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QCD test with the momentum spectra and the second
binomial moment R2 using e+e− data
M. Hasheminia, M.E. Zomorrodian, and A. Mirjalili

Abstract: Experimental data on the shape of hadronic momentum spectra are compared to the context of calculations in
modified leading log approximation (MLLA), under the assumption of local parton hadron duality (LPHD). Considered are the
inclusive momentum spectra and charged particle distributions in the reaction e+e− ¡ hadrons, using the experimental as well
as the Monte Carlo data at center of mass energies up to 200 GeV. Values of the second binomial moment R2 obtained from the
multiplicity distributions are also studied. Our results are compared with both experimental data from high and low energy e+e−,
e−p, and pp experiments and QCD calculations in various theoretical approaches. In general, good agreement is found between
the measurements and the corresponding QCD predictions. A quantitative check of LPHD + MLLA has been performed by
extracting a value of the strong coupling constant from the corresponding distributions. Possible explanations for all these
features will be presented in this paper.
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Résumé : Nous comparons les données expérimentales sur la forme des spectres d’impulsion hadronique aux résultats de
calculs à l’ordre dominant de l’approximation log (MLLA) et en supposant une dualité locale parton hadron (LPHD). Nous
considérons les spectres d’impulsion inclusive et les distributions de particules chargées dans les réactions e+e− ¡ hadrons,
utilisant les données expérimentales et les données Monte Carlo, dans des collisions à des énergies jusqu’à 200 GeV dans le centre
de masse. Nous étudions aussi le second moment binomial expérimental R2 obtenu à partir des distributions de multiplicité.
Nous comparons nos résultats avec des données expérimentales de collisions e+e−, e−p et pp de haute et basse énergie, ainsi
qu’avec des résultats de calculs QCD de différentes approches. En général, un bon accord existe entre données expérimentales
et résultats QCD. Nous procédons à une vérification quantitative de l’approche LPHD + MLLA en extrayant la valeur de la
constante de couplage fort de la distribution correspondante. Ce papier présente une explication des caractéristiques observées.
[Traduit par la Rédaction]

Mots-clés : spectre d’impulsion, second moment binomial, modèles QCD (CDQ).

1. Introduction
Hadron production in electron–positron annihilation plays an

outstanding role in studying the dynamics of the strong interac-
tions, described by the theory of quantum chromodynamics
(QCD), [1]. Perturbative QCD can give quantitative analytical pre-
dictions based on the modified leading logarithmic approxima-
tion (MLLA) [2], under the assumption of local parton hadron
duality (LPHD) [3].

The assumption of LPHD states that a calculated spectrum for
partons in a parton shower can be related to the spectrum of real
hadrons by simple normalization constants. The constants have
to be determined by experiment. A second assumption is that the
low momentum part of the spectrum is not influenced in a signif-
icant way by hadrons that are correlated to the primary quark.

Calculation of parton spectra in the MLLA takes into account
next-to-leading logarithms in a consistent fashion. The physical
mechanism relevant to these next-to-leading logarithms is the
coherent emission of soft gluons inside a jet, leading to an angular
ordering and an effective transverse momentum cutoff for the
partons. Parton jets develop through repeated parton splitting,
resulting in an increase of the multiplicity at lower momenta. The
interplay of coherent emission of gluons and the creation of

hadrons causes this spectrum to be cut off at very low momenta
[1–3]. Calculations predict the shape of the distribution of � =
ln(1/xp) the so-called � spectrum, xp = (2p/�s), where p and �s are
the momentum of the charged particles and the centre-of-mass
(c.m.) energy, respectively. The resulting “hump-backed” distribu-
tion is nearly Gaussian.

In ref. 4 the low energy e+e− collision data has been analyzed for
the momentum spectra, the multiplicity distribution, and the sec-
ond binomial moment. We extend this analysis up to 200 GeV c.m.
energies. The main reason behind this is to see if the features of
the low energy data are also present in the high energy collisions,
where we expect the non-perturbative effects to dominate. We do
our measurements by using the AMY real data (based on e+e−

annihilations at 60 GeV c.m. energy) as well as the Monte Carlo
PYTHIA. We will compare our results with QCD calculations as
well as those from high energy e+e−, ep, and pp̄ and low energy
(BES Collaboration) experiments.

2. Experimental setup
The central feature of the AMY detector is a 3 T solenoid magnet

that allows the detector to be compact while maintaining good
momentum resolution. Charged particles are detected efficiently
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over the polar angle region cos� < 0.87 with a momentum resolu-
tion �pT = 0.7% × [pT (GeV/c)]. The detailed description of various
detector components has been given elsewhere [5].

3. � spectrum
A purely analytical approach giving quantitative predictions for

� is a perturbative QCD calculation MLLA under the assumption of
LPHD, expressed as [2]

1

�

d�h

d�
� 2Kh

CF

Nc

Dlim(�, Y) (1)

where CF � �Nc
2 � 1�/2Nc and Kh is a hadronization constant, which

accounts for the number of hadrons of type h produced per final
state parton. For the expression for the limiting spectrum distribu-
tion, Dlim(�, Y), we refer to ref. 2. In this formalism Y = ln(�s/2�eff),
where �eff is an effective scale factor representing both the QCD
scale � and the cutoff scale Q0. The MLLA limiting spectrum formal-
ism predicts not only the shape of the � distribution, but apart from
the hadronization correction, also predicts its normalization.

In Fig. 1 the measured � distribution is shown for our data along
with the data obtained at both lower and higher energies [6–15],
and compared with the fitted prediction of (1) where the free
parameters are the effective scale �eff and the hadronization con-
stant Kh. We apply the formalism assuming three active flavors.
The fit is also restricted around the peak. We find the peak de-
scribes the data well within the fitted range (full line). The data
from the higher and lower energies follow the same trend as our
data.

In Fig. 2 the obtained Kh factors are shown as a function of c.m.
energy. Above 130 GeV the Kh factors are consistent with being
constant. Below 50 GeV a modest rise in the values of Kh factors is
observed. The high-order QCD theory predicts a rise in Kh factors,
in particular at the lowest c.m. energies [3].

The position of the peak in the distribution is predicted to increase
linearly with Y = ln(�s/2�eff). Corrections to this asymptotic

prediction were calculated up to O(	S) by Fong and Webber [16]
yielding a skewed Gaussian shape for the � spectrum
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where � = 11 – 2nf/Nc. The peak position on each distribution in
Fig. 1 can be obtained by fitting (2) to the � distribution. The
measured peak position for AMY data are plotted in Fig. 3 to-
gether with those of low energies from the BES collaboration
(in the range of 2.2–4.8 c.m.) [4] and from high energy e+e− and
ep data [17, 18].

MLLA–LPHD predicts the energy dependence of the peak posi-
tion, �∗ as [2]

�∗ � 0.5Y � �cY � c (7)

where c = a2/16Ncb, a � �11Nc/3� � �2nf/3Nc
2�, and b = (11Nc – 2nf)/3. By

fitting our AMY data to (2), we obtain �eff = 263 ± 8 MeV. The error
quoted in the value is statistical only. This value is consistent with
the results from BES [4], OPAL [6], ZEUS [19], and CDF [20], which
are 262 ± 9 (e+e−), 263 ± 4, 251 ± 14 (ep) and 256 ± 13 �pp̄� MeV,
respectively. The errors inserted for the other experiments are
also statistical only. Figure 3 also shows that �∗ is approximately

Fig. 1. Distribution of � = ln(1/xp) at several c.m. energies [7–15]
compared to MLLA predictions in the limiting spectrum approach
([2], (2) in this paper) fitted to the data. The full lines indicate the
region of the fit.

Fig. 2. The hadronization constant Kh at different �s as obtained
from the fit (see (2)) [7–15].
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linear in ln �s. This behavior is consistent with the prediction of
the QCD calculations [6]. A straight line fit of our results (together

with the results from other experiments) to �∗ as a function of �s
gives a gradient of 0.0801 ± 0.130. The gradients reported by BES
[4], OPAL [21], ZEUS [22], and H1 [23] are 0.779 ± 0.122, 0.0637 ±
0.016, 0.650 ± 0.077, and 0.75 ± 0.05, respectively.

The QCD scale �eff is related to the (running) strong coupling
constant (single loop) by [24]

	s

2

�

1

bY
�

1

b ln(Ebeam/�eff)
(8)

A value of 	s extracted from (8) for Nc = 3, nf = 3 in our AMY data
is 	s (60 GeV) = 0.128 ± 0.04. This value is consistent within the
statistical errors with many accurate measurements [25]. We con-
clude that it is a success of LPHD + MLLA that the extracted value
of 	s is correct. However, it is claimed in ref. 24 that this is not a
good way to determine 	s accurately, as it is nearly impossible to
make a proper estimate of the systematic errors.

It is worth mentioning that the MLLA calculations refer always
to one loop calculations. If the number of partons increases, we
have to take into account more loops, which indicates that
heavier quarks and consequently more flavors are also produced
in the interaction. As the MLLA prediction is based on just the
leading order, we should consider three flavors only [26–28].

On the other hand, if we use five flavors instead of three in our
calculations, the value of the coupling constant obtained is simi-
lar to the corresponding value for three flavors within the statis-
tical errors. In addition, the aim of the paper in this section is not
to calculate the coupling constant exactly as there are some more
accurate methods for calculating the coupling constant up to
next-to-next-leading order [29]. The main reason for presenting
the coupling constant here is just to show that MLLA prediction
works properly, because it gives us the parameter 	s within a
range in which the proper 	s is located. Although the systematic
error is high, its good approximate value confirms the validity of
the MLLA prediction.

4. Momentum spectrum
In Fig. 4 we show the experimental results on the Lorentz invariant

density of charged particles Edn/d3p for AMY data together with those
of other experiments up to 130 GeV in e+e− annihilation. An approx-
imate energy independence of the soft limit is indeed observed. The
same is true for identified particles 
, K, and p in the range of 1.6–
91 GeV [30]. We conclude that hadron production at very small mo-
mentum is approximately energy independent [31]. This behavior
has been explained in ref. 22 as the coherent emission of lower
energy (i.e., long wavelength) gluons by the total color current.

5. Charged particle multiplicity
We measure the charged particle multiplicity distribution and

derive several related quantities from it, in particular, the mean
charged multiplicity �nch� and the second binomial moment R2 =
�nch(nch – 1)�/�nch�2. Figure 5 shows the mean multiplicity of
charged particles measured in e+e− annihilation by various exper-
iments [12, 32, 33]. One finds an excellent agreement between the
data and the analytical QCD expectations [22].

The second binomial moment is a measure of the strength of
hadron–hadron correlations and a sensitive probe for higher or-
der QCD or non-perturbative effects. According to the next lead-
ing order (NLO) QCD calculations, R2 is given by [4],

R2 �
11

8
[1 � c�	s(�s)] (9)

with c = 0.55 (0.56) for five (three) active flavors. There has been a
long-standing discrepancy between the value of R2 calculated by
NLO and that measured by e+e−, �+p, and ��p experiments [4].

Based on the measured multiplicity distribution, we obtain the
second binomial moments R2, which are displayed in Fig. 6 together
with both NLO calculations and published data at higher energies up
to 200 GeV from e+e− experiments [34]. Our AMY R2 value, as well as
the values obtained from Monte Carlo PYTHIA data, is consistent
with other measurements at lower and higher energies. The R2 value
predicted by leading order QCD is significantly higher than the mea-
sured data, and while the NLO calculations come closer to data, the

Fig. 3. Energy dependence of the peak position �∗ for various
experiments [4, 17, 18].

Fig. 4. Invariant density Edn/d3p of charged particles in e+e−

annihilation as a function of the particle energy E � �p2 � Q0
2�1/2 at

Q0 = 270 MeV. Data at various c.m. energies are compared to MLLA
predictions with the overall normalization adjusted (from ref. 30).

Hasheminia et al. 823

Published by NRC Research Press

C
an

. J
. P

hy
s.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.n

rc
re

se
ar

ch
pr

es
s.

co
m

 b
y 

M
er

ce
d 

(U
C

M
) 

on
 0

9/
25

/1
6

Fo
r 

pe
rs

on
al

 u
se

 o
nl

y.
 



remaining disagreement of about �0.07 in R2 may indicate that R2 is a
sensitive probe for higher order QCD or non-perturbative effects [4].

6. Summary and conclusion
We measure in this article the inclusive momentum spectra, mul-

tiplicity distributions, and the second binomial moments for both
the AMY and the Monte Carlo PYTHIA data. The measured distribu-
tions and derived quantities, in combination with corresponding

results obtained at lower and higher energies, are compared to QCD
Monte Carlo models and to analytical QCD predictions calculated in
various approaches.

The LPHD + MLLA approach is an interesting attempt to under-
stand some properties of multi-hadron production in terms of per-
turbative QCD. This approach tries to take QCD as near as possible to
the limits imposed by confinement. It gives predictions for proper-
ties of momentum spectra that can be compared with experimental
data, but concentrates on observables that can be described without
too many unknown free parameters [24].

The experimental values of the parameter � for various hadrons
and at different c.m. energies indicate the dependence of � on the
c.m. energy. This can be described adequately by the MLLA calcula-
tions. Next, the experimental results on the momentum spectrum
for AMY data together with those of other experiments up to 130 GeV
in e+e− annihilation, show an energy independence of soft limit. This
behavior has been explained as the coherent emission of lower en-
ergy (i.e., long wavelength) gluons by the total color current [22].

Based on the measured multiplicity distribution, our AMY R2 value
as well as the values from Monte Carlo PYTHIA data are consistent
with other measurements at lower and higher energies. The R2 value
predicted by leading order QCD is significantly higher than the mea-
sured data, and while the NLO calculations come closer to data, the
remaining disagreement of about �0.07 in R2 may indicate that R2 is
a sensitive probe for higher order QCD or non-perturbative effects
[4]. However, In general, a good agreement is found between the mea-
surements and the corresponding QCD predictions. We have extracted
from the QCD scale �eff the strong coupling constant with a value of
0.128 ± 0.04. We conclude that it is a success of LPHD + MLLA that the
extracted value of 	s is correct within the systematic errors.
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