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Abstract In this paper, we consider a four dimensional
model of the human immunodeficiency virus-1 (HIV-1)
with delay, which is an extension of some three dimen-
sional models. We approach the treatment problem by
adding two controllers to the system for inhibiting viral
production. The optimal controller u; is considered for
vaccine and u, for the drug. The Pontryagin maximum
principle with delay is used to characterize these optimal
controls. At the end, numerical results are presented to
illustrate the optimal solutions. The validity of the model
was confirmed by proper semi-quantitative simulation of
some clinical data. The model was used to predict the
possible beneficial effects of vaccine and anti-retroviral
drug administration in HIV-1 disease.
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Introduction

An abundance of mathematical models has been developed
to understand the dynamics and control of infectious dis-
eases. Many of them have been proposed to obtain the
stable region of immune response and virus spread (Bala-
subramaniam et al. 2015; Tian and Xu 2014; Kwon 2007,
Shamsara et al. 2016b; Elaiw 2010). HIV-1 is a widespread
viral infection without cure. Drug treatment can transform
HIV-1 disease into a treatable long-term infection. There
are now 17 drugs in common use for HIV-1 treatment
(Volberding and Deeks 2010). Reducing viral population
and improving the immune response is the purpose of new
treatments. Using optimal control techniques is one of the
main strategies for such treatments (Grigorieva et al. 2014;
Joshi 2002; Laarabi etal. 2015). In fact, optimal
chemotherapy to avoid the excessive use of drugs is the
aim of many mathematical models (Karrakchou et al.
2006; Shamsara et al. 2016a). Indeed, when these drugs are
administered in high dose they are toxic to the human body
and cause damages. Moreover, mathematical modelling
with delay differential equations (DDEs) is widely used for
analysis and predictions in various areas of the life sci-
ences. The time delays in these models take into account a
dependence of the present state of the modelled system on
its past history. For example, the activation rate of cyto-
toxic T lymphocyte (CTL) response at time t may depend
on the population of antigen at a previous time. In HIV-1,
the period of contacting the HIV-1 with a target cell until
producing new viruses from infected cell needs the fol-
lowing stages:

(i) The period between the viral entry of a target cell and
integration of viral Deoxyribonucleic acid (DNA) into the
host genome, (ii) the period from the integration of viral
DNA to the transcription of viral Ribonucleic acid (RNA)
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and translation of viral proteins such as reverse transcrip-
tase, integrate, and protease, (iii) the period between the
transcription of viral RNA for the release and maturation of
virus. In more realistic HIV-1 infection models for study-
ing the virus dynamics and Hopf bifurcation, time delay
have been considered (Balasubramaniam et al. 2015; Tian
and Xu 2014; Elaiw 2010; Shu et al. 2013; Shamsara et al.
2016¢).

Many scientists, consider a three dimensional model for
HIV-1 such as (Grigorieva et al. 2014; Wang et al. 2015).
In addition, the dynamics of four dimensional models with
considering different variables and parameters is investi-
gated (with or without delay) (Laarabi et al. 2015; Sham-
sara et al. 2016a).

In this paper, first we define a four dimensional model
with two controls and one delay. This contribution is an
extension of three dimensional models, specially (Grig-
orieva et al. 2014). The three dimensional model with one
controller in Grigorieva et al. (2014) is:

: p(6)y(2)
x(t) =4 - T+p20) oy x(1),
o Px(0)y(0) (1.1)

(1) = —pyz(r) +v(1).

where x(7) and y(#) are concentrations of the uninfected and
infected target cells (which are T helper cells in case of
HIV-1 infection) at moment ¢ respectively. z(f) is the
immune response and concentration of an antiviral drug. In
the model the uninfected cells are activated at a constant
rate A and die at a rate y;. The infected cells die at a rate p,
which includes the deaths caused by both cytopathicity of
virus and cell-mediated immune response (cytotoxic
T lymphocytes). Drug is introduced to a patient at a rate
v(f) and is removed at a rate u,z(t).

In this paper, we used modelling of Wodarz (2014) for
CTL immune response to extend the above three dimen-
sional system as a four dimensional model. In fact, based
on Wodarz (2014) for CTL modelling the population of
CTL is divided into two subpopulations: CTL precursors
(CTLp) and CTL effectors (CTLe). CTLp do not have any
antiviral activity, while CTLe do have antiviral activity.
Thus, the model includes two populations: the memory
precursors w(f) and the effector CTL z(¢). In this case, we
assume that an initial number of CTL is present that has
just been activated for the early stage of the disease. The
new model has advantage that can show the different
mechanisms of CTL. Furthermore, we add the delay
parameter to show the time between the initial viral entry
into a target cell and subsequent viral production.

Our extended model with CTL immune response and
intracellular delay is as follows:

@ Springer

i) = 4= P (),

st = PSR iy, (12)
(1) = e(1 — g(Ow(t) — pwls),

(1) = —paz(t) + cqy()w(t).

In (1.2), upon contact with antigen, CTLp proliferate is
described by the term c(1 — q)y(t)w(z). Differentiation into
effectors is described by cqy(f)w(f). The parameter ¢ de-
scribes the rate of CTL expansion. The parameter ¢q is the
probability that the precursor CTL will differentiate into an
effector CTL. CTL precursors die at a rate u; and effectors
die at a rate .

For simplifying of the analysis, one can substitute a
variable s(r) = B(1 + pz(r))~" in (1.2). In the denominator
of s(¢), from the biological point of view, the parameter
p and the variable z(¢) cannot be negative. Consequently,
the system (1.2) will be taken the form:

(1) = 2 — s(0)x(0)y(0) — (),
(1) = s()x(t — T)y(t — 1) — oy (o),
Ww(t) = c(1 — @)y(Ow(r) — paw(1), (1.3)
éo—mwwf%fmwwm—%ﬁm

The initial condition for the above system is
x(0) = ¢,(0) >0
¥(0) = §,(0) >0
w(0) = $3(0) >0 (14
s(0) = ¢4(0) >0

where 0 € [~1,0], ¢ = (), by, ¢3,¢4) € C. Here C =
C([-,0]; RY) is the Banach space of continuous functions
from [—7,0] to R equipped with the sup-norm, where

Ri = {(x1,x2,x3,x4) | ;> 0,i =1,2,3,4}.

The boundedness, positiveness and continuity of solutions
of system (1.3) are given by the following lemma.

Lemma 1 The corresponding solution (x(t), y(t), w(?),
s(1)) of system (1.3) is defined on the biggest semi-interval
A and are bounded.

Proof Since the right hand side of system (1.3) is com-
pletely continuous and locally Lipschitz on C , the solution
(x(®), y(1), w(t), s(t)) with initial conditions (1.4) exists and is
unique on the biggest semi-interval A = [0,7T], where
0<T < + oo (Hale and Lunel 2013). The forth equation of
the system (1.3) is the Bernoulli equation, integrating yields

s = s (14:50) [ eﬂ*‘%y(s)w(s)ds)l (1.5)
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Integrating the first, second and third equations of system
(1.3) yields

(1) = x(0)e 6O 5 [ = fmrs@nOdg, (1.6)
0

(1) = y(())ejz(S(V)X(V*T)Y(V*T)*Hz)dV (1.7)

w(t) = w(0)es =Dz (1.8)

Thus, by (1.5)—(1.8), x(¢) >0, y(¢) >0, w(t) >0 and
s(¢) >0 hold for all # € A. Next we show that positive
solutions of (1.3) are ultimately uniformly bounded for
t > 0. The forth equation of (1.3) gives

xwamo—%fm

thus, s(¢) < and limsups(t) < f. Therefore, the

B
1+fcoeH4! e
solution s(7) of system (1.3) is bounded. Let M denotes this
upper bound. Also in (1.3)

#(1) < 2 — ()

80, limsupx(t) < £. Now
t—00

(1) +3(t+ 1) = A= s()x(1)y(r) — pyx(2) + s(+1)x(1)y(1)

— y(t+1)
< A= Mx(0)y(t) — mx(r) + Mx(1)y(1)
—y(t+1) = A— wyx(t) — wy(t+1)

<= pulx(r) +y(t + 7))

Ji

where pu=min{u;,i,} and limsup (x(t)+y(t+1)) < 4

1—00

Moreover,

e IRVl
c(g—1 clg—1) ,
w(t) — (3‘/[2635'[143(1‘)—1- (611\42 )
<= px(r) — elg — Dy(w(s) — ()
_ (M263§M4 C(iw_z I)sz(t)w(t)
c(g—1)Buy
M?cqp
clg—1B
WS(I))

xX(t) +w(r)+

)+

— paw(t) — s(1)

where 0 = min{y,, s, s} and limsup (x(r) + w(t) +
Cf‘jz;c;)fs(t)) < % As a consequence, x(z),t;(ot(i w(?) and s(f) of
system (1.3) are ultimately uniformly bounded. O

This paper is organized as follows:

In “The optimal control problem with delay” section,
the Pontryagin maximum principle with delay for charac-
terizing the optimal control and some preliminaries of
optimal control with delay are stated. Section “Characteri-
zation of an optimal control for system (1.3)” is devoted to
determine the optimal control problem to minimize the
level of infection for system (3.1). Section “Numerical
simulation” is illustrated some examples (simulations)
which numerically shows the result of optimality of the
system. In “Results and discussion” section, we compare
our results with clinical data.

The optimal control problem with delay

This section is devoted to some preliminaries of optimal
control problem with delay, which is necessary in the next
sections. For more details, one can see (Gollmann et al.
2009).
Pontryagin maximum principle The Pontryagin maxi-
mum (or minimum) principle is used in optimal control
theory to find the best possible control for taking a
dynamical system from one state to another, especially in
the presence of constraints for the state or input controls.
A quite general optimal control problem governed by a
delay differential system can be formulated in the follow-
ing form,

T
minimize L(u,x") = /0 G(t,u(t),x"(t),x"(t — 7))dt + (x"(T))

(2.1)

subject to u € K C L*(0,T; R™) (T > 0), where x* is the
solution to

{X'(f) = f(t,u(r), x(1),
x(0) = xo

Here

x(t—r1)), t€(0,T)

(2.2)

G:[0,T] x R" x RN x RY — R,
¢:RY - R,
f:0,T] x R" x RY x RV — RN

xo € RV, m,NeN and K C L*(0,T;R") is a closed
convex subset.

We assume here that for any u € L>(0,T; R™), problem
(2.2) admits a unique solution denoted by x*. Equa-
tion (2.2) is called the state problem.

1. u €K is called the control (or controller). This is a
constrained control because u € K and K is a subset of
L>(0,T; R™).

2. x" is the state corresponding to the control u and the
mapping.

@ Springer
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3. u—L(u,x") = ¢(u) is the cost functional (the function
that should be minimized).

We say that u* € K is an optimal control for Problem (2.1) if
L(u*,x") < L(u,x")
for any u € K. The pair (u*,x") is called an optimal pair

and L(u*,x"") is the optimal value of the cost functional.
Pontryagin function with delay is given by:

H(t,u(t),x(t),x(t — t),p(t)) = G(t,u(t),x(t),x(t — 1))
+f(t,u(t),x(2),x(t — 7))p(t)

This function is Hamiltonian, if satisfies in the following
relations

X (t) = H,
and
p/(t) = —H,

p(t) is defined as the adjoint function.

Since we are going to use optimal control, we state the
following theorem which one can find the proof in Goll-
mann et al. (2009).

Theorem 1 (maximum principle for the optimal control
problem (OCP)). If u*(t) and x*(t) are optimal for problem
(2.1) with delay, then there exists a piecewise differentiable
costate (adjoint) function p(t) such that

H(1,x" (0),2° (1 = 7). (1), p (1)
<H(1,x (1), (1 = 1),u(t), p(1))

for all controls u at each time t, where H is the Hamilto-
nian previously defined and

(2.3)

plt) = - %—Z (#,x(2), x(t = ©), u(1), p(1)) = 10,4~ (1)
OH

a—xr(t+r,x(tJrr),x(t),u(t+r),p(t+r)) (2.14)
where x; = x(t — 1).

p(tr) = 0 (transversality condition) (2.5)
the OCP must satisfy (optimality condition):

%5:0 (2.6)

i.e., the minimization is over all admissible controls.

Characterization of an optimal control for system
1.3)

In this section, we determine the optimal control for our
system (1.3).

@ Springer

There are some antiretroviral (ARV) drugs which help the
immune system in preventing the HIV-1 infection, although it
is not possible to cure it. Reverse Transcriptase Inhibitors
(RTIs) is one of the chemotherapies, another group of
antiretoviral drug is the Protease Inhibitors (PIs) which pre-
vent the production of viruses from the actively infected
CD4" T cells. In this study, u; shows the effect of different
vaccines that is proposed for HIV-1 infection treatment such
as DNA vaccines, mucosal vaccines and an HIV-1-lipopep-
tide vaccine (de Goede et al. 2015; Herasimtschuk et al.
2014; Launay et al. 2013). u, is devoted for the drug known as
Reverse Transcriptase Inhibitor (RTI). This drug inhibits the
virus from infecting new cells by preventing the reverse
transcription (Shim et al. 2003). Hence, (1.3) becomes

£(1) = 4 — s(x(0y(0) — (o),
3(1) = sOx(t = Dyt — 1) — poy(0) — w0}y (),
(1) = (1 — @y(Ow(0) — (), (3.1)

wﬂ=mmw~%¥mwwmf%¥m
un (Dx(0) + w2 (1) (1).

Our aim is to look for protocols of administration, which
are as much as drugs and vaccine efficient as possible and
not too toxic. So, we restrict the amount of drugs and
vaccine administered to the patient (Lenhart and Workman
2007). Thus, we consider a biological bound for each of the
controllers, as

Ogu,'(t)gu[mﬂx, i=1,2

The lower bounds for u; and u;, correspond to no therapy.
Next, we characterize the optimal control pair (u’f,uﬁ),
which gives the optimal drug dosage for patient recovery
(Laubenbacher 2007). Consider the closed convex set, K,
which is defined in “The optimal control problem with
delay” section. Let K C L>(0,7;;R™) and m =2 then,
K = U (see Roy 2016; Anita et al. 2011), where

[ u(t) = (u1(2),uz(t)) | ur, ur are Lebesgue measurable,
B Ogui(t)guimaxv re [O’th .

i=1,2
(3.2)
Our problem is to minimize the objective functional
min {J = /, [Alx(t) + Ay(r) + l}_'i‘lu%(t) + leug(I) dt} (3.3)
u(.)elu 0 2 2

x(t) and y(f) are the solutions of system (3.1) and the
parameters A; > 0, A, >0, B; > 0 and B, > 0 represent
the weights on the benefit and cost functional.

This optimal control is defined based on (Laarabi et al.
2015; Grigorieva et al. 2014). The aim is to find an optimal
control for minimizing the objective functional defined in
(3.3) subject to the state system (3.1). In other words, we
are seeking optimal control pair (u}, u3) such that

J(uy,uy) = min{ J(uy, up), (u1,u2) € U }. (3.4)
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Let the initial conditions be

x(0) = xo
0
5(0) = s9

In addition, for biological reasons, we assume that the
initial data for system (3.1) satisfy

XOZOa y()ZOa WOZOa S()ZO, re [_170]'

In the following by using Collins et al. (2010) in relation to
our problem, we show the existence and uniqueness solu-
tion of system (3.1) in entire interval [—7,#/]. First, we
introduce the following notations
fX@) =

4= s(0)x()y(t) — mx(t)

s(O)x(t = D)y(1 — 1) — 1oy(8) — ua(2)y(1)

(1 = g)y(t)w(t) — usw()

1as(t) = 2.2 )y (tyw(e) —

B EE (1) + i (1x(r) + o 1)y(0)

B
where X (1) = (x(1),y(1),w(t),s(1)) . Let ® : [t —7,1] —» R
be a function, then one can define a new function on @; :
[7,0] = R by

0,(0) = 0O(t+ o)

for —7 < <0. Thus, system (3.1) can be rewritten as

=F(t,x(0),y:(a), w(r),s(t))

where F : [0,0) x C([—1,0],R?*) x R* — R’ for o € [0, #].
In other words, for each (£,y, p,w,s) € [0,a) x C([—1,0],
R?) x R?, F(t,, @, w,s) should be a well defined point in
R>. Also, we consider x,(t—t—1t)=x(t+t—1—1)
=x(t—1), hence, x;,(—7)=x(t—1) and similarly
vi(—=7) = y(¢t — 7). Furthermore,

F(t,x(=1), yi(=2), w(1), 5(1)) = f(t,x(1 — 1), y(t = 7),w

X (1)

From (3.6), one can see
x0 = ¢1(0), yo= ¢,(0)

where ¢ is defined in (1.4). We can further consider a
solution to our problem in terms of an integral equation.
We see that

(1)
“”*{¢mm+£Fvwmﬂ

if —1<r<0
),y,(—r),w(r),s(r))dr lfOSISIf

and

if —7<t<0

0) + Jo F(7,2,(=1),3,(—=0), w(y),5(7),u2(7))dy if0<t<s

Now, we state the following Lemma

Lemma 2 [f f(X(¢)) has continuous first partial deriva-
tives with respect to all but its first argument, then f(X(1)) is
locally Lipschitz.

Proof Since all the partial in the Jacobian matrix of
fiX(r)) with respect to X(#) is continuous, thus f(X(?)) is
locally Lipschitz. O

Moreover, since f is locally Lipschitz on [0, 0] x R*
— R, then function F mapping [0, %) x C([—1,0], R?) x
R?* — R’ is locally Lipschitz.

Theorem 2 Let [0,%) x C([-7,0],

R?) x R* — R’ be continuous and be locally Lipschitz. If
1@, p)| <M(2) + N(@D)l|pll

on [0,t) x C([—1,0], R?) x R?, where M(t) and N(t) are
continuous  positive  function on [0,tf] and p=

(¢, Ve, W, s)T, the unique noncontinuable solution exists on
the entire interval [—1, t7].

F(taxt7Yz7W73) :

Proof F(t,x;,y;,w,s) has already been shown to be
locally Lipschitz. Also, with gi(f) =¢— t and the right
hand side of our differential equation system (3.1) being
continuous, then F(#,x(t —1),y(t —7),w(),s(t)) is a
composition of continuous functions and hence is contin-
uous on [0,4). So, that’s enough to show
IF(z, p)|| <M(z) + N(2)||p|| is satisfied. By neglecting the
negative terms in the system (3.1), we have

/(¢

X (

V(1) <s()x(t — o)yt — 1)

w' (1) <c(1 = gw(t)y(t)

s () < () 4w (0)x(2) + uzy (1)

From first term of (3.7), x(¢) is bounded on the entire
interval [—7,1¢]. By Lemma 1, the second and third terms
of (3.7) indicate that y(f) and w(f) are also bounded on
[—7, #7]. The right hand side of the forth term of (3.7) is a
first order linear differential equation with respect to s(z).
Since, x(f) and y(r) are bounded on [—7,#] so solution,
s(¢) is bound, if the admissible controls u;(z),i = 1,2 to be
bounded on [—1,#]. Now, we can define Q and R as the
upper bounds for the right hand side of the second and third
terms of (3.7). As a consequence

) <2
)<
(3.7)

!

x(t) 0 0 0 0 x(1) A
o | [ o 0 0ol [
w(t) | — 0 0 0 O w(t) R
s(1) ui(t) wa(t) 0 py s(1) 0
(3.8)
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We see that via our transformation in Eq. (3.6) that
1F (e, p)I| < I (8, x(t = ), 3¢ — ©),w(e), (6))]|- Therefore,
|F(t, p)I| <M + Nl|p| where

A 0 0O 0 0
0 0 0 O
M = Q N =
R 0 0 0 O
0 ur(t) up(t) 0 py

Now, by application of this theorem and with the
assumption of boundedness of admissible controls, we
have the uniqueness of a solution on [—1, ). O

Theorem 3  There exists an optimal control pair (u}, u5) €
U which minimizes the objective functional J(uy,u;).

Proof Let (uy,(.),us,(.)),~, be a minimizing sequence
and P,(.) = (xn,Yn, Wn,5,) be the state trajectory corre-
sponding to (uy,(.),us,(.)). Since P,(.) and P, (.) are both
bounded in L, then P,(.) is a uniformly bounded and
equicontinuous sequence. Therefore, by the Arzela-Ascoli
Theorem, there exists P* and (], u}) such that

P,(.) — P*(.) uniformly on [0, #7].

Also, since {J(uy,uz); (u1,uz) € U} is bounded by zero by
below and there exists a sequence (u,,u,) in U such that

n—oo n—oo 2

fr 1
limJ(uy,,up,) = lim / Arx,(2) + Ay (1) —l——Blui(t)
0

1
—|——B2u%"(t) = inf J(u,uz)
2 (uy,ux)€U

since x, — x*, y, — y* uniformly and (uy,,u,) — (u},u5)
weakly in L*[0, #7] on a subsequence due to the bounds on
the controls. Passing to the limit in the state DDE system,

we obtain that P* is the state vector corresponding to
control (u},u;). Thus, we obtain

J(LLT,M;) = min{J(ul,ug), (ul,ug) S U}‘

Therefore, (u},u3) is an optimal control pair. O

OH

*z

l/)z(f) oH

ﬂ *
e

OH

b
2py

p

2 20w (1) — s OW(0) + As — 710, (005 ()52 1+ (e + )

2cqp

l/}4([) =- 3. X (O (Y (1) + 7 s (4 (1) — patpa(t) +

The function

H= H(x*(t)vy*(t)vw*(t)vs* (t)v lpl (t)a ‘ﬁz(t)»% (l‘),
RORHOR0)
— (A= 5. (02 (1) (1) — 15 (1) (1)
+ (s, (O (£ = 1)y (£ = ) — 1oy (1) = 15 (6)3 (1) W (8)
+ (eya (O (1) (1= g) — sw. (63 (1)
+ (—%sim s (1) — %sia)y*(r)w*(r)
2 (0 (1) + u (1) (1) 4 (1)

— A () Aay (1) + 3B 5 () + 5 B3 1)

2
(3.9)
with the optimality condition
oH _
OH ouj N
P 0= oH (3.10)
=0
ou}
and the adjoint equation
: OH OH
vy =- o Z[0,4— (1) o (t+1)
: OH OH
Yo =— Y X[0,4— (1) e (t+71)
y Ve
(3.11)
j, = o
3T 0w
: OH
Va=—7-

with transversality conditions y;(tf) =0,i=1,2,3,4is a
Hamiltonian function. Now we apply the necessary con-
ditions to the Hamiltonian function H in (3.9).

Theorem 4 Let (x,(t),y«(7), ws(t), s.(¢)) be optimal state
solutions associated with the optimal control (u}(t), u5(t))
for the optimal control problem (3.3)—(3.5). Then by (3.11),
the adjoint system can be obtained by

with transversality conditions

(1) = — o, Moy STH (0 +7) = (s:(0)y. (1) + )W (1) = i (g (1) + Ar = Yjo—q (v ()5t + Do (1 + 1)

=%, Moy-(0) gTi (0 +7) = s.(Ox. (O, (1) + (12 + w3 ()2 (1) — (1 = @)w ()Y5(1) +

(3.12)

— —ey. ()1 = @Ws(1) + 1503 (8) + L2 1)y (1) (1)

5 52 ()« (Ow- ()4 (1)
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Wi(te) =0,

Furthermore, the optimal control is given as follows:

u} = max (min (x*Bl//4 ; “lmax) ; O>
1

u; = max (min (y*(lﬁ%——llu) ) Mz.m.x) ) 0> .
2

Proof By the theorem of existence and uniqueness in
differential equation Hale and Lunel (2013) and the Pon-
tryagin maximum principle with delay given in Gollmann
et al. (2009), for the pair (uj(¢),u’(¢)) and the corre-
sponding trajectory (x.(7),y.(2), w.(z),s.(¢)), there exists a
nontrivial solution (Y, (7), ¥, (¢), ¥(2), Y4(¢)) of the adjoint
system (3.12). Now by condition (3.10), one can have

i=1,...,4. (3.13)

(3.14)

then (uj(¢),u;(r)) can be calculated as the optimal control
(3.14). O

Numerical simulation

In this section, first we indicate the equilibria and the
Jacobian matrix of system (1.2). We are going to use the
result of the subsection (4.1) for other subsections, to
determine the stable and unstable regions for the treated
disease. Furthermore, in other subsections we will show
different behaviours of system (3.1) by the figures.

Untreated model

Equilibria of system (1.2) at t = 0 are

8711::31”? +x.9, =0, up = 7x*t//4’ Ey = (i 0.0 O) E = (/‘2 My — B2 0 0>
aul Bl » Yy M ’ ﬁ ﬂ ) )
OH = 'u‘ M
?:Bzu;—y*lpz er*lh =0. 143: Y*('ﬁz l//4) E2 = (x*ay*aW*aZ*)'
M2 Bz
(3.15) where at E;
Control (uf(r),u5(r)) satisfies the relationships L M )
Xy me(l—q) 7
0 if <0
B, V= H3 (42)
c(1-q)’ :
= )%m if 0< X*Bﬂ <uy,, (3.16) (1—q)
! ! W=  Hg(pac(l — ) + pops p— 2c(1 — q)B) (4.3)
w,, it Voo futHpeq ’
1
c(l —q)+ — Je(1 —
and & = i (1-q) ,Uzl?ﬁ ( q)ﬁ. (4.4)
tipope(l = q)
o V(U — ) In the interior equilibria E, from biological point all four
0 i B, <0 components, healthy and infected CD4 * T cells and both
N (l,b2 W) i V. (Yy — ) CTLs, w(t) and z(t) should be positive. Hence, from (4.2)
= B, if 0<—F—— B, U2 and (4.1) one should have
s p v, (1-q)>0 (45)
2
(3.17)  Ac(l —q) > mapy (4.6)
Since (1 (), ¥(1), ¥3(1), ¥4(1)) is a solution of (3.12), The Jacobian matrix of system (1.2) is
X X
n ﬂ +a b _Pow
eiAT efAT X efA‘L'
P(A) = By A - B ﬁxyf (4.7)
pz+1 pz+1 (pz+1)
0 —c(l=gw  A—c(l—q)y+u 0
L 0 —cgw —cqy A+
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Table 1 Parameters taken from Wang et al. (2015)

Parameter Value Unit

A 180 day™! mm™3
p 0.002 day™! mm~3
1 0.16 day ™!

1 1.85 day™!

U3 0.8 day™!

Uy 0.5 day™!

c 2 day™!

q 0.6 da,y71

P 0.2 day_1

Numerical Hopf bifurcation for untreated model

Parameters are chosen as same as Wang et al. (2015):
Note that in Table 1, the parameters values are based on
clinical data.
With the above parameters values and (4.7) at E;, one
can obtain the characteristic polynomial:

A* + (2.510743438 — 1.850000000¢ ") A*
+ (1302747080 — 1.155600653 ¢ *) A*
+ (—0.08521662687 ¢ + 0.1486876805) A
+0.008371116414e " =0

(4.8)

Substituting A = iw and separating the real and imaginary
parts, one has

o* + 1.850000000 sin(w 7)w?
+ (—1.302747080 + 1.155600653 cos(w t))w?
— 0.08521662687 sin(w t)w

+0.008371116414 cos(wt) = 0 (4.9)
(—2.510743438 + 1.850000000 cos(w 1))w’
— 1.155600653 sin(w )’
4 (—0.08521662687 cos(w 1) + 0.1486876805)w
—0.008371116414 sin(wt) = 0 (4.10)

Adding up the squares of the Egs. (4.9) and (4.10), leads to
o® 4 0.275838451 °® — 0.3848961513 w*

4.11
+0.01484615284 »* — 0.00007007559002 = 0 ( )

let g be a positive solution of (4.11). By (4.9) and (4.10),
7 will obtain from

Note that, at t =1y the system (1.2) undergoes Hopf
bifurcation (Balasubramaniam et al. 2015; Yu and Cao
2007). From Figs. 1, 2, one can see, as the delay
parameter 7 increases and t > 1o oscillatory dynamics
will return to the stable state form. But if the time delay
is reduced, 1<ty transient oscillations induced
by unstable periodic solutions is appeared. This shows
the sensitivity of the model dynamics on the time delay
T.

In Figs. 1, 2, the parameter 7 is defined such that system
(1.2) undergoes Hopf bifurcation as the parameter is var-
ried. Hence, in Fig. 1, one can observe sustained periodic
oscillations induced by stable periodic solutions.

In Fig. 2, transient oscillations induced by unstable pe-
riodic solutions are illustrated.

The Table 2 is corresponding with clinical information
(Margolis 2014), see Figs. 3,4, 5,6, 7, 8, 9.

Figure 3 shows the unstable trajectories without treat-
ment, by using the parameters value in Table 2.

Both CD4* and virus counts have large fluctuations and
average counts of CD4" decreases while average virus
counts increases by time.

Only Treatment Control («; = 0)

In Fig. 4, only the treatment control u, is used to optimize
the objective function J(u) while the vaccination control i
is set to zero.

The graph of CD4" and virus counts demonstrated that
the progression of HIV-1 can be simulated by the model.
The Fig. 5 shows that high and frequent doses of
antiretroviral drug were needed to achieve optimal control
of HIV-1.

Only vaccination control (u; = 0)
In Fig. 6, only the vaccination, control u;, is used to

optimize the objective function J(u) while the treatment
control u, is set to zero (Fig. 7).

Combined vaccination and treatment strategy

In this case, the combination of vaccine and drug is
considered.

T0 = —
o

1 (—w? + 1.30274708002) (1.1556006532 + 0.00837111641)
(1.15560065303 + 0.008371116414)% + (1.8503 — 0.08521662687)>

(4.12)

(1.8503 — 0.08521662687)(2.510743438)3 — .1486876805) )

(1.15560065302 + 0.008371116414)% + (1.85w2 — 0.08521662687)°
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Fig. 1 Graphs of stable solutions x(z) (CD4" T cells) and y(r) (viral load), with initial value (xo,yo,wo,z20) = (995.7,0.5,0.3962556306,
0.3804054055), and © > 15 = 1.454520056
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Fig. 2 Graphs of unstable solutions x(r) (CD4™ T cells) and y(7) (viral load), with initial value (xo,y0,wo,z0) = (1120, 0.4,0.03962556306,
0.53804054055), and t<7¢ = 1.454520056

dose of administered drug in a same period was lower than
mono therapy with antiretroviral drug. The AUC (area

Explanations of the Figs. 3,4, 5, 6,7, 8, 9

Combination therapy controlled the disease progression
better than treatment by vaccine or antiretroviral drug.
There is less fluctuation in the level of CD4" and virus.
Additionally, the proposed treatment regime for the
antiretroviral drug had a more regular pattern. The total

under the curve), of the ART graph in Fig. 9 is 388.8379
and it was lower than the one that calculated for Fig. 5
(AUC of Fig. 5 is 450.6702).

Remark 1 Although in Fig. 8 most of HIV-1-infected
cells die, but a small proportion of them survive with HIV-
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Table 2 Parameters are chosen such that the equilibrium point E> to

be unstable

1 DNA persistently integrated in their genome. Since these
cells are some of the longest-lived cells in the body, HIV-1

Parameter Value Unit infection can persist for decades in this latent cellular
reservoir that is inaccessible to the immune system or
-1 - . . .
A 10 day”! mm~? present antiretroviral therapy (Palmisano and Vella 2011).
B 5 day”" mm~? s , ,
o Furthermore, the initiation of antiretroviral therapy
I 0.1 day . . . . ..
5 dav- ! (ART) during primary infection may offer clinical benefits
o i . for HIV-1-infected individuals by reducing HIV-1 DNA
s 3 day reservoir size and chronic T-cell activation (Hey-Cun-
Ha 025 day ™! ningham et al. 2015). So, it was attempted to find out if the
¢ 0.75 day ™! beneficial effect of early retroviral therapy can be simu-
q 0.5 day ™! lated by the proposed model. For this aim, the Fig. 10 is
100 day~! simulated with the initial value which is obtained after near
p y
T 7% 10-8 day™! 6 month, without any treatment (see Fig. 3).
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Fig. 3 Graphs of unstable solutions x(f) (CD4™ T cells) and y(z) (viral load), with initial value (xo, Yo, wo, 20)

= (70,10,0.081,0.21)
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Fig. 4 Graphs of optimal solutions x*(7) (optimal CD4") and y*(z) (optimal viral load) with the same initial values and same parameter t, as

Fig. 3 and u; =0
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graph of the optimal drug control
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Fig. 5 Graphs of optimal control u;, with A} =A; =100 and
B, = 4. The area under the curve u, is equal with 450.6702

As it was shown early ART (Fig. 4) accompanied with
better control of CD4% level compared to 6-months

delayed ART (Fig. 10) that was consistent with clinical
results Le et al. (2013).

Results and discussion

Result

For numerical simulation first we considered the untreated
model without any control. In this case, the parameter 1 is
chosen to show that system (1.2) with delay can have a
complex dynamic and undergoes Hopf bifurcation.
Thereafter, the effects of controllers on (1.3) have been

120 graph of optimal solution x*(t)
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40F
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investigated. Decline in uninfected CD4" cells and
uncontrollable increase in virus counts are seen in acute
phase of the HIV-1 disease (Hattaf and Yousfi 2012) that
was simulated by the model (Fig. 3). It was shown clini-
cally that ART can keep the virus count very low (Séez-
Cirion et al. 2013) and similar results were obtained by
simulation (Fig. 4). The viral load can be controlled by
current antiviral therapy regimes. However, they do not
eliminate HIV-1 from latently infected reservoirs and life-
long antiviral therapy is necessary. Despite of this decline
in virus level, reservoir of the virus was remained (Mar-
golis 2014). It was proposed that concomitant vaccination
can improve the results of ART (de Goede et al. 2015). In
addition, there is a concern of adverse effects and even

graph of the control u1 for vaccination
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Fig. 7 Graphs of optimal control u;, with A} = Ay = B} = 100. The
area under the curve u; is equal to 260.7155
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Fig. 6 Graphs of optimal solutions x*(z) (optimal CD4") and y*(¢) (optimal viral load) with the same initial values and same parameter , as

Fig. 3 and u, =0
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Fig. 8 Graphs of optimal solutions x*(¢) (optimal CD4") and y*(¢) (optimal viral load) with the same initial values and same parameter 7, as

Fig. 3

graph of the control u1 for vaccination
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Fig. 9 Graphs of optimal controls u;, and u,, with A} = A, = B; = 100

under the curve for u, is 388.8379

toxicity of life-long therapy with the antiretroviral drugs
(Margolis 2014).

Discussion

Our numerical simulations indicated that using two con-
trollers (vaccine and drug) lead to better outcomes in
comparison to vaccine or drug alone. Furthermore,
administration of vaccine decreases the total dosage of
drug (area under the curve of Figs. 9 and 5 for uy). Thus,
administration of vaccine decreases the dosage and possi-
ble side effects of long-term therapy by antiviral drugs. The
beneficial effect of early ART were reported by several
studies (Le et al. 2013; Macatangay and Rinaldo 2015;
Hogan et al. 2012; Séez-Cirién et al. 2013; Stohr et al.
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and B, = 4. The area under the curve for u; is 186.4272 and the area

2013). The better improvement of CD4" using early ART
was reported (Le et al. 2013). The simulation results were
in consistence with this report and early treatment with
antiretroviral drug (Fig. 4) showed more promising out-
comes than a delayed treatment (Fig. 10).

For numerical simulating with controllers, the package
TOMLAB and MATLAB software is used.

Conclusion

In this paper, we considered a problem of optimal control
for HIV-1 infection model with delay. We have defined a
four dimensional model which is equipped with two con-
trols. Introducing controller u,; in conjunction with
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graph of optimal solution x*(t)
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Fig. 10 Graphs of optimal control x*(r), with initial value
(%0, ¥0,wo,20) = (58,21,0,0.2), that is after 197 days without any
treatment

controller #; improved the CTL response and inhibited the
viral replication effectively. Introduced model in this study
simulated some of the features of HIV-1 disease and pre-
dicted the beneficiary effects of combination therapy by
vaccine and anti-retroviral therapy. Also, by the Figs. 1, 2,
3,4,5,6,7,8,9 and 10, we have shown that our numerical
solutions are corresponding with the clinical information.
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