Taylor & Francis
Taylor & Francis Group

Communications in Statistics - Theory and Methods

communications in statistics

ISSN: 0361-0926 (Print) 1532-415X (Online) Journal homepage: http://www.tandfonline.com/loi/Ista20

L, distance for kernel density estimator in length-
biased data

Vahid Fakoor & Raheleh Zamini

To cite this article: Vahid Fakoor & Raheleh Zamini (2017) L, distance for kernel density estimator
in length-biased data, Communications in Statistics - Theory and Methods, 46:18, 9247-9264, DOI:
10.1080/03610926.2016.1205621

To link to this article: https://doi.org/10.1080/03610926.2016.1205621

% Accepted author version posted online: 03
Sep 2016.
Published online: 02 Jun 2017.

\J
C;/ Submit your article to this journal &

||I| Article views: 37

A
& View related articles &'

@ View Crossmark data (&'

CrossMark

Full Terms & Conditions of access and use can be found at
http://www.tandfonline.com/action/journalinformation?journalCode=Ista20


http://www.tandfonline.com/action/journalInformation?journalCode=lsta20
http://www.tandfonline.com/loi/lsta20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/03610926.2016.1205621
https://doi.org/10.1080/03610926.2016.1205621
http://www.tandfonline.com/action/authorSubmission?journalCode=lsta20&show=instructions
http://www.tandfonline.com/action/authorSubmission?journalCode=lsta20&show=instructions
http://www.tandfonline.com/doi/mlt/10.1080/03610926.2016.1205621
http://www.tandfonline.com/doi/mlt/10.1080/03610926.2016.1205621
http://crossmark.crossref.org/dialog/?doi=10.1080/03610926.2016.1205621&domain=pdf&date_stamp=2016-09-03
http://crossmark.crossref.org/dialog/?doi=10.1080/03610926.2016.1205621&domain=pdf&date_stamp=2016-09-03

COMMUNICATIONS IN STATISTICS—THEORY AND METHODS Tavlor & F .
2017, VOL. 46, NO. 18, 9247-9264 e aylor rancis

https://doi.org/10.1080/03610926.2016.1205621 Taylor & Francis Group

‘ W) Check for updates‘

L, distance for kernel density estimator in length-biased data

Vahid Fakoor? and Raheleh ZaminiP®

2Department of Statistics, Faculty of Mathematical Sciences, Ferdowsi University of Mashhad, Mashhad, Iran;
bFaculty of Mathematical Sciences and Computer, Department of Mathematics, Kharazmi University, Tehran, Iran

ABSTRACT ARTICLE HISTORY

In this article we prove a central limit theorem for the L, distance/, (p) = Received 18 February 2016
. : . Accepted 20 June 2016

Je If,00 — f(0)|Pd(x),1 < p < oo, where y is a weight function and

f, is the kernel density estimator proposed by Jones (1991) for length- KEYWORDS

biased data. The approach is based on the invariance principle for the Central limit theorem; kernel
empirical processes proved by Horvéth (1985). We study the difference density estimator; L

I.(p) with its approximation in terms of its rates of convergence to zero. distance; length-biased data.
We subsequently present a central limit theorem for approximation of
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1. Introduction
Consider the kernel estimate f, of a real univariate density f introduced by Rosenblatt
(1956):

n

1 t—X;
0= nh, ;K< hy, )

where X, ..., X, areindependent observations from f, K is a kernel function, and h, a band-
width. A common stochastic measure of the global performance of f, is defined by the L,
distance

In(p)=/Ifn(X)—f(X)lde(X), 1< p<oo
R

Wegman (1972) used I,,(2) to compare the performance of estimators in Monte Carlo trials.
Steele (1978) identified the need to determine the relationship between various measures of
accuracy in density estimation. One such measure, the order of I,(2) — EI,(2), is particularly
important in statistics. Hall (1982) first began addressing the issues raised in Steele (1978) by
computing the exact order of convergence of I,(2) — EI,(2) to zero using the strong approxi-
mation technique developed by Komloés et al. (1975) for the standard empirical process. Cen-
tral limit theorems for the I,,(2), based on the Karhunen-Loéve expansion, are proved in Bickel
and Rosenblatt (1973). By using martingale techniques, central limit theorems for I,(2) have
been obtained by Hall (1984).

A remarkable central limit theorem for the L; distance of Grenander’s maximum likelihood
estimate for monotone densities concentrated on a bounded interval is due to Groeneboom
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(1985), which has been discussed in Devroye and Gyorfi (1985). Their book contains neces-
sary and sufficient conditions for I,(1) — 0 in probability or almost surely converges when
n(t) = t. The choice of the L, distance is motivated by invariance under monotone trans-
formations of the coordinate axes and the fact that it is well defined for p(t) = t. A central
limit theorem for the L, distance of Grenander-type estimators for monotone functions was
proved by Durot (2007).

Central limit theorems for I,(p), for any p > 1, have been established by Cs6rgé and
Horvath (1988), by which a test of hypothesis can be carried out for the density function
of f. The results in Csorgé and Horvath (1988) are not restricted to the case of p(t) =
t, and do not assume the finiteness of the support of . Horvath (1991) has extended
the work of Csorgé and Horvath (1988) to the multivariate case. In the random censor-
ship model, Csorgé et al. (1991) obtained central limit theorems for L, distances (1 < p <
00) of kernel estimators. Mojirsheibani (2009) presented two approximations for L, dis-
tances (1 < p < 00) of kernel estimators with central limit theorems for them on complete
samples.

The aim of this article is to study a central limit theorem for I,(p) in the length-biased
setting. The practical applications of biased sampling range from social sciences, economics,
and quality control to biological and epidemiological studies. A case of particular interest is
the so-called length-biased sampling, also known as stock sampling in labor force studies. In
length-biased sampling subjects are recruited with a probability proportional to their “length”
The resulting distribution is called the length-biased distribution.

There are studies in the literature on length-biased data at least as old as Wicksel (1925).
The phenomenon of length-bias was systematically studied by McFadden (1962), Blumenthal
(1967), and later by Cox (1969) in the context of estimating the distribution of fiber lengths in
a fabric. Vardi (1982, 1985), Gill et al. (1988), and Vardi (1989) laid down the theoretical foun-
dation of biased sampling. Furthermore, an invariance principle for the empirical processes
was proven by Horvath (1985).

An interesting overview of non parametric contributions to the literature on estimat-
ing problems when the observations are taken from weighted distributions can be found in
Cristobal and Alcala (2001).

Kernel density estimation for length-biased data has been investigated by Bhattacharyya
etal. (1988) and Jones (1991). Jones’ estimator proved to possess various advantages over the
former. It is a probability density function, which is particularly better behaved near zero, that
has better asymptotic mean integrated squared error properties and is more readily extend-
able to related problems such as density derivative estimation. From another perspective, the
asymptotic results on sharp minimax density estimation for length-biased data were derived
by Efromovich (2004).

More recently, based on invariance principles for empirical processes, the strong uniform
consistency and asymptotic normality of the kernel density estimator proposed by Jones
(1991) has been proved by Ajami et al. (2013).

In this article, based on the invariance principle for the empirical processes proven by
Horvath (1985), we first establish a central limit theorem for I, (p) in the length-biased setting.
Much like the approximation of L, distance in Mojirsheibani (2009), we obtain an approxi-
mation for I, (p) for which we prove a central limit theorem.

The layout of this article is as follows: In Sec. 2, after a review on the length-biased distri-
bution we introduce our notation and present some preliminaries. In Sec. 3, we present the
main results. In order to prove the main theorems, some auxiliary results are needed, which
are included in the Appendix.
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2. Preliminaries

The random variable Y has a length-biased distribution of G, if for a given distribution func-
tion F, the d.f. of Y is defined by

G(t) = l/ xdF(x), t>0 (1)
“ Jo

where t = fooo xdF (x), and is assumed to be finite. Throughout this article we assume that G
is continuous on R* = [0, 0o). From this it can be concluded that F is also continuous. Let
F and G have density functions of f and g, respectively. Using Equation (1) the density of Y
is given by

g(t) = tf(t) >0
u

An elementary calculation shows that F is determined uniquely by G, as follows:

t
F(t) = /,L/ y'dG(y), t>0
0

Let Yy, ..., Y, be a sample of the independently and identically distributed from G. The
empirical estimator of F can thus be written in the form of

Fn(t)=un/ y'dG,(y) 2)
0
where
m,' = / ¥y 'dG,(y) (3)
0

G, is an empirical estimator of G given by

1 n
Gu(t) =~} I(Y; <1)

i=1

where I(A) denotes the indicator of the event A.
Based on a random sample Y7, ..., Y, Jones (1991) proposed the following estimator for

the density function of f:
fo = [x(5) anw @)

where K is a kernel function and h,, is a sequence of (positive) bandwidths tending to zero as
n— oo.
In this article based on (4), we study the L, distance

T
L(p) = I(T, p) = / | fo@) — FoPdp) 1< p < oo 5)
0

where 0 < T < o0 and p is a measure on the Borel sets on R.
Before stating our results, we introduce further notations and then list all the assumptions
used in this article.
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Assumptions

C(1). du(t) = w(t)dt, where w(t) > 0 and continuous on [0, ], where T < T < 00 and
T = supf{x, G(x) < 1}.
K. Assumptions on the kernel K:
K(1). There is a finite interval such that K is continuous and bounded on it and vanishes
outside of this interval.

K(2). fR K2(t)dt > 0.
K(3). K is of bounded variation.
K(4). K exists and is bounded.
K(5). [ K(t)dt =1.
K(6). [ tK(t)dt =0, and [, [t’K(t)dt < oo.

Assumptions on the density f:
F(1). f isuniformly bounded (a.s.) on the [0, 7].

/ 1

F(2). |[ L% |and |22
x2 f2(x) x2
F(3). fm exists and is uniformly bounded (a.s.) on the [0, 7].

Assumptions on the distributions function G:
G(1). (G(x))%x’2 is uniformly bounded (a.s.) on the (0, t) for some r > 2.

Throughout this article N = N (0, 1) stands for a standard normal random variable. Let

are uniformly bounded (a.s.) on the [0, 7].

o(t) = p? / y2dG(y)
0
o=limo(t)=pu* /ooy_sz()/)
t—00 0
P(x) = (0(x))’

m(p) = m(T, p) = E|N|P(/ Kz(t)dt>
R
Jo K@K (t + u)du

P
2

T
/(G(t))zdu(t)
0

) = Sz K2(w)du
N e
ol = (2m) 1f (/ / lxylP (1 — 7% (u))
1
X exp (—m(x2 — 2xyr(u) —|—y2)> dxdy — (E|N|P)2>du

T p
a*(p) =o*(T, p) = 012/ (o’(t))pwz(t)dt</ Kz(t)dt)
o R
A natural choice for w (¢t)dt = du(t) is
’ 7% b4 X g
wt)dt =dut) = (o (x)) “f2dF = (;) dF (6)

Namely by (6) and the above definitions of m(p) and o?(p) and I,(p) in (5), we have
DT
m(p) = E|N|P</ Kz(t)dt> / £z (tHd(t)
R 0

T p
ol = (712/ fp“(t)dt(/ Kz(t)dt)
0 R
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and

r :
L(p) = f £ () — f(x)lp(£> dF (x) (7)
0

We propose an approximation to (7) by

P
Ju(p) = Ju(T, p) = / |fn(x>—f(x)|”(Mi) dE,(x) (8)
R n

Observe that J,(p) corresponds to the approximation of I, (p) by replacing F and p with F,
and p, given by (2) and (3), respectively. We study the difference between J,(p) and I,(p) as
n — 00. As a by-product of our findings, we will also state a central limit theorem for the
properly standardized version of ], (p).

3. Main results

In this section we present our main results. The following inequality will be used in the proof
of the main theorems. Let 1 < p < oo, then for functions q and u in L,, we have

f () — lu(t) 2 |du o)
0

< p2r~! / |q(t) — u(®)|"dp(t)
0

00 1-1 00 ;
+p2p1</ Iu(t)l"du(t)> (/ |q<t>—u<t>l"du<f>)P ©)
0 0

In the following theorem, we study the asymptotic normality of I,(p).

Theorem 1. Let 1 < p < oo. Assume K(1)-K(3), K(5) — K(6), F(2) — F(3), and C(1) hold.
Ifasn — oo,
h,—> 0, h'n?>o0, hin — 0

n

(forany0 < B <1 —1 (r > 4)), then

(hao®(p)) " {(nhy) £ 1,(p) — m(p)} —> N(0. 1)
Proof. K(5)— K(6) and F(3) with the two-term Taylor expansion

/"

fit = uh) = F6) = —uh, f (O + SwRf 0wk S 6),

where t* € (t A (t —uh,), t Vv (t — uhn)), imply that

Jon @) — f(t) = f (f(t — uh,) — f(t))K(u)du
R
1

- —hﬁf“(t)/ WK (u)du — lhif’”(t*)/ WK (w)du
2 R 6 R

= 0,(h) (10)

where

K<t;x) dF (x) (11)

n

f(n)(t) = (hn)lf

R
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Hence by Lemma 4 and (10), we obtain

T
f \!fn(ﬂ ~ fu O = | f®) = f(t)|f’\du(t>
0

T
< por! / o () — FOPAR(E)
T -
+ p2r~! (/ | fu(t) — f(,,)(t)lpdu(t)>
0

; ;
< ( / Iﬁm(t)—f(t)lpdu(t))
0
= 0,02+ 0,((h)£179) 0,02

Therefore,
(@ (D) H(nhy) £ 1,(p) — m(p)) = nf O, (hfz ) +0,(2nt)

_1 2a
+(a?(p)hy) "2 {(nhy) 2 L,(p) — m(p)}
The condition lim,,_,oonhi = 0, Slutsky theorem, and Lemma 4 complete the proof. O
Since F is unknown, Theorem 1 is not practically useful. In Lemma 6, we approximate
I,(p) with J,,(p) in (8). Next in Theorem 2, we state a central limit theorem for ], (p).

Theorem 2. Let p > 1 be an even integer and assume that K(1) — K(3), K(5) — K(6), F(2) —
F(3), C(1), and G(1) hold. If, as n — oo,

h, — 0, nh®—0,
nh?

loglogn

nPht — o0, — 00

(forany0 < B < 3 — 1, (r > 4)), then

(o () [ () £1, () = m(p) | > N0, 1)

Proof. The proof follows from Lemma 6, Theorem 1, and the fact that, under the conditions
of the theorem (on n and h,,),

1

(hao(p)) " inkh}

(9 = L ()| = 0,(1)
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Appendix

In order to make the proofs easier, we need some auxiliary results and notations.

Lemma 1. Let T (x) = [, K (h;y) AW (). Assume K(1)-K(2), C(1), and F(1) hold. If

lim,_, o h, = 0, then, as n — 00, we have

1 T
((h)PHo?(p)) 2 { / PCOT (0P (x) — by m(p)} = N, 1)
0
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Proof. The proof of Lemma 1 goes along the lines of the proof of Lemmas 1 and 2 in Cs6rgé
and Horvath (1988). O

Lemma 2. Let T® (x) = [, K (h;y) P(y)dW (y). Assume K(1)-K(3), C(1), and F(2) hold.

Iflim,, o h, = 0, then, as n — 0o, we have

T
(he* o2 (p)) 2 {/ T2 (o) P (x) — h:?)m(p)} > N0, 1)
0

Proof.

1
L2 (x) =PV (x0) + | (W(x = yhy) = W(x))(P(x = yh,) — P(x))dK(y)

-1

1
+f (W (x — yh,) — W (x)) K(»)dP(x — yh,)
-1
t =PI (@) + A0 (1) + AP (x)
Using now continuity of Wiener process, the mean value theorem, and F(2), we get

sup |Af11)(x)| < sup sup |[W(t+s)—W()]

0<x<T 0<t<T 0<s<hy,

x [ |eee= s = peen|axc)
< Ch, sup sup |[W(t+s)—W()|

0<t<T 0<s<hy,

f® i@

X =o0,(h,) (A.1)
0<x<T+hy x%f% (X) x% P
A similar argument gives
sup A ()] = 0,(hy) (A2)
0<x<T

Applying (9), Lemma 1, (A.1), and (A.2), we obtain

T T
/Irﬁz)(x)lpdu(x)—/ IP(x)T{V (x)|Pdp(x)
0

0

T
< por! / AD () + AP ()| dpa ()
0
T 1*%
+p2r7! < / |p(x)r,§1>(x)|" d,u(x))
0

T 1
x ( / |AD (x) + A? ()| d,u(x))P
0
+D
=0,(h?) + o, (hn 2 ) (A.3)

(A.3) and Lemma 1 complete the proof. O
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In the following, we use the strong approximation for the empirical process «,(t) =
V/n[E,(t) — F(t)], which has been proven by Horvéth (1985). He defined a mean zero Gaus-
sian process

t [ele]
C(t,n) = M/ y 'dB(y, n) —MF(f)/ y~'dB(y, n) (A.4)
0 0
with covariance function

E[T(x, )T (y, m)] = (mn)" 2 (m A n)[o (x A y)
—F(x)a(y) — F(y)o (x) + F(x)F ()] (A5)

such that it approximates the empirical process o, (¢). In (A.4), B(t, n) is a two-parameter
Gaussian process with zero mean and covariance function

E[B(x, n)B(y, m)] = (mn)_% (m An)[G(x Ay) — G(x)G(y)] (a A b= min(a, b))
which approximate the empirical process

Bu(t) = /nlG,(t) = G(t)], t=0

as obtained by Komlds et al. (1975). Let {W (1, v), u, v > 0} denote a two-parameter Wiener
process. By (A.5), the following representation holds:

{n%r(t, m.t>0.n> 1} 2 (W(o(t),n)—F({)W(o,n),t > 0,n> 1) (A.6)

where £ denotes an equal in distribution.

Lemma 3. Let T, (x) = [, K(%)dr(y, n). Assume K(1)-K(3), C(1), and F(2) hold. If
lim,_, o h, = 0, then, as n — 00, we can write

1 T
(h*'a*(p)) { / Do) P (x) — m(p)} 25 N0, 1)
0
Proof. By using (A.6),

xX—y D X—y W(o(y), n) W(a,n))
T = | K ary,m) 2 | K d _F
'Z(x)é(hn)(y”)A@(hn)( NG =7

Since

{ W(x, n)
Jn

where W, (x) is a sequence of standard Wiener processes and W, (x) 2 W (t) for each n, it is
enough to show that

;0§x<oo,n21}g{w,,(x); 0<x<oo,n>1} (A.7)

1 T
(R0 (p)) * {/ T, ()P du(x) — hgrrI(p)} 5 N0, 1)
0

where '}, (x) = [, K(%y)d(W(a (y)) — F(y)W (0)). At first note that

/ K (x _y> W (0)dE(y)
R hn
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is normally distributed with mean 0 and variance

So(f(52) o)

n,x

Therefore, for each x,

[ (52 weonro] 2o [x(75)aro
R n R n

/K(x_y> f(y)dy:hn/K(u)f(x—uhn)du
R hn R
< Mhn/K(u)du
R

By F(1)

= O(h,)
where M = sup,__, f(t). Hence
/RK (xl;y> W (0)dF (y) = 0,(h,) (A.8)
Since for each n,
(éK(xiy)dea@»)irﬁkm (A.9)

(9), (A.8), and Lemma 2 imply that

T x — p ro,
/\fK(h )ﬂwwwwdmm—/|mgmwmm
0 R n 0
T
smwf fK(‘QW@WW)
0 R hn
T _ P 1—
4p2p! (/ /K(xh y) d(W(a(y)))‘ d,u(x))
0 R n
. B L
x (/ /K(x y) W (0)dF ()
0 R hn

p P
du(x)>
P Fa-
=0,(hf) + 0, ( b 0,(hy)

P
dp(x)

=

By (A.9) and Lemma 2 the proof of Lemma 3 is complete. O

Let

T
ﬁ@=/}ﬁm—meWm
0

where f,,)(¢) is given by (11).
Lemma 4. Assume that K(1)-K(3), F(2), and C(1) hold. Ifas n — oo,

h, =0, h'n?—o0,



COMMUNICATIONS IN STATISTICS—THEORY AND METHODS e 9257

(forany0 < B < 1 — 1, (r > 2)), then

(o™ (p)) 74 { (k) 1, (p) = m(p)} > NGO, 1)

)dan(x)‘ — ‘/ (

r—x
/ K( ) d(a,(x) = T(x,n))
R h,

! t—x P -5
+ p2r~! (/ / K( > dl'(x, n) d,u(t))
o /R h,

T , )

) (/(; fRK (t ;;x) d<F(X, n) — ozn(x)> d,u(t))p

=AD 4 AP (A.10)

Proof. Using (9), we obtain

[
5?2’”/0

) T (x, n)‘ ‘ du(t)

4
dpu(t)

It follows from (A.16) that
AP =0, (n") (A.11)
Also, Lemma 3 and (A.16) imply

A® = nP0, (hpz) (A12)

Hence, by (A.10), (A.11), and (A.12), we get

L(p) =/T ,}/K(t;x> (F (x) — F(x)) ‘pdu(t)
o |hiJe
=h; Pn*f K( >dozn(x) du(t)
( (57 ) oo =| [ () arcem
= (5

P
dpu(t)
(s

=
+h;Pn_7OP(n_Bp) + h;pn_%Ol, <n_Bhn2 )

P
) du(t)

) dan(x)

+h, Pn_Z

> dl'(x, n)

p
= h;l’if7 du(t)

> dl’(x, n)

which immediately gives
(hnoZ(p>>-%{<nhn>‘z’fn<p) - m(p)}

—(p+1) _B _3 —1
—h, 7 0, (n % P,

—1 T t—x r
+(h o (p)) 7 {/ /K< )df‘(x, n)
0 R hn

Now Lemma 4 follows from Lemma 3. O

du(t) — he m<p>}
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Lemma 5. Suppose the Assumption G(1) holds. Then, we have

sup |F,(x) — F(0)| =o(<1°g1n°g”>2> as.

O<x<t

Proof.
sup |F.(x) — F(x)| < (sup / y‘ldG,,(x)) ot =07
O<x<t O<x<t JO
+07" sup / yld(Gn(y)—G(y))‘
O<x<t 0
<o '|o—v,|+07" sup / y'd(Gu(y) — G(y))(
O<x<t 0
=: DV + DP (A.13)
where
O = =/ y'dG,(y)
0
and

D= /,Lil = / yildG(y)
0

1 1

Using theorem of James (1975) and G(1), we obtain forany 0 < < 5 — -

1) — -1
D, =v

/ yd(Gu(y) — G(y))‘
0

R
=0 'n2

/ y‘dﬂn(y)‘
0

1
=ov ln2

/ y 2 Bn (y)dy‘
0

<o7'n7% sup (G())' 2B ‘ / y Gy dy
0

O<y<t

—0 ((b‘(ﬂ#)z) as. (A.14)

A similar argument gives

['riano)
0
Pn(x)

X

-1 -1
D® =0v7'n"7 sup
O<x<t

1 -1
<v n 2 sup
O<x<t

-1 -1
+o 'n2 sup
O<x<t

f y‘zﬁn(w'
0

(G<x>>%—5>

X

=0 'n"? sup <(G(x))5;|ﬂn(x)|

O<x<t
f Y B (y)‘
0

1 -1
+o'n2 sup
O<x<t
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1 1 G 3-8
<ot sup (G |B.0)) (sup %)

O<x<t O<x<t

IR
+07'n"2 sup

/ Y Ba (y)dy‘

O<x<t |JO
1-5
<o7'n? sup ((G(x))s‘%lﬂn(x)l) (r sup %)
O<x<t O<x<t X

+o7'nt sup (|8,0)| G ?) ( f y2<G<y))5—“dy>
0

O<x<t

~0 ((loglogn)%> +0 <<loglogn);)
n n
loglogn :
=o(( . ) ) (A.15)

Collecting together (A.13), (A.14), and (A.15), we obtain the result. O

Lemma 6. Let p > 1 be an even integer and define I, (p) and ],,(p) asin (7) and (8), respectively.
Suppose that K(1)-K(2), K(5)-K(6), F(2)-F(3), C(1), and G(1) hold. If as n — o0, h, —
0, andh;ln‘% — 0, then forany 0 < B < % — %, (r > 2), one has

n

1
logl 2
a(p) — L(p)| = O, (1) + 0, (n PE+/2p,~7) 4 O, <n5’hn“’?” <M) )

Proof.

fu(x) =h;‘/1<(xh_y) f(y)dy+h;1n‘5f1<(x,:y) d(T(y, n))
R n R n

h n—%/K("_y) d(enly) — T m)
L\

Denote the last term on the right-hand side of the above expression by ,,(x) and observe that

ra(x) = h;ln_% /[an(x — uh,) — I'(x — uh,, n)]dK(u)
R
Consequently

(o) < hy'n2 sup e (t) — Tt n)] / |dK (u)]
R

O<t<oo

= h;ln_%O(n_B) a.s. (A.16)
forany 0 < B < 1 — 1. Last line results by Theorem 4.2 of Horvath (1985). F(3), K(6), and

2
K(5) in conjunction with the two-term Taylor expansion

L, f(x) ()
2 6

where x* € (x A (x — uh,), x V (x — uh,)), immediately imply that for some constant 0 <
C1 <0

70 = 10 = [ (Fx= uhy) = F00) Ky
R

f(x - uhn) - f(X) = _uhnf,(x) + (uhn) - (Ll]’li)

+n_%h;1/1<(xh_y> d(T(y, n))+h;1n_%0(n_3) a.s.
R n



9260 V. FAKOOR AND R. ZAMINI

=C R f(x) — K6 / u? f (¢)K (w)du

b [ (

where the term involving f satisfies

>d(F(y,n))+h n 2O(n By as.

< some M < o0

‘6‘1/ lul £ (x*)K (u)du
R

We have
P 14 T Py
1)~ 1(p)| < [of v / - feo| st dr )
0
o (T Py
oy / £ - f@| sta(Bw - F))|
0
Using the facts that
p —1. xX—Yy P
| fu(x) = f0)|” < CPRPIf" ()P + |n™ 2k, /K p dr (y, n)
R n
+hPMP + h;Pn_gn_BPO(l) a.s.
and

| fux) = f)IP = —CTR?| £ (x0)]P +

_ P
nihnl/K<xh y) dr(y, n)
R n

—BPMP — h;Pn*gn*BPO(l) a.s.

it is not difficult to show that

G =

vl -0}

T
[crmer? /
g
+,uf7n_7h P/ ‘/ ( )dl"(y, n) —dF
wh
P P )4 T
FIPMPTY / dF (x) + b Pt n 20,1 T? / dF(x)]
0 0
and

C < CPthTZ/ Lf" () Pd (F, (x) + F(x))

T x—y
nzhnp/ /K< - )d(F(y, n))
0 R n

T
+(O(hff) + h;Pn_gn_BPO(l)) f d(F,(x) + F(x))] as.
0
= I, + |IL,| + O(WF) + III, a.s. (A.18)

+ xfd(F,,(x) — F(x))
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Note that by Lemma 3

n_ZhP/ ‘/ (

Using the inequality

)dF(y, n)‘ —dF(x) 0y —gh,jg) (A.19)

lla()|” — [b(x)|?] < p22~|a(x) — b(x)|p + p22 7 b(x) [P a(x) — b(x)|
(for p > 1), and (A.14), we may write

15)2%*1|1)n - v|g + §2§71|v|§*1|vn - v}

=0, ((log l:g ”) 2) (A.20)

(A.19) and (A.20) conclude that

1 1
loglogn ? loglogn\ }
C, = 1?0, (( %8 Og"> ) + (nhy) %0, (( o8 Og") )
n n
1
+h;Pn*P(B+%) 0, ((10g log ") 2) (A.21)
n

On the other hand, by using Lemma 5 and F(3) for some 0 < M < 0o, we get

)4 p
|Dn2 _1)2| =<

| P @rd(E @ + F®) < M(ED) + D)
O < MIE(T) — F(T)| +2MF(T) = O,(1)
Hence,
I, = 0,(hiF) (A.22)

Next, to deal with I1,,, observe that when p > 1 is an even integer one has
P

II, = gn_gh,jp/: (Fn(x) —F(x))xg_l[/RK<xh_y) dl' (y, n)] dx

n

T rt
t+pn~ b / < (R0 —F(x))[ / I(x — uh,, nMK(u)]
R

0

x[/ T(x — uh,, n)dxﬁ(u)]dx
R

=K +K® (A.23)
where ¥ (u) = K'(u). But

1

T 2
KV < %’n%h P(/ X2 ” F(x) F(x))zdx)

</ (/RK< P )dr(yv “))Zpdx>2

X
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< gn*gh Pl sup |Fn(x) —F(x)|

O<x<t

e ey v \}
x(/(; </RK< n )dF(y, n)) dx) (A.24)

Furthermore, since for each n,

Ff,l)(x)‘ 2 |NIh2 (/ Kz(u)du)z
R

(A.25) and a quick look at proofs of Lemma 3 and Lemma 2 imply that

xX—y B 1
fR K( " )dF(y, n = 0,(h;) (A.25)
Now, by (A.24), (A.25), and Lemma 5, we get
1
_2 (logl 2
KD =0, <n-%’hn5(—°g Og”) ) (A.26)
n

Also,

T 2(p—1) 2
K} < pn’gh;(l’“) (/ (E,(x) — F(x))*x? [/ F(x—uhn,n)dK(u):| dx)
0 R

1

T 2 2
X (/ [/ I'(x — uh,, n)dl//(u):| dx)
0 R

< pn thPTOTP sup |y (x) — F(x)|

x>0

T 2wp-1) )2
X :/ [/ I'(x — uh,, n)dK(u)] dx}
0 R
T 2 %
X {/ [/ I'(x — uh,, n)dl//(u)i| dx}
0 R

= pn T hPDTP 5 R\ X R,y X Rys (A.27)
By Lemma 5,
1
logl 2
R, =0 ((—og 0gn> > a.s. (A.28)
n
and (A.25) implies
p-1
R, =0, (hn2 ) (A.29)

To deal with the term R, 3, put

I (x) = / v <"h_y) AW (o (y)) — F))W (o))
R

n
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where W (-) is a Wiener process. Clearly for each x, I',,(x) is normally distributed with mean

0 and variance

2= v ( )d<o<y>>+a(wa(";ﬂy)dm))z
Ao (52 aron) Lo (52) o

=g1(x, n) + g(x, n) — g(x, n)

Therefore, for each x,

Zr(x)) — g (x, n)‘
Since
hylg (e, n) = hy ufW(xh_y)f;y) y
flx— uh)
—u/w () ~———— - h)
— @/wz(u)du ash, - 0
X Jr

and

2
h;lgz(x, n) = h,o </ Y(u) flx— uhn)du>
R

one concludes that, as h, — 0, by the Cauchy-Schwarz inequality and dominated conver-

gence theorem for some M < oo,

J

— h;1g3(x, n)‘dx

§/hn1g1(x, n)dx—{—/hnlgz(x, n)dx,
R R

< / h'g (x, n)dx + MTo </ |l//(u)|2du>

— ([ ) ([ F2ax) + 00y

=0(1)+0(1)=0() a.s.

Hence

(/OT Fﬁ(x)dx)% =0, (h%)

for each n > 1, (A.6) and (A.7) imply that

=

Furthermore, since R, 3 2 ( fOT r? (x)dx)

R,s =0, (h% ) (A.30)



9264 (&) V.FAKOOR AND R. ZAMINI

Putting (A.28), (A.29), and (A.30) in (A.27)

KO — o - tp 5" (loglogn :
n P n n

By (A.23), (A.26), and (A.31), we can write

1L, = 0, (nbny 5 (108L08” :
n P n n

Also Lemma 5 implies that

T
/ d (Fy(x) + F(x))| < |[E(T) — F(T)| + 2F(T)
0

= Op(l)
Hence
11, = 0, (K) + h;PnPB+210,,(1)
By (A.18), (A.22), (A.32), and (A.33), we obtain

1
G, =0, (1) +0, (n‘z’h; " (—log log") ) + 0, (o144
n

Combining (A.17), (A.21), and (A.34) completes the proof.

(A.31)

(A.32)

(A.33)

(A.34)
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