
−m
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χ

{Zt, t ∈ Z} {Zt , Zt , ..., Ztn}
m t ∈ {t , t , .., tn−m+ }

Zt(m) = (Zt, Zt+ , ..., Zt+m− )

πi = (i , i , ..., im) Γ = {π , π , ..., πm!}
f : Rm −→ Γ (il ∈ { , , ...,m − }, l = , , , ...,m)

Γ Zm(t)

Zm(t) (i , i , ..., im) Zt+i ≤ Zt+i ≤ ... ≤ Zt+im Zm(t)

is− < is Zt+is− = Zt+is

H : . {Zt, t ∈ Z}

H m

H : P (Zt+i ≤ Zt+i ≤ ... ≤ Zt+im) = m!
∀(i , i , ..., im) ∈ Γ

H m
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πi pπi

h(m) = −
m!∑
i=

pπi log(pπi).

h(m) H

φ(x) = −x log(x)

h(m) = −
m!∑
i=

pπi
log(pπi

)

= m!

m!∑
i=

m!
φ(pπi

)

≤ m!φ
( m!∑

i=

pπi

m!

)
= m!φ

(
m!

)
.

= log(m!).

H
∑m!

i= pπi
= pπi

= pπ = ... = pπm!

� pπi
= m!

H h(m)

K = n−m+ ĥ(m) h(m) log(m!)

Dn(m) = − K
[
ĥ(m)− log(m!)

]
.

H Dn(m) Dn(m)

H Dn(m)

Dn(m)

m m {Zt, t ∈ Z}
j−i > m (Zt+j , Zt+j+ , ..., Zt+r) (Zt, Zt+ , ..., Zt+i)
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Wπi,t f πi

Wπi,t =

⎧⎪⎨⎪⎩ f(Zm(t)) = πi

f(Zm(t)) �= πi

pπi
pπi

Wπi,t

m!∑
i=

pπi = .

(m− ) {f(Zm(t)), t ∈ Z} H

h(m) p̂πj
= K

K∑
t=

Wπj ,t =W j,K

ĥ(m) = −
m!∑
i=

p̂πi log(p̂πi).

π , π , ..., πm! (m− ) {f(Zm(t)); t = , , ..., n}
WK l Q(l) K = n−m+

Σ

WK = (
K

K∑
t=

Wπ ,t,
K

K∑
t=

Wπ ,t, ...,
K

K∑
t=

Wm!,t) = (W ,K ,W ,K , ...,WK,m!)

Σ = diag(P )− ( m+ )PPT + diag(P )
m−∑
l=

Q(l)+
m−∑
l=

Q(l)T diag(P )

√
K(WK − P )

d−−−−−−−−→
K−→∞

N( ,Σ).

Σ q X

Y , Y , ..., Yr AΣ λi r = rank(ΣAΣ) q A

XTAX
d≡

r∑
i=

λi Yi .

A = diag(U− ) U = (m! , m! , ..., m! ) K = n−m+ m

Σ =
(m!)

(
m!

(
I +

m−∑
l=

Q(l)+

m−∑
l=

Q(l) T

)
− ( m− ) T

)
,

{Zt , Zt , ..., Ztn} Y , Y , ..., Yr AΣ λi

Dn(m) = − K
[
ĥ(m)− log(m!)

]
d−−−−−−−−→

n−→∞

r∑
i=

λi Yi .
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h(m) ĥ(m) φ(x) = −x log(x)
p = (pπ , pπ , ..., pπm!

)

ĥ(m) = h(m) +
m!−∑
i=

∂ h(m)

∂ pπi

(W i,K − pπi
) +

m!−∑
i,j=

∂ h(m)

∂ pπi
∂ pπj

(W i,K − pπi
) +o(Op(n

− )).

∂h(m)

∂ pπi

= [φ′(pπi)− φ′(pπm!
)],

i = j

∂ h(m)

∂ pπi ∂ pπj

=

(
φ′′(pπi) + φ′′(pπm!

)

)
,

i �= j

∂ h(m)

∂ pπi
∂ pπj

= φ′′(pπm!
).

ĥ(m) = h(m)

+
m!∑
i=

(
φ′(pπi

)− φ′(pπm!
)
)(

W j,K − pπj

)

+

m!−∑
i=

(
φ′′(pπi) + φ′′(pπm!

)
)(

W i,K − pπi

)

+
m!−∑

i,j= ,i �=j

φ′′(pπm!
)
(
W i,K − pπi

)(
W j,K − pπj

)
+ o
(
Op(n

− )
)

pπ = pπ = ... = pπm!
= m! H

(φ′(pπi
)− φ′(pπm!

)) = , i = , , ...,m!− .

Dn(m) = − K
[
ĥ(m)− log(m!)

]
= Km!

m!∑
i=

(W i,K −
m!

) +Km!o
(
Op(n

− )
)

U = (m! , m! , ..., m! )

√
K(WK − U)

d−−−−−−−−→
n−→∞ N( ,Σ)

A = diag(U− )

K(WK − U)TA(WK − U) = Km!
m!∑
i=

(W i,K −
m!

)
d≡

r∑
i=

λi Zi
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�

Dn(m)

CompQuadForm

R

(Dn(m))

RN RT DS CS BR

TP

H H

DGP : Xt = εt + εt−

DGP : Xt =
√
|Xt− |+ εt

DGP : Xt = Xt− + εt

DGP : Xt = εt− Xt− + εt

DGP : Xt =
√

htεt, ht = ( + Xt− )

Alternative TP RN RT DS CS BR D( )

DGP

DGP

DGP

DGP

DGP
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Alternative TP RN RT DS CS BR D( )

DGP

DGP

DGP

DGP

DGP

Alternative TP RN RT DS CS BR D( )

DGP

DGP

DGP

DGP

DGP

DGP DGP DGP DGP

(D(m))
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