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In the present study, DREAM(ZS), Differential Evolution Adaptive Metropolis combined with both formal
and informal likelihood functions, is used to investigate uncertainty of parameters of the HEC-HMSmodel
in Tamar watershed, Golestan province, Iran.
In order to assess the uncertainty of 24 parameters used in HMS, three flood events were used to

calibrate and one flood event was used to validate the posterior distributions. Moreover, performance
of seven different likelihood functions (L1–L7) was assessed by means of DREAM(ZS)approach. Four like-
lihood functions, L1–L4, Nash–Sutcliffe (NS) efficiency, Normalized absolute error (NAE), Index of agree-
ment (IOA), and Chiew–McMahon efficiency (CM), is considered as informal, whereas remaining (L5–L7)
is represented in formal category. L5 focuses on the relationship between the traditional least squares
fitting and the Bayesian inference, and L6, is a hetereoscedastic maximum likelihood error (HMLE)
estimator. Finally, in likelihood function L7, serial dependence of residual errors is accounted using a
first-order autoregressive (AR) model of the residuals.
According to the results, sensitivities of the parameters strongly depend on the likelihood function, and

vary for different likelihood functions. Most of the parameters were better defined by formal likelihood
functions L5 and L7 and showed a high sensitivity to model performance. Posterior cumulative distribu-
tions corresponding to the informal likelihood functions L1, L2, L3, L4 and the formal likelihood function
L6 are approximately the same for most of the sub-basins, and these likelihood functions depict almost a
similar effect on sensitivity of parameters. 95% total prediction uncertainty bounds bracketed most of the
observed data. Considering all the statistical indicators and criteria of uncertainty assessment, including
RMSE, KGE, NS, P-factor and R-factor, results showed that DREAM(ZS) algorithm performed better under
formal likelihood functions L5 and L7, but likelihood function L5 may result in biased and unreliable esti-
mation of parameters due to violation of the residualerror assumptions. Thus, likelihood function L7 pro-
vides posterior distribution of model parameters credibly and therefore can be employed for further
applications.

� 2016 Elsevier B.V. All rights reserved.
1. Introduction

During the past decades, conceptual rainfall-runoff models have
been extensively used for watershed management policies and
operational and research purposes. Uncertainty in model predic-
tions are caused by the natural randomness, the measurement
errors in input (forcing) and output data, the uncertainty in model
parameters and the model structure (Blasone, 2007; Alazzy et al.,
2015). Hydrologic models often include parameters that cannot
be measured directly, so parameter estimation through calibration
process is prone to error because the data, which were employed
for calibration, generally contain measurement errors (Vrugt
et al., 2003). Therefore, accurate calibration and uncertainty analy-
sis is an important step for these models (Beven, 2006).

In order to estimate predictive uncertainty of the hydrologic
models, infer the parameters, and predict model outputs, various
methodologies may be adopted, including first-order approxima-
tion (Kool and Parker, 1988; Vrugt and Bouten, 2002), state-
space filtering (Salamon and Feyen, 2009; DeChant and
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Moradkhani, 2012; Vrugt et al., 2013), multi model averaging
(Ajami et al., 2007; Vrugt and Robinson, 2007), and various Baye-
sian approaches (Kavetski et al., 2006a,b; Kuczera et al., 2006;
Reichert and Mieleitner, 2009; Renard et al., 2011; Rings et al.,
2012; Vrugt et al., 2008, 2009b).

Among these approaches, Bayesian statistics have been widely
used in hydrology for statistical inference of parameters and model
output prediction (Kuczera and Parent, 1998; Bates and Campbell,
2001; Vrugt et al., 2003; Marshall et al., 2004; Liu and Gupta,
2007). Under Bayes theorem, posterior distribution combines the
data likelihood with the prior distributions of parameters.

In majority of hydrological models, posterior distribution can-
not be estimated by analytical approximation and, hence, simula-
tion methods such as Markov chain Monte Carlo (MCMC)
sampling can be adopted to implement Bayesian approach success-
fully. This method can efficiently estimate posterior probability
density function (pdf) of the parameters.

MCMC methods are stochastic simulation algorithms that suc-
cessively meet the solutions in parameter space, where solutions
finally converge to posterior probability distributions. For any sit-
uation, different approaches of MCMC samplers may be considered
by using suitable sampling or proposed distribution, while the con-
vergence to the target posterior distribution is guaranteed (Vrugt
et al., 2003; Blasone, 2007).

In hydrologic studies, in order to estimate parameter uncer-
tainty of the hydrologic models, a suitable likelihood function
has to be considered which provides reliable parameters of model.
Formal or informal likelihood functions in Bayesian approaches
have been used to estimate parameter uncertainty (Mantovan
and Todini, 2006; Beven et al., 2008; Stedinger et al., 2008;
McMillan and Clark, 2009; Vrugt et al., 2009b; Cheng et al.,
2014). Formal likelihood functions are derived from an assumed
statistical model for the residual errors (Box and Tiao, 1992). For
example, the standard least squares (SLS) approach is used to
derive the formal likelihood function under the assumptions that
error residuals are uncorrelated (independent) and identically dis-
tributed by normal or Gaussian distribution with zero mean and
constant variance (e.g. Vrugt et al., 2009b).

This approach is criticized, as it is highly depended on the
assumptions of the residual error (Beven et al., 2008; Thyer et al.,
2009), while in fact in many cases residual errors are correlated
(dependent), nonstationary (heteroscedasticity), and non-
Gaussian distributed (Kuczera, 1983). Revoking SLS assumptions
may result in biased estimations of the parameters and affect
either parameter or prediction uncertainties.

Informal likelihood functions are subjective likelihood probabil-
ities and are not derived from a known model for the stochastic
error series (Smith et al., 2008). For example Generalized Likeli-
hood Uncertainty Estimation method (GLUE) (Beven and Binley,
1992), presented in the hydrologic literature, is often applied with
a statistically informal likelihood function (Vrugt et al., 2009b). An
informal approach may be used to estimate the uncertainty inter-
val, where traditional error assumptions are violated. But this
approach does not adhere to the formal statistical principles, and
an informal likelihood function is not explicitly linked to an under-
lying error model (Schoups and Vrugt, 2010).

Choosing likelihood function requires a reasonable description
of the distribution of the model errors in order to estimate the
parameters, uncertainties and the statistical inferences accurately
(He et al., 2010). If a likelihood function is arbitrarily applied that
does not reasonably represent the distribution of the model errors,
the results are unreliable.

When the assumptions of the residual error are violated, formal
likelihood function must be applied based on a general error
model. The general error model allows for the model bias and
the correlation; nonstationarity (heteroscedasticity) and the
nonnormality of the model residuals (e.g. Schoups and Vrugt,
2010). In addition, various methods may be used to relax common
assumptions about residual errors, e.g. Box-Cox transformations to
induce homoscedasticity (constant variance) and a first-order
autoregressive (AR-1) scheme of the residuals to remove the tem-
poral autocorrelation (e.g. Sorooshian and Dracup, 1980; Bates and
Campbell, 2001).

Residuals of the rainfall–runoff models are often autocorrelated,
because of the observed data and model structural uncertainties
(Laloy et al., 2010). To account for the correlated errors, one com-
mon applied approach is using a first-order autoregressive (AR)
scheme of the error residuals and considering the effect of model
structural error (Vrugt et al., 2009b).

The hydrological modeling literature has mostly focused on the
effect of choosing a likelihood function on the uncertainty analysis
in the GLUE method and has showed that selection of likelihood
function can directly affect the uncertainty analysis and the sensi-
tivity of parameters (e.g. Freer et al., 1996; Stedinger et al., 2008;
Freni et al., 2009; Alazzy et al., 2015).

Recently, a new Markov chain Monte Carlo (MCMC) sampler,
namely DREAM(ZS) (DiffeRential Evolution Adaptive Metropolis
algorithm), was used under a Bayesian framework as an efficient
and robust sampler. Compared to the generalized likelihood uncer-
tainty estimation (GLUE), the main advantage of DREAM (using
MCMC simulation) is separating the effects of input (forcing),
parameters and model structural uncertainties from total predic-
tive uncertainty (Vrugt et al., 2009b).

DREAM(ZS) is basedon the originalDREAMalgorithm(Vrugt et al.,
2009a) that wasmodified for an efficient estimation of the posterior
probability density function of parameters of a complex hydrologic
model, high-dimensional posterior exploration problems.

Since results which are influenced by different likelihood func-
tions, are important and considerable, this research demonstrates
the importance and impact of choosing likelihood function on
the parameter posterior distributions in a single event based
rainfall-runoff model (HEC-HMS).

So, the influences of four informal likelihood functions and
three formal likelihood functions were evaluated on estimating
the parameters of HEC-HMS under DREAM(ZS) framework.

In this paper, study area is briefly described, and then the
hydrologic model is presented. Afterwards, details of the proce-
dures used to implement DREAM(ZS) method with different likeli-
hood functions in the HEC-HMS hydrologic model are fully
explained. Then the description of criteria is followed which are
used to compare the effects of likelihood functions on the results
of DREAM(ZS) method. Finally, the results and discussion are pre-
sented which are followed by a summary of the most important
conclusions of this study.
2. Materials and methods

2.1. Case study and data

The study area is located in Gorganroud river basin, Golestan
province, Iran, with an area of 3626.5 km2 and is divided into three
sub-basins, Tamar, Tangrah, and Galikesh, with areas of about
1530, 1724 and 372.5 km2, respectively. In the study area, flash
floods occasionally occur which cause some damages to lives, so
flood control management plans are urgent in the basin. Annual
rainfall varies between 200 and 850 mm in the basin (IWRI, 2008).

In the present study, Tamar basin was selected due to the avail-
ability of more reliable data of this basin. This basin is located
between longitudes from 55�30’00” to 56�04’37"E and latitudes
from 37�24’49” to 37�47’48"N (Fig. 1). The elevation of the basin
ranges from 113 m at the basin outlet to about 2160 m at the



Fig. 1. (a) Study area and the sub-basins. (b) Schematic representation of Tamar basin model in HEC-HMS.

Table 1
General information of meteorological and hydrometric stations.

Station Coordinate of stations Station type

Longitude
(UTM)

Latitude
(UTM)

Elevation
(m)

Tamar 367,584 4,150,504 132 Hydrometeorology
Golidagh 407,429 4,165,341 1000 Rain gauge
Ghavijigh 375,224 4,180,871 500 Rain gauge
Gharnagh 386,892 4,175,154 500 Rain gauge
Ghoochmaz 367,997 4,139,898 160 Rain gauge
Tangrah 390,288 4,139,471 330 Rain gauge
Golestan

national park
393,568 4,139,903 460 Hydrometeorology

Tamar 367,911 4,149,683 132 Hydrometry

M. Nourali et al. / Journal of Hydrology 540 (2016) 549–564 551
highest point. In this area, the dominant land use is pasture lands
(approximately 39%). Close to 37% of the total area is covered by
farmlands, and about 23% are forests. The rest of the area is barren
land and urban areas.

There is only one hydrometric station which is located at the
basin outlet (junction 3) with reliable records of discharge data.
For each sub-basin, mean areal rainfall was calculated for each
rainfall-runoff event through Thiessen method (Fig. 1a, Table 1).
After screening all available data, four flood events were selected
for further analysis (Table 2). Soil texture, land use, and soil
hydrologic groups maps of the basin were provided from Natural
Resources and Watershed Management Administration of
Golestan (2007).

2.2. HEC-HMS hydrologic model

HEC-HMS software (USACE, 2013) was developed by Hydrologic
Engineering Center (HEC) of US Army Corps of Engineers as a new
version for HEC-1, which is commonly used for hydrologic simula-
tions. Calibration and validation of parameters of the model can be
conducted in HEC-HMS, so basin can be modeled by defining some
scenarios. In order to implement the HEC-HMS model, four ele-
ments should be followed, including meteorological model, basin
model, time series data, and control specifications. Other necessary
information may be classified as basin area, average curve number
for sub-basins, initial abstractions, time of concentrations, routing
characteristics, and base flow separation method. Next step is to



Table 2
Characteristics of selected flood events in Tamar basin.

Event Date Period Peak flow (m3/s) Duration (h)

1 19 September, 2004 Calibration 128 20
2 6 May, 2005 Calibration 299 30
3 9 August, 2005 Calibration 783 19
4 8 October, 2005 Validation 120 13
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implement flood hydrographs and rainfall hyetographs in meteo-
rological model, though the time period and time step of the sim-
ulation are requisite for control specifications. Soil Conservation
Service-Curve Number (SCS-CN) and Clark methods were adopted
for estimating hydrologic losses and transforming rainfall to runoff,
respectively. Muskingum method was used for flow routing in the
reaches. For flood events, base flow may not be significant. In this
study, base flow was not considered since it has insignificant effect
on the flood events (Mousavi et al., 2012; Kamali et al., 2013).

Curve number (CN) and initial abstraction (Ia) are two parame-
ters in SCS-CN method, Ia is expressed as follows:

Ia ¼ aS ð1Þ

S ¼ 25;400� 254CN
CN

ð2Þ

where S is the maximum potential of soil moisture retention of the
basin (mm), CN is the average curve number of basin, Ia is the initial
abstraction (mm), and a is a coefficient equal to 0.2 (SCS, 1972),
although various studies have reported different values (i.e., a range
of 0–0.45) (Aron et al., 1997; Xiao et al., 2011; Gao et al., 2012;
Mousavi et al., 2012; Kamali et al., 2013). This coefficient is different
in various storms or basins (Baltas et al., 2007). In this study the ini-
tial range of a is considered to be between 0.035 and 0.45. Then the
weighted average curve number of the sub-basins, as the initial
curve number, was obtained by overlaying land use and hydrologic
soil group maps and using standard CN tables. In the present study,
antecedent moisture conditions of all three events (Table 2) were
considered as the average condition.

Clark unit hydrograph method has two parameters, including
time of concentration (Tc), and storage coefficient (R).The following
equation can be used for calculating Tc, according to the SCS syn-
thetic unit hydrograph method (Chow et al., 1988):

Tc ¼ 1:67� ðL� 3:28Þ0:8 � 1000
CN � 9
� �0:7

1900y0:5
ð3Þ

where L is the length of the main channel (m), y is the slope of basin
(%), CN is the average curve number of basin, and Tc is the time of
concentration (h).

Storage coefficient and time of concentration are related as
described by (Straub et al., 2000):

Cs ¼ R
Rþ Tc

ð4Þ

Two parameters of Muskingum routing method are Xm and km that
can be estimated using cross section data given by Chow et al.
(1988):

km ¼ L
3600 � Cr ð5Þ

Xm ¼ 1
2

1� Q
B � S � Cr � L

� �
ð6Þ

where Q is the discharge (CMS), Cr is the flood wave velocity (m/s), L
is the channel length (m), B is the top width of flood area (m), and S
is the bed slope (m/m) (USACE, 2000; IWRI, 2008).
2.3. Likelihood functions

Likelihood function represents the ability of HEC-HMS hydro-
logic model to exactly fit the observed data. Performance of each
set of parameters in predicting the observed model may be evalu-
ated by a likelihood measure (He et al., 2010). In order to assess the
uncertainty of HEC-HMS, four informal likelihood functions (L1–
L4) and three formal likelihood functions (L5–L7) were considered
to evaluate their impacts on simulation results of DREAM(ZS)

method.
The first four likelihood functions, L1–L4, are Nash–Sutcliffe

efficiency (NS; Nash and Sutcliff, 1970), Normalized Absolute Error
(NAE; Smith et al., 2008), Index of Agreement (IOA; Willmott et al.,
1985), and Chiew and McMahon, respectively (CM; Chiew and
McMahon, 1994). In the majority of the hydrologic studies,
Nash–Sutcliffe (NS) function is frequently used with GLUE method
as a likelihood function (McMichael et al., 2006; Jin et al., 2010; Li
et al., 2010). L5 is the same maximum likelihood function which
was used by Makowski et al. (2002) and demonstrates the relation-
ship between standard least squares fitting and Bayesian inference
(Vrugt and Sadegh, 2013). Likelihood function L6 is a Hetere-
oscedastic Maximum Likelihood Error (HMLE) estimator (Duan,
1991). Likelihood function L7 is a first-order autoregressive
scheme of the error residuals that explicitly accounts for the auto-
correlation of residuals.

2.3.1. Informal likelihood functions
Four informal likelihood functions, L1–L4, namely NS efficiency

(17), Index of agreement (IOA; Eq. (8)), Normalized absolute error
(NAE; Eq. (9)), and CM (Eq. (10)) are described as:

L1ðhijOÞ ¼ NS ¼ 1� r2
e

r2
o
¼ 1�

PM
j¼1ðPjðhiÞ � OjÞ2PM

j¼1ðOj � OÞ2
ð7Þ

L2ðhijOÞ ¼ IOA ¼ 1�
PM

j¼1ðPjðhiÞ � OjÞ2PM
j¼1ðjPjðhiÞ � Oj þ jOj � OjÞ2

ð8Þ

L3ðhijOÞ ¼ NAE ¼ 1�
PM

j¼1jPjðhiÞ � OjjPM
j¼1jOj � Oj ð9Þ

L4ðhijOÞ ¼ CM ¼ 1�
PM

j¼1ðPjðhiÞ
1
2 � O

1
2
j Þ

2

PM
j¼1ðO

1
2
j � O

1
2Þ

2 ð10Þ

where i ¼ 1;2;3; . . .N in all of the equations, hi is the ith set of
parameters, Pj(hi) is the jth type of model output (simulated stream
flow) under hi set of parameters, O is the observed stream flow, Oj is
the jth observation of O, Ō is the mean value of observations (Eq.
(11)), N is the number of parameter sets, and M is the number of
observations.

O ¼ 1
M

XM
j¼1

Oj ð11Þ
2.3.2. Formal likelihood functions
2.3.2.1. Homoscedastic (stationary) error case. Vector of residuals
may be specified by the difference between P(h) and O.

ejðhÞ ¼ PjðhÞ � Oj j ¼ 1;2;3; . . .M ð12Þ
The closer the residuals to zero, the better the model simulation
matches measured data. However, residuals never become zero,
due to input (rainfall) errors, model structural errors, errors in out-
put measurements Oj, and uncertainties associated with the values
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of parameter. Better correspondence between model predictions
and observations is usually obtained by tuning the values of param-
eters and applying inference methodology that considers all sources
of error separately (Vrugt et al., 2008).

If error residuals (Eq. (12)) are assumed to be independent
(uncorrelated) and Gaussian-distributed with a constant variance
r2 and a zero mean, likelihood function L5 (Eq. (13)) is defined as:

L5ðhijOÞ ¼
YM
j¼1

1ffiffiffiffiffiffiffiffiffiffiffiffi
2pr2

p exp �ðPjðhiÞ � OjÞ2
2r2

 !
ð13Þ

where r2 is the variance of errors of the model.

r2 ¼
PM

j¼1ðPjðhÞ � OjÞ2
M

ð14Þ

The logarithm of the likelihood function (or log-likelihood function)
is conveniently used rather than the likelihood function (Eq. (13)),
due to algebraic simplicity and numerical stability; the log-
likelihood of Eq. (13) is:

l5ðhijOÞ ¼ �M
2

lnð2pÞ �M
2
lnr2 � 1

2
r�2 �

XM
j¼1

ejðhiÞ2 ð15Þ

When homoscedasticity (stationarity) assumption of residuals is
violated, a Box–Cox transformation (Box and Cox, 1964) of the sim-
ulated and measured streamflow data with parameter k is used to
induce homoscedasticity (constant variance) and remove skewness:

O� ¼
ðOk�1Þ

k if k–0
lnðkÞ if k ¼ 0

(
ð16Þ

P�ðhÞ ¼
ðPðhÞk�1Þ

k if k–0
lnðkÞ if k ¼ 0

(
ð17Þ

where O� and PðhÞ� are the transformed data, and k is the transfor-
mation parameter.

2.3.2.2. Heteroscedastic error case. The HMLE estimator is the
hetereoscedastic maximum likelihood error (HMLE) estimator
under the assumptions that error residuals are Gaussian-
distributed with a zero mean, uncorrelated and heteroscedastic
(non-homogeneous variance). In Heteroscedastic error case, vari-
ance of errors increases as a function of streamflow discharge
(Sorooshian and Dracup, 1980). The HMLE estimator is described
as (Sorooshian and Gupta, 1983):

HMLE ¼ �PM
j¼1wjejðhiÞ2

M � QM
j¼1wj

� �1
M

ð18Þ

where wj is the weight assigned to the time j, and is given by:

wj ¼ f 2ðk�1Þ
j ð19Þ

where expected f j can be approximated by either Oj or PjðhÞ and k is
an unknown transformation parameter that stabilizes the variance.
In this study a f j equal to Oj was used to compute the weight
(Sorooshian et al., 1993; Freedman et al., 1998). Duan (1991) devel-
oped a stable procedure for estimating k where the HMLE estimator
is computed by:

L6ðhijOÞ ¼ HMLE ¼ �Rn

M � expð2ðk� 1ÞadÞ ð20Þ

where

Rn ¼
XM
j¼1

wjðPjðhÞ � OjÞ2aj ð21Þ
aj ¼ lnOj

ad
ð22Þ

ad is the logarithmic average of the observed stream flow and is
computed as:

ad ¼ 1
M

XM
j¼1

lnOj ð23Þ

An iterative procedure is then followed to estimate k such that R = 0
in the following equation:

R ¼ Rn

Rd
� 1 ð24Þ

After running rainfall-runoff model by DREAM(ZS) algorithm under
the formal likelihood function L5, assumptions of the residual error
were evaluated.

The HMLE estimator was applied as the likelihood function
(L6) to estimate the transformation parameter k and testing
homoscedastic assumption of residual errors of the study. Note
that when error residuals are homoscedastic (constant variance),
the value of k is close to 1. On the other hand, for heteroscedastic
error cases, the value of k is near to 0 (Duan, 1991).

Kolmogorov–Smirnov test (Massey, 1951) was employed to
evaluate the normality assumption of residual errors.

Durbin-Watson ‘d’ statistic test (Durbin and Watson, 1971) also
was used as a test for detecting correlated errors (Sorooshian and
Dracup, 1980).

2.3.2.3. Correlated error case. In the hydrologic modeling, the
assumption of independent errors is not realistic and the errors
are usually autocorrelated due to the uncertainty of the observed
data and structural inadequacy of model. Therefore, a first-order
autoregressive (AR) scheme of the residuals was applied to account
for the correlated errors. A first-order autoregressive (AR � 1)
scheme of the residuals removes the autocorrelation of the residu-
als. AR � 1 model is incorporated into the formulation of the log-
likelihood function as follows (Sorooshian and Dracup, 1980;
Vrugt et al., 2009b; Wöhling and Vrugt, 2011):

L7ðhijOÞ ¼ �M
2

lnð2pÞ � 1
2
ln

r2M
v

1� q2 �
1
2
ð1� q2Þ � r�2

v e�1ðhiÞ2

� 1
2
r�2
v �

XM
j¼2

djðhi;qÞ2 ð25Þ

where r2
vs are the variance of model errors (Eq. (30)), q is the first-

order autocorrelation coefficient, djðh;qÞ is the AR � 1 corrected
time series of residuals (Eq. (29)) and e�ðhÞ is the vector of residuals
after Box–Cox transformation (Eq. (27)). Note that for q = 0 and
untransformed residuals (no Box–Cox transformation), Eq. (25) is
reduced to Eq. (15). The likelihood function should be changed for
estimating k (Bates and Campbell, 2001; Yang et al., 2007a,b):

L7ðhijOÞ ¼ L7ðhijOÞ þ ðk� 1Þ
XM
j¼1

lnðOjÞ ð26Þ

where e�ðhÞ is the vector of the transformed residuals, therefore is
given by:

e�j ðhÞ ¼ P�
j ðhÞ � O�

j j ¼ 1;2;3; . . .M ð27Þ
A first-order autoregressive (AR � 1) scheme of the transformed
residuals is given by:

e�j ¼ qe�j�1 þ dj j ¼ 1;2;3; . . . ;M ð28Þ
where d � Nð0;r2

vÞ is the residual error with a zero mean and a con-
stant variance r2

v . Adjusted AR � 1 time series of residuals is based
on the following equation:
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djðh;qÞ ¼ e�j ðhÞ � qe�j�1ðhÞ j ¼ 1;2;3; . . .M ð29Þ

where ei � N 0; ðr2
v Þi

ð1�ðq2ÞiÞ

� �
is the residual error. r2

v is computed by

multiplying the outcome of the following equation by M
z where z

is drawn from a chi-squared distribution with M degrees of freedom
(Vrugt et al., 2009b; Laloy et al., 2010).

ðr2
vÞi ¼

M
z
s2 ð30Þ

where s2 is described by:

s2 ¼ 1
M

ððe�1Þ2ð1� q2Þ þ
XM
j¼2

d2j Þ ð31Þ

The transformation parameter (kÞ and the first-order correlation
coefficient (q) are estimated together with the parameters of the
hydrologic model (Table 3) during the calibration. Prior uncertainty
ranges of the first-order correlation coefficient (q) and the transfor-
mation parameter (kÞ are considered to be between 0 and 1 (Laloy
et al., 2010; Schoups and Vrugt, 2010).

In this approach, the number of parameters that needs to be
estimated is increased significantly. Therefore, DREAM(ZS) method,
which is based on Markov chain Monte Carlo (MCMC) sampler, is
used to estimate the high-dimensional posterior distributions
efficiently.

2.4. Parameter uncertainty

The analysis is based on a nonlinear regression model, accord-
ing to the following equation:

Y ¼ Eþ e ð32Þ
where Y is the vector of observations; E is the vector of expected
values which corresponds to Y; and e is the vector of random errors
or residuals, which includes three types of errors (i.e. output mea-
surements, input (rainfall) errors, and model structural errors).

Residual errors are defined by a joint probability density func-
tion (pdf) and a vector of its parameters ðheÞ. A common approach
is to assume that the errors are independent (uncorrelated) and
Gaussian-distributed with a zero mean and a constant variance,
Nð0;r2Þ (Schoups and Vrugt, 2010). Parameter uncertainty for
the given observed data Y,may be expressed by posterior probabil-
ity density functions of parameters (Box and Tiao, 1992),

pðhjYÞ / lðhjYÞpðhÞ ð33Þ
where h = {he,hh} is the vector of parameters, including parameters
of hydrologic model, hh, and those of residual error model he, pðhÞ
is the prior probability density functions of parameters, and lðhjYÞ
is the likelihood function.
Table 3
The lower and upper bounds for calibration parameters.

Parameter Location Lower limit Upper limit

Curve number (CN) Sub-basin-1a (S1) 65 89
Sub-basin-2 (S2) 68 93
Sub-basin-3 (S3) 68 93
Sub-basin-4 (S4) 66 90
Sub-basin-5 (S5) 64 87
Sub-basin-6 (S6) 69 93
Sub-basin-7 (S7) 71 96

Loss coefficient (a) 7 Sub-basins 0.035 0.45

Regional value (Cs) 7 Sub-basins 0.2 0.65

Muskingum routing (Xm) 3 Reaches 0.2 0.5

a For definition of sub-basins, see Fig. 1.
Once the prior probability density functions of parameters are
specified, likelihood function can be applied to define the uncer-
tainty of posterior parameter using repeated Monte Carlo sampling
of the sets of parameters from prior parameter space (e.g. by Monte
Carlo Markov chain-MCMC-samplers). In order to estimate the
uncertainty of parameters, after convergence is reached, the last
20% of posterior parameter sets of the model were used to produce
model outputs. The Gelman-Rubin diagnostic is used to check the
convergence. Results were then analyzed and 95% confidence
interval was drawn by calculating 2.5% and 97.5% percentiles.

2.5. Total predictive uncertainty

In order to estimate the total predictive uncertainty, the resid-
ual errors is expected to be additive. In informal likelihood func-
tions and likelihood function L6, it was assumed that the residual
errors are Gaussian-distributed with a zero mean and a constant
variance. For each individual model prediction from the last 20%
of the samples, which were generated after convergence to the
posterior distribution, the residual error, ei � Nð0;r2Þ was added
to the model prediction PðhiÞ. Then the corresponding results were
used to obtain the 95% total prediction uncertainty bounds includ-
ing parameter, model structure and measurement errors by com-
puting 97.5% and 2.5% prediction percentiles.

In the HMLE estimator, errors are assumed to be Gaussian,
uncorrelated and heteroscedastic (non-homogeneous variance)
ð0;r2

j Þ.
Variance of the untransformed flows (r2

j Þ may be characterized
based on Bartlett’s (1947) method by the following equation
(Sorooshian and Dracup, 1980):

r2
j � f 2ð1�kÞ

j r2 ð34Þ

where f j ¼ Oj was used in this study (Sorooshian et al., 1993;
Freedman et al., 1998), k is an unknown transformation parameter
that stabilizes the variance, and r2 is the constant variance of the
transformed flow. For each individual model prediction PðhiÞ and
posterior parameter ki from the last 20% of the samples, which were
generated after convergence to the posterior distribution, the resid-
ual error ei � Nð0;r2

j Þ was added to model prediction PðhiÞ. The
results were used to compute 97.5% and 2.5% prediction percentiles.

For likelihood function L7 (correlated error case), Vrugt et al.
(2009b) proposed the following equation to determine the residual
error:

ei � N 0;
ðr2

vÞi
ð1� ðq2ÞiÞ

� �
ð35Þ

For each individual model prediction PðhiÞ and posterior parameters
including transformation parameter ki and first-order correlation
coefficient ðqi) from the last 20% of the samples, which were gener-
ated after convergence to the posterior distribution, the residual
error ei was added to each model prediction in the transformed out-
put space P�ðhiÞ:
Z� ¼ P�ðhiÞ þ ei ð36Þ
After back transforming Z� output to the original output space, a
95% total predictive uncertainty interval can again be obtained by
calculating the 2.5% and 97.5% percentiles.

2.6. Markov chain Monte Carlo sampling with DREAM(ZS)

DREAM(ZS) algorithm is taken from Markov chain Monte Carlo
(MCMC) sampler and is based on the original DREAM algorithm
(Differential Evolution Adaptive Metropolis algorithm) but it is
modified for using samples from an archive of past states to gener-
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ate candidate points in each individual chain. Details of DREAM
algorithm are described in other studies (Vrugt et al., 2009a,b)
so, they will not be considered in this study.

This algorithm was designed to speed up convergence to the
posterior distribution for complex, multimodal, and high-
dimensional search problems. DREAM(ZS) uses only three parallel
chains to appropriately estimate the posterior probability density
function, by which convergence to the posterior distribution is
accelerated. DREAM(ZS) includes a snooker updater to generate
jumps beyond parallel direction updates (ter Braak and Vrugt,
2008) which increases diversity of candidate points. Schoups and
Vrugt (2010) used DREAM(ZS) algorithm to estimate the uncer-
tainty of parameter and prediction in the context of hydrologic
modeling. In this study Latin hypercube sampling was used to
draw an initial population of parameters. In order to diagnose con-
vergence of the chain to the posterior distribution, R-statistic of
Gelman-Rubin (Gelman and Rubin, 1992) was adopted to monitor
the convergence.

Once convergence criterion was satisfied less than 1.2 for all
parameters, algorithm is said to be converged to the posterior tar-
get distribution (Vrugt et al., 2009a,b). Posterior probability distri-
butions of parameters of the rainfall-runoff model are formed
using the last 20% of samples generated with DREAM(ZS), once they
are converged to posterior distribution in the calibration period.

For representing parameter sensitivity to the choice of likeli-
hood functions, cumulative distributions of the last 20% of param-
eters after convergence, which were used in validation phase, were
obtained for seven likelihood functions.

The two-sample Kolmogorov–Smirnov test (Massey, 1951) was
applied to evaluate the difference between cdfs of the posterior
distributions (the last 20% of parameters after convergence) and
the uniform prior distributions of parameters for different likeli-
hood functions. Therefore, uniform prior distributions of parame-
ters were generated using prior ranges (Table 3).

The difference between the cdfs of the posterior distributions
and the cdf of the uniform prior distribution for each parameter
under seven likelihood functions can be estimated using statistics
of Kolmogorov–Smirnov test (D) according to the following
equation:

D ¼ maxðjF1ðxÞ � F2ðxÞjÞ ð37Þ

where F1ðxÞ and F2ðxÞ are cdf of the posterior distributions and prior
distributions of parameters.

The higher D shows that posterior distributions of parameters
are more different from the uniform prior distribution and the cor-
responding parameter is more sensitive and is associated with less
uncertainty. The cumulative distribution of a uniform distribution
is a straight line (approximately a 1:1 slope). Deviations from this
straight line indicate higher identifiability of parameters (Wagener
et al., 2002; Abebe et al., 2010).
2.7. Ranges of sampling parameters

In this study, curve number (CN), loss coefficient (a), regional
value (Cs) (Eq. (4)) and routing parameter (Xm) were considered
as the calibration parameters, and prior uncertainty ranges of these
parameters were used in DREAM(ZS) uncertainty algorithm. For the
curve number,±15 percent of the initial values were taken as the
upper and lower bounds of CN. There are three calibration param-
eters for each sub-basin, including curve number (CN1–CN7), loss
coefficient (a1–a7), and regional value (Cs1–Cs7), which result in
a total of 21 parameters. There are also three routing parameters
-Xm- (one for each reach), therefore, total number of calibration
parameters would be equal to 24. Assuming uniform priors for
all parameters, the upper and lower bounds (prior uncertainty
ranges) of all the parameters of hydrologic model in each sub-
basin are listed in Table 3.

After importing data and parameters of DREAM(ZS) algorithm
and rainfall-runoff model, DREAM(ZS) algorithm was linked to
HEC-HMS model in MATLAB software, and then HEC-HMSmodel
was run. The first three events were used for calibration and the
last one was taken to account for validation (Table 2).

2.8. Performance assessment criteria for DREAM(ZS) and different
likelihood functions

In this study the employed indicators of uncertainty assessment
are P-factors (percentage of measured data bracketed by 95% pre-
diction uncertainty, 95PPU) (Vrugt et al., 2009b; Li et al., 2010;
Abbaspour, 2011; Alazzy et al., 2015), and R-factors (average thick-
ness of 95PPU band divided by standard deviation of measured
data) (Abbaspour, 2011). Once most of the measured data are
bracketed with the smallest possible R-factor, a better performance
of DREAM(ZS) algorithm is fulfilled.

After running rainfall-runoff model with DREAM(ZS) algorithm
for each flood event, simulated flow obtained from the best set of
parameters (with maximum likelihood function or minimum
objective function) will be compared with observed flows. Statisti-
cal indicators including root-mean-square error (RMSE, Eq. (38)),
Kling-Gupta Efficiency (KGE, Eq. (39)) (Gupta et al., 2009), and
Nash–Sutcliffe (NS, Eq. (40)) criteria were used to compare the per-
formance of DREAM(ZS).

RMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn

i¼1ðyesti � yactiÞ2
n

s
ð38Þ

KGE ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcc � 1Þ2 þ ða� 1Þ2 þ ðb� 1Þ2

q
ð39Þ

NS ¼ 1�
Pn

i¼1ðyesti � yactiÞ2Pn
i¼1ðyacti � �yactiÞ2

ð40Þ

where yacti is the observed discharge, yacti is the mean value of
observations, yesti is the simulated discharge, n is the number of
observations, cc is the linear correlation coefficient between yact
and yest, a is the ratio of standard deviation of yest to standard devi-
ation of yact, and b is the ratio of the mean of yest to mean of yact. The
smallest possible RMSE along with KGE and NS close to 1, repre-
sents a better performance of likelihood function.

3. Results and discussion

3.1. Evaluation of residual error assumptions

In likelihood function L5, residual errors are assumed to be
independent (uncorrelated) and Gaussian-distributed with a con-
stant variance r2 and a zero mean. After running rainfall-runoff
model with DREAM(ZS) algorithm under likelihood function L5 for
each flood event, residual errors of simulated flow were evaluated
which were obtained from the best set of parameters (the
maximum-likelihood parameter set). The assumptions of the resid-
ual error for the first three events, which were used in the calibra-
tion period, can be visually assessed by using the graphs shown in
Fig. 2. Kolmogorov–Smirnov test confirmed that the normality
assumption is rejected for each flood event (Fig. 2a). Also, residual
errors, as a function of simulated flow, do not show evident
heteroscedasticity for each flood event (Fig. 2b).

By assuming that errors are heteroscedastic, HMLE estimator
was applied as a likelihood function for estimating transformation
parameter k, Eg. 20. After running rainfall-runoff model with
DREAM(ZS) algorithm and based on HMLE likelihood function, a



Fig. 2. Results of residual analysis for the first three flood events employed in the calibration period using the maximum likelihood parameter set under likelihood function
L5: (a) Normal probability plot of residuals, (b) residuals as a function of simulated streamflow, and (c) autocorrelation function plot of residual series.
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posterior histogram of the transformation parameter k was identi-
fied, such that its highest probability density was approximately
0.65 (shown in the next section). The value of k showed that resid-
ual errors are heteroscedastic.

In this study, the effectiveness of Durbin–Watson ‘d’ statistic
test was also examined as a measure for detecting correlated
errors. The ‘d’ statistic of this test showed that residuals are corre-
lated. Another support was due to partial autocorrelation of resid-
ual series (Fig. 2c) which showed that errors are correlated at the
first lag for each flood event (lag-1) (between 0.2 and 0.4).

A Box–Cox transformation of observed and simulated stream-
flows was used to account for relaxing the heteroscedasticity and
skewness. A first-order autoregressive (AR) scheme of the residuals
was then applied to cancel out the autocorrelation of the residuals
and AR � 1 model was incorporated into the formulation of the
log-likelihood function after Box–Cox transformation (likelihood
function L7). Fig. 3 represents that temporal autocorrelation of
residuals has been removed by using an AR1 model incorporated
into the formulation of the log-likelihood function. Temporal
autocorrelation of residuals is small at lag-1 in Fig. 3 compared
to Fig. 2.

3.2. Posterior probability distributions of parameters

Based on Table 3, the total number of calibration parameters is
equal to 24, including curve number (CN), loss coefficient (a),
regional value (Cs), and routing parameter (Xm). Calibration and
assessment of model uncertainty were done separately for each
event, while event number 4 (Table 2) was used for validation.

In the validation phase, HEC-HMS model was run considering
all the likelihood functions and using the last 20% of samples gen-
erated by DREAM(ZS). In addition, the convergence to the posterior
distribution is met in the calibration period. According to the
results, for likelihood function L2, the posterior distributions of
parameters of the third flood event (Table 2) were more sensitive
and had less uncertainty. Posterior distributions of parameters of
the second flood event (Table 2) and the first flood event (Table 2)
were more sensitive and had less uncertainty for likelihood func-
tions L1, L3, L4 and likelihood functions L5, L6, L7, respectively
(not shown owing to the space limitation). Posterior distributions
of parameters of these flood events were used for the validation
phase.

Actually, posterior distribution of each parameter depends on
the specifications of each event (Heidari et al., 2006; Dotto et al.,
2011), and parameter distributions resulted from simulation of
one single event are unique for each flood event (Pourreza-
Bilondi et al., 2012). Although there may be some similarities
between these distributions corresponding to events with similar
characteristics (e.g. moisture conditions, peak discharge values,
date of flood events).

Posterior histograms of the last 20% of parameters used in val-
idation phase are presented in the next section (Fig. 6).

In order to represent the sensitivity of parameters to the choice
of likelihood functions, after convergence, cumulative distributions



Fig. 3. Autocorrelation function plot of residual series after Box–Cox and AR1 transformation for first three flood events employed in the calibration period by using the
maximum likelihood parameter set.

Fig. 4. Cumulative distribution functions of the last 20% of parameters used in validation phase for informal likelihood functions (L1–L4) and formal likelihood functions
(L5–L7).
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of the last 20% of parameters were obtained for seven likelihood
functions in the validation phase (parameters of the third flood
event for the likelihood function L2; parameters of the second flood
event for the likelihood functions L1, L3, L4; and parameters of the
first flood event for the likelihood functions L5, L6, L7).

Fig. 4 clearly shows that the likelihood function is strongly
effective on sensitivity of parameters. Sensitivity is not the same
for different likelihood functions. Therefore, one should be careful
in choosing a likelihood function due to their importance to
parameter values.

Importance of likelihood functions may be found in literature.
Assessing the cumulative distributions of posterior parameters in
Xinanjiang Rainfall-Runoff Model using GLUE method based on
four different likelihood functions (NS, NAE, IOA and CM), Alazzy
et al. (2015) showed that not all parameters have the same sensi-
tivity to different likelihood functions. Abebe et al. (2010) showed
that identifiability and sensitivity of parameters were quite differ-
ent for the HBV hydrologic model with three objective functions
(NS, RMSE and BIAS) in Leaf basin at Mississippi, USA.

Almost for most of the parameters, formal likelihood functions
L5 and L7 (violet1 dash line and red solid line) have completely dif-
ferent influence on sensitivity of parameters in comparison with the
other likelihood functions. This result confirms Fig. 5 regarding Kol-
mogorov–Smirnov test statistic (D) applied to evaluate the differ-
ence between cdfs of the posterior distributions (the last 20% of
parameters after convergence) and the uniform prior distributions
of parameters for different likelihood functions.

Based on Fig. 4, almost for most of the parameters, the cumula-
tive distributions of parameters of likelihood functions L5 and L7
have deviated more than other likelihood functions from straight
1 For interpretation of color in Fig. 4, the reader is referred to the web version of
this article.
line (shape of cumulative distribution of a uniform prior). This
result showed that most parameters are better defined by likeli-
hood functions L5 and L7 and are more sensitive to the model per-
formance. Therefore, they have less uncertainty and can be
considered as easily identifiable parameters.

Comparing the cumulative distributions of different sets of
parameter (CN1–CN7, a1–a7 and Cs1–Cs7) shows that (Fig. 4) the
shape of cumulative distribution of different likelihood functions
is unique for each parameter set. Moreover cumulative distribu-
tions corresponding to informal likelihood functions L1, L2, L3, L4
and formal likelihood function L6 are roughly equal for most of
the sub-basins, and these likelihood functions have an almost sim-
ilar effect on sensitivity of parameters. So, it may be concluded that
parameters are not sensitive to the choice of these likelihood
functions.

After running rainfall-runoff model coupled with DREAM(ZS)

algorithm and with 7 different likelihood functions, 21 identifiable
and sensitive parameters, out of 24 model parameters, were con-
sidered to obtain their posterior distributions. Routing parameters
(Xm1, Xm2, Xm3) had uniform distribution and their posteriors did
not change significantly in comparison with their prior distribu-
tions (not shown due to the space limitation), which presented a
higher uncertainty.

Posterior histograms of the last 20% of parameters are pre-
sented in Fig. 6 which were used in validation phase of seven like-
lihood functions. Ranges and shapes of posterior distributions of
parameters are very similar for informal likelihood functions L1,
L2, L3 and L4. Posterior probability density functions obtained by
informal likelihood functions (L1–L4) for most of the parameters
(especially CN1–CN7) are wider and almost cover the entire uni-
form prior distributions (Table 3). Posterior distributions of CN1–
CN7 obtained by informal likelihood functions L1–L4 and formal
likelihood function L6 do not change significantly in comparison



Fig. 5. Kolmogorov-Smirnov test statistic (D) for the last 20% of parameters used in validation phase under seven different likelihood functions.
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with their prior distributions, which presented a higher
uncertainty.

The Ranges and shapes of posterior distributions of the most of
the parameters are different in two formal likelihood functions L5
and L7, as compared with the other formal and informal likelihood
functions. Posterior distributions obtained by L5 and L7 were bet-
ter defined for most of the parameters and resemble less
uncertainty.

Among these functions, posterior distributions obtained by for-
mal likelihood functions L5 and L7 are almost normal for most of
the parameters, but the other ones tend to concentrate at their
lower bounds. Width of posterior probability density functions
were relatively small in L5 and L7, compared to uniform prior dis-
tributions (Table 3), which means that most of the parameters are
better defined by L5 and L7. These parameters have less uncer-
tainty and may be considered as easily identifiable parameters.

Vrugt et al. (2009b) and Schoups and Vrugt (2010) showed that
the width or spread of the histograms of posterior parameter
obtained by likelihood function L5 (based on assumptions inherent
in SLS) and by likelihood function L7 (based on Box–Cox transfor-
mations and first-order autoregressive, AR � 1, scheme of the
residuals) only covered a relatively small region for most of the
parameters compared to uniform prior distributions, so these
parameters had less uncertainty.

Based on Fig. 6b, posterior distribution of the first-order corre-
lation coefficient parameter (q) is approximately Gaussian with
the highest probability density of approximately 0.2. This value
of q confirms the presence of autocorrelation between the error
residuals and highlights the need to use AR � 1 model incorporated
into the formulation of the log-likelihood function.

On the other hand, highest probability density of posterior dis-
tribution of the transformation parameter k is approximately 0.65
(Fig. 6b) that shows heteroscedasticity of residual errors and thus a
Box–Cox transformation is needed for observed and simulated
streamflow.

3.3. Coefficient of variation (CV) of parameters

In order to define levels (magnitude) of sensitivity of parame-
ters, coefficient of variation (CV) is considered. Parameters with
smaller CVs show that these parameters are more sensitive to
the performance of model (He et al., 2010; Pourreza-Bilondi
et al., 2013; Shafiei et al., 2014; Alazzy et al., 2015). Fig. 7 and
Table 4 show statistical characteristics (i.e. values of mean and
coefficient of variation) of posterior parameter used for validation
phase under different likelihood functions.

Based on Fig. 7, CV of the most of the parameters are smaller in
formal likelihood functions L5 and L7, i.e. most parameters are bet-
ter defined by L5 and L7 and are more sensitive to the performance
of model. Therefore, they have less uncertainty and can be consid-
ered as easily identifiable parameters. This result confirms Fig. 6
regarding shapes of posterior distributions of these parameters.

In all the floods, smaller values of coefficient of variation (CV)
for CN (less than 10%) show that posterior ranges overlap only a
small part of the prior range, Fig. 7, therefore, this parameter is
the most sensitive parameter to the model performance. Ponce
and Hawkins (1996), Wang and Huang (2008), Kousari et al.
(2010), Xiao et al. (2011), and Rafiei Sardoii et al. (2012) also found
this result in their researches. CN plays an important role in max-
imum potential of soil moisture retention of the basin and subse-
quently runoff volume, so a careful estimation is required.

D-dimensional correlation matrix of posterior showed that
under different likelihood functions there is a small linear correla-
tion between parameters (not shown to be brief), thus observed
data of the stream flow contain sufficient information to estimate
these parameters. This point is supported by Vrugt et al. (2003,
2008).

Correlation coefficient of posterior parameter between CN and a
was around 0.8 for all sub-basins and all flood events, suggesting
that one of these parameters may be fixed in this basin before cal-
ibrating the hydrologic model. High correlation between parame-
ters may also be found in literature. Schoups and Vrugt (2010)
reported high correlation between maximum percolation rate
and both evaporation and runoff in a lumped conceptual rainfall-
runoff model (Schoups et al., 2010) based on FLEX modeling
system (Fenicia et al., 2007). Vrugt et al. (2003) also found high
correlation between spatial variability of soil moisture storage
and maximum storage parameters in a watershed in the HYMOD
conceptual rainfall-runoff model.

Based on the results of posterior distributions and coefficient of
variation (CV) of parameters (Figs. 5–7), formal likelihood func-
tions L5 and L7 have a relatively greater influence on the uncer-
tainty analysis of parameter than the other likelihood functions
which were accounted in this study.



Fig. 6. (a) Posterior histograms of hydrologic model parameters using informal likelihood functions L1–L4 and (b) posterior histograms of hydrologic model parameters and
transformation parameter kand first-order correlation coefficient (q) using formal likelihood functions L5–L7.
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Based on the results, parameters derived from formal likelihood
function L5 have less uncertainty and can be considered as easily
identifiable parameters, although likelihood function L5 is highly
depended on the assumptions of residual error (uncorrelated,
homoscedastic and normally distributed residuals). In this study,
the assumptions of residual error were clearly violated (Fig. 2),
therefore, likelihood function L5 may result in biased and unreli-
able estimation of the parameter. Thus, formal likelihood function



Fig. 7. Coefficient of variation of posterior distributions derived from different likelihood functions.

Table 4
Mean values of posterior distributions from application of DREAM(ZS)method with
Likelihood Functions L1–L7.

Parameter Likelihood

L1 L2 L3 L4 L5 L6 L7

CN1 75.81 76.82 75.93 75.81 71.05 76.11 70.08
CN2 80.57 80.77 79.91 80.57 73.20 81.26 76.12
CN3 79.06 81.91 80.84 79.06 86.02 80.97 88.60
CN4 76.05 77.21 76.67 76.05 74.32 76.01 69.07
CN5 74.18 75.66 75.30 74.18 68.26 74.11 74.90
CN6 81.22 81.03 80.28 81.22 90.33 81.61 80.00
CN7 81.18 82.61 83.12 81.18 83.54 84.24 85.60
a1 0.13 0.14 0.13 0.13 0.13 0.14 0.10
a2 0.13 0.14 0.12 0.13 0.08 0.14 0.10
a3 0.11 0.13 0.12 0.11 0.13 0.12 0.21
a4 0.12 0.13 0.13 0.12 0.13 0.13 0.10
a5 0.14 0.15 0.15 0.14 0.10 0.14 0.15
a6 0.13 0.13 0.12 0.13 0.28 0.13 0.13
a7 0.10 0.11 0.11 0.10 0.12 0.12 0.14
Cs1 0.38 0.39 0.38 0.38 0.33 0.37 0.37
Cs2 0.39 0.40 0.39 0.39 0.37 0.40 0.38
Cs3 0.40 0.39 0.39 0.40 0.35 0.39 0.46
Cs4 0.45 0.43 0.40 0.45 0.36 0.41 0.37
Cs5 0.40 0.39 0.41 0.40 0.51 0.40 0.38
Cs6 0.39 0.38 0.39 0.39 0.42 0.40 0.37
Cs7 0.39 0.38 0.42 0.39 0.41 0.40 0.38
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L7 was used to relax common assumptions about residual errors
that can provide reliable model parameters and therefore can be
prescribed.
3.4. Predicting uncertainty bounds of the model

Fig. 8 presents 95% prediction uncertainty bounds of HEC-HMS
model estimated by DREAM(ZS) algorithm for 7 likelihood functions
and each flood event. Based on Fig. 8, 95% total prediction uncer-
tainty ranges may bracket most of the observed flows. By calculat-
ing uncertainty assessment indicator (P-factor), 95% total
prediction uncertainty ranges covers 80–100% of observed data
both in calibration and validation periods for different likelihood
functions, but 95% total prediction uncertainty bounds are quite
wide (Fig. 8) which is an indication of considerable uncertainty
in the model structure and measured input data.

For formal likelihood function L5, prediction uncertainty
bounds do not contain observed peak flows for flood events 2
and 3. In addition, prediction uncertainty is overestimated for
low flows and underestimated for peak flows due to the use of a
constant error variance and ignoring heteroscedasticity (Fig. 8),
as pointed out by Schoups and Vrugt (2010) and Koskela et al.
(2012).

Assumptions of constant variance and normally distributed
residuals are clearly violated in likelihood function L5, therefore,
likelihood function L5 yields unrealistic prediction uncertainty
bounds (Schoups and Vrugt, 2010).

Based on Fig. 8, uncertainty bounds derived by DREAM(ZS)

method are almost the same for informal Likelihood functions
(L1–L4) and remain unaffected by choosing a likelihood function.
Alazzy et al. (2015) also applied informal likelihood functions
(L1–L4) for uncertainty assessment by the GLUE method and
showed that uncertainty bounds are somewhat similar.

Fig. 9 clearly shows that R-factor (indicators of uncertainty
assessment) are higher values in informal likelihood functions
L1–L4, hence it is resulted they may not represent a good
performance.

Moreover R-factor values are smaller in formal likelihood func-
tions L5 and L7 – for all flood events (Fig. 9).

Dark gray region in Fig. 8 (corresponding to parameter uncer-
tainty) does not bracket observed streamflow data. The gaps
between the uncertainty bounds of parameter and the observed
data may be originated from uncertainties in observational
input–output data (forcing data) and structural inadequacy of
model which is indicating that model structure and observation
measurements are needed to be improved in order to achieve more
accurate predictions (Laloy et al., 2010).

Based on Fig. 9, likelihood functions L5 and L7 represent a better
performance, but likelihood function L5 may result in biased and
unreliable estimations of parameter due to the violation of the
assumptions of residual error. Thus, likelihood function L7 was
used to relax common assumptions about residual errors that
can provide more reliable model parameters and is prescribed for
further applications.



Fig. 8. (a and b) Observed stream flows (dots), best simulation (maximum likelihood, solid line), 95% model prediction uncertainty bounds associated with posterior
distribution of the parameter estimates (darker shaded region), and 95% total prediction uncertainty bounds (lighter shaded region).
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Fig. 9. R-factor values for parameter uncertainty assessment corresponding to different likelihood functions and for flood events in calibration and validation phases.

Table 5
Comparison of DREAM(ZS) performances under different likelihood functions.

Likelihood Event

1 2 3 4

RMSE KGE NS RMSE KGE NS RMSE KGE NS RMSE KGE NS

L1 4.70 0.97 0.98 25.16 0.74 0.89 52.80 0.80 0.91 14.66 0.70 0.84
L2 4.96 0.96 0.99 25.39 0.74 0.89 59.17 0.66 0.89 16.49 0.72 0.79
L3 4.70 0.97 0.98 29.17 0.76 0.85 63.72 0.79 0.88 16.23 0.69 0.80
L4 4.70 0.97 0.99 25.16 0.74 0.89 52.80 0.79 0.91 14.66 0.70 0.84
L5 2.63 0.99 0.99 21.05 0.87 0.93 45.51 0.87 0.96 14.20 0.76 0.87
L6 4.45 0.98 0.98 24.53 0.82 0.90 51.20 0.83 0.93 15.62 0.73 0.85
L7 3.50 0.99 0.99 23.50 0.84 0.91 47.52 0.85 0.95 14.50 0.75 0.84
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3.5. Comparing DREAM(ZS) performance under different likelihood
functions by statistical indicators

DREAM(ZS) performances were compared under different likeli-
hood functions by means of statistical indicators, including root-
mean-square error (RMSE, Eq. (38)), Kling Gupta Efficiency (KGE,
Eq. (39)), and Nash–Sutcliffe (NS, Eq. (40)) Criteria. Results showed
that the smallest RMSE value in all flood events corresponded to
formal likelihood function L5 (based on assumptions inherent in
SLS), while L7 was in the second rank. Schoups and Vrugt (2010)
verified that SLS minimizes MSE and will always yield smaller
MSE values compared to the other methods, which confirms find-
ings of the presents study. Formal likelihood function L5 also better
performed based on other criteria. It showed maximum values of
KGE and NS for all flood events, while the second rank was of the
formal likelihood function L7. Considering all statistical indicators,
including RMSE, KGE and NS (Table 5) involved with 7 likelihood
functions and 4 flood events, results showed that DREAM(ZS) algo-
rithm represents a better performance significantly with formal
likelihood functions L5 and L7. Although L5 and L7 represent a bet-
ter performance, likelihood function L5 is highly depended on the
assumptions of residual error. The residual error assumptions are
clearly violated in likelihood function L5 as shown in Fig. 2, there-
fore, likelihood function L5 may yield unreliable parameter
estimates.

Thus, likelihood function L7 was applied to relax common
assumptions about residual errors that can provide reliable param-
eters of model and can therefore be recommended.
4. Conclusions

Evaluation of residual error assumptions for the first three
events used in the calibration period showed that assumptions of
residual error are clearly violated in likelihood function L5.

Using AR � 1 model incorporated into the formulation of the
log-likelihood function after Box–Cox transformation removed
temporal autocorrelation of residuals.

The results of cumulative distributions of parameters showed
that choosing likelihood function can directly affect parameter
uncertainty analysis by using DREAM(ZS) method. A Likelihood
function strongly affects the sensitivity of parameters and sensitiv-
ities of parameters were not the same for different likelihood
functions.

The results of cumulative distributions of parameters and Kol-
mogorov–Smirnov test statistic (D) showed that formal likelihood
functions L5 and L7 almost have completely different influence on
sensitivity of parameters in comparison with the other likelihood
functions for most of the parameters.

Most of the parameters were better defined by formal likeli-
hood functions L5 and L7 and showed a high sensitivity to model
performance. Therefore, they have less uncertainty and can be con-
sidered as easily identifiable parameters.

Posterior distributions of CN1–CN7 obtained by informal likeli-
hood functions (L1–L4) and formal likelihood function L6 did not
change significantly in comparison with their prior distributions,
which present more uncertainty.

On the contrary, ones obtained by formal likelihood functions
L5 and L7 were better defined for most parameters and had less
uncertainty.

95% total prediction uncertainty ranges bracketed most of the
observed flows. Totally it should be noted R-factors are higher val-
ues in informal likelihood functions L1–L4, hence it is resulted they
may not represent a good performance.

Moreover R-factor values are smaller in formal likelihood func-
tions L5 and L7, hence L5 and L7 may represent a better
performance.

Parameter uncertainty bounds do not bracket observed stream-
flow data. It may be originated from uncertainties in observational
input–output data (forcing data) and structural inadequacy of
model.

Considering all performance criteria, including RMSE, KGE and
NS involved with 7 likelihood functions and 4 flood events, results
showed that DREAM(ZS) algorithm represents a better performance
with formal likelihood functions L5 and L7. Although L5 and L7
represent a better performance, likelihood function L5 is highly
depended on the assumptions of residual error. In this study, the
assumptions of residual error were clearly violated and likelihood
function L5 may result in biased and unreliable estimations of
parameter. Thus, formal likelihood function L7 was used to relax
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common assumptions about residual errors that can provide reli-
able parameters of model and is prescribed for further applications.

The gaps between parameter uncertainty bounds and the
observed data may demonstrate uncertainties of observational
input (forcing) and output data and structural inadequacy of model
indicating that model structure and observation measurements are
needed to be improved in order to achieve more accurate
predictions.

This paper disregarded rainfall data error while it may be dom-
inant in many catchments due to significant spatial and temporal
variability of rainfall fields. It seems that rainfall forcing error
should be considered in uncertainty assessment of HMS model in
future works. Ignoring errors of the input variables affects the
structure of parameter uncertainty and confidence limits of the
parameters in calibration of hydrologic models, and may lead to
biased predictions (Kavetski et al., 2002, 2006a). In the future, an
inference method should be employed to explicitly address the
role of forcing data (precipitation) and output measurement errors,
this could allow for a more accurate evaluation of model structural
errors.
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