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Abstract

The Malmquist Index is the prominent index for measuring the productivity change in Decision Making
Units (DMUs) in multiple time periods that use Data Envelopment Analysis (DEA) models with Variable
Return to Scale (VRS) and Constant Return to Scale (CRS) technology. In this paper, we compute the
Malmquist Index based on common weights evaluation, and using this method we can rank DMUs
according to logical criteria.
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Introduction
Data Envelopment Analysis (DEA) is a mathematical programming technique that measures the relative

efficiency of Decision Making Units (DMUs) with multiple inputs and outputs. Charnes et al. (1978) first
proposed DEA as an evaluation tool to measure and compare the relative efficiency of DMUs. Their
model assumed Constant Returns to Scale (CRS, the CCR model).The model with Variable Return to
Scale (VRS, the BCC model) was developed by Banker et al. (1984). The Malmquist Index is the most
important index for measuring the relative productivity change in DMUs in multiple time periods. This
index was introduced by Caves et al. (1982).Later, Fare, Gross Kopf, Lindgren, and Ross (FGLR, Fare et
al, 1992), and ... (FGNZ, Fare et al., 1994) used DEA model (CRS) and VRS for measuring the
Malmaquist Index. The rest of the paper is organized as follows: Sections 2 describes DEA. In Section 3,
we explain computation of common weight. Section 4 deals with computing of efficiency using common
weight in different periods. In Section 5, we compute Malmquist Index based on common weight through
defining Anti Ideal DMU. The last section summarizes the main points and draws conclusions.

Data Envelopment Analysis (DEA)

Assuming that there are n DMUSs, each with m inputs and s outputs, the relative efficiency of a particular
DMUo (06{1, 2,__,,n}) is obtained by solving the following fractional programming problem:
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where  jis the DMU index, j=12,..,nris the output index,r=12,..sandithe input

indexi=1,2,..,m, y,the value of the rthoutput for the jth DMU, x; the value of the i input for the j"

DMU, U, the weight given to the rthoutput, V, the weight given to the i input. DMUy is efficient if and only
ifw, =1.

DMUo selects weights that maximize its output-to-input ratio, subject to the constraints. A relative
efficiency score of 1 indicates that the DMU under consideration is efficient, whereas a score less than 1
implies that it is inefficient. This fractional program can be converted into a linear programming problem
where the optimal value of the objective function indicates the relative efficiency of DMUO. The
reformulated linear programming problem, also known as the Linear CCR model, is as follows:

S
6 =w,=max D u,y,
r=1

subjectto:
Zm:vixio =1
i=1
Zs:uryrj—Zvixijso i=12,..,n (2)
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Common Weight

(For more information about this subject see Jahanshahloo et. al., 2010.)

Definition 1

The virtual positive anti ideal DMU is a DMU with maximize inputs of all of DMUs as its input and

minimize outputs of all DMUs as its output. That is, if we show positive ideal DMU with DMU = (X,¥),
then &; = max{x;;|j = 1,2,..,n}, (i = 1,2,..,m) and ¥ = min{y,;|j = 1,2, ..,n}(r = 1,2,..,5).

Definition 2
An ideal level is one straight line that passes through the origin and positive ideal DMU with slope 1.0. In

Fig.1, the vertical and horizontal axes are set to be the virtual output (weighed sum of s outputs) and the
virtual input (weighed sum of m inputs), respectively. Also,ox is an ideal line, and

DMU = (N2, %:v, X5—1 ¥-u;.) is an ideal DMU. The notation of a decision variable with superscript

symbols”, represents an arbitrarily assigned value. For anyDM Uy, DMUy,, if given one set of weights
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u, (r=12,..,5) and v (i = 1,2, ...,m), then the coordinate of points M,N and NO in Fig. 1 are
T XV, D=y Vesrty) and (B2, x 07, Bizy Vewiy). The virtual gaps between points M and M ? on
the horizontal axes and vertical axes are denoted as f_".i,- and ﬂf,,-, respectively. Similarly, for points V- and

N'?, the gaps are AL and A}y We observe that there exists a total virtual gap Ay, + Aby + A%+ Ato

99 9

the ideal line. Let the notation of a decision variable with superscript”, ” represent the optimal value of the
variable. We want to determine an optimal set of weights u; {r = 1,2, ...,5) and v (i = 1,2, ..., m)such

that both points M* and IV* below the ideal line could be as close to their projection points, M *¥ and N*¥
on the ideal line, as possible. In other words, by adopting the optimal weights, the total virtual gaps
aﬁ,,-+.ﬂf,,-+ﬂﬁ-+ﬂﬁ-to the ideal line is the shortest to both DMUs. As for the constraint, the
numerator is the weighted sum of outputs plus the vertical gap A, and the denominator is the weighted
sum of inputs minus the horizontal virtual gap ﬂ.j-. The constraint implies that the direction closest to the
ideal line is upward and leftward at the same time. The ratio of the numerator to the denominator equals

1.0, which means that the projection point on the ideal line is reached. Therefore, we have the following
model:

T
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Fig. 1. Gap analysis showing DMU below the virtual ideal lime.

£is positive Archimedean infinitesimal constant. The ratio form of constrains (1) can be rewritten in a
linear form, so we have the following model: 105
[y

AT = minz Al +4A7
=1
St Ei:lurfr‘ _Eﬂl‘viff =0
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Then, if we let ﬂ_‘; + af, be 4; (4), then simplified to the following linear programming (5).

T

A* = min A;
=1
St Eiziu,f,. — E?;j_t’ifi = ﬂ (*jl
5 M
Z u,.}-‘,,}-—z vix;+ A;=0 j=12,...,n (5)
r=1 i=1
A;= 0, i=12,...n
U, =e =0, r=12..,5
v; =e =0, i=12 ...m

If a DMUj wason positive ideal, then we use the definition of the CWA efficiency score of DMUj that Liu
and Peng (2006) defined as the following equation:

L3 o
g = E. r=1UrVrj
Ji m B
=1V Xy

j=12..n (6

Therefore, the CWA efficiency score of it is 1.0. So that constrain (*) in (5) becomes redundant and this
model becomes the same as the CWA model in Liu and Peng (2006). On the other hand, the ideal line is
the benchmark line. We conclude that the CWA model is a special case of (5) in this paper. Therefore,
DMUj is CWA efficient if f_".j-‘ = 0 or 67 = 1.0therwise, DMUj is CWA inefficient.

Definition 3
The performance of DMUj is better than that of DMUi if A;< A;(For more information on this subject,

see Jahanshahloo et al., 2010).

Computing Efficiency using common weights in different periods and different models of
DEA

We can compute g 58 greVRs)

ity +Bxy (ideal DMU and DMUs in period t, frontier period = t).As in the

previous section, Wherexf}-, }-‘:}-are substitutedx ;;, ¥r;. (E;‘f:jifgﬂj B:f:jifﬂ‘q}(ideal DMU and DMUs in

period t+1, frontier period = t+1)).
DEA model of CRS technology in input orientation, ideal DMU and DMUs in period t, frontier period =
t+1.

Phase 1

(3}
3 . t
A = min A;
=1

E t+lse _ vm t+l -t
St E;v-:lur ¥r i=1 xt'_ﬂ
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Phase 2 ) )
Therefore, by solving Model (7), we obtain r-'f"Hl}, ui"ﬁl}. So, using common weight, efficiency is:
- 23 1u$|;r+1_:l JE
st+1(CRS) _ <r=1"r ri -
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DEA model of CRS technology in input orientation, ideal DMU and DMUs in period t+1, frontier period
=t
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Phase 2: Therefore, solving Model (9), we obtain vi*':ﬂ',
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4

Likewise, we can compute %ﬁ‘*r'fgﬂ and %?I‘:ft;l'i”ﬁﬂ.

New Method for computing Malmquist Index based on Common Weights in different
models of DEA

According to the computation of rjf;if}”ﬂ , %ﬁi’éﬁmﬂ, ....in the previous section, consider the following
equations:
_-r+:..j[.'ﬁ:.:. —_r+-_‘|jwt:.:.
ECq = —ritmy (11) PECg = —rmsy(12)
(el [t
“ELHE) “ELKE)
(4] [E+1]) =
TCq = [raamms X Eﬁ:mli (13)
4] [t+1)
SE(VRE) é-:+:_|j|'..'h'l-j
R3] [E+4)
SECq = [mms X orezrvmsy] (14)
3] [E+4)

Where ECg-is efficiency change based on &%, PECg~is pure efficiency change based on &%, TCgis
technology change based on &, and SECg-is scale efficiency change based on&*. The Malmquist Index
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and its FGLR and FGNZ decompositions are as follows (For more details, see Fare et al., 1992, 1994.).
Similarly, we can compute Malmquist Index.
Malmquist Index based on &% (M1g+) = ECg+ x TCg+(15)

Malmaquist Index based on &* (Mlg+)= PECg+ x SEC g+ xTCyg+(16)

We define Malmquist Index Disparity and Expanded Malmquist Index Disparity:
MIg — Mlg-
MID = ———x 100 (17
Mg
Conclusion

To obtain the relative efficiency of DMUs, we use means of weights, and through this method we
compute Malmquist Index. The result seems be quite satisfactory. Using a new method (common
weights), we can rank DMUs according to logical criteria. The result of the performance of this method
can be seen in a numerical example.
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