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Abstract The Miller-Miller similar media theory is widely applied to characterize the spatial variability of
soil hydraulic properties. For a group of soils, a distinct scaling factor is commonly assigned to each individ-
ual soil to coalesce the soil water characteristic and hydraulic conductivity functions to single curves. It is
generally assumed that the Miller-Miller theory is valid as long as soils are ‘‘similar’’ either with regard to
their microscopic pore space geometry or the closely related macroscopic soil hydraulic functions. In this
paper, it is illustrated that similarity is not the sole required condition for validity of the Miller-Miller theory.
In addition, the interrelation between the soil water characteristic and the hydraulic conductivity functions
considered for scaling need to be comparable. The interrelation is dependent not only on the pore space
geometry, but also on solid-liquid interactions. Hence similar interrelation cannot be concluded from simi-
larity of microscopic pore space geometry. A dimensionless parameter termed the ‘‘joint scaling factor’’ was
defined and applied to evaluate the soundness of the interrelation condition for 26 soils from the UNSODA
database that were grouped into six classes of similar soils. Obtained results clearly reveal the crucial impor-
tance of the interrelation condition for the Miller-Miller scaling theory, which has been hidden behind the
‘‘similarity’’ requirement, and contradict the general belief that Miller-Miller scaling is valid as long as soils
are ‘‘similar.’’

1. Introduction

1.1. Evolution of the Miller-Miller Similar Media Theory
More than half a century ago, Miller and Miller [1956] created a new avenue for soil hydrology research
when they presented their pioneering scaling theory that assumes that two porous media are scalable
through a physical characteristic length (scaling factor) when they are similar in their detailed microscopic
geometry. Figure 1 illustrates two such media that can be scaled interchangeably with any characteristic
length (e.g., k1 and k2), which connects corresponding points within the two media. Similar media have
identical porosities and are assumed to be in a ‘‘similar state’’ when the volumetric water contents, h, are
identical.

Assumptions made by Miller and Miller include, ‘‘the physical laws of surface tension and viscous flow’’ apply;
‘‘no special pore-shape assumptions are required, but one topological approximation is needed; i.e., that
neither isolated drops nor isolated bubbles occur.’’ Based on these assumptions, Miller and Miller showed
that a consequence of media similarity is that for a given water content, the soil matrix pressure head, h,
and soil hydraulic conductivity, K, for N similar soils in a similar state can be scaled as:
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where ki is the scaling factor for the ith medium, k̂ is the mean scaling factor of all considered similar media
and h* and K* are the scaled forms of h and K. Note that for convenience, h is defined as the absolute value
of the pressure head.
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Equations (1) and (2) suggest that the water characteristic, h(h), and hydraulic conductivity function, K(h), of
various similar soils can be coalesced into unified scaled curves. Thus, all soils can be described by means of
an average or reference soil tied to a single scaling factor assigned to each soil.

Miller and Miller [1956] stated: ‘‘in practice, the occurrence of detailed similarity throughout the microscopic
geometries of two media has zero probability.’’ In addition, there has been no exact methodology to
explore such a geometric similarity within the microscopic domain. Hence, to evaluate the Miller-Miller
theory, most researchers considered similarity of macroscopic/measurable soil properties, which are com-
monly tied to microscopic properties (e.g., pores size and geometry) based on fundamental physical laws.

Klute and Wilkinson [1958] were among the first to test the Miller-Miller theory for graded sands. They
defined the geometrical similarity in a practical way: ‘‘similar media have size-distribution curves whose par-
ticle size axes can be made identical by multiplying one of them with a constant.’’ They considered the aver-
age grain size as the scaling factor and showed that h(h) and K(h) of all sands coalesced after scaling.
Wilkinson and Klute [1959] and Elrick et al. [1959] further tested the similar media theory for water flow in
similar sands. They also arrived at the conclusion that the Miller-Miller scaling theory is valid yielding invari-
ant scaled flow rates in similar sands.

Defining similarity based on Klute and Wilkinson [1958] is inconsistent because there is no guarantee for
maintaining pore space similarity in media with similar particle-size distributions. ‘‘Because the results from
ensuing tests were not particularly encouraging, except for soils composed of graded sands, the Miller and
Miller scaling theory laid idle for several years’’ [Nielsen et al., 1998]. However, in the 1970s when soil physi-
cists faced the dilemma of how to deal with naturally occurring field soil variability, Miller-Miller scaling was
revived. This was because it seemed a promising approach to describe the variability of soil hydraulic func-
tions by means of a distribution function of a single stochastic parameter, the scaling factor [Nielsen et al.,
1998; Wosten, 1990].

Warrick et al. [1977] established a straightforward method for describing field spatial variability of soil
hydraulic properties following the Miller-Miller theory considering two relaxations of the original theory: (i)
owing to the fact that soils do not have identical porosities, they used degree of saturation S rather than
volumetric water content h to avoid the need for similar media to exhibit identical porosities; and (ii) they
avoided a search for microscopic physical lengths by merely deriving scaling factors that minimized the
sum of squared errors between scaled hydraulic properties of various sampling locations and field-
averaged functions. The approach recognizes that the exact scaling illustrated in Figure 1 is an idealized
case, which does not hold for real soils, nevertheless variability in certain cases can be approximated with
scaling factors as indicated in equations (1) and (2). This regression-based scaling method was later called
‘‘functional normalization’’ [Tillotson and Nielsen, 1984].

The scaling concept rapidly gained popularity in subsequent years when various practical definitions of sim-
ilarity were introduced, mostly based on the shape of soil hydraulic functions [Simmons et al., 1979; Vogel
et al., 1991; Kosugi and Hopmans, 1998; Tuli et al., 2001]. A basic assumption was that the similarity of the

Figure 1. Sketch, illustrating two ‘‘similar media’’ in a ‘‘similar state’’. Note that the two characteristic lengths, k1 and k2, connect corre-
sponding points within the two media [Miller and Miller, 1956].
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shape of soil hydraulic functions, h(h) and K(h), is a direct consequence of the similarity of the soil pore-size
probability distributions. The relationship between hydraulic functions and pore-size distribution was based
on the Young-Laplace equation (i.e., h is proportional to reciprocal pore size), and therefore implies the simi-
larity defined by Miller and Miller (i.e., Figure 1).

Subsequently, scaling was examined and applied as a standard method for capturing spatial variability of
soil hydraulic properties by assigning a single scaling factor for each soil or location [Sharma and Luxmoore,
1979; Ahuja and Williams, 1991; Shouse and Mohanty, 1998; Zavattaro et al., 1999; Ursino et al., 2000; Tuli
et al., 2001; Das et al., 2005; Oliveira et al., 2006; Nasta et al., 2009; Vogel et al., 2010; Sadeghi et al., 2010;
Schl€uter et al., 2012; Nasta et al., 2013; Meskini-Vishkaee et al., 2013; Ahmadi et al., 2014; Sadeghi et al., 2014].
Scaling was implemented in numerical models such as HYDRUS [Simunek et al., 2008], a widely applied sim-
ulation code for unsaturated flow and transport, in order to simplify the description of the spatial variability
of unsaturated soil hydraulic properties within the flow domain.

In addition to describing soil variability, scaling has facilitated a parallel avenue helping to formulate unsatu-
rated flow and transport in similar soils in a universal, scale-invariant or soil-independent manner [Reichardt
et al., 1972; Warrick and Amoozegar-Fard, 1979; Sharma et al., 1980; Youngs and Price, 1981; Warrick et al.,
1985; Sposito and Jury, 1985; Kutilek et al., 1991; Warrick and Hussen, 1993; Nachabe, 1996; Wu and Pan,
1997; Shukla et al., 2002; Rasoulzadeh and Sepaskhah, 2003; Kozak and Ahuja, 2005; Roth, 2008; Sadeghi
et al., 2011; Sadeghi and Jones, 2012]. Referring to macro Miller, Nielsen, and Warrick-type similitude, Sposito
[1998] examined invariance of the Richards’ equation with Lie group analysis leading to power-law or expo-
nential soil hydraulic functions [Warrick, 2003, p. 46]. Sadeghi et al. [2012a,b] extended this approach
beyond similar soils, indicating that under certain conditions ‘‘dissimilar soils’’ (e.g., sands and clays) can be
scaled concurrently, leading to invariant forms of the Richards’ equation. Developed scaling methods based
on the Miller-Miller similar media theory were reviewed by several authors [e.g., Miller, 1980; Warrick and
Nielsen, 1980; Warrick, 2003; Hillel and Elrick, 1990; Nielsen et al., 1998; Vereecken et al., 2007].

1.2. On the Validity of the Miller-Miller Theory
Beyond the similarity assumption, a basic postulation of the Miller-Miller theory is validity of the Young-
Laplace (YL) equation:

h5
2s
qgR

(3)

where s is the liquid surface tension, q is the liquid density, g is the acceleration due to gravity, and R is the
radius of the liquid-vapor interface curvature. Equation (3) is commonly written in terms of the effective
pore radius as [Warrick, 2003, p. 14]:

h5
2scos b

qgr
(4)

where b is the solid-liquid contact angle and r is the effective radius of the largest pore filled with water at a
distinct pressure head h. The relation between h and S is that all pores smaller than the effective radius are
assumed to be liquid-filled.

As discussed above, it is not possible to realistically evaluate microscopic pore space similarity. Nevertheless,
considering equation (4) it may be assumed that similar soils exhibit similar shapes in their soil hydraulic
functions (hereinafter termed ‘‘macro-similarity’’). Therefore, the Miller-Miller scaling theory is commonly
assumed to be valid for macrosimilar soils [e.g., Kosugi and Hopmans, 1998; Tuli et al., 2001; Das et al., 2005].

In contrast to previous studies cited above, we point out that similarity is not always adequate for validity of
the Miller-Miller theory due to several limitations listed below:

1. Based on the YL equation, the similarity of h may imply similarity of r which, in real soils, means similarity
of the sample-scale ‘‘effective’’ (average) pore size at a given degree of saturation, not similarity of all
individual pores. Hence, detailed pore space geometry at the microscopic scale may be different in soils
where macrosimilarity is satisfied.

2. Similarity of h implies similarity of r through equation (4) only when s and b are constant for all degrees
of saturation and for all considered soils. This assumption may be easily violated in natural soils where s
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varies due to temperature change and the presence of impurities (e.g., chemical coatings and biofilms)
and b is sensitive to the presence of impurities, surface charge density, and microscopic heterogeneity of
the solid-liquid interface [Bachmann et al., 2006]. The latter is well documented in Bachmann et al. [2013],
who presented measured data exhibiting a high degree of spatial contact angle variability (from 478 to
1408) within a small sandy soil sample (2-cm radius and 5-cm tall). The effects of variable contact angles
on soil water dynamics were highlighted in Diamantopoulos and Durner [2013]. They showed that ‘‘small
changes in contact angle can strongly influence the water retention and hydraulic conductivity
functions.’’

3. Assuming all pores smaller than r are liquid-filled and the remaining pores are completely empty, the YL
equation does not account for contributions due to adsorbed liquid films. Several studies conducted
within the past decade have provided evidence that in addition to capillary forces, adsorptive surface
forces significantly impact the matric potential, especially in fine-textured soils with high specific surface
areas [Tuller et al., 1999; Or and Tuller, 1999; Tuller and Or, 2001; Tuller and Or, 2005; Peters and Durner,
2008; Lebeau and Konrad, 2010]. They pointed to the coexistence of liquid water films and capillary
menisci that can be defined with a combination of the conventional YL equation for the capillary pres-
sure and the disjoining pressure concept for thin water films covering solid surfaces [Tuller et al., 1999;
Bachmann and van der Ploeg, 2002].

4. Another underlying assumption introduced by Miller and Miller [1956] for derivation of equations (1) and
(2) is phase-connectivity, which may not be valid due to issues arising from water repellency. Recent
studies pointed out that most soils are neither completely hydrophilic nor completely hydrophobic, but
exhibit a subcritical level of water repellency (i.e., contact angle >08 and <908) [Bachmann et al., 2013].
Muehl et al. [2012] reported that even a subcritical level of water repellency may lead to a decrease in
the water-wetted area and disconnection of the water phase. For such cases, equations (1) and (2) may
not perfectly hold even if a hypothetical microscopic similarity exists.

These shortcomings in conjunction with other issues such as measurement artifacts because of pore acces-
sibility issues and effects of sample height (e.g., discussed in Hunt et al. [2013]) suggest that the Miller-Miller
theory is not necessarily valid when similarity (whether microscopic or macroscopic) holds. In summary, it
should be highlighted that similarity is not the sole required condition for validity of equations (1) and (2),
but several other assumptions are required for successful scaling of soil hydraulic functions.

The validity of equations (1) and (2) is commonly referred to as ‘‘simultaneous scaling’’ [Clausnitzer et al.,
1992], which assumes equality of scaling factors calculated from h(S) or K(S). This term may be used in con-
trast to ‘‘independent scaling’’ [Clausnitzer et al., 1992], where different but correlated scaling factors for h(S)
and K(S) are considered. It is apparent that the ability to characterize spatial variability of soil hydraulic func-
tions with a single set of scaling factors (simultaneous scaling) is more desirable than having two different
sets of scaling factors (independent scaling) [Clausnitzer et al., 1992; Tuli et al., 2001].

Warrick et al. [1977], Russo and Bresler [1980], Clausnitzer et al. [1992], Tuli et al. [2001], and Stoffregen and
Wessolek [2014] evaluated the applicability of simultaneous scaling and showed that it is not always as suc-
cessful as independent scaling. However, none of these authors and other researchers have evaluated the
validity of other discussed assumptions beyond similarity. Motivated by this knowledge gap, the goal of this
study was to evaluate to what extent equations (1) and (2) are valid for several groups of macrosimilar soils.
Within this context, the specific objectives were to examine if: (i) a set of scaling factors reduce h(S) to a sin-
gle curve; (ii) a set of scaling factors reduce K(S) to a single curve; and (iii) whether the two sets of scaling
factors are identical.

In addition, a new soil-specific parameter termed the ‘‘joint scaling factor’’ is introduced here to diagnose
the validity of the Miller-Miller scaling theory, equations (1) and (2), for a series of soils merely by knowing
their hydraulic parameters [e.g., van Genuchten parameters].

2. Theory

For the application of scaling theories, it is convenient to describe the soil hydraulic properties by continu-
ous mathematical functions such as proposed by Brooks and Corey [1964], van Genuchten (VG) [1980], Gard-
ner [1958], Russo [1988], or Kosugi [1994, 1996] (Table 1), only to name a few. These and various other
functions [Warrick, 2003, p. 64–65], contain scale parameters (e.g. van Genuchten a or the saturated
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hydraulic conductivity, Ks) and shape parameters (e.g., van Genuchten n). The scale parameters are generally
multiplied with the state variables (h and K) and thus their variation will cause a linear shift (i.e., scaling) of
the hydraulic functions. In contrast, the variation of shape parameters leads to a nonlinear change (i.e.,
shape change) of the hydraulic functions. Figure 2 illustrates how variations of the scale (hm) and shape (r)
parameters of the Kosugi [1994] soil water characteristic model will change the scale and shape of the curve,
respectively.

When adopting such mathematical models for scaling applications, equality of the shape parameters implies
macrosimilarity, which, in conjunction with equation (4) and the invariant s and b assumption, implies similar-
ity of the effective pore-size distribution. This has been shown in Kosugi and Hopmans [1998] and Tuli et al.
[2001] through a physically based approach where the median pore size was assumed as the characteristic
length scale (k) depicted in Figure 1. It was further assumed that pore sizes are lognormally distributed.

The soil hydraulic functions, h(S) and K(S), of macrosimilar soils can be scaled independently using their indi-
vidual scale parameters as the scaling factor. For example, the Kosugi h(S) scaled with hm (i.e., h* 5 h/hm)
and K(S) scaled with Ks (i.e., K* 5 K/Ks) are invariant functions for all macrosimilar soils (i.e., soils having the
same r; see Table 1). Hence, the macrosimilarity condition would be adequate for ‘‘independent scaling’’ of
h(S) and K(S). However, as discussed in the following, it is not adequate for ‘‘simultaneous scaling’’ of h(S)
and K(S) based on equations (1) and (2).

In the functions listed in Table 1 and other commonly applied models, the h(S) scale parameter (g) is differ-
ent from the K(S) scale parameter (j), which is equal to Ks for most models. Substitution of the scale

Figure 2. Effects of scale (hm) and shape parameter (r) variations on the Kosugi [1994] soil water characteristic model.

Table 1. Scaling Factor (k), Shape Parameter (SP), and Joint Scaling Factor (c) Specified for Four Common Hydraulic Modelsa

Model S5 h2hr
hs 2hr

5 Kr 5
K
Ks

5 k SP c

Brooks and Corey [1964] 1 h � hb

h=hbð Þ2p h > hb

(
S312=p hb

21 p chbKs
0.5

van Genuchten [1980] 11 ahð Þn½ �1=n21
S0:5 12 12Sn= n21ð Þ� �121=n
n o2 a n ca21Ks

0.5

Gardner [1958]; Russo [1988] 110:5Ah
e0:5Ah

� �2= l12ð Þ e2Ah A l cA21Ks
0.5

Kosugi [1994, 1996] 0:5erfc ln ðh=hmÞ
r
ffiffi
2
p

h i
S0:5 0:5erfc erfc21 2Sð Þ1 rffiffi

2
p

h in o2 hm
21 r chmKs

0.5

aIn this table, S is the effective water saturation, h is volumetric water content, hs and hr are the saturated and residual volumetric
water contents, Kr, K, and Ks are relative, unsaturated, and saturated hydraulic conductivities, h is pressure head, hb and hm are the air-
entry and median pressure heads, r is the standard deviation of the log-transformed pore size, the remaining parameters p, a, n, A, and
l are free model parameters obtained via nonlinear regression to measured data, and c is the constant in equation (11).
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parameters g and j (which are essentially h21 and K for distinct degrees of saturation) into equations (1)
and (2) yields:

ki
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ĝ
(5)
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ji
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Combining (5) and (6) then yields: ffiffiffiffi
ji
p

gi
5

ffiffiffî
j
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ĝ
5constant (7)

Equation (7) derived from equations (1) and (2) indicates that, in addition to similarity of pore space or
hydraulic functions, the interrelation between h(S) and K(S) of all similar soils must be comparable when
validity of equations (1) and (2) is expected. This condition is hereinafter termed the ‘‘interrelation’’ condi-
tion. From equation (7) it follows that similarity is a necessary condition for simultaneous scaling, but it is
not sufficient. In addition, the interrelation condition needs to hold for similar soils. Therefore, the interrela-
tion condition indicates validity of all required assumptions beyond similarity for derivation of equations (1)
and (2) (see section 1.2).

Several analytical expressions for the relationship between g and j exist. Guarracino [2007] derived the fol-
lowing relationship for the van Genuchten model:

Ks5c1hs
22D
42D

a2 (8)

Another relationship was proposed by Nasta et al. [2013] for the Brooks-Corey model:

Ks5c2ehs
p

p12
h22

b (9)

where hs is the soil porosity (saturated water content), D (ranging between 1 and 2) is the fractal dimension
corresponding to the pore-size distribution, e is a macroscopic tortuosity-connectivity fitting parameter and p
is the power in the Brooks-Corey water retention model. The constants c1 and c2 (m3 s21) account for density,
surface tension, and dynamic viscosity of water, water-solid contact angle, and gravitational acceleration.

Equations (8) and (9) were derived from idealization of the soil pore space as a bundle of cylindrical capilla-
ries (BCC) in order to simplify the h(r) and K(r) relationships through equation (4) and through Poiseuille’s
law for an individual pore:

K5
qgr2

8l
(10)

where l is the dynamic viscosity of water.

Equations (8) and (9) are essentially the same as equation (7) when macrosimilar soils (i.e., identical shape
parameters, D and p) with identical porosities, hs, are assumed (e is assumed to be constant). This means
that the interrelation condition may also depend on the BCC assumption. In any case, as mentioned above,
the interrelation condition is a consequence of the validity of all other assumptions beyond similarity
required for derivation of equations (1) and (2).

Based on equation (7) and considering the hydraulic constants related to h and K in equation (4) and (10), a
dimensionless parameter termed the ‘‘joint scaling factor’’ can be defined:

ci5

ffiffiffiffiffiffiffiffiffiffiffiffi
lqgji
p

sgi
5c

ffiffiffiffi
ji
p

gi
(11)

where c 5 1360 (s0.5 m21.5) for water at 208C.

As indicated above, equality of c values for a set of macrosimilar soils is a direct consequence of equations
(1) and (2). Hence, validity of the Miller-Miller theory for a set of macrosimilar soils can be explored by evalu-
ating the degree of variability of the soil c values. In other words, the more disparate the c values for a set
of soils, the less likely the validity of the Miller-Miller theory.

Water Resources Research 10.1002/2015WR017929

SADEGHI ET AL. A CRITICAL EVALUATION OF MILLER-MILLER SIMILAR MEDIA THEORY 6



In summary, equality of the shape parameters satisfies the macrosimilarity condition, equality of c values
ensures validity of the interrelation condition, and both conditions should hold for validity of the Miller-
Miller theory. The shape parameters and c values specified for common unimodal hydraulic models are pre-
sented in Table 1.

3. Materials and Methods

To test the validity of the interrelation condition based on scaling efficiency, 26 soils covering a wide range
of textures were selected from the UNSODA database [Nemes et al., 2001]. The theoretical concept dis-
cussed above was primarily examined based on the well-established physically based scaling approach
developed by Kosugi and Hopmans [1998] and Tuli et al. [2001], which implements the Kosugi [1994, 1996]
lognormal hydraulic models presented in Table 1. The van Genuchten [1980] hydraulic functions were also
examined and will be briefly discussed below in the ‘‘Results and Discussion’’ section.

The Kosugi functions were parameterized via nonlinear regression with the measured hydraulic properties of
the 26 considered soils. The soils were grouped into six classes of macrosimilar soils based on their shape
parameter r such that soils within each class have practically identical r values. Soils included in each class,
denoted by their UNSODA database code, are listed in Table 2. It is evident that the coefficient of variation of r
(CVr) for each soil class is reasonably small, meeting the Das et al. [2005] criterion that states that ‘‘CVr< 10%
may be used as a working definition for soil similarity.’’ Note that reference parameters describe parameters of
the so-called ‘‘reference soil’’ for each class calculated as [Kosugi and Hopmans, 1998; Tuli et al., 2001]:

ĥm5exp ð1=NÞ
XN

i51

ln hmi

" #
(12)

Table 2. Soil Textural Class, Number of h Versus h (M) and K Versus h (O) Observations and Kosugi Parameters for the Six Classes of
Macrosimilar Soils Considered in This Study

Class UNSODA Soil Code Soil Texture M O hs hr hm (cm) Ks (cm/d) r CVr (%)

1 4443 Sand 21 20 0.30 0.01 24.51 518.00 0.26
4444 Sand 32 45 0.31 0.09 41.57 368.00 0.38
4445 Sand 37 23 0.28 0.00 70.58 260.00 0.34
3050 Sandy loam 18 25 0.46 0.29 44.75 18.68 0.39

Reference 42.35 174.43 0.34 17.6
2 2210 Sand 7 9 0.39 0.08 40.29 254.00 0.85

3130 Loamy sand 10 55 0.51 0.15 42.41 275.35 0.94
4441 Sand 27 37 0.30 0.00 48.59 960.00 0.84
4610 Loam 10 9 0.42 0.23 1493 0.03 0.79
4611 Sandy clay loam 14 14 0.42 0.21 2480 0.04 0.9

Reference 198.4 9.60 0.86 7.0
3 3120 Silty clay 10 11 0.57 0.16 606.76 4.21 1.41

4030 Silt loam 9 28 0.40 0.04 98.55 0.36 1.39
4512 Silt loam 13 16 0.41 0.19 414.72 18.15 1.53
4870 Silt loam 16 16 0.49 0.23 256.77 14.26 1.26

Reference 282.48 4.45 1.4 7.9
4 1490 Silt loam 10 38 0.44 0.18 354 2.58 1.65

3204 Loamy sand 13 16 0.38 0.13 77.61 4.81 1.68
4411 NA 7 11 0.31 0.00 110.63 144.45 1.58
4542 Loam 14 16 0.43 0.12 356.42 0.85 1.66

Reference 181.42 6.25 1.65 2.4
5 2491 Silt loam 8 9 0.43 0.20 331 11.79 1.9

1400 Clay 10 27 0.45 0.28 2163 0.08 2.02
4010 Loamy sand 9 28 0.43 0.06 139.21 50.90 1.97
4340 Sand 6 15 0.38 0.00 185.74 39.09 1.87
4410 NA 7 25 0.42 0.00 109.95 145.11 1.87

Reference 289.56 12.26 1.92 3.6
6 4543 Loam 10 11 0.43 0.12 909 59.92 2.79

3360 Silt loam 10 16 0.38 0.04 1244.28 69.00 2.76
3380 Silt loam 18 16 0.43 0.06 569.55 720.53 2.81
3395 Silt loam 15 15 0.38 0.00 5688 61.71 3.01

Reference 1383.54 116.44 2.84 3.9

Bold values denote the Kosugi parameters for the reference soils.
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r̂5 ð1=NÞ
XN

i51
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2

" #0:5

(13)

K̂ s5exp ð1=NÞ
XN

i51

ln Ksi

" #
(14)

where i and^denote individual soil and reference soil parameters, respectively.

Two different methods for scaling hydraulic properties were evaluated; an independent scaling method
and a simultaneous scaling method. For the independent scaling method (ISM), the following scaling factors
of equation (15) [Kosugi and Hopmans, 1998] for the water characteristic curve and equation (16) for the
hydraulic conductivity curve were applied:

ai5
ĥm

hmi
(15)

a0i5

ffiffiffiffiffi
Ksi

K̂ s

s
(16)

For the simultaneous scaling method (SSM), the Tuli et al. [2001] approach was applied in which the scaling
factors are calculated with equation (15) and applied for scaling both the soil water characteristic and
hydraulic conductivity curves.

Scattering of the scaled data around the reference curve was quantified based on the weighted root mean
square residual (WRMSR) given as [Tuli et al., 2001]:

WRMSR5
1

SDS

1XN

i51
M ið Þ

XN

i51

XMðiÞ
j51

Sij2Ŝ aihj
� �� �2

" #8<
:

9=
;

1=2

1
1

SDln K

1XN

i51
O ið Þ

XN

i51

XOðiÞ
j51

ln Kij Sij
� �

2ln K̂ Sij
� �

22ln ai
� �2

" #8<
:

9=
;

1=2
(17)

where N is the number of soils in each group, M(i) is the number of measured h(S) data points for soil i, O(i)
is the number of measured K(S) data points for soil i, Sij is the jth effective water saturation of soil i, ai is the
scaling factor for the ith soil (replaced with ai’ for the SSM), Ŝ (aihj) is the reference soil effective water satu-
ration, ln Kij is the natural logarithm of the jth unsaturated hydraulic conductivity of soil i, ln K̂ (Sij) is the nat-
ural logarithm of the reference soil unsaturated hydraulic conductivity at Sij, and SDS and SDlnK are the
standard deviations of all incorporated data of S and ln K, respectively. The WRMSR was also calculated for
unscaled data considering ai 5 1 for all soils.

Note that the contributions of S and ln K data to WRMSR in equation (17) are normalized by their standard
deviation values, which minimizes the bias due to the differences in data range and magnitude. For depict-
ing individual scaling errors for h(S) and K(S), the first and second terms of equation (17) were also com-
puted, which will be reported later as RMSRh and RMSRK, respectively.

Reduction percentage (RP) of the WRMSR after scaling was considered as a criterion for success or failure of
the scaling methods, defined as:

RP5
WRMSRunscaled2WRMSRscaled

WRMSRunscaled
3100 (18)

where WRMSRunscaled and WRMSRscaled denote the WRMSR before and after scaling. Note that a perfect scal-
ing performance would yield RP 5 100% (i.e., having all the scaled data coalesced to the reference curve).
Any discrepancy due to invalidity of the underlying assumptions will result in a RP of less than 100%. A neg-
ative RP indicates complete failure of the scaling method where scaling will increase the WRMSR in opposi-
tion to its goal.
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4. Results and Discussion

4.1. Scaling Based on the Kosugi Soil
Hydraulic Functions
As stated earlier, a consequence of the
Miller-Miller similar media theory is that
both the soil water characteristic and
hydraulic conductivity function can be
scaled with a single set of scaling factors,
e.g., equality of the scaling factors from
equations (15) and (16). Scaling factors for
the 26 considered soils were determined
from h(S) data and compared with scaling
factors derived from K(S) data (Figure 3).
The observed scatter of data points
around the 1:1 line confirms that the
Miller-Miller theory will not be exact
even for similar soils as discussed ear-
lier. As illustrated in the theory section
above and mentioned in the follow-
ing, the discrepancies between the
two sets of scaling factors are mainly
due to the imperfection of the interre-
lation condition for natural soils.

Figure 3 corresponds to Figure 10 of Warrick et al. [1977], who reported similarly that the scaling factors
from h and K data are not necessarily identical, although they show a relatively high correlation. Similar to
Figure 3, they observed a higher degree of variation for scaling factors from K data than from h data
(compare the data range on the x and y axes). Warrick et al. [1977] suggested that ‘‘this behavior prob-
ably stems from the fact that observations of K are much more sensitive to changes in S than those of h as
well as the fact that the experimental technology required to measure K is not developed to the same degree
as for h.’’

Values of c (5 c hm Ks
0.5) for the 26 soils are shown in Figure 4. The SD values denote the standard deviation

of ln c values. As indicated earlier, equality of c values would reflect validity of the interrelation condition.
Therefore, the SD values provide a validity measure of the interrelation condition as well as validity of the
Miller-Miller theory for each class. Based on the SD values presented in Figure 4, it is expected that the
Miller-Miller theory (simultaneous scaling) would work well for class 5 with a small SD and less efficiently for
class 3 with a large SD. Hence scaling results are presented for these two classes.

Figure 3. Scaling factors for the investigated 26 soils calculated from hydraulic
conductivity data (Eq. (16)) plotted against the scaling factors derived from water
characteristic data (Eq. (15)). The solid line represents the regression line and the
dashed line is a 1:1 correlation.

Figure 4. Joint scaling factor (c) values for investigated soils. The SD values denote the standard deviation of ln c for each class.
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Unscaled and corresponding scaled soil water characteristic and hydraulic conductivity data for soil class 5
are presented in Figure 5. The results were generated with the independent (ISM) and simultaneous (SSM)
scaling methods. A comparison of WRMSR values before and after scaling reveals that both scaling methods
significantly reduced data scattering around the reference curve. Scaling factors from both methods
(obtained from equations (15) and (16)) were nearly the same, resulting in similar scaling performance and
reduction percentage (RP) values. As indicated before, the success of the scaling theory applied to this soil
class was foreseeable; r values were nearly identical (i.e., meeting the similarity requirement) and c values
were almost the same (i.e., satisfying the interrelation condition).

Unscaled and scaled data for soil class 3 are shown in Figure 6. Since the four soils contained in this class
were practically similar, as discussed earlier, the independent scaling method (ISM) worked well, positioning
all data close to the reference curve with the WRMSR reduced by 51.51% after scaling. However, the

Figure 5. Unscaled soil water characteristic (left) and hydraulic conductivity (right) data for soil class 5 and their corresponding scaled data
using the independent scaling method (ISM) and simultaneous scaling method (SSM) in conjunction with the Kosugi soil hydraulic func-
tions. The solid line marks the reference curve.
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negative RP obtained for SSM shows a complete failure of this method. Based on the theory presented in
this paper, this is particularly due to the violation of the assumptions discussed in section 1.2 leading to the
invalid interrelation condition for the soils in class 3 as indicated by the disparity of the c values. As shown
in Figure 4, soil 4030 has a significantly lower c when compared to the other soils within this class. The
effect of this discrepancy is clearly seen in the SSM scaled data where the hydraulic conductivity of soil
4030 deviated further from the reference curve after scaling than prior to scaling.

As discussed above, the performance of the scaling methods is affected by both the lack of a perfect simi-
larity (error source 1) and the invalid interrelation condition (error source 2). In addition, the imperfect fit of
the Kosugi soil hydraulic functions to measured data (error source 3) partly contributes to the total scaling
error. In order to quantify contributions of each of the three error sources to the total scaling error, the ISM
and SSM were also examined based on six classes containing synthetic data that were generated based on

Figure 6. Unscaled soil water characteristic (left) and hydraulic conductivity (right) data for soil class 3 and their corresponding scaled data
using the independent scaling method (ISM) and simultaneous scaling method (SSM) in conjunction with the Kosugi soil hydraulic func-
tions. The solid line marks the reference curve.
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the assumption that S and K for each measured h exactly follow the Kosugi soil hydraulic functions (i.e.,
there is no fitting error).

Scaled synthetic data for class 3, for example, are depicted in Figure 7. A comparison with Figure 6 shows to
what extent the inability of the Kosugi model to match measured data affects the performance of the ISM
and SSM. Figure 7 clearly shows that while the RP for this class can be improved by considering hydraulic
functions that are more flexible than the Kosugi functions, Miller-Miller scaling (i.e., SSM) would still fail (i.e.,
lead to a negative RP) because the interrelation condition is not met for this soil class.

Results of this analysis for all classes are summarized in Figure 8 that depicts the correlation between RP as
a measure of scaling efficiency and SD of ln c values as a measure of the validity of the interrelation condi-
tion. The contributions of the three error sources discussed above were determined by comparing the scal-
ing efficiency for: (i) synthetic data scaled with the ISM where the lack of the similarity condition is the sole

Figure 7. Unscaled synthetic data of soil water characteristic (left) and hydraulic conductivity (right) for soil class 3 and their corresponding
scaled data using the independent scaling method (ISM) and simultaneous scaling method (SSM) in conjunction with the Kosugi soil
hydraulic functions. The solid line marks the reference curve.

Water Resources Research 10.1002/2015WR017929

SADEGHI ET AL. A CRITICAL EVALUATION OF MILLER-MILLER SIMILAR MEDIA THEORY 12



error source; (ii) synthetic data scaled with the SSM where errors are due to the lack of the similarity condi-
tion and invalidity of the interrelation condition; and (iii) measured data scaled with the SSM with all three
error sources contributing.

As observed in Figure 8, the scaling error is mainly governed by the invalid interrelation condition (cyan
area) which is significantly larger than error sources 1 (green area) and 3 (yellow area). This observation indi-
cates that while soils within each class are practically similar, the validity of the interrelation condition is of
crucial importance for successful application of the Miller-Miller scaling theory. This finding contradicts the
general belief that Miller-Miller scaling is valid as long as similarity is given.

The fact that errors due to the lack of similarity (green) are significantly smaller than errors due to invalidity
of the interrelation condition (cyan) indicates that soils within each class are practically macrosimilar and
thus a proper soil classification has been established. Figure 8 also highlights that the scaling results are not
very sensitive to the choice of hydraulic models because the contribution of fitting errors (yellow) to RP is
relatively small in the low-RP classes. To further evaluate effects associated with the choice of hydraulic
models, an analysis in conjunction with the most popular unimodal van Genuchten hydraulic functions (see
Table 1) follows below.

4.2. Scaling Based on the van Genuchten Soil Hydraulic Functions
As discussed in Kosugi [1994], the van Genuchten (VG) [1980] and Kosugi water characteristic models com-
bined with Mualem’s [1976] hydraulic conductivity model, closely match each other due to equivalence of
corresponding parameters. Assuming that both retention functions (Table 1) yield the same S at pressure
heads of h 5 hm and h 5 2hm, we analytically derived a relationship between scale and shape parameters of
the models as follows:

hm5
1
a

0:5
n

12n21
� �1=n

(19)

r5
ln 2ffiffiffi

2
p

erfc21 2 112n 0:5
n

12n21
� �� �12n

n

n o (20)

Equations (19) and (20), examined for soils of group 3 in Figure 9, lead to a close relationship between the
Kosugi and VG hydraulic functions. Hence, there is a universal relationship between shape parameters of
the Kosugi and VG hydraulic functions, i.e., equation (20). Therefore, soils that are considered macrosimilar
based on the Kosugi functions (i.e., soils with ‘‘practically equal’’ r values), would also be considered macrosi-
milar based on the VG functions. In addition, according to equation (19), there is a unique relationship
between the scale parameters of the Kosugi and VG hydraulic functions for macrosimilar soils (i.e., invariant
n). Hence, c values calculated based on the Kosugi functions are highly correlated with c values calculated
based on the VG functions. Consequently, similar scaling results are expected in theory for both hydraulic
models. For example, hydraulic properties of the soils contained in class 3 were scaled based on the

Figure 8. Correlation between RP (from Eq. (18)) and the standard deviation (SD) of ln c for the independent scaling method (ISM) and
simultaneous scaling method (SSM) applied to the synthetic and measured data.

Water Resources Research 10.1002/2015WR017929

SADEGHI ET AL. A CRITICAL EVALUATION OF MILLER-MILLER SIMILAR MEDIA THEORY 13



equivalent VG functions (Figure 9) and are shown in Figure 10. As observed, Figure 10 is very similar to Fig-
ure 6, verifying the similar performance of the Kosugi and VG hydraulic functions with regard to calculation
of the scaling factors. Note that for VG-based scaling, equations (15) and (16) were applied for calculation of
the scaling factors, while hm was replaced with VG a in equation (15) (see Table 1). Also the scale parameters
(a and Ks) and shape parameter (n) of the reference soil were considered as the arithmetic and geometric
means, respectively, analogous, to equations (12) and (14).

5. Summary and Conclusions

Assuming validity of the Miller-Miller similar media theory, scaling is widely applied for characterization of
the spatial variability of soil hydraulic properties by assigning single scaling factors for each soil or location.
Results of this study contradict the general belief that Miller-Miller scaling is valid as long as soils are ‘‘simi-
lar.’’ While similarity is required for validity of the Miller-Miller scaling theory, it is not sufficient. In addition,
the interrelation between the soil water characteristic and the hydraulic conductivity functions of soils con-
sidered for scaling need to be comparable. The interrelation depends on several factors besides pore space
geometry (e.g., hydrophobicity of soil particles, adsorptive surface forces, etc.). Hence similar interrelation
cannot be concluded from similarity of microscopic pore space geometry (i.e., the interrelation condition
does not depend on the similarity condition).

In practice, the validity of the pore space similarity assumption for a set of soils can be evaluated based on
the equality of the shape parameters of their respective hydraulic functions (e.g., r in the Kosugi hydraulic

Figure 9. Relationship between the van Genuchten and Kosugi hydraulic functions based on Eqs. (19) and (20) for soils in class 3. The
hydraulic functions are listed in Table 1. The Kosugi parameters reported in Table 2 were used to implicitly solve for n and a. The same Ks

was applied in both models.
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models). The interrelation condition can be explored based on the equality of the joint scaling factor, c,
introduced in this paper in equation (11). This means that Miller-Miller scaling is not applicable, unless the
considered soils exhibit similar shape parameters and similar c values.

The objective of this study was not to propose an alternative to the Miller and Miller [1956] scaling
theory, but rather to illustrate problems arising from neglecting key assumptions beyond similarity,
which are concurrently required for derivation of the Miller-Miller theory (i.e., equations (1) and (2)).
However, improvement of the original theory may be feasible in the future by modifying its underly-
ing assumptions. For example, equations (1) and (2) were derived based on the Young-Laplace equa-
tion which does not account for contributions due to adsorbed liquid films and film flow, which may
significantly contribute to liquid retention and flow behavior especially in fine textured and high sur-
face area soils.

Figure 10. Unscaled soil water characteristic (left) and hydraulic conductivity (right) data for soil class 3 and their corresponding scaled
data using the independent scaling method (ISM) and simultaneous scaling method (SSM) in conjunction with the van Genuchten soil
hydraulic functions. The solid line marks the reference curve.

Water Resources Research 10.1002/2015WR017929

SADEGHI ET AL. A CRITICAL EVALUATION OF MILLER-MILLER SIMILAR MEDIA THEORY 15



References
Ahmadi, S. H., A. R. Sepaskhah, and H. R. Fooladmand (2014), A simple approach to predicting unsaturated hydraulic conductivity based

on empirically scaled microscopic characteristic length, Hydrol. Sci. J., 60(2), 326–335, doi:10.1080/02626667.2014.959445.
Ahuja, L. R., and R. D. Williams (1991), Scaling water characteristic and hydraulic conductivity based on Gregson-Hector-McGowan

approach, Soil Sci. Soc. Am. J., 55, 308–319, doi:10.2136/sssaj1991.03615995005500020002x.
Bachmann, J., and R. R. van der Ploeg (2002), A review on recent developments in soil water retention theory: Interfacial tension and tem-

perature effects, J. Plant Nutr. Soil Sci., 165, 4682478, doi:10.1002/1522-2624(200208)165:4< 468::AID-JPLN468> 3.0.CO;2-G.
Bachmann, J., G. Arye, M. Deurer, S. K. Woche, R. Horton, K.-H. Hartge, and Y. Chen (2006), Universality of a surface tension: Contact-angle

relation for hydrophobic soils of different texture, J. Plant Nutr. Soil Sci., 169, 745–753, doi:10.1002/jpln.200622022.
Bachmann, J., M.-O. Goebel, and S. K. Woche (2013), Small-scale contact angle mapping on undisturbed soil surfaces, J. Hydrol. Hydromech.,

61(1), 3–8, doi:10.2478/johh-2013-0002.
Brooks, R. H., and A. T. Corey (1964), Hydraulic properties of porous media, Hydrol. Pap., 3, Civ. Eng. Dep., Colo. State Univ., Fort Collins.
Clausnitzer, V., J. W. Hopmans, and D. R. Nielsen (1992), Simultaneous scaling of soil water retention and hydraulic conductivity curves,

Water Resour. Res., 28(1), 19–31, doi:10.1029/91WR02224.
Das, B. S., W. N. Haws, and P. S. C. Rao (2005), Defining geometric similarity in soils, Vadose Zone J., 4, 264–270, doi:10.2136/vzj2004.0113.
Diamantopoulos, E., and W. Durner (2013), Physically-based model of soil hydraulic properties accounting for variable contact angle and

its effect on hysteresis, Adv. Water Resour., 59, 169–180, doi:10.1016/j.advwatres.2013.06.005.
Elrick, D. E., J. H. Scandrett, E. E. Miller (1959), Tests of capillary flow scaling, Soil Sci. Soc. Am. Proc., 23, 329–32, doi:10.2136/

sssaj1959.03615995002300050008x.
Gardner, W. R. (1958), Some steady state solutions of the unsaturated moisture flow equation with application to evaporation from a water

table, Soil Sci., 85, 2282232.
Guarracino, L. (2007), Estimation of saturated hydraulic conductivity Ks from the van Genuchten shape parameter a, Water Resour. Res., 43,

W11502, doi:10.1029/2006WR005766.
Hillel, D., and D.E. Elrick (1990), Scaling in soil physics: Principles and applications, SSSA Spec. Publ. 25, Soil Sci. Soc. of Am., Madison, Wis.
Hunt, A.G., R. P. Ewing, and R. Horton (2013), What’s wrong with soil physics?, Soil Sci. Soc. Am. J., 77, 1877–1887, doi:10.2136/

sssaj2013.01.0020.
Klute A., and G. E. Wilkinson (1958), Some tests of similar media concept of capillary flow: I. Reduced capillary conductivity and moisture

characteristic data, Soil Sci. Soc. Am. Proc., 22, 278–81, doi:10.2136/sssaj1958.03615995002200040002x.
Kosugi, K. (1994), Three-parameter lognormal distribution model for soil water retention, Water Resour. Res., 30(4), 891–901, doi:10.1029/

93WR02931.
Kosugi K. (1996), Lognormal distribution model for unsaturated soil hydraulic properties, Water Resour. Res., 32(121), 2697–2703, doi:

10.1029/96WR01776.
Kosugi, K., and J. W. Hopmans (1998), Scaling water retention curves for soils with lognormal pore-size distribution, Soil Sci. Soc. Am. J., 62,

1496–1504, doi:10.2136/sssaj1998.03615995006200060004x.
Kozak, J. A., and L. R. Ahuja (2005), Scaling of infiltration and redistribution of water across soil textural classes, Soil Sci. Soc. Am. J., 69, 816–

827, doi:10.2136/sssaj2004.0085.
Kutilek, M., K. Zayani, R. Haverkamp, J. Y. Parlange, and G. Vachaud (1991), Scaling of Richards’ equation under invariant flux boundary con-

ditions, Water Resour. Res., 27(9), 2181–2185, doi:10.1029/91WR01550.
Lebeau, M., and J.-M. Konrad (2010), A new capillary and thin film flow model for predicting the hydraulic conductivity of unsaturated

porous media, Water Resour. Res., 46, W12554, doi:10.1029/2010WR009092.
Meskini-Vishkaee, F., M. H. Mohammadi, and M. Vanclooster (2013), A scaling approach, predicting the continuous form of soil moisture

characteristics curve, from soil particle size distribution and bulk density data, Hydrol. Earth Syst. Sci. Discuss., 10, 14305–14329, doi:
10.5194/hessd-10-14305-2013.

Miller, E. E. (1980), Similitude and scaling of soil-water phenomena, in Applications of Soil Physics, edited by D. Hillel, pp. 3002318, Aca-
demic, N. Y.

Miller, E. E., and R. D. Miller (1956), Physical theory for capillary flow phenomena, J. Appl. Phys., 27, 324–332, doi:10.1063/1.1722370.
Mualem, Y. (1976), A new model for predicting the hydraulic conductivity of unsaturated porous media, Water Resour. Res., 12(3), 513–521,

doi:10.1029/WR012i003p00513.
Muehl, G. J. H., J. Ruehlmann, M. O. Goebel, and J. Bachmann (2012), Application of confocal laser scanning microscopy (CLSM) to visualize

the effect of porous media wettability on unsaturated pore water configuration, J. Soil. Sediment., 12, 75–85. doi:10.1007/s11368-011-
0395-7.

Nachabe, M. H. (1996), Macroscopic capillary length, sorptivity, and shape factor in modeling the infiltration rate, Soil Sci. Soc. Am. J., 60,
957–962, doi:10.2136/sssaj1996.03615995006000040001x.

Nasta, P., T. Kamai, G. B. Chirico, J. W. Hopmans, and N. Romano (2009), Scaling soil water retention functions using particle-size distribu-
tion, J. Hydrol., 374, 223–234, doi:10.1016/j.jhydrol.2009.06.007.

Nasta, P., N. Romano, S. Assouline, J. A. Vrugt, and J. W. Hopmans (2013), Prediction of spatially variable unsaturated hydraulic conductivity
using scaled particle-size distribution functions, Water Resour. Res., 49, 4219–4229, doi:10.1002/wrcr.20255.

Nemes, A., M. G. Schaap, F. J. Leij, and J. H. M. Wosten (2001), Description of the unsaturated soil hydraulic database UNSODA. Version 2.0,
J. Hydrol., 251, 151–162.

Nielsen, D. R., J. W. Hopmans, and K. Reichardt (1998), An emerging technology for scaling field soil-water behavior, in Scale Dependence
and Scale Invariance in Hydrology, edited by G. Sposito, pp. 1362166, Cambridge Univ. Press, N. Y.

Oliveira, L. I., A. H. Demond, L. M. Abriola, and P. Goovaerts (2006), Simulation of solute transport in a heterogeneous vadose zone describ-
ing the hydraulic properties using a multistep stochastic approach, Water Resour. Res., 42, W05420, doi:10.1029/2005WR004580.

Or, D., and M. Tuller (1999), Liquid retention and interfacial area in variably saturated porous media: Upscaling from single-pore to sample-
scale model, Water. Resour. Res., 35(12), 3597–3606, doi:10.1029/1999WR900262.

Peters, A., and W. Durner (2008), A simple model for describing hydraulic conductivity in unsaturated porous media accounting for film
and capillary flow, Water Resour. Res., 44, W11417, doi:10.1029/2008WR007136.

Rasoulzadeh, A., and A. R. Sepaskhah (2003), Scaled infiltration equations for furrow irrigation, Biosyst. Eng., 86, 375–383, doi:10.1016/
j.biosystemseng.2003.07.004.

Reichardt, K., D. R. Nielsen, and J. W. Biggar (1972), Scaling of horizontal infiltration into homogeneous soils, Soil Sci. Soc. Am. Proc., 36, 241–
245, doi:10.2136/sssaj1972.03615995003600020014x.

Acknowledgments
This project was funded by National
Science Foundation (NSF) grant
1521469 awarded to Utah State
University and the University of
Arizona. Additional support was
provided by the Utah Agricultural
Experiment Station, Utah State
University, Logan, Utah 84322-4810,
approved as UAES journal paper 8778.
Data used in this study were extracted
from the UNSODA database that is free
of charge and can be requested by
regular or electronic mail (Walt Russell,
USDA-ARS, George E. Brown, Salinity
Laboratory, 450 West Big Springs Road,
Riverside, CA 925074617, USA;
wrussell@ussl.ars.usda.gov) [Nemes
et al., 2001].

Water Resources Research 10.1002/2015WR017929

SADEGHI ET AL. A CRITICAL EVALUATION OF MILLER-MILLER SIMILAR MEDIA THEORY 16

http://dx.doi.org/10.1080/02626667.2014.959445
http://dx.doi.org/10.2136/sssaj1991.03615995005500020002x
http://dx.doi.org/10.1002/1522-2624(200208)165:4<468::AID-JPLN468>3.0.CO;2-G
http://dx.doi.org/10.1002/1522-2624(200208)165:4<468::AID-JPLN468>3.0.CO;2-G
http://dx.doi.org/10.1002/1522-2624(200208)165:4<468::AID-JPLN468>3.0.CO;2-G
http://dx.doi.org/10.1002/jpln.200622022
http://dx.doi.org/10.2478/johh-2013-0002
http://dx.doi.org/10.1029/91WR02224
http://dx.doi.org/10.2136/vzj2004.0113
http://dx.doi.org/10.1016/j.advwatres.2013.06.005
http://dx.doi.org/10.2136/sssaj1959.03615995002300050008x
http://dx.doi.org/10.2136/sssaj1959.03615995002300050008x
http://dx.doi.org/10.1029/2006WR005766
http://dx.doi.org/10.2136/sssaj2013.01.0020
http://dx.doi.org/10.2136/sssaj2013.01.0020
http://dx.doi.org/10.2136/sssaj1958.03615995002200040002x
http://dx.doi.org/10.1029/93WR02931
http://dx.doi.org/10.1029/93WR02931
http://dx.doi.org/10.1029/96WR01776
http://dx.doi.org/10.2136/sssaj1998.03615995006200060004x
http://dx.doi.org/10.2136/sssaj2004.0085
http://dx.doi.org/10.1029/91WR01550
http://dx.doi.org/10.1029/2010WR009092
http://dx.doi.org/10.5194/hessd-10-14305-2013
http://dx.doi.org/10.1063/1.1722370
http://dx.doi.org/10.1029/WR012i003p00513
http://dx.doi.org/10.1007/s11368-011-0395-7
http://dx.doi.org/10.1007/s11368-011-0395-7
http://dx.doi.org/10.2136/sssaj1996.03615995006000040001x
http://dx.doi.org/10.1016/j.jhydrol.2009.06.007
http://dx.doi.org/10.1002/wrcr.20255
http://dx.doi.org/10.1029/2005WR004580
http://dx.doi.org/10.1029/1999WR900262
http://dx.doi.org/10.1029/2008WR007136
http://dx.doi.org/10.1016/j.biosystemseng.2003.07.004
http://dx.doi.org/10.1016/j.biosystemseng.2003.07.004
http://dx.doi.org/10.2136/sssaj1972.03615995003600020014x


Roth, K. (2008), Scaling of water flow through porous media and soils, Eur. J. Soil Sci., 59, 125–130, doi:10.1111/j.1365-2389.2007.
00986.x.

Russo, D. (1988), Determining soil hydraulic properties by parameter estimation: On the selection of a model for the hydraulic properties,
Water Resour. Res., 24(3), 453–459, doi:10.1029/WR024i003p00453.

Russo D., and E. Bresler (1980), Scaling soil hydraulic properties of a heterogeneous field, Soil Sci. Soc. Am. J., 44, 681–684, doi:10.2136/
sssaj1980.03615995004400040003x.

Sadeghi, M., and S. B. Jones (2012), Scaled solutions to coupled soil-water flow and solute transport during the redistribution process,
Vadose Zone J., 11(4), doi:10.2136/vzj2012.0023.

Sadeghi, M., M. R. Gohardoust, and B. Ghahraman (2010), Scaling of soil hydraulic conductivity function using effective capillary drive [in
Farsi], J. Water Soil, 24, 1792189.

Sadeghi, M., B. Ghahraman, K. Davary, S. M. Hasheminia, and K. Reichardt (2011), Scaling to generalize a single solution of Richards’ equa-
tion for soil water redistribution, Sci. Agric. (Piracicaba, Braz.), 68, 582–591, doi:10.1590/S0103-90162011000500011.

Sadeghi, M., B. Ghahraman, A. N. Ziaei, K. Davary, and K. Reichardt (2012a), Invariant solutions of Richards’ equation for water movement in
dissimilar soils, Soil Sci. Soc. Am. J., 76, 1–9, doi:10.2136/sssaj2011.0275.

Sadeghi, M., B. Ghahraman, A. N. Ziaei, K. Davary, and K. Reichardt (2012b), Additional scaled solutions to Richards’ equation for infiltration
and drainage, Soil Till. Res., 119, 60–69, doi:10.1016/j.still.2011.12.004.

Sadeghi, M., M. Tuller, M. R. Gohardoust, and S. B. Jones (2014), Column-scale unsaturated hydraulic conductivity estimates in coarse-
textured homogeneous and layered soils derived under steady-state evaporation from a water table, J. Hydrol., 519, 123821248, doi:
10.1016/j.jhydrol.2014.09.004.

Sharma, M. L., and R. J. Luxmoore (1979), Soil spatial variability and its consequence on simulated water balance, Water Resour. Res., 15(6),
1567–1573, doi:10.1029/WR015i006p01567.

Sharma, M. L., G. A. Gander, and C. G. Hunt (1980) Spatial variability of infiltration in a watershed, J. Hydrol., 45, 101–122, doi:10.1016/0022-
1694(80)90008-6.

Schl€uter, S., J. Vanderborght, and H. J. Vogel (2012), Hydraulic non-equilibrium during infiltration induced by structural connectivity, Adv.
Water Resour., 44, 101–112, doi:10.1016/j.advwatres.2012.05.002.

Shouse, P. J., and B. P. Mohanty (1998), Scaling of near-saturated hydraulic conductivity measured using disc infiltrometers, Water Resour.
Res., 34(5), 1195–1205, doi:10.1029/98WR00318.

Shukla, M. K., F. G. Kastanek, and D. R. Nielsen (2002), Inspectional analysis of convective-dispersion equation and application on measured
breakthrough curves, Soil Sci. Soc. Am. J., 66, 1087–1094, doi:10.2136/sssaj2002.1087.

Simmons, C. S., D. R. Nielsen, and J. W. Biggar (1979), Scaling of field-measured soil-water properties, Hilgardia, 47, 77–173.
Simunek, J., M. Sejna, H. Saito, M. Sakai, and M. Th. van Genuchten (2008) The HYDRUS-1D Software Package for Simulating the One-

Dimensional Movement of Water, Heat, and Multiple Solutes in Variably-Saturated Media, version 4.0, Univ. of Calif., Riverside.
Sposito, G. (1998), Scaling invariance and the Richards equation, in Scale Dependence and Scale Invariance in Hydrology, edited by G. Spo-

sito, pp. 167 2 189, Cambridge Univ. Press, N. Y.
Sposito, G., and W. A. Jury (1985), Inspectional analysis in the theory of water flow through unsaturated soils, Soil Sci. Soc. Am. J., 49, 791–

798, doi:10.2136/sssaj1985.03615995004900040001x.
Stoffregen, H., and G. Wessolek (2014), Scaling the hydraulic functions of a water repellent sandy soil, Int. Agrophys., 28, 349–358, doi:

10.2478/intag-2014-0025.
Tillotson, P. M., and D. R. Nielsen (1984), Scaling factors in soil science, Soil Sci. Soc. Am., J., 48, 953–959, doi:10.1016/0022-1694(87)90098-9.
Tuller, M., and D. Or (2001), Hydraulic conductivity of variably saturated porous media: Film and corner flow in angular pores, Water Resour.

Res., 37(5), 1257–1276, doi:10.1029/2000WR900328.
Tuller, M., and D. Or (2005), Water films and scaling of soil characteristic curves at low water contents, Water Resour. Res., 41, W09403, doi:

10.1029/2005WR004142.
Tuller, M., D. Or, and L. M. Dudley (1999), Adsorption and capillary condensation in porous media: Liquid retention and interfacial configu-

rations in angular pores, Water Resour. Res., 35(7), 1949–1964, doi:10.1029/1999WR900098.
Tuli, A., K. Kosugi, and J. W. Hopmans (2001), Simultaneous scaling of soil water retention and unsaturated hydraulic conductivity functions

assuming lognormal pore-size distribution, Adv. Water Resour., 24, 677–688, doi:10.1016/S0309-1708(00)00070-1.
Ursino, N., K. Roth, T. Gimmi, and H. Fl€uhler (2000), Upscaling of anisotropy in unsaturated Miller-similar porous media, Water Resour. Res.,

36(2), 421–430, doi:10.1029/1999WR900320.
van Genuchten, M. Th. (1980), A closed-form equation for predicting the hydraulic conductivity of unsaturated soils, Soil Sci. Soc. Am. J., 44,

892–898, doi:10.2136/sssaj1980.03615995004400050002x.
Vereecken, H., R. Kasteel, J. Vanderborght, and T. Harter (2007), Upscaling hydraulic properties and soil water flow processes in heterogene-

ous soils: A review, Vadose Zone J., 6, 1–28, doi:10.2136/vzj2006.0055.
Vogel, H. J., U. Weller, and O. Ippisch (2010), Non-equilibrium in soil hydraulic modelling, J. Hydrol., 393, 20–28, doi:10.1016/

j.jhydrol.2010.03.018.
Vogel, T., M. Cislerova, and J. W. Hopmans (1991), Porous media with linearly hydraulic properties, Water Resour. Res., 27, 2735–2741, doi:

10.1029/91WR01676.
Warrick, A. W. (2003), Soil Water Dynamics, Oxford Univ. Press, N. Y.
Warrick, A. W., and A. Amoozegar-Fard (1979), Infiltration and drainage calculations using spatially scaled hydraulic properties, Water

Resour. Res., 15(5), 1116–1120, doi:10.1029/WR015i005p01116.
Warrick, A. W., and A. A. Hussen (1993), Scaling of Richards’ equation for infiltration and drainage, Soil Sci. Soc. Am. J., 57, 15–18, doi:

10.2136/sssaj1993.03615995005700010004x.
Warrick, A. W., and D. R. Nielsen (1980), Spatial variability of soil physical properties in the field, in Applications of Soil Physics, edited by

D. Hillel, Academic, N. Y.
Warrick A. W., G. J. Mullen, and D. R. Nielsen (1977), Scaling of field measured hydraulic properties using a similar media concept, Water

Resour. Res., 13(2), 355–362, doi:10.1029/WR013i002p00355.
Warrick, A. W., D. O. Lomen, and S. R. Yates (1985), A generalized solution to infiltration, Soil Sci. Soc. Am. J., 49, 34–38, doi:10.2136/

sssaj1985.03615995004900010006x.
Wilkinson G. E., and A. Klute (1959), Some tests of similar media concept of capillary flow: II. Flow systems data, Soil Sci. Soc. Am. Proc., 23,

434–37, doi:10.2136/sssaj1959.03615995002300060021x.
Wosten, J. H. M. (1990), Use of scaling techniques to quantify variability in hydraulic functions of soils in the Netherlands, in Field-Scale

Water and Solute Flux in Soils, edited by K. Roth et al., pp. 1412156, Birkhauser, Basel.

Water Resources Research 10.1002/2015WR017929

SADEGHI ET AL. A CRITICAL EVALUATION OF MILLER-MILLER SIMILAR MEDIA THEORY 17

http://dx.doi.org/10.1111/j.1365-2389.2007.00986.x
http://dx.doi.org/10.1111/j.1365-2389.2007.00986.x
http://dx.doi.org/10.1029/WR024i003p00453
http://dx.doi.org/10.2136/sssaj1980.03615995004400040003x
http://dx.doi.org/10.2136/sssaj1980.03615995004400040003x
http://dx.doi.org/10.2136/vzj2012.0023
http://dx.doi.org/10.1590/S0103-90162011000500011
http://dx.doi.org/10.2136/sssaj2011.0275
http://dx.doi.org/10.1016/j.still.2011.12.004
http://dx.doi.org/10.1016/j.jhydrol.2014.09.004
http://dx.doi.org/10.1029/WR015i006p01567
http://dx.doi.org/10.1016/0022-1694(80)90008-6
http://dx.doi.org/10.1016/0022-1694(80)90008-6
http://dx.doi.org/10.1016/j.advwatres.2012.05.002
http://dx.doi.org/10.1029/98WR00318
http://dx.doi.org/10.2136/sssaj2002.1087
http://dx.doi.org/10.2136/sssaj1985.03615995004900040001x
http://dx.doi.org/10.2478/intag-2014-0025
http://dx.doi.org/10.1016/0022-1694(87)90098-9
http://dx.doi.org/10.1029/2000WR900328
http://dx.doi.org/10.1029/2005WR004142
http://dx.doi.org/10.1029/1999WR900098
http://dx.doi.org/10.1016/S0309-1708(00)00070-1
http://dx.doi.org/10.1029/1999WR900320
http://dx.doi.org/10.2136/sssaj1980.03615995004400050002x
http://dx.doi.org/10.2136/vzj2006.0055
http://dx.doi.org/10.1016/j.jhydrol.2010.03.018
http://dx.doi.org/10.1016/j.jhydrol.2010.03.018
http://dx.doi.org/10.1029/91WR01676
http://dx.doi.org/10.1029/WR015i005p01116
http://dx.doi.org/10.2136/sssaj1993.03615995005700010004x
http://dx.doi.org/10.1029/WR013i002p00355
http://dx.doi.org/10.2136/sssaj1985.03615995004900010006x
http://dx.doi.org/10.2136/sssaj1985.03615995004900010006x
http://dx.doi.org/10.2136/sssaj1959.03615995002300060021x


Wu, L., and L. Pan (1997), A generalized solution to infiltration from single-ring infiltrometers by scaling, Soil Sci. Soc. Am. J., 61, 1318–1322,
doi:10.2136/sssaj1997.03615995006100050005x.

Youngs, E. G., and R. I. Price (1981), Scaling of infiltration behavior in dissimilar porous materials, Water Resour. Res., 17(4), 1065–1070, doi:
10.1029/WR017i004p01065.

Zavattaro, L., N. Jarvis, and L. Persson (1999), Use of similar media scaling to characterise spatial dependence of near saturated hydraulic
conductivity, Soil Sci. Soc. Am. J., 63, 486–492, doi:10.2136/sssaj1999.03615995006300030010x.

Water Resources Research 10.1002/2015WR017929

SADEGHI ET AL. A CRITICAL EVALUATION OF MILLER-MILLER SIMILAR MEDIA THEORY 18

http://dx.doi.org/10.2136/sssaj1997.03615995006100050005x
http://dx.doi.org/10.1029/WR017i004p01065
http://dx.doi.org/10.2136/sssaj1999.03615995006300030010x

	l
	l
	l
	l
	l
	l



