using the above notations, we have also the following result which has been proved in [8].

Proposition 4. Let Uk be the matrix defined by Uk ¼ ½U1;U2; . . . ;U k�, where the n · s matrices Ui, i = 1, .., k,

are defined by the global Bidiag 1 process. Then we have kUk � gkF ¼ kgk2, where g is a vector of Rk.
3.1. Global LSQR (Gl-LSQR) algorithm

In this section we describe a Gl-LSQR algorithm for solving linear systems (2). At iteration k we seek an
approximate solution Xk of the form
X k ¼Vk � yk; ð5Þ

where yk is in Rk. The residual matrix for this approximate solution is given by
Rk ¼ B� AX k ¼ B� AVk � yk ¼ b1U 1 �Ukþ1 � T k � yk ¼ Ukþ1 � ðb1e1 � T k � ykÞ; ð6Þ

where e1 2 Rkþ1. The global LSQR algorithm chooses the vector yk which minimizes the Frobenius norm of
the matrix residual Rk. From (6), the residual Rk can be written as
kRkkF ¼ kUkþ1 � ðb1e1 � T k � ykÞkF .
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According to Proposition 4, we have
kRkkF ¼ kb1e1 � T kykk2.
Thus
min kRkkF ¼ min
y2Rk
kb1e1 � T kyk2.
This minimization problem is accomplished by using the QR decomposition [7], where a unitary matrix Qk

is determined so that
Qk½ T k b1e1 � ¼
Rk fk

0 �/kþ1

" #
¼

q1 h2 /1

q2 h3 /2

. .
. . .

. ..
.

qk�1 hk /k�1

qk /k

0 �/kþ1

2
6666666666664

3
7777777777775
;

where ql and hl are scalars. The above QR factorization is determined by constructing the kth plane rotation
Qk,k+1 to operate on rows k and k + 1 of the transformed ½ T k b1e1 � to annihilate bk+1. This gives the follow-
ing simple recurrence relation:
ck sk

�sk ck

� �
�qk 0 �/k

bkþ1 akþ1 0

" #
¼

qk hkþ1 /k

0 �qkþ1
�/kþ1

� �
;

where �q1 � a1, �/1 � b1, and the scalars ck and sk are the nontrivial elements of Qk,k+1. The quantities �qk,�/k are
intermediate scalars that are subsequently replaced by qk,/k.

With setting
yk ¼ R�1
k � fk
the approximate solution is given by
X k ¼Vk � ðR�1
k � fkÞ ¼ ðVk �R�1

k Þ � fk.
Letting
Pk �Vk �R�1
k � ½P 1P 2 . . . P k�
then
X k ¼ Pk � fk.
The n · s matrix Pk, the last block column of Pk; can be computed from the previous Pk�1 and Vk, by the
simple update
P k ¼ ðV k � P k�1hkÞq�1
k ; ð7Þ
also note that,
fk ¼
fk�1

/k

� �
;

in which
/k ¼ ck
�/k.
Thus, Xk can be updated at each step, via the relation
X k ¼ X k�1 þ P k/k.
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The matrix residual norm kRkkF is computed directly from the quantity �/kþ1 as
kRkkF ¼ j�/kþ1j.
Some of the work in (7) can be eliminated by using matrices Wk � Pkqk in place of Pk. The main steps of
Gl-LSQR algorithm can be summarized as follows.

Algorithm 2 (Gl-LSQR algorithm)

Set X0 = 0n·s

b1 = kBkF, U1 = B/b1, a1 = kATU1kF, V1 = ATU1/a1.
Set W1 = V1, �/1 ¼ b1, �q1 ¼ a1

For i = 1,2, . . . until convergence Do:

Wi ¼ AV i � aiU i

biþ1 ¼ kWikF

Uiþ1 ¼Wi=biþ1

Si ¼ ATU iþ1 � biþ1V i

aiþ1 ¼ kSikF

V iþ1 ¼ Si=aiþ1

qi ¼ ð�q2
i þ b2

iþ1Þ
1=2

ci ¼ �qi=qi

si = bi+1/qi

hiþ1 ¼ siaiþ1

�qiþ1 ¼ ciaiþ1

/i ¼ ci
�/i

�/iþ1 ¼ �si
�/i

Xi = Xi�1 + (/i/qi)Wi

Wi+1 = Vi+1 � (hi+1/qi)Wi

If j�/iþ1j is small enough then stop
EndDo.
As we observe, our algorithm has certain advantages over global FOM and GMRES algorithms; namely,
we do not need to store the basis vectors, we do not predetermine a subspace dimension, and the approximate
solution and the Frobenius norm of residuals are cheaply computed at every stage of the algorithm because
they are updated with short-term recurrences. We will give now some convergence results on the global LSQR
algorithm.

Proposition 5. Assume that AAT = UKUT, where U is an orthogonal matrix, K = diag(k1,k2, . . . ,kk) and ki’s are

eigenvalues of AAT. Then, at step k, the residual norms produced by the Gl-LSQR satisfy
kRkkF 6 n
ffiffiffi
n
p
kBkF min

p2Pk ;pð0Þ¼1
ð max

i¼1,..,n
jpðkiÞjÞ;
where Pk is the set of polynomials of degree less or equal than k.

The proof of this proposition is similar to Proposition 4 in [8].

3.2. Application to the Sylvester matrix equation

Sylvester equations AX � XB = C play an important role in numerical linear algebra. For example, they
arise in the computation of invariant subspaces, in control problems, as linearizations of algebraic Riccati
equations, and in the discretization of partial differential equations. For small equations, direct methods
are feasible. For large systems, iterative solution methods are available, like Krylov subspace methods.

Now we want to show how to apply the Gl-LSQR algorithm for solving the Sylvester matrix equation. We
consider the following Sylvester matrix equation:



Table
Test p

Matrix

PDE90
PDE29
SHER
SHER
GR �

Table
Effecti

Matrix

A1

PDE90
PDE29
SHER
GR �
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AX � XB ¼ C; ð8Þ

where A and B are n · n and s · s matrices, respectively, and X, C are n · s matrices.

Let A be the linear operator defined as follows:
A : Rn�s ! Rn�s;

X !AðX Þ ¼ AX � XB;

ATðX Þ ¼ ATX � XBT.
Hence the problem (8) can be expressed as
AðX Þ ¼ C. ð9Þ

The matrix equation (9) can be solved by Gl-LSQR algorithm by replacing in Algorithm 2 the matrix B by C

and the matrix products AX and ATX by AX � XB and ATX � XBT, respectively.

4. Numerical examples

In this section, we give some experimental results. Our examples have been coded in Matlab with double
precision and have been executed on a PIV/1.8 GHz/Full workstation. For all the experiments, the initial
guess was X0 = 0 and B = rand(n, s), where function rand creates an n · s random matrix with coefficients uni-
formly distributed in [0,1]. In all test problems, we have not used any preconditioning. All the tests were
stopped as soon as, max16j6s(kcolj(Rk)k2/kcolj(R0)k2) 6 10�7.

As [8], the first matrix test A1 represents the 5-point discretization of the operator
LðuÞ ¼ �uxx � uyy þ dux ð10Þ

on the unit square [0,1] · [0, 1] with homogeneous Dirichlet boundary conditions. The discretization was per-
formed using a grid size of h = 1/61 which yields a matrix of dimension n = 3600; we chose d = 0.5.

Also, we use some matrices from Harwell–Boeing collection. These matrices with their properties are shown
in Table 1.

In Table 2, we give the ratio t(s)/t(1), where t(s) is the CPU time for Gl-LSQR algorithm and t(1) is the
CPU time obtained when applying LSQR for one right-hand side linear system. Note that the time obtained
by LSQR for one right-hand side depends on which right-hand was used. So, as [8], t(1) is the average of the
times needed for the s right-hand sides using LSQR. We note that Gl-LSQR is effective if the indicator t(s)/t(1)
is less than s. In Table 2, we list the ratio t(s)/t(1), for s = 5, 10, 15, 20, and 25, for the Gl-LSQR. As shown in
1
roblems information

nProperty order sym nnz cond

0 900 No 4380 2.9e+02
61 2961 No 14,585 9.49e+02

MAN4 1104 No 3786 7.2e+03
MAN5 3312 No 20,793 3.9e+05
30 � 30 900 Yes 4322 35.8e+02

2
veness of Gl-LSQR algorithm measured by t(s)/t(1)

nS 5 10 15 20 25

2.30 4.12 6.65 9.64 12.19
0 2.60 6.07 9.48 12.61 15.69
61 1.78 3.44 4.54 6.97 9.15

MAN4 2.39 5.35 8.35 11.43 14.58
30 � 30 1.64 2.59 3.91 5.28 6.37



Table 3
Performance of Gl-LSQR algorithm for Sylvester equation n = 4000

mns 2 5 8 10 cond(A)

10 24 (0.093) 83 (0.766) 169 (2.329) 246 (4.532) 1.8e+06
50 8 (0.047) 65 (0.609) 67 (0.906) 84 (1.484) 3.9e+05
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Table 2 the Gl-LSQR algorithm is effective and less expensive than the LSQR algorithm applied to each right-
hand side.

For test problem of Sylvester equation, we consider the elliptic operator
LðuÞ ¼ �Muþ 2mux þ 2muy
with Dirichlet boundary conditions which was described in [3]. The operator was discretized using central
finite differences on [0,1] · [0, 1], with mesh sizes h = 1/(n + 1) in the ‘‘x’’ direction and k = 1/(s + 1) in the
‘‘y’’ direction. This yields a linear system of algebraic equations that can be written as a Sylvester equation
(8), in which A and B are tridiagonal matrices of the form
A ¼ tridiagð�1� mh; 2;�1þ mhÞ and B ¼ �tridiagð�1� mk; 2;�1þ mkÞ.

The entries of the matrix C were random values uniformly distributed on [0,1] and the initial guess was
X0 = 0n,s. The tests were stopped as soon as kRkkF/kR0kF 6 10�8, where Rk = C � AXk + XkB. The results ob-
tained for m = 10, 50, n = 4000 and different values of s are presented in Table 3. Table 3 contains the number
of iterations and, in parenthesis, the CPU time for Gl-LSQR to converge. The last column of this Table con-
tains the condition number of matrix A. The results presented in Table 3 show the effectiveness of Gl-LSQR
for the Sylvester equations. As we observe for m = 10 the number of iterations and the CPU time are more than
those for m = 50. This is due to the condition number of matrix A. The efficiency and robustness of Gl-LSQR
method can be improved by using a good preconditioner for the symmetric positive definite matrix ATA.
5. Conclusion

In this paper we have presented a global version of least squares (LSQR) algorithm for solving general lin-
ear systems with several right-hand sides. As we observed, the new method reduces the coefficient matrix A to
a lower bidiagonal matrix form. This leads to a simple recurrence formula for generating the sequence of
approximate solutions {Xk}. Our algorithm has certain advantages over global FOM and GMRES algo-
rithms; namely we do not need to store the basis vectors, we do not need to predetermine a subspace dimen-
sion, and the approximate solutions and residuals are cheaply computed at every stage of the algorithm
because they are updated with short-term recurrences. Experimental results show that the proposed method
are effective and less expensive than the LSQR algorithm applied to each right-hand side. We have also noted
how this algorithm could be applied to other matrix equations such as the Sylvester equation. Finally, we men-
tion that the efficiency and robustness of this new method can be improved by using a good preconditioner for
the symmetric positive definite matrix ATA.
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R-91012, Publications du Laboratire d’Analyse Numérique, Univérsité Pierre et Marie Curie, Paris, 1991.
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