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Measurement of strong coupling as in e+e2 annihilation using jet rate
and event shape

M E Zomorrodian1*, M Hasheminia2 and A Mirjalili2

1Department of Physics, Ferdowsi University of Mashhad, 91775-1436 Mashhad, Iran

2Physics Department, Yazd University, 89195-741 Yazd, Iran

Received: 14 June 2015 / Accepted: 20 August 2015 / Published online: 7 October 2015

Abstract: The hadronic events from the AMY data at 60 GeV center-of-mass energy are studied. We measure the

coupling constant as first by using the three-jet rate method. From the event shape, we also extract the strong coupling

constant, based on next-to-next leading order. Our results are consistent with the running of as expected from quantum

chromodynamics predictions at next-to-next leading order corrections.
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1. Introduction

Quantum chromodynamics (QCD) is generally accepted to

be the correct theory for the description of strong interac-

tions between quarks and gluons. If the quark masses and

mixing angles are fixed, then the only free parameter of the

theory is the strong coupling constant as. Many precise fits

of the standard model as well as searches for new physics

depend on as. Therefore, it is of paramount importance to

measure this parameter at the best possible precision. In

particular, measurements based on different underlying

processes, at different energy scales, constitute an impor-

tant consistency check of the theory and are used to prove

the so-called running coupling constant, i.e., the decrease

in the coupling strength with increasing energy scale.

During the last 20 years, an enormous wealth of mea-

surements has become available, using many different

initial and final states [1–3]. Recently, theoretical progress

has been made leading to a significant improvement in the

prediction of the three-jet rates as a function of as [4]. The
annihilation of an electron–positron pair into a pair of

quarks provides an ideal laboratory to test the theory of the

strong interaction. One method to measure the free

parameter as is using the events with more than two jets in

the final state. There are many different schemes to sepa-

rate two, three, and four jets in each event. One of the most

reliable of which is the JADE algorithm. In this paper, we

report on the determination of the strong coupling constant

from the three-jet rates, in e?e- annihilation using the

AMY data at KEK TRISTAN. From the event shape, we

also extract the strong coupling constant, at leading order

(LO), next to leading order (NLO), and next-to-next lead-

ing order (NNLO). The event shape variables consist of

thrust, heavy jet mass, wide jet broadening, total jet

broadening, and the C-parameter. For three-jet events in

electron positron annihilations, these are well-established

set of infrared safe observables which are widely used [5,

6].

2. Experimental details

2.1. Detector description

The complete AMY detector, trigger, and luminosity

measurements are described elsewhere [7, 8]. Here, we

mention only those features which are essential for multi-

hadron analysis. The AMY detector consists of a tracking

detector and shower counter inside a 3-T solenoid magnetic

coil which is surrounded by a steel flux return yoke fol-

lowed by a muon detection system. The charged particle

tracking detector consists of a four-layer cylindrical array*Corresponding author, E-mail: zomorrod@um.ac.ir
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of drift tubes (inner tracking chamber or ITC) and a 40-

layer cylindrical drift chamber (central drift chamber or

CDC) with 25 axial layers of wires and 15 stereo layers.

Charged particles are detected efficiently over the polar

angle region |cos h|\ 0.85 with a momentum resolution
DPt

Pt
¼ 0:7 %� ½Pt ðGeV=cÞ�:
Radially outside of the CDC, there is a 15 radiation

length cylindrical electromagnetic calorimeter (barrel

shower counter or SHC) which serves as a photon detector.

The detector fully covers the angular region |cos h|\ 0.73.

The energy resolution is rE
E
� 23%=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E ðGeVÞ
p

þ 6%, and

its angular resolution is r/ ¼ 23
�
and rh ¼ 0:3

�
: In the

end-cap region, there is an electromagnetic calorimeter

specialized for measuring Bhabha scattering. A schematic

view of the detector is shown in Fig. 1. The description of

the various detector components and the hadronic event

selection criteria are given in detail in ref [7, 8].

2.2. Event selection and data correction

The data were collected with the AMY detector at the

TRISTAN storage ring at KEK, Japan, in 1980. Even

though the data for this analysis were recorded more than

30 years ago, the results of this study are still valuable.

Multi-hadron annihilation events were selected by

requiring five or more charged tracks, a total visible energy

(Evis) greater than half of the center-of-mass energy, a

momentum imbalance along the beam direction of mag-

nitude \0.4 Evis, and more than 3 (5) GeV of energy

deposited in the SHC at center-of-mass energies of

(54–61.4) GeV. Monte Carlo simulations indicated those

contaminations from e?e- ? s?s-and the two photon

processes (e?e- ? e?e- ? hadrons) were 0.9 and 1.2 %,

respectively. From the way the number of selected events

changed when we varied the assumed resolutions and cut

criteria, we estimated the systematic error associated with

the event selection procedure to be 2.3 %. The total of

16,335 hadronic events at the mean center-of-mass energy

of 60 GeV satisfied the hadronic event selection criteria,

the total integrated luminosity being 160 pb-1.

To correct the observed distributions for detector

acceptance, initial-state radiation, and the hadronic event

selection criteria, events produced by Lund JETSET 6.3 or

7.3 Parton shower generators [9] were passed through

programs that simulated the detector and were subjected to

the same analysis procedure as was used for the actual data.

Comparisons of distributions determined from the simula-

tion with those of the generated events were used to

determine bin-by-bin corrected factors. A bin-by-bin cor-

rection procedure was suitable for most quantities as the

effects of finite resolution and acceptance did not cause

significant migration (and therefore correlation) between

bins. A number of tunable parameters were adjusted by

tuning to the previously published AMY data at 60 GeV

[10, 11].

The exact definition of ‘‘events from the simulation’’

and ‘‘generated events’’ which usually referred to as par-

ticle or hadron level for generator events and detector level

for events after detector simulation and reconstruction was

explained in detail in [7, 8, 12].

2.3. Systematic uncertainty

Several sources of systematic uncertainty were investi-

gated. Experimental uncertainties were evaluated by

repeating the analysis with different event selection cuts,

reconstruction calibration versions (using different detector

correction procedures and using different reconstruction

softwares), samples of simulated events to derive the cor-

rections for experimental effects, and with different fit

ranges. The experimental uncertainties were dominated by

the different detector calibrations and the experimental

corrections based on Monte Carlo generated events.

Hadronization uncertainties were estimated by changing

the Monte Carlo generator for hadronization corrections

from PYTHIA to HERWIG. The differences between

PYTHIA and HERWIG determined this uncertainty. The-

oretical systematic uncertainties were found by repeating

the fits with the renormalization scale factor xl ¼ l
Q
being

changed from xl = 1 (AMY 60 GeV cm energy) to 0.5 or

2.Fig. 1 AMY detector
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3. JADE algorithm

Jets are defined by means of JADE clustering algorithm. For

each pair of i and j, the quantity yij is calculated as [13, 14]:

yij ¼
2EiEjð1� cos hijÞ

E2
vis

ð1Þ

where Ei and Ej are the energies of particles i and j, hij is
the angle between the momentum directions, and Evis is the

total visible energy in the event. The pair with the smallest

value of yij is found, and if this is below a given resolution

parameter ycut, the pair is replaced by a pseudo-particle

with four momentum Pl = Pi
l ? Pj

l. The procedure is then

repeated using the new set of particles and pseudo-parti-

cles. When all the values of yij are greater than ycut, the

clustering procedure stops. Each particle or pseudo-particle

in the event is uniquely associated with a cluster (jet).

The distribution of jet multiplicities obtained by these

clustering algorithms depends on the jet resolution

parameter ycut. For small ycut, many jets are found because

of the hadronization of fluctuation process, whereas for

large ycut, mostly two-jet events are found, and the q�qg
events are not resolved. However, Monte Carlo studies

show that there is a range of cluster parameters, for which

QCD effects can be resolved, and the fragmentation effects

are sufficiently small. We have considered the fit with a

range of ycut points. We have also considered the correla-

tions between the data points as the following [15]. The

correlations between the different ycut bins are determined

using MC events. The result obtained at a center-of-mass

energy of 60 GeV from the fit to the three-jet rates is

shown together with the three-jet rate distribution in Fig. 2.

We observe a good description of the three-jet rates by the

theory. The inset of Fig. 2 shows the difference between

the data and the simulation divided by the combined sta-

tistical and experimental error.

4. Results and discussion

4.1. Determination of as using jet rate

The fraction of multi-hadronic events in a given sample

that are classified as containing n jets for a given value of

the jet resolution parameter ycut is referred to as the n jet

rate. This n jet rate is explicitly defined as [16, 17]

Rn ¼
rnðlÞ
rtot

ð2Þ

The arbitrary renormalization scale is denoted by l. The
production rates can be calculated within perturbation

theory. The perturbative expansion of the three-jet rates

reads:

R3 ¼
as
2p

�A3ðlÞ þ
as
2p

� �2
�B3ðlÞ þ

as
2p

� �3
�C3ðlÞ þOða4s Þ ð3Þ

In practice, the numerical program computes the

quantities

r3ðlÞ
r0

¼ as
2p

A3ðlÞ þ
as
2p

� �2

B3ðlÞ þ
as
2p

� �3

C3ðlÞ þ Oða4s Þ

ð4Þ

normalized to r0, which is the LO cross section for

e?e- ? hadrons instead of the normalization to rtot. From
the expansion of the total hadronic cross section rtot, we
have:

rtotðlÞ ¼ r0ðlÞ 1þ as
2p

AtotðlÞ þ
as
2p

� �2

BtotðlÞ
�

þ as
2p

� �3

CtotðlÞ þ Oða4s Þ
� ð5Þ

We obtain the relations between the coefficients A3, B3,

and C3 and the coefficients �A3; �B3 and �C3 :

�A3 ¼ A3

�B3 ¼ B3 � AtotA3

�C3 ¼ C3 � BtotB3 � ðBtot � A2
totÞA3

ð6Þ

where

Atot ¼CF

Btot ¼
1

4

�

� 3

2
C2
F þ CFCA

123

2
� 44f3

� �

þCFTRNf ð�22þ 16f3
�

	

ð7Þ

Fig. 2 Three-jet rates for different ycuts and for different QCD

models for AMY data. The inset shows the difference between data

and the simulation divided by the combined statistical and exper-

imental error
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The color factors are defined as usual by

CA ¼ N; CF ¼ N2 � 1

2N
; TR ¼ 1

2
ð8Þ

Nc denotes the number of colors and Nf the number of light

quark flavors.

It is sufficient to calculate the coefficients �A3; �B3 and �C3

for a fixed renormalization scale l2, which can be taken

conveniently to be equal to the center-of-mass energy

l2 = s [15, 18].

Our measured three-jet cross sections are shown in

Fig. 2 for our AMY data after corrections and compared

with different QCD models.

By comparing our diagrams with the three QCD calcu-

lations, we observe that the agreement for each of the jet

rates becomes systematically good as the order of pertur-

bation theory increases. In other words, the distributions

are more consistent with NNLO than LO or NLO

corrections.

By fitting the AMY with Eq. (3), the strong coupling

constant as is derived.
Our measurement of strong coupling constant as is based

on v2 fits of QCD predictions to the corrected three-jet rate

distribution. The theoretical predictions of three-jet rates

using O(as
3) calculation provide distributions at the parton

level. In order to confront the theory with the hadron-level

data, it is necessary to correct the hadronization effects.

The three-jet rates have been calculated at hadron and

parton level using PYTHIA5.7 [19], HERWIG 6.2 [20],

and ARIADNE 4.11 [21]. Each of these hadronization

models contains a number of tunable parameters, which

have been adjusted by tuning to previously published

OPAL data at 91 GeV as summarized in [22] for PYTHIA

and in [23] for HERWIG and ARIADNE. The theoretical

prediction is then multiplied by the ratio of the hadron and

parton level, (the so-called hadronization correction factor

Chad) for three-jet rates to correct for hadronization. The fit

range is determined by requiring the correction from

hadronization and detector effects to be small.

The hadronization correction factors Chad as obtained

from the three simulated generated events are shown in

Fig. 3. We find that hadronization corrections have a sig-

nificant dependence on ycut. The difference between the

models is considered as a systematic uncertainty in the fits.

The fit range covers the part of the distribution at large ycut,

where the perturbative QCD predictions are able to ade-

quately describe the data corrected for hadronization. The

parts of the distributions at low ycut are dominated by the

events with more than three jets, which cannot be described

accurately by the predictions. In addition, experimental and

hadronization corrections become large in this region.

The theoretical uncertainty, associated with missing

higher-order terms in the theoretical prediction, has been

assessed by varying the renormalization scale factor xl.

This value is set to 0.5 and 2. The larger deviation from the

default value of xl = 1 is taken as the theoretical sys-

tematic uncertainty. By taking into accounts all correction

factors, we find the value of the coupling constant up to

NNLO correction as:

as ¼ 0:1257� 0:0035ðstatÞ � 0:0065ðexpÞ � 0:0075ðhadÞ
� 0:0041ðtheoÞ

with a value of the v2

d:o:f ¼ 1:256:

4.2. Determination of as using event shape

distributions

The properties of hadronic events may be described by a

set of event shape observables [24–26]. These may be used

to characterize the distribution of particles in an event such

as ‘‘pencil-like,’’ planar, and spherical. They can be com-

puted either using the measured charged particles and

calorimeter clusters, or using the true hadrons or partons in

simulated events. The following event shapes are consid-

ered here:

(a) Thrust, T

The global event shape variable thrust is defined as [1,

27]

T ¼ max

P

p~i:n~
P

p~ij j

� �

ð9Þ

Fig. 3 Hadronization corrections for three-jet rates as calculated

using PYTHIA, HERWIG and ARIADNE
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where p~i is the momentum vector of particle i, the thrust

axis n~ is the unit vector which maximizes the above

expression. The value of the thrust can vary between 0.5

and 1.0.

(b) Heavy hemisphere mass MH
2 /s.

In the original definition, one divides the event into two

hemispheres. In each hemisphere, Hi, one also computes

the hemisphere invariant mass as:

M2
i




s ¼ 1

E2
vis

X

k2HI

pk

 !2
0

@

1

A ð10Þ

where Evis is the total energy visible in the event. In the

original definition, the hemisphere is chosen such that

M1
2 ? M2

2 is minimized. We follow the more customary

definition whereby the hemispheres are separated by the

plane orthogonal to the thrust axis.

The larger of the two hemispheres invariant masses

yields the heavy jet mass:

q � M2
H=s ¼ maxðM2

1=s;M
2
2=sÞ ð11Þ

(c) Jet Broadening, BW and BT

Taking a plane perpendicular to n~T through the coordi-

nate origin, one defines two event hemispheres H1,2. In

each of them, one determines the hemisphere broadening:

Bi ¼

P

k2Hi

jp~k � n~T j

2
P

k

pk
ð12Þ

The wide and total jet broadening are then defined as

BW ¼ maxðB1;B2Þ ð13Þ
BT ¼ B1 þ B2 ð14Þ

(d) The C-parameter

The C-parameter is derived from the eigenvalues of the

linearized momentum tensor

ha=3 ¼ 1
P

k p~kj j
X

k

Pa
kP

b
k

P~k

�

�

�

�

; a; b ¼ 1; 2; 3ð Þ

which has three eigenvalues ki. These eigenvalues are used
to construct the C-parameter:

C ¼ 3ðk1k2 þ k2k3 þ k3k1Þ ð15Þ

The perturbative expansion for the distribution of a

generic observable y up to NNLO at e?e- center-of-mass

energy,
ffiffi

s
p

; for a renormalization scale l2 is given by [5, 6]

1

rhad

dr
dy

ðs; l2; yÞ ¼ asðlÞ
2p

d �A

dy

� �

þ asðlÞ
2p

� �2

� d �B

dy
þ d �A

dy
b0 log

l2

s

� �

þ asðlÞ
2p

� �3
d �C

dy
þ 2

d �B

dy
b0 log

l2

s
þ d �A

dy

�

� b20 log
2 l

2

s
þ b1 log

l3s
s

� ��

þ Oða4SÞ

ð16Þ

Fig. 4 Thrust distribution at LO (dashed dotted), NLO (dashed), and

NNLO (solid) with as = 0.1241 compared to experimental data from

AMY

Fig. 5 Heavy jet mass distribution at LO (dashed dotted), NLO

(dashed), and NNLO (solid) with as = 0.1213 compared to experi-

mental data from AMY
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where

b0 ¼
11CA � 4TRNF

6
ð17Þ

b1 ¼
17C2

A � 10CATRNF � 6CFTRNF

6
; ð18Þ

where the QCD color factors are

CA ¼ N; CF ¼ N2 � 1

2N
; TR ¼ 1

2
ð8Þ

For N = 3 colors and NF light quark flavors. �A gives the

LO result, �B is the NLO correction, and �C is the NNLO

correction. These coefficients have been computed for

several event shape variables [5, 6]. Our calculation is

carried out using a newly developed parton-level event

generator program EERAD3 [15].

The measured normalized differential cross sections for

each of the five event shapes after correction are shown in

Figs. 4–8. As the figures indicate, the distributions for

AMY are more consistent with NNLO compared to NLO

or LO calculations. We expect more consistency between

our data and the theory, if we take into account the higher-

order QCD calculations.

At this stage, we explain the fitting procedure to find as.
The interval of each event shape parameter used to deter-

mine as has been restricted to a region where non-pertur-

bative hadronization effects are expected to be small. This

Fig. 6 Wide jet broadening distribution at LO (dashed dotted), NLO

(dashed), and NNLO (solid) with as = 0.1209 compared to experi-

mental data from AMY

Fig. 7 Total jet broadening distribution at LO (dashed dotted), NLO

(dashed), and NNLO (solid) with as = 0.1250 compared to experi-

mental data from AMY

Fig. 8 C-parameter distribution at LO (dashed dotted), NLO

(dashed), and NNLO (solid) with as = 0.1214 compared to experi-

mental data from AMY

Fig. 9 Residual dependence of the fitted value of as and uncertainty

v2 on the renormalization scale
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Table 1 as values for AMY data for different event shapes and their relative xl that uncertainty becomes minimized

Variable as Statistical Experimental Hadronization Theoretical xl v2/d.o.f Fit range

1-T 0.1241 ±0.0041 ±0.0065 ±0.0074 ±0.0043 0.84 1.01 0.09–0.28

q 0.1213 ±0.0035 ±0.0065 ±0.0071 ±0.0035 0.91 1.17 0.02–0.12

BT 0.1250 ±0.0044 ±0.0065 ±0.0081 ±0.0029 0.85 1.23 0.08–0.28

BW 0.1209 ±0.0041 ±0.0065 ±0.0078 ±0.0030 0.76 1.11 0.06–0.16

C 0.1214 ±0.0052 ±0.0065 ±0.0070 ±0.0045 0.95 1.04 0.15–0.65

Table 2 Results R ¼ y
r
dr
dy

at
ffiffi

s
p ¼ 60 GeV (AMY) for the event shape observables y. (First error is statistical, the second systematic)
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has been determined by examining the hadron and parton

level for the event shape distribution from a number of

patron shower-based Monte Carlo models: PYTHIA 5.7,

HERWIG 6.2, and ARIADNE 4.11. As mentioned above,

the parameters of these models have been tuned using data

from OPAL experiment at the 91 GeV center-of-mass

energy.

The uncertainty due to the choice of the renormalization

scale xl ¼ l= ffiffi

s
p yields a large contribution to the total

error. Consequently, missing higher orders, whose effects

on the values of the coupling are assessed by varying, xl,

are still important. The fitted values for as change consid-

erably for different choices of the scale. This is demon-

strated in Fig. 9 for the C-parameter in 60 GeV center-of-

mass energy. The plot shows the strong dependence of the

fitted as on the renormalization scale factor xl. The real

value of as has been estimated by comparing theory with

data using the minimum of v2 in this figure, such that

everywhere v2 is minimum, its corresponding as becomes

our real strong coupling constant. Separate fits have been

performed to each of the five observables at 60 GeV cen-

ter-of-mass energy, indicating xl as a free parameter.

Table 1 lists the values of as extracted by this method for

different observables together with their relative xl which

makes the uncertainty become minimized, as well as the
v2

d:o:f and fit range separately for each parameter. The thrust

as well as the C distributions are well described by the

QCD analysis giving us a better fit with a lower v2. With

the other three observables, BT, BW, and q, we also find

generally consistent results with standard QCD and previ-

ous measurements [28–31] but with a larger v2. Our

interpretation is that the QCD calculations for 1 - T and

C provide a better description of the data compared to BT,

BW, and q. We conclude that all five observables give us a

reasonable and a satisfactory result within the statistical

uncertainty. The numerical values for all the event shape

distributions are listed in Table 2.

5. Conclusions

We have presented in this paper measurements of the

coupling constant as for hadronic events produced at AMY

at 60 GeV center-of-mass energy. Experimental uncer-

tainties have been evaluated by repeating the analysis with

different event selection cuts, reconstruction calibration

versions, samples of simulated events to derive the cor-

rections for experimental effects and with different fit

ranges. The experimental uncertainties are dominated by

the different detector calibrations and the experimental

corrections based on Monte Carlo generated events.

Hadronization uncertainties have been estimated by

changing the Monte Carlo generator for hadronization

corrections from PYTHIA to HERWIG. The differences

between PYTHIA and HERWIG determine this uncer-

tainty. Theoretical systematic uncertainties have been

found by repeating the fits with the renormalization scale

factor xl ¼ l
Q

changed from xl = 1(AMY 60 GeV cm

energy) to 0.5 or 2. The precise determination of as is

obtained by using both three-jet rates and event shape

distributions at LO, NLO and NNLO. In general, the

NNLO provides the best description. The result extracted

from the event shape is also consistent with the running of

as expected from the QCD predictions.
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