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A Novel Method to Solve a Class
of Distributed Optimal Control
Problems Using Bezier Curves
In this paper, two approaches are used to solve a class of the distributed optimal control
problems defined on rectangular domains. In the first approach, a meshless method for
solving the distributed optimal control problems is proposed; this method is based on
separable representation of state and control functions. The approximation process is
done in two fundamental stages. First, the partial differential equation (PDE) constraint
is transformed to an algebraic system by weighted residual method, and then, Bezier
curves are used to approximate the action of control and state. In the second approach,
the Bernstein polynomials together with Galerkin method are utilized to solve partial dif-
ferential equation coupled system, which is a necessary and sufficient condition for the
main problem. The proposed techniques are easy to implement, efficient, and yield accu-
rate results. Numerical examples are provided to illustrate the flexibility and efficiency of
the proposed method.
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1 Introduction

Optimal control problems with constraints which require
the solution of a partial differential equation arise widely in many
areas of the sciences and engineering. The solution of such
PDE’s constrained optimal control problems is usually a major com-
putational task. Here, we consider distributed control problem in
which the two-dimensional Poisson problem is the PDE constraint.

Various methods provide an approximate solution of PDE con-
strained optimal control problems. These methods use practical
iterative formulas to provide the solution which may converge to
the exact solution or an approximate analytical solution can be
obtained by performing only finite iteration. The well-known and
established methods are radial basic function method [1,2], ficti-
tious domain method [3], measure theory method [4–8], proper
orthogonal decomposition [9], interior point method [10], Newton
method [11], domain decomposition method [12], and the
variational iteration method [13]. The optimization problems for
nonlinear systems with distributed parameters can be found in
Ref. [14–19].

The main difference between weighted residual methods and
finite-element methods is in the choice of trial or shape functions.
Traditionally, weighted residual methods have used trial functions
which are defined over the entire domain, whereas finite-element
methods have used shape functions defined over an element. The
weighted residual techniques have the potential of providing
sufficiently accurate results with less computational expenses, but
perhaps with longer model implementation time than the finite-
difference and finite-volume methods. The methods of weighted
residual are associated with much higher theoretical complexity,
and these methods are thus more difficult to implement in an opti-
mal manner. Compared to the low-order methods, for nonlinear
problems, less iteration is normally required to reach convergence
with the methods of weighted residual. Nevertheless, because of
the method complexity, a reduction in the number of iterations
may not necessarily indicate a faster method as each iteration may

be more time consuming than the local low-order methods. How-
ever, due to the spectral convergence property, these methods
might be optimal for particular problems, although the implemen-
tation and the computational costs required for the generation of
the system matrix may be time consuming [20].

There are many papers and books deal with the Bezier curves or
surface techniques. Harada and Nakamae [21] Nurnberger and Zeil-
felder [22] used the Bezier control points in approximating data and
functions. Zheng et al. [23] proposed the use of control points of the
Bernstein–Bezier form for solving differential equations numerically,
and also Evrenosoglu and Somali [24] used this approach for solving
singular perturbed two-point boundary value problems. The Bezier
control point method is used for solving delay differential equation
[25,26]. Bezier curves are used for solving partial differential equa-
tions as well. Wave and heat equations are solved in Bezier form
[27–29]. Some other applications of the Bezier functions and control
points are found in Refs. [30–32] that are used in computer-aided
geometric design and image compression.

In this paper, we use the Bezier curves along with the weighted
residual method for the distributed optimal control problems,
which is a novel idea. Furthermore, the proposed method is very
easy to use and straightforward, and the obtained results are satis-
factory (see the numerical results).

The novelty of our paper with respect to the previous articles is
that we consider Bezier curves to approximate the optimal control
and optimal state in a distributed optimal control problem. To the
best of our knowledge, Bezier curves have not been used to solve
distributed optimal control problems yet, which motivates the
present study.

There are two strategies for solving distributed optimal control
problems: discretize-then-optimize and optimize-then-discretize.
In this paper, we use both strategies. In the first proposed method,
the discretize-then-optimize strategy is used, and the optimize-
then-discretize strategy is used in the second strategy.

There are several stages of the first proposed method based on
discretize-then-optimize strategy that can be summarized as
follows:

(1) Construct a separable representation for control and state
functions.

(2) Convert PDE constraint to an algebraic system, using
Galerkin’s weighted residual method (Sec. 3).

1Corresponding author.
Contributed by the Design Engineering Division of ASME for publication in the

JOURNAL OF COMPUTATIONAL AND NONLINEAR DYNAMICS. Manuscript received
December 15, 2015; final manuscript received May 11, 2016; published online July
22, 2016. Assoc. Editor: Hiroshi Yabuno.

Journal of Computational and Nonlinear Dynamics NOVEMBER 2016, Vol. 11 / 061008-1
Copyright VC 2016 by ASME

Downloaded From: http://computationalnonlinear.asmedigitalcollection.asme.org/ on 12/24/2016 Terms of Use: http://www.asme.org/about-asme/terms-of-use



(3) Discretize the converted problem using Bezier curves and
form a simple optimization problem with linear constraint
(Sec. 4).

(4) Solve the resulting optimization problem in previous stage.
(5) Apply a resolution check. If the solution is undesired in the

control and state functions, then increase n (the number of sen-
tences approximation series) or m (degree of Bezier curve).

In the second proposed method, the Galerkin method in
Bernstein polynomial basis is implemented to give an approxi-
mate solution of a distributed optimal control problem. Therefore,
the line of development of our proposed approach is as follows:
(a) determine the optimality system, (b) use Galerkin method
along with Bernstein polynomials (Bezier surface) to discretize
this system, and (c) use Newton method to solve the obtained
linear algebraic system in (b).

Transforming a PDE, by finite-element discretization in space,
to a system of ordinary differential equations (ODEs) or an alge-
braic system is a strategy advocated by many leading experts.
Obviously, this strategy gives immediate access to the many so-
phisticated time-discretization methods developed in the ODE
world. Gresho and Sani [33] explain how to take advantage of
such methods when solving PDEs.

The rest of the paper is organized as follows. We mention some
necessary and preliminary concepts in Sec. 2. Elliptic optimal
control problem is described in Sec. 3. In Sec. 4, we transform
PDE constraint to an algebraic system, and the full discretization
of the optimality system with Bezier curves is described in Sec. 5.
Convergence is discussed in Sec. 6. Optimize-then-discretize
approach is discussed in Sec. 7. In Sec. 8, some numerical exam-
ples are solved, which show the efficiency and reliability of the
method. Finally, Sec. 9 gives a brief conclusion.

2 Preliminaries

DEFINITION 2.1. The space of functions which are Lebesgue inte-
grable on X to the power of p 2 ½1;1Þ is denoted by

LpðXÞ ¼ f :

ð
X
jf jpðxÞdx <1

� �

This space is equipped with the norm

kfkLpðxÞ ¼
ð

X
jf jpðxÞdx

� �1=p

We use the standard notation and definition for the Sobolev space
HmðXÞ for m � 0

HmðXÞ ¼ ff 2 L2ðXÞ : Daf 2 L2ðXÞ for 0 � jaj � mg

where Daf denotes the weak partial derivative, and a is a multi-
index jaj ¼

P
iai.

THEOREM 2.1 (Green’s first identity). Let X � Rd; d � 2; be a
bounded domain with Lipschitz boundary C. Then, the following
identity holds for all u 2 H2ðXÞ and v 2 H1ðXÞ:ð

X
ru xð Þ:rv xð Þdx ¼

ð
C

@u

@n
sð Þv sð Þds�

ð
X

u xð Þv xð Þdx

where n is the unit outer normal vector on C.
We define the inner product

ðu; vÞ ¼
ðx1

x0

uðxÞvðxÞdx

Let a : Y � Y ! R be the bilinear form given by

aðu; vÞ ¼
ðx1

x0

ruðxÞ:rvðxÞdx

A Bezier curve Pm defined on ½a; b� is the following parametric
curve:

Pm tð Þ ¼
Xm

i¼0

piB
m
i

t� a

b� a

� �
¼ BmP a � t � bð Þ

where P ¼ ½p0; p1;…; pm�T with pi 2 R; and Bm ¼ ½Bm
0 ððt� aÞ=

ðb� aÞÞ;Bm
1 ððt� aÞ=ðb� aÞÞ;…;Bm

mððt� aÞ=ðb� aÞÞ� while Bm
i

denotes the ith Bernstein polynomial of degree m, given by

Bm
i

t� a

b� a

� �
¼

m

i

 !
t� a

b� a

� �i

1� t� a

b� a

� �m�i

� i ¼ 0; 1;…;m; m 2 Nð Þ; a � t � b

Moreover, the Bernstein basis polynomials have the following
properties:

(1) Bi;mðaÞ ¼ di;0 and Bi;mðbÞ ¼ di;m, where d is Kronecker
delta function.

(2) Bi;mðxÞ has a root with multiplicity i at point x ¼ a (note if i
is 0, there is no root at 0).

(3) Bi;mðxÞ has a root with multiplicity m� i at point x ¼ b
(note if m ¼ i, there is no root at 1).

The components of vector P are called control points of Bezier
curve Pm, and m is the degree of the curve. The functions
fBm

i ðtÞg form a basis for L2ð½0; 1�Þ (see Refs. [34] and the related
reference therein).

Suppose that H ¼ L2½0; 1� and fBm
i g

m
i¼0 � H be the set of Bern-

stein polynomials of mth-degree and

Y ¼ SpanfBm
i ji ¼ 0;…;mg

and f be an arbitrary element in H. Since Y is a finite-dimensional
vector space, f has the unique best approximation out of Y such as
y0 2 Y, that is,

9y0 2 Y; 8y 2 Y kf � y0k2 � kf � yk2

where kfk2 ¼
ffiffiffiffiffiffiffiffiffiffi
ðf ; f Þ

p
[35].

Now, every f 2 L2½0; 1� can be approximated (best) by y0 2 Y,
that is,

f ffi y0 ¼
Xm

i¼0

ciB
m
i ¼ cTU

where

UT ¼ ½Bm
0 Bm

1 … Bm
m�; cT ¼ ½c0 c1 … cm�

and cT can be uniquely obtained by

cTðU;UÞ ¼ ðf ;UÞ ¼
ð
½0;1�

f ðxÞUðxÞTdx

where ðU;UÞ is the ðmþ 1Þ � ðmþ 1Þ dual operational matrix of
U, denoted by �Q. Therefore, we can write

�Q ¼ ðU;UÞ ¼
ð
½0;1�

f ðxÞUðxÞTdx

and

cT ¼
ð
½0;1�

f ðxÞUðxÞTdx

 !
ð �QÞ�1

Consider the differential equation

L½yðxÞ� þ f ðxÞ ¼ 0; x 2 X (1)
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where L is a differential operator, and Eq. (1) can have initial and
boundary conditions. Multiplying Eq. (1) by any arbitrary weight
function wðxÞ and integrating over the domain X, one obtainsð

X
wðxÞðL½yðxÞ� þ f ðxÞÞdx ¼ 0 (2)

Equations (1) and (2) are equivalent, because wðxÞ is any arbitrary
weight function.

Now, we approximate a trial function uðxÞ to Eq. (1) of the
form

uðxÞ ¼ u0ðxÞ þ
Xn

j¼1

cjujðxÞ (3)

Consider the residual function rðxÞ as

rðxÞ ¼ L½uðxÞ� þ f ðxÞ

The goal is to construct uðxÞ so that the integral of the residual
vanishes for some choices of the weight functions. That is, uðxÞ
will partially satisfy Eq. (1) in the sense thatð

X
wðxÞðL½uðxÞ� þ f ðxÞÞdx ¼ 0

for some choices of wðxÞ. One of the most important weighted
residual methods was introduced by the Russian mathematician,
Boris Grigoryevich Galerkin. Galerkin’s method selects the
weight functions in a special way: they are chosen from the basis
functions, i.e., wðxÞ 2 fuiðxÞgn

i¼1. So, it is required that the fol-
lowing n equations hold true:ð

X
uiðxÞðL½uðxÞ� þ f ðxÞÞdx ¼ 0; i ¼ 1; 2;…; n (4)

To apply the method, we solve these n equations for the coeffi-
cients fcjg1j¼1. Suppose we wish to solve a boundary value prob-

lem over the domain X with the Ritz–Galerkin method, we select
uiðxÞ; i ¼ 1; 2;…;m so that they satisfy the homogeneous form
of the specified essential boundary conditions, and u0 must satisfy
the specified essential boundary conditions [36].

3 The Optimal Control Problem

We consider linear elliptic processes controlled through source
terms with the purpose of tracking a desired trajectory. In order to
obtain an optimal control function, we formulate an elliptic
optimal control problem as

P : min J y; uð Þ ¼
1

2
ky� �yk2

L2 Xð Þ þ
b
2
kuk2

L2 Xð Þ

subject to

�DyðxÞ ¼ uðxÞ in X

@ny ¼ f ðxÞ on C
(5)

where b > 0 is the weight of the cost of the control, and
�y 2 L2ðXÞ is the target function. We define y to be the state
variable and u to be the control variable. The fact that we are
controlling u inside the entire domain X makes this a distributed
control problem. Notice that Jðy; uÞ is twice continuously differ-
entiable bounded from below and convex. Here, we limit our
study to the rectangular domain, and so throughout this paper,
X ¼ ½a; b� � ½c; d� denotes an open convex bounded polygon set
of R2 and C is its boundary. We try, as much as possible, to make
the state y be close to the target function �y by selecting the

appropriate control function. The existence solution to the prob-
lem P has been investigated in Ref. [37].

Given this optimization problem, the optimality system repre-
sents the first-order necessary conditions for a minimum. We have
the optimality system [38]

�Dy� u ¼ 0 in X

�Dpþ y ¼ �y in X

@ny ¼ 0 and p ¼ 0 in C

bu� p ¼ 0 in X

(6)

where p is adjoint variable. The first differential equation in
Eq. (6) is called the state equation, and the second one is the
adjoint equation. Since the problem P is convex, the conditions
(6) guarantee a minimum. All results on necessary optimality con-
ditions for P and its version with additional control constraints are
discussed extensively in textbook by Troltzsch [34].

4 Approximation of P by Discretize-Then-Optimize

In this section, we first apply weighted residual discretization
for problem P, using the Galerkin procedure. To this end, the
functions ~y and ~u, which are the approximations of the state and
control functions, respectively, are written as a linear combination
of shape functions

~y ¼
Xn

j¼1

v1jðx1Þwjðx2Þ (7)

~u ¼
Xn

j¼1

v2jðx1Þujðx2Þ (8)

where x ¼ ðx1; x2Þ 2 X, the variable y is in terms of x1 and x2, the
functions wjðx2Þ and ujðx2Þ are individually linearly independent
functions, and the coefficients v1jðx1Þ and v2jðx1Þ are unknown
and they are to be determined by solving a system of equations
generated from the governing equation. The functions wjðxÞ and
ujðxÞ are often referred to as basis or trial functions and might be
polynomials or trigonometric functions. Here, we let

ujðxÞ ¼ wjðxÞ ¼ NjðxÞ j ¼ 1;…; n (9)

where NjðxÞ is a basis function.
Substituting, respectively, ~y and ~u for y and u, in Eq. (1), we

obtain the following domain residual:

r ¼ D~y þ ~u

One could find the Galerkin equations (4) asð
X
ðD~y þ ~uÞNiðxÞdX ¼ 0 i ¼ 1;…; n (10)

Using Green’s theoremð
X
r~y:rNidX ¼

ð
X
D~yNidXþ

ð
@X
@nyNidC i ¼ 1;…; n (11)

substituting Eqs. (7) and (8) and the boundary conditions in
Eq. (11), we obtain

Xn

j¼1

ð
X
rNi:rNjv1jdX

� �

¼
Xn

j¼1

ð
X

v2jNjNidX

� �
þ
ð
@X

fNidC; i ¼ 1;…; n (12)
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The above equation can be rewritten as follows:

Xn

j¼1

ðb

a

aðNi;NjÞv1jdx1

¼
Xn

j¼1

ðb

a

ðNi;NjÞv2jdx1 þ
ð
@X

fNidC; i ¼ 1;…; n (13)

Defining the stiffness matrix A ¼ ðaijÞ where aij ¼ aðNi;NjÞ,
matrix B ¼ ðbijÞ where bij ¼ ðNi;NjÞ, the vector matrices

V1 ¼ fv1jgT
j¼1;:::;n; F ¼ f

Ð
@XfNidCgT

j¼1;:::;n; V2 ¼ fv2jgT
j¼1;:::;n;

N ¼ fNjgT
j¼1;…;n, we can rewrite Eq. (13) in the algebraic form as

follows:

ðA;V1Þ � ðB;V2Þ ¼ F (14)

Now, in the L2-norm, the quantities ð1=2Þkŷ � �yk2
L2ðXÞ and

ðb=2Þkûk2
L2ðXÞ in objective function of problem P can be written

as

1

2
kŷ� �yk2

L2 Xð Þ

¼ 1

2

ð
X

ŷ� �yð Þ2dX

¼ 1

2

ð
X

ŷ2dX�
ð

X
ŷ�ydXþ1

2

ð
X

�y2dX

ffi 1

2

ðb

a

ðd

c

WTNNTWdx2dx1�
ðb

a

ðd

c

WTN�ydx2dx1þ
1

2

ð
X

�y2dX

¼
ðb

a

WT

ðd

c

NNTdx2

 !
Wdx1�

ðb

a

WT

ðd

c

N�ydx2

 !
dx1þ

1

2

ð
X

�y2dX

¼
ðb

a

1

2
VT

1 MV1�dTV1

� �
dx1þ c;

and also

b
2
kûk2

L2 Xð Þ ¼
b
2

ð
X

û2dX ¼ b
2

ðb

a

VT
2 MV2dx1

where

M ¼ fmijgi;j¼1;…;n; mij ¼
ðd

c

NiNjdx2

d ¼ fdigi¼1;:::;n; di ¼
ðd

c

�yNidx2

c ¼ k�yk2
2 is a constant. Thus, the optimal control problem P can

be approximated by the following quadratic optimization
problem:

P0 : min

ðb

a

1

2
VT

1 MV1 � dTV1 þ
b
2

VT
2 MV2

� �
dx1

S.t.

ðA;V1Þ � ðB;V2Þ ¼ F (15)

Remark 1. If selected basis functions are orthogonal, it can eas-
ily be seen that the matrix M appearing in the quadratic form in
objective function P0 is diagonal and positive definite.

5 Bezier Curves for Solving P0

Our strategy is to use Bezier curves to approximate the solu-
tions v1jðx1Þ and v2jðx1Þ by ~v1jðx1Þ and ~v2jðx1Þ, respectively,
which are given below. For j ¼ 1; 2; …; n, the Bezier curves
~v1jðx1Þ and ~v2jðx1Þ of degree m that approximate, respectively, the
unknown functions of v1jðx1Þ and v2jðx1Þ over the interval ½a; b�
are defined as follows:

~v1j x1ð Þ ¼
Xm

r¼0

prjB
m
r

x1 � a

b� a

� �
¼ PT

j BT
m (16)

~v2j x1ð Þ ¼
Xm

r¼0

qrjB
m
r

x1 � a

b� a

� �
¼ QT

j BT
m (17)

where

Bm
r

x1 � a

b� a

� �
¼ m

r

� �
1

b� að Þm b� x1ð Þm�r x1 � að Þr (18)

is the Bernstein polynomial of degree m over the interval ½a; b�; prj

and qrj are the control points which should be determined and
Pj ¼ ½p0j p1j … pmj�T, Qj ¼ ½q0j q1j … qmj�T.

With substituting Eqs. (16) and (17) in Eq. (15), one can obtain
the following algebraic system:

Xm

r¼0

Krpr ¼
Xm

r¼0

Hrqr þ C (19)

where

Kr ¼
ð
rNi:rNj:B

m
r

t� a

b� a

� �
dX

� �
i;j¼1;…;n

;

pr ¼ pr1 pr2 … prn½ �T (20)

Hr ¼
ð

Ni:Nj:B
m
r

t� a

b� a

� �
dX

� �
i;j¼1;…;n

; qr ¼ qr1 qr2 … qrn½ �T

(21)

C ¼
ð
@X

fNidC

� �t

i¼1;…;n

(22)

Variable r in the above equations is changed from zero to m.
According to Eqs. (7), (8), (16), and (17) and linear system

(19), the problem P0 is transformed to the following optimization
problem:

min

ðb

a

Xn

i¼1

Xn

j¼1

piðx1Þmijpjðx1Þ þ
Xn

j¼1

diwi

 

þ
Xn

i¼1

Xn

j¼1

qiðx1Þmijqjðx1Þ
!

dx1

S:t:
Xm

r¼0

Krpr ¼
Xm

r¼0

Hrqr þ C

THEOREM 5.1. If the degree of Bezier curves used in Eqs. (16) and
(17) is one less than the number of terms of series used in Eqs. (7)
and (8), then the problem P can be converted to a linear quadratic
programing problem with the unique solution.

Proof. As explained in Sec. 4, the problem P is converted to
problem P0 by using Eqs. (7) and (8). Now, by using Eqs. (16) and
(17), the quantities WTMW, VTMV, and dTW in objective func-
tion of problem P0 can be written as
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WTMW ¼ �Bn�1PMPT �B
T
n�1

¼
Xn�1

i¼0

Xn�1

j¼0

P0iþ1ð �B
n�1

i M �B
n�1

j ÞP0iþ1
T (23)

VTMV ¼ �Bn�1QMQT �B
T
n�1

¼
Xn�1

i¼0

Xn�1

j¼0

Q0iþ1ð �B
n�1

i M �B
n�1

j ÞQ0iþ1
T (24)

dTW ¼ dTPT �B
T
n�1 ¼ dT ~P (25)

where

P ¼ ½P1 P2 …Pn�; Q ¼ ½Q1 Q2 …Qn�; P0 ¼ PT;

Q0 ¼ QT; ~P ¼ PT �B
T

n�1; �Bm ¼
ðb

a

Bmðx1Þdx1

P and Q are matrices of dimension n� n and include control
points of Bezier curves pjðtÞ and qjðtÞ, j ¼ 1; …; n. Let

�P ¼ ½P01 P02 … P0n�; �Q ¼ ½Q01 Q02 … Q0n�

�M ¼
�B

n�1

0 M �B
n�1

0 M …

� �

�B
n�1

n�1M �B
n�1

n�1M …

�B
n�1

0 M

�

�B
n�1

n�1M

2
664

3
775

The dimension of matrices �P; �Q, and �M is 1� n2; 1� n2, and
n2 � n2, respectively. The objective function of problem P0

changes as follows:

�P �M �P
T þ �Q �M �Q

T þ dT ~P (26)

Objective function (26) is independent of x1 and x2. According to
Eqs. (19) and (26), the distributed optimal control is transformed
to linear quadratic programing problem as follows:

P00 : min �P �M �P
T þ �Q �M �Q

T þ dT ~P

S:t:
Xn�1

r¼0

KrP
0
rþ1 ¼

Xn�1

r¼0

HrQ
0
rþ1 þ C

Since the matrix M is positive definite, �M is also positive defi-
nite, and therefore, the above linear quadratic problem has unique
solution. �

6 Convergence Analysis

In this section, we analyze the convergence of the Bezier
method when applied to the following time-varying optimal con-
trol problem:

min

ð1

0

ðxðtÞMxðtÞþ uðtÞMuðtÞþ dxðtÞÞdt

ðA;xðtÞÞþ ðB;uðtÞÞ ¼ f ðtÞ (27)

where xðtÞ; uðtÞ 2 R and M; d;A, and B are constant.
Without loss of generality, we consider the interval ½0; 1�

instead of ½a; b�; since one can change the variable t with the new
variable z by t ¼ ðb� aÞzþ a where z 2 ½0; 1�:

LEMMA 6.1. For a polynomial in Bezier form

xðtÞ ¼
Xn1

i¼0

ai;n1
Bi;n1
ðtÞ

we have

Xn1

i¼0

a2
i;n1

n1þ 1
�

Xn1þ1

i¼0

a2
i;n1þ1

n1þ 2
� 	 	 	 �

Xn1þm1

i¼0

a2
i;n1þm1

n1þm1þ 1
!
ð1

0

x2 tð Þdt; m1!1

where ai;n1þm1
is the Bezier coefficient of wðtÞ after it is degree

elevated to degree n1 þ m1:
Proof. See Ref. [23].
THEOREM 6.1. If the optimal control problem (27) has a unique,

C1 continuous trajectory �x, C0 continuous control �u, then the
approximate solution obtained by the control-point-based method
converges to the exact solution as the degree of the approximate
solution tends to infinity.

Proof. We adopt the proof of Ref. [25]. Given an arbitrary
small positive number � > 0; by the Weierstrass theorem (see
Ref. [39]), one can easily find polynomials P1;K1

ðtÞ of degree K1

and P2;K2
of degree K2 such that

kP1;K1
tð Þ � �x tð Þ1k �

�

2
; kP2;K2

tð Þ � �u tð Þ1k �
�

2

where k:k1 stands for the L1-norm over ½0; 1�.
Now, let us define the operator L as follows:

LPKðtÞ ¼ LðP1;K1
ðtÞ;P2;K2

ðtÞÞ ¼ ðA;P1;K1
ðtÞÞ þ ðB;P2;K2

ðtÞÞ ¼ f ðtÞ

for every t 2 ½0; 1�. Thus, for K > maxfK1;K2g, one may find an
upper bound for the following residual:

kLPK tð Þ � f tð Þk1
¼ kL P1;K1

;P2;K2ð Þ � f tð Þk1
� kAk1kP1;K1

tð Þ � �x tð Þk1 þ kBk1kP2;K2
tð Þ � �u tð Þk1

� C
�

2
þ �

2

� �
¼ C�

where C ¼ kAk1 þ kBk1 is a constant.
Since the residual RðPKÞ ¼ LPKðtÞ � f ðtÞ is a polynomial, we

can represent it by a Bezier form. Thus, we have

RðPKÞ ¼
Xm1

i¼0

di;m1
Bi;m1
ðtÞ

From Lemma 6.1, there exists an integer Mð� KÞ such that when
m1 > M, we have

���� 1

m1 þ 1

Xm1

i¼0

d2
i;m1
�
ð1

0

R PKð Þð Þ2dt

���� < �

which gives

1

m1 þ 1

Xm1

i¼0

d2
i;m1

< �þ
ð1

0

R PKð Þð Þ2dt � �þ C2�2 (28)

Suppose wðtÞ and vðtÞ are approximated solution of Eq. (27)
obtained by the control-point-based method of degree
m2ðm2 � m1 � MÞ. Let

RðxðtÞ; uðtÞÞ ¼ LðxðtÞ; uðtÞÞ � f ðtÞ

¼
Xm2

i¼0

ci;m2
Bi;m2
ðtÞ; m2 � m1 � M; t 2 ½0; 1�

Define the following norm for different approximated ðxðtÞ; uðtÞÞ
and exact solutions ð�xðtÞ; �uðtÞÞ:
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kðxðtÞ; uðtÞÞ � ð�xðtÞ; �uðtÞÞk

¼
ð1

0

jxðtÞ � �xðtÞj2dtþ
ð1

0

juð0Þ � �uð0Þjdt (29)

It is easy to show that

k x tð Þ; u tð Þð Þ � �x tð Þ; �u tð Þð Þk
� C jx 0ð Þ � �x 0ð Þj þ ju 0ð Þ � �u 0ð Þj

�
þkR x tð Þ; u tð Þð Þ � �x tð Þ; �u tð Þð Þð Þk2

2

	
¼ C

ð1

0

Xm2

i¼0

ci;m2
Bi;m2ð Þ2dt � C

m2 þ 1

Xm2

i¼0

c2
i;m2

(30)

Last inequality in Eq. (30) is obtained from Lemma 6.1 in which
C is a constant positive number. Now, by using Lemma 6.1, one
can easily show that

k x tð Þ; u tð Þð Þ � �x tð Þ; �u tð Þð Þk

� C

m2 þ 1

Xm2

i¼0

c2
i;m2
� C

m2 þ 1

Xm2

i¼0

d2
i;m2
� C

m1 þ 1

Xm1

i¼0

d2
i;m1

� C �þ C2
1�

2
� 


¼ �1; m1 � M (31)

where last inequality in Eq. (31) is obtained from Eq. (28).

Thus, from Eq. (31), we have

kxðtÞ � �xðtÞk � �1

kuðtÞ � �uðtÞk � �1

Since the infinity norm and the norm defined in Eq. (29) are
equivalent, there is a t > 0 where

kxðtÞ � �xðtÞk1 � t�1

kuðtÞ � �uðtÞk1 � t�1

Now, we show that the approximated cost function tends to exact
cost function as the degree of Bezier approximation increases.
Define

Iexact ¼
ð1

0

ð�xðtÞM�xðtÞ þ �uðtÞM�uðtÞ þ d�xðtÞÞdt

Ibezier ¼
ð1

0

ðxðtÞMxðtÞ þ uðtÞMuðtÞ þ dxðtÞÞdt

For t 2 ½0; 1�: Now, there are two positive integers M1;M2 � 0
such that

Fig. 1 Plots of target solution for Examples 8.1 (left) and 8.2 (right)

Fig. 2 Graph objective function of Example 8.1 versus n for
b 5 1022;1024; and 1025

Fig. 3 Graph ky2�y k2
L2

versus logðbÞ for Example 8.1 for RBF
and Bezier methods
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Table 1 Values of ky2�y k2
L2

and kuk2
L2

for different b for
Example 8.1

b ¼ 10�2 b ¼ 10�5

n ky� �yk2
L2

ky� �yk2
L2

5 0.02481801650 0.0001491117480
10 0.02481562710 0.0001491172830
15 0.02481007143 0.0001491184889
20 0.02480458766 0.0001491192783
25 0.02480216172 0.0001491195192
30 0.02479954423 0.0001491199308

b ¼ 10�2 b ¼ 10�5

n kuk2
L2

kuk2
L2

5 5.050822382 19.70053671
10 4.768031743 19.69840291
15 4.712272402 19.69794107
20 4.669113713 19.69757541
25 4.652251235 19.69743057
30 4.635195795 19.69728296

Table 2 Comparison of RBF method and Bezier method for Example 8.1

ky� �yk2
L2
þ kbuk2

L2
ky� �yk2

L2
kuk2

L2

b; n ¼ 20;
h ¼ 2�4 Bezier RBF Bezier RBF Bezier RBF

1 0.09272 31.9193 0.09185 7.9798 0.00173 0.4011
10�1 0.08551 31.2114 0.07813 7.8028 0.14768 3.9223
10�2 0.04815 25.5454 0.02480 6.3863 4.66911 32.1026
10�3 0.00907 9.0739 0.00100 2.2685 16.1481 114.0253
10�4 0.00112 1.2187 0.00015 0.3056 19.32875 153.1003
10�5 0.00024 0.1263 0.00014 0.0347 19.69757 158.5722
10�6 0.00015 0.0127 0.00014 0.0063 19.73503 159.2525
10�7 0.00015 0.0013 0.00014 0.0010 19.73879 159.3969
10�8 0.00014 1.2706� 10�4 0.00014 0.00011072 19.73916 159.4102

Fig. 4 State variable in Example 8.1: b 5 1025 (left) and b 5 1022 (right)

Fig. 5 Convergence of proposed method according to degree
increasing of Bezier curves in Example 8.1
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k�xðtÞk1 � M1; k�uðtÞk1 � M2

Since

kxðtÞk1 � k�xðtÞk1 � kxðtÞ � �xðtÞk1 � t�

kuðtÞk1 � k�uðtÞk1 � kuðtÞ � �uðtÞk1 � t�

we have

kxðtÞk1 � k�xðtÞk1 þ t� � M1 þ t�

kuðtÞk1 � k�uðtÞk1 þ t� � M2 þ t�

So

kxðtÞ þ �xðtÞk1 � kxðtÞk1 þ k�xðtÞk1 � 2M1 þ t�

Fig. 6 State and control function for Example 8.1 using second approach optimize-then-discretize for b 5 1021; 1022; and 1025
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kuðtÞ þ �uðtÞk1 � kuðtÞk1 þ k�uðtÞk1 � 2M2 þ t�

Now, we have

kIexact � Ibezierk1

¼
����
ð1

0

ð�xðtÞM�xðtÞ þ �uðtÞM�uðtÞ þ d�xðtÞ � xðtÞMxðtÞ

� uðtÞMuðtÞ � dxðtÞÞdt

����
1

�
ð1

0

k�xðtÞM�xðtÞ � xðtÞMxðtÞk1dt

þ
ð1

0

k�uðtÞMðtÞ�uðtÞ � uðtÞMuðtÞk1dt

þ
ð1

0

kd�xðtÞ � dxðtÞk1dt

�
ð1

0

kMk1k�x2 � x2k1dtþ
ð1

0

kMk1k�u2 � u2k1dt

þ
ð1

0

kdk1k�xðtÞ � xðtÞk1dt

�
ð1

0

kMk1k�xðtÞ � xðtÞk1k�xðtÞ þ xðtÞk1dt

þ
ð1

0

kMk1k�uðtÞ � uðtÞk1k�uðtÞ þ uðtÞk1dt

þ
ð1

0

kdk1k�xðtÞ � xðtÞk1dt

� kMk1t�ðt�þM1Þ þ kMk1t�ðt�þM2Þ þ kdk1t�

This completes the proof. �

7 Approximation of P by Optimize-Then-Discretize

In this section, we discuss an alternative “optimize-then-
discretize” strategy for solving the distributed optimal control
problem (5). Here, we present the application of the weighted
residual method along Bernstein polynomials (Bezier surfaces)
for elliptic boundary value problems using linear elements.

First, we consider the optimality system (6) for the uncon-
strained control case. If we solve for p in the optimality condition
and use it on the state equation, then we have

�bDy� p ¼ 0 in X

�Dpþ y ¼ �y in X (32)

together with the boundary conditions

@ny ¼ f and p ¼ 0 on C (33)

Now, a Galerkin weighted residual approximation to Eqs. (32)
and (33) is constructed as follows. We assume that there exists a
smooth solution to Eqs. (32) and (33). Multiply the differential
equation (32) by any smooth functions v1 and v2, respectively.
Integrating over the domain X and applying Green’s first identity
is obtained for the state equation [38]

�b
ð

X
Dyv1dX�

ð
X

pv1dX ¼ 0

b
ð

X
ry:rv1dX� b

ð
C
@nyv1dC�

ð
X

pv1dX ¼ 0

b
ð

X
ry:rv1dX�

ð
X

pv1dX ¼ b
ð

C
fv1dC

Similarly, for the adjoint equation

�
ð

X
Dpv2dXþ

ð
X

yv2dX ¼
ð

X
�yv2dX

Table 3 Values of ky2�y k2
L2

and kuk2
L2

for different b for Exam-
ple 8.1 with optimize-then-discretize approach

b;m ¼ 6 ky� �yk2
L2
þ kbuk2

L2
ky� �yk2

L2
kuk2

L2

1 0.2927388484 0.2926564761 0.006944087365
10�1 0.2920008278 0.2911832260 0.06905159401
10�2 0.2849574039 0.2773528815 0.6539191325
10�3 0.2365496252 0.1935950789 4.298447590
10�4 0.1286960117 0.07323721034 10.58248506
10�5 0.05531891742 0.02737090417 15.20087755
10�6 0.02493274632 0.01468679640 20.13868071
10�7 0.01033568839 0.003397224352 30.86295524
10�8 0.003445534089 0.0003916418731 34.22716665

Fig. 7 Graph of the objective function associated with problem
P versus logðbÞ for Example 8.1 with optimize-then-discretize
approach and m 5 6

Fig. 8 Graph of the objective function associated with problem
P and ky2�y k2

L2
versus degree of Bezier curves for Example 8.1

with optimize-then-discretize approach and b 5 1026
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ð
X
rp:rv2dX�

ð
C
@npv2dCþ

ð
X

yv2dX ¼
ð

X
�yv2dX

ð
X
rp:rv2dXþ

ð
X

yv2dX ¼
ð

X
�yv2dX

The approximations ~y and ~p are sought in the form of the trun-
cated series

~y ¼
Xm

i¼0

Xm

j¼0

aijwijðXÞ; ~p ¼
Xm

i¼0

Xm

j¼0

bijwijðXÞ

Fig. 9 Comparison of state variable with different degree of Bezier curves with n 5 20; b 5 1023 for Example 8.2
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where

wij Xð Þ ¼ Bm
i

t� a

b� a

� �
Bm

j

x� c

d � c

� �

According to Galerkin method

v1 ¼ v2 ¼ wijðXÞ

Galerkin’s method for state and adjoin equations can be formu-
lated as

Xm

i¼0

Xm

j¼0

baij

ð
X
rwij:rwkldX� bij

ð
X
wijwkldX

� �

¼ b
ð

C
fwkldC; k; l ¼ 0; …; m (34)

Xm

i¼0

Xm

j¼0

bij

ð
X
rwij:rwkldXþ aij

ð
X
wijwkldX

� �

¼
ð

X
�ywkldC; k; l ¼ 0; …; m (35)

Equations (34) and (35) give a system of linear equations, which
can be solved for the elements of aij and bij using Newton
method.

Remark 2. In Ref. [40], it is demonstrated that the orthonormal
Bernstein polynomials can be used in a generalized Fourier series
to approximate curves and surfaces to a high degree of accuracy.
Furthermore, it is shown that they can simplify the search for the
control points of Bezier curves and surfaces that best approximate
functions. For this reason, in this section, the orthonormal
Bernstein polynomials are used.

8 Numerical Example

In this section, numerical experiment is conducted to show the
capability of the proposed method. We show the graphs of trajec-
tories and optimal control functions. The problems are all in two
dimensions on a domain X ¼ ½0; 1�2 for illustrative purposes.
These problems were previously considered using radial basis
function (RBF) method in Ref. [2]. Because the proposed method
and RBF method both belong to the category of meshless meth-
ods, we have compared our results with this method. We used
Bezier curves of degree 2 to approximate the trajectory and

control functions in the following examples; otherwise, it is
reminded. In the following, m represents the degree of Bezier
curve.

Example 8.1. Let X ¼ ½0; 1�2 and consider the Neumann
problem

min
1

2
ky� �yk2

L2 Xð Þ þ
b
2
kuk2

L2 Xð Þ

such that

�r2y ¼ u in X

@ny ¼ f on @X

where X ¼ ½0; 1�2; and

�y ¼ sinðpx1Þsinðpx2Þ

f ¼ 0

This particular problem results in continuous optimality condi-
tions with the following exact solution:

y ¼ 1

1þ 4bp4
sin px1ð Þsin px2ð Þ;

u ¼ 2p2

1þ 4bp4
sin px1ð Þsin px2ð Þ

We therefore consider this problem to examine the convergence
of our numerical solutions to these exact functions

Example 8.2. We again consider the same formulation as
Example 8.1, but with

�y ¼
1 x 2 X1

0 x 2 X2

(

f ¼ 0

X1 ¼ 0;
1

2

� 2

; X2 ¼ Xn X1

Figure 1 shows the target �y that we hope the state to be as close to
as possible, for each of our two problems.

In Fig. 2, the values of the objective function associated with
problem P according to different b are compared. We observe
that as the b becomes smaller, the value of the objective function
associated with problem P becomes smaller. To choose the b, it is
helpful to look at a graph of ky� �yk2

2 versus logðbÞ; we have
done this work in Fig. 3 for both methods.

In Table 1, comparison of values ky� �yk2
L2

and kuk2
L2

for
different values of n and b is done. The optimal control problems
in Examples 8.1 and 8.2 try to find a state y that is close to the tar-
get state �y by controlling variable u. How close y can be �y is deter-
mined by the parameter b? As b decrease, y is expected to
approach �y, but u is also expected to increase. This makes sense
because the value of the objective function associated with prob-
lem P is not sensitive to the second term if the parameter b is
small, and the first term dominates the value of the objective func-
tion associated with problem P. The results shown in Tables 1
and 2 confirm the validity of these expectations. In the following
tables, n shows the number of terms of series (7) and (8).

Table 2 presents the accuracy comparison of the numerical
approximation for the solution in RBF method and the proposed
method (Bezier method) for Example 8.1. Large discrepancy
between the results from the RBF method and Bezier method in
Table 2 is according to discrepancy between convergence speeds

Fig. 10 Plots of the objective function associated with problem
P for Example 8.2
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of two methods and indicates that the speed of convergence Bez-
ier method is more than RBF method. Figure 4 shows the effect
of the b value on the solution. Figure 5 shows the convergence
Bezier method with respect to increasing degree of Bezier curves.
In this figure, the value of the objective function associated with
problem P versus the degree Bezier curve is drawn, and the
degrees of Bezier curve vary from two to seven.

In Fig. 6, we show the computed solution to Example 8.1 using
the optimize-then-discretize method with m ¼ 9 for b ¼ 10�1;
10�2; and 10�5.

Table 3 present the values of ky� �yk2
L2

, kuk2
L2

, and the
objective function associated with problem P for different b for
Example 8.1 with optimize-then-discretize approach. The graph
of objective function associated with problem P versus logðbÞ for

Fig. 11 Control and state functions for Example 8.2 using second approach optimize-then-discretize, from top to bottom,
respectively, m 5 8; 10; and 12
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Example 8.1 with optimize-then-discretize approach is presented
in Fig. 7. Figure 8 shows the graph of objective function associ-

ated with problem P and ky� �yk2
L2

versus degree of Bezier curves

for Example 8.1 with optimize-then-discretize approach.
Figure 9 show the state variable according to increasing degree

of Bezier curves for Example 8.2. The plot of objective function
and ky� �yk2

L2
) versus degree increasing of Bezier curves for

Example 8.2 is shown in Fig. 10.
In Fig. 11, we present the computed solution to Example 8.2

using the optimize-then-discretize method with m ¼ 8; 10; and 12
for b ¼ 10�5.

Remark 3. The choice of basis functions is very important to
resolve the problem. Galerkin weighted residual methods employ
global basis functions that usually depend on the PDE, the linear
constraint, or both. According to the mentioned issues, we can use
the trigonometric functions, Chebyshev polynomials, Bernstein
polynomials, etc., to approximate distributed optimal control
problems.

9 Conclusion

In this paper, we have presented a novel solution for a class of
distributed optimal control problems based upon weighted
residual method and Bezier curves. The control point structure
provides a bound on the residual function. Numerical examples
show that the proposed method is efficient and easy to use. The
method has an analytic foundation and it is computationally effi-
cient. The proposed method is based upon reducing a distributed
optimal control problem to a linear quadratic problem. It is easily
applicable to nonlinear problems, which will be discussed in
future work. The technique used in this article can be used to
solve other types of distributed optimal control problems (para-
bolic and hyperbolic). In those cases, the PDE constraint will con-
vert into ordinary differential equation. We restricted ours to
rectangular domain in this paper and will extend our proposed
methods for arbitrary domains in future works. The simplicity of
the discretization is merits that make the approach very attractive.
Moreover, only Bezier curves with small degree are sufficient to
obtain a satisfactory solution. The given numerical examples sup-
port this claim.
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