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With an analytical solutions of DGLAP evolution equations based on the Laplace trans-
form method, we find the fragmentation functions (FFs) of neutral mesons, 7% and k°
at NLO approximation. We also calculated the total fragmentation functions of these
mesons and compared them with experimental data and those from global fits. The
results show a good agreement between our solutions and other models and they are
compatible with experimental data.
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1. Introduction

Fragmentation process is the QCD process in which partons hadronize to colorless
hadrons. In this transition, the parton fragmentation function (FF), D! (z,Q?),
represents the probability for a parton ¢ to fragments into a particular hadron h
carrying a certain fraction of the parton energy or momentum. Therefore, these
FFs are essential inputs to study the hadron production in any processes like pp,
ep, vp and 7y scattering.

Fragmentation functions evolved with DGLAP evolution equations from a start-
ing distribution at a defined energy scale.!2
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Recently we have used Laplace transformation and provided an analytical solu-
tion to DGLAP equations to calculate the proton, pion and kaon FFs.? This
method had provided analytical solutions to Polarized Parton Distribution Func-
tions (PPDFs) too.*?

In this paper, we will use the results of this new method introduced by Block
et al.5 ! to calculate the neutral mesons 7° and k° FFs.

Therefore, our main task here is using our solutions for charged pion and kaon
FFs,? for calculating the neutral mesons 7° and &Y FFs. These solutions enable us
to use the neutral mesons data in a global fit, in addition to all experimental data
for total FFs of charged mesons to determination of FFs.

The paper is organized as follows. In Sec. 2, we review the Laplace transform
method of nonsinglet, singlet and gluon DGLAP evolution equations for extracting
the FFs. These solutions led us to 7™ and k* FFs. Then, in Sec. 3, we utilize the
charge conjugation symmetry to calculate the FFs of 7= and £~. This led us to
natural mesons FFs. Finally, in Sec. 4, we calculated the FFs of neutral mesons 7°
and k° and also compared them with available experimental data?6-2°
from global fits.12716

and those

2. Fragmentation Functions via Decoupling of the DGLAP
Evolution Equations by Laplace Transform Method

2.1. Nonsinglet case

The fragmentation of valence quarks into hadrons defined the nonsinglet FFs. The
evolution of nonsinglet FF is given by DGLAP evolution equations at NLO approxi-
mation as:

47 0D

5 (@) o) @) = Dm® pyom s @D paoanl (o g7, (1)

4
where

Di(2,Q%) = Dy(2,Q%) — Dy (2,Q%). (2)
The ® symbol in Eq. (1) refers to the convolution integral. In the new method

introduced by Block et al.,b ' the DGLAP evolution equations can be solved by
Laplace transform approach. To summarize, by introducing two variables v = In (l)

and T = - fQQ s(Q"?)dInQ'?, and two Laplace transforms from v space to s
space and from T space to U space, the DGLAP evolution equations can be solved
iteratively by a set of convolution integrals which are related to initial input FFs
at scale of Q2. Two inverse Laplace transforms will take us back to the usual space
(2,Q%).2 We define 2Dy4(z, Q%) = Fus(z,@Q?%), and find the solution of nonsinglet
DGLAP evolution equation, Eq. (1) in s space as:®

fns(sa 7—) = eTq>m(8)fnSO(5) ’ (3)

where
Pus(s) = D2 (s) + ZONO(s). (4)

ns
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q)LO

ns

(s) and ®NLO(s) are the Laplace transform of nonsinglet splitting functions
and are given in App. A of Ref. 3. The 75 parameter is defined as
2
T = L as(tdr’ = 1 /Q 22(Q"*)dInQ'?. (5)
A Jo (4m)? Jgz °
fuso(s) in Eq. (3) is the Laplace transform of initial valence quark FFs at Qo =
4.5 GeV. They are selected from HKNS code!? to be sure about our analytical
solutions of DGLAP evolution equation. Finally, with an inverse Laplace transform
of Eq. (3),! one can derive the valence quark FFs in (z,Q?) space.

2.2. The singlet and gluon case

At NLO approximation, the singlet and gluon FFs are given by these two coupled
DGLAP evolution equations:

4 0Dy (02
o=@ = Dee (P SR ). )
2
+ Dg ® (Pgoq + asig )Pg1q> (Z, QQ) , (6)
4 oD Q2
045(2-22) (9111 52 (Z’ QQ) = DS ® (P‘?g + _ ig )qug) (Za QQ)
2
+Dy® <ng + asig )qug> (2, QQ) 7 (7)
where the singlet FF, D (2, Q?), is defined as
Di(=@)= 3 [Dj(=Q"+Dj( Q). -

q=u,d,s,c,b

By definition of 2D(z, Q%) = Fs(z,Q?) and zDy(z,Q?) = G(z,Q?), the solutions
of these coupled DGLAP evolution equations in Laplace (s,U) space can be calcu-
lated as:?

[U = @;(s)]F(s,U) = Oy(5)9(s,U)

= fo(s) + ar | @FLO () F(s,U + br) + O C(5)(s,U +b1)|,  (9)
—O5(5)F(s,U) + [U = Dy ()]G (s, U)

= go(s) + a1 {@?]Lo(s)]—"(s, U+b1)+ @)(s)G(s, U + bl)] . (10

Here the F(s,U) and G(s,U) are the Laplace transform of singlet and gluon FFs
in (s,U) space. Initial input FFs are denoted by fo(s) and go(s). As we mentioned
before, these initial inputs are selected from HKNS code!? at initial scale of Qo =
4.5 GeV. The parameters a; = 0.025 and b; = 10.7 are the best fit parameters

to a(t) = O‘Z—S) ~ ap + aje " at NLO approximation.® The functions @, and
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O¢,4 specified the Laplace transformation of splitting functions and can be found
in Ref. 3 and also given in App. A:

Oy(s) = <I>I;O (s)+ aoq)?mo(s) ;o Py(s) = @IgJO(s) + aocbyLO(s) , (11)
O4(s) = ©F°(s) + aOF O (s), O4(s) = OL°(s) + ag©, " (s). (12)

With the initial input functions for fo(s) and go(s), their evolved solutions in the
Laplace s space are given by!?

f(s,7) = kff(sa 7)fo(s) + kfg(sa 7)90(5) ) (13)
9(s,7) = kgg(s,7)g0(s) + kgs(s,7) fo(s),

where the k’s in Eq. (13) are given in App. B of Ref. 3 for the first iteration. Finally,
the singlet and gluon FFs in (z,Q?) space can be calculated with known inverse
Laplace transform.!! Our results in Ref. 3 show a nice agreement between these
analytical solution and other global fit results for charged mesons 7 and k.

3. Natural Pions and Kaons Fragmentation Functions and the
Role of Charge Conjugation Symmetry

The FF of total sea quarks is defined as follows:
Dy(2,Q%) — Dus(2,Q%) = Dy(2,Q%), (14)
where

Dl?(za QQ) = 2Dﬁ(za QQ) + QDJ(Zv QQ)
+2D,(2,Q%) 4 2D.(z, Q%) + 2Dy (2, Q?). (15)

Because the heavier sea quarks can produce hadrons with higher probability, we
simply parametrized the fraction of different kinds of sea quarks FFs as their mass
ratio and then we have:?
Dq(2,Q%)
Dauan(2, Q%) = =27 (16)
The parameters A and B are summarized in Table 1 in Ref. 3. We also used these
flavor symmetries between different kinds of FFs in nt, K+:12

Dy (%,Q% = D (2.Q%) # DT '(2.Q%),

D7 (2,Q%) = Dj (2,Q%),

DT (2,Q% = DI (2,Q%), (17)
DT (2,Q% = Df ' (2,Q%),

Dy (2,Q%) = Df ' (5,Q%),
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DE'(2,Q%) # D '(2,Q%) # DE'(2,Q%),

Dfi@,cf) = foi(z,QQL "
DE'(2,Q% = DE'(2,@?),

DE'(2,Q%) = DE(2,Q?).

To calculate the natural mesons FFs, we first used the charge conjugation symme-
tries related the 7 (K1) FFs to those of 7~ (K ™) to derive the 7~ (K ~) FFs:

(Kt (K-
DT (K )(Z,QQ):D(I (K )(Z,QQ),

:Ir+(K+) 2 7 (K7) 2 (19)
Dg (ZaQ):Dg (QO)
Finally the neutral mesons FFs can be obtained by:
1 -
D7'(2,Q%) = 5[ DI (2,1 + DT (2,Q%)] .
(20)
1 -
DF'(2,Q%) = 5 [DF (.09 + DF (2,07 .

Figures 1 and 2 show the results of FFs of neutral pions and kaons at Q% = M2.
We also compared our results with those of AKK, DSS and HKNS codes!?:15:16 to
be sure about our analytical solutions.

10 ) U Quark 10 S Quark
QZ= Mll
NLO

---- AKK
- DsS
-~ HKNS
—— MODEL

0 02 04 06 08 1 00 02 04 06 08 1
Z z

C Quark 10 . U Quark

. . 0 . =
0 02 04 06 08 1 0 02 04 06 08 1
Z z

10 B Quark 10 ! Gluon

O n S
0 02 04 06 08 1 00 02 04 06 08 1
zZ z

Fig. 1. Fragmentation functions of natural pion and comparison with AKK, DSS and HKNS
global fits.

1650100-5



Int. J. Mod. Phys. A 2016.31. Downloaded from www.worldscientific.com
by INSTITUTE FOR RESEARCH IN FUNDAMENTAL SCIENCES (IPM) LIBRARY on 06/20/16. For personal use only.

F. Taghavi-Shahri, S. A. Tehrani & M. Zarei

S Quark

- AKK
DSS 1
HKNS
MODEL { (.5

02 04 06 08 1
Z

0 02 04 06 08 1 0
VA
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z

D Quark 25 Gluon

0

0 02 04 06 08 1 0 1
z

Fig. 2. Fragmentation functions of natural kaon and comparison with AKK, DSS and HKNS
global fits.

4. Total Fragmentation Functions

According to the factorization theorem,?? the total FF can be expressed in terms
of the partonic hard scattering cross-sections and the nonperturbative FF's as:
1 do"

Otot dz

=> Ci(,Q) @D (2,Q*), (21)
where oo is the total hadronic cross-section.?> The C;(z, Q?) is the Wilson coeffi-
cient function related to the partonic cross-section e“et — ¢g and calculated in
perturbative QCD as:14:24

Cy(2) = Cr [(1 +22)(%)+ - %ﬁ

Fi(z,Q%) = (e7e™ = HX)(2,Q%

+211—tz In(z) + g(l—z)—k <g7r2— g)é(l—z)} , (22)
C(z) =2Cp [M In(z2(1 - z2)) — 21 ; Z] , (23)
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Ch(z) =Cp, (24)
Ch(z) = 4CF¥ : (25)

where C'p = %. The total FFs of natural pion 7° and kaon K° are shown in Figs. 3
and 4. We compared our result with those from HKNS global fit and also with
data from TASSO, ALEPH, TOPAZ and OPAL experiments.26 29 The agreement
between experimental data and our model is quite reasonable. This means that our
analytical solutions are correct.

e  DESY-PETRA-TASSO
E --- HKNS
6 — MODEL

100 -

SER
=
B
T
E

= 0.01}

0.0001}

0.01 0.1 1
z

Fig. 3. Total FFs of natural pion and comparison with experimental data from TASSO and
ALEPH Collaborations26:27 at Q = 44 GeV and Q2 = M?2. We also compared our results with
HKNS global fit.
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Q=58 GeV

e TOPAZ

— MODEL

F(K++K')/2

0.0001 |

0.01 0.1 1
z

Fig. 4. Total FFs of natural kaon and proton and comparison with experimental data from
TOPAZ and OPAL Collaborations?®2? at Q = 58 GeV and Q% = M2. We also compared our
results with HKNS global fit.

5. Conclusions and Remarks

Using the analytical solutions to DGLAP evolution equation based on the Laplace
transforms, we find the FFs of the neutral pions and kaons. Finding these solutions
enables us to use the natural mesons’ experimental data for total FFs in a global
fit to determine FFs. This technique has the facility that the analytical solution of
the FF's is obtained more strictly by using the related kernels and the calculations
controlled in a better way. We have used the HKNS code for initial input FFs to
be sure about our analytical solutions.
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Our results for natural pions and kaons are compared with those from global
fits and also with experimental data and there is a reasonable agreements between
them.
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Appendix A
We present here the results for the Laplace transforms of splitting functions, denoted
by ®LO-NLO and @LO-NLO at the NLO approximation.

8 1 1
¢%O(S):4_§(8+1+S+2+2(w(s+1)+7E)),

16 2 2 2
@LO _ - s
g (3) 3nf<s s+2+s—|—3>’

1 2 2

@LO — _
() s+1 s—|—2+s—|—37
33— 2n 12 1 1
PO(s) = 22 L 19( - — - _ 1) —
2 2 2 22 4
OO = CpTy (- - - “Y(s+1
wan = CPTE\ =507 T o611 3 +22 Tomro T3l Y

Y 5 5 5 3
+ F((s+1)3+(s+1)2 i1l (5127 T (5rop

5 2 1 )
+8+—2—m('YE‘me(S-Fl)—(S-Fl)w(S—I—Z))

- gy (e g - G+ D6 )

£ 4((0o+ 1)+ (54 1) = 306 +1)) =30+ 1) 44075 1)

1 + 5 + 53 n w2
(s+1)3 6(s+1)2 18(s+1) 6(s+1)
_ 1 n ) 187

(s+2)3  6(s+2)2 18(s+2)

w2 67

oGy oWt tm)+ %H(w(s 1)+ 75)

+ CACp (—

71_2
235 - T )0+ D+ am) - Fue D =64 D).
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Ca 2 2 4 72
ONLO — (=2 4 ¢ - - -
wsag = O\ T PO G T R T sel 364D
1.9968 2 3.3246  3.9404  7.1312

C(s+2)3%  (s+2)? + s+2 + (s+3)° s+3

B 3.602 n 5.8861 n 2.6484 + 3.9432 B 1.2696 - 14.24
(s+4)3  s+4  (s+5)?2 s+5 (s+6)3 s+6
0.2796 2043 19.77 n 13.05 n 6.286 4 1.997  0.3076
(s+7)3 s4+7 s+8 s+9 s+10 s+11 s+12

_2< 4 () _w<§+1>+w<5;—1>+w'<%+1>_w’<5;—1>>

(s+1)2 (s+1)2 (s+1)2  (s+1)2 2542 2(s+1)

0.998 12s
— 2)In(16
s+23((s+1 (s+1)2 +(s+2)In(16)

2(s + 2)1p ( +1> s+1)¢(5;1>
s+221/)'(%+1) s+2)¢(#>)

NNV

B 1.9702 n 284s + 18852
(s+3)3 s—|—1 s—|—2 (s+1)2(s+2)%2  (s+1)%(s+2)?
3 8 4
+ ° A(s +3)In(2)

(s-l—l) (s+2) PRSP

—2(5+3)w<§+1> +2(s+3)1/)<8—£1>

+ (s+3)21//<§ + 1) - (s+3)2w’<8;1>)
1.801 2176 4392s
(s +4)° ((8 TR+ 2205 + 32 (s + 12(s + 2)%(s 1 3)2
350452 1408s°
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+

+
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oo (jr) e (35)
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1.3242 57328
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