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1 Introduction

At low energies, string theory exhibits itself as an effective field theory in space-time. In
this regard it can be seen as a sequence of higher derivative corrections that must be added
to the lowest energy effective actions for the massless states of closed or open strings. These
effective field theories can be obtained or constrained by a variety of methods including the
sigma model, scattering amplitudes or duality considerations [1]. These effective actions
capture many perturbative properties of the string theory at low energies.

The same happens in the case of D-branes which are objects in space-time where the
open strings end. At low energies, they can be viewed as sub-manifolds where the quantum
field theory corresponding to the open strings lives. At the lowest order in the string
length, the higher derivative terms can be ignored and as a result, D-branes are completely
described by the Dirac-Born-Infeld (DBI) action plus the Wess-Zumino terms [2].

The gravitational terms exist both in the bulk space-time as well as on the D-brane
world-volume. The leading o/-order of the bulk effective action in the Bosonic string theory
is just the known Hilbert-Einstein action

SO _ 2%2 / dP2v/—GR, (1.1)

which is also shared with the Heterotic and Superstring theories. The next-to-leading
o/-order terms of the bulk effective action have been found in [3] from the corresponding
sphere-level S-matrix elements

s = 2o / dPze’*V =G Lag,
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Lap = o (4Rap R — B2 = Ragu RO ) | (1.2)
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Figure 1. Exchange diagram and contact diagram cancellation. In above diagram h denotes the
fluctuation fields coming from wa or R? terms and h denotes the usual graviton propagator.

where Lgp is the Gauss-Bonnet combination of the curvature squared terms. In the case of
Bosonic string theory one has \g = —i while \g = —% and \g = 0 are appropriate choices
for the Heterotic theory and Superstring theory respectively. However it must be pointed
out that unlike the leading o/-order action (1.1), the couplings in (1.2) are not unique and
can not fix by S-matrix considerations completely. Only the coefficient of the square of the
Riemann tensor is fixed by the string S-matrix, while the other coefficients are arbitrary
and they have been fixed to the above values by a local field redefinition. The Gauss-Bonnet
combination is convenient because up to the quadratic order in metric perturbations it is a
total derivative and therefore does not change the propagator of gravitons derived from the
Hilbert-Einstein action (1.1). As another result of being total derivative, such combination
is also ghost free [4]. See [5, 6] for more details about the field redefinition ambiguities in
the string effective actions.

From the field theory point of view the ambiguities in the coefficients of R?ﬂ, and
R? come from the exact cancellation between the exchange diagram and contact diagram
contribution of the field theory amplitude [7]. In fact by considering a general Lagrangian
at o’-order in the following form

L(d) =d V-G [aRWagRWO‘B + bR, R" + CRQ} , (1.3)

[1pehi

and by comparing it with the low energy string amplitude results, one can only fix the “a
coefficient in the above Lagrangian and the other contributions from RIQW and R? terms
cancel each other exactly, independent of the values for b or ¢ (see figure 1).

It is interesting that such cancellation also happens beyond the tree level calculations
so that the higher genus string calculations also can not fix these ambiguous terms [8].
It is stated that this property means that the field redefinitions are a symmetry of the
perturbative string S-matrix [5, 6]. As a result of this symmetry, those terms where their
coefficients can be changed by some local field redefinitions are ambiguous. In the above
case one can show that by a general field redefinition of the metric at o/-order as

Gy = G + o/ (d1 Ry + oG R) (1.4)
where we consider ' to be small, and applying this to the Hilbert-Einstein term (1.1), up
to o’-order one can produce the following terms

L'(d)=d V-G [—leWR’W + (d; + %dg(D - 2)) RQ] . (1.5)



Consequently by an appropriate choice of dy = 1 and dy = ﬁ one can get the Gauss-
Bonnet combination which has the advantage of being a ghost-free Lagrangian.

At o/?-order we must have an action with six number of derivatives as studied in [5].
Similarly at this order, terms containing the Ricci tensor are ambiguous. There are just
two unambiguous independent R? structures

I = Rog"™ RPAR, \ 0, I = RyP "R R, (1.6)

where the coefficients has been fixed as follows [5]
o'?
5@ — yEP / dPre®?/—G (31, — 415) . (1.7)
K

Applying the field redefinition (1.4) with the mentioned fixed coefficients to the following
action where we have fixed it just by S-matrix calculations

/
L) = V=G [R + ZRWagR“”aﬂ] , (1.8)

we can produce the following o/?-order terms
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We can check that the last two terms in equation (1.9) lead to the ghost modes at this

order. To prevent this and to have a ghost-free action one must supplement the field

redefinition (1.4) with the following extra terms i.e.!

1 3
G;Ll/ = G,uy + o <Ruy - 21)_4GMVR> + a? (—4DRMV +

3(D —3)

8(D_2)2GWDR> . (1.11)

Consequently the full action at this order will be

2
o

(2) —
s 48k2

/ dP 2P/ —G (31 — 45 + 4813) . (1.12)

In next sections we will apply the same technique to find the effective gravitational action
on D-branes. We will explain that how the field redefinitions and actions for the bulk
space-time will be useful to construct actions on D-branes.

The outline for the remaining parts of the paper is arranged as follow: in section 2 we
review the effective action on D-branes at o/-order and we find new extra terms that must

n fact for the action to be ghost-free at all order of o’ one can show that the general field redefinition
is [9’ 10]’ Gi"” = G‘“’ + Zfzozl O‘/n(a’nDnilRuu + bnGuanilR).



be added due to the field redefinitions. In section 3 we do the same steps as in section 2
but for o/?-order of the effective action. To do this we need the tree-level string amplitude
computation corresponding to scattering of two massless closed strings from a D-brane.
Using the results of previous sections we will find an action which correctly reproduces
the string theory amplitude at this order. In last section we will summarize and discuss
our results.

2 On o corrections to D,-brane action

There is a similar story as bulk space-time for the gravitational corrections to the D,-brane
world-volume. The leading o/-order (DBI action) for D,-brane is [11, 12]

/dp+1:xe —det(Gap) , (2.1)

where G, is the pull-back of the bulk metric G onto the world-volume of the D)-brane

~ oXH oX"¥

ab = Dot Dot (2.2)

The o-order gravitational corrections to this action in Bosonic string theory has been
constructed by using the consistency of the effective action with o/-order terms of the disk-

level scattering amplitude of two gravitons from D,-branes [13]. These corrections are?
'"T,
S5y = -2 / d"re=0V/ -G [R + (90" — Q0 | (2.3)

where R is the scalar curvature constructed from the pull-back metric Gap and Q is the
second fundamental form. It should be noted that using the Gauss-Codazzi identity [14, 15],
Ruped = Raped + (5ij(QiaCQj ab — VgV ), we can rewrite the Lagrangian in the above
action as

Lp, (') = 2R — RypeaG*G" = 2R — Rp,,5,G*P G" (2.4)

where Rgpeq is the pullback of the Riemann tensor in the Bulk and G is the inverse of the
Pullback metric. The second equality in eq. (2.4) is coming from replacing the pullback

Riemann tensor with the bulk one. In this form, G is the first fundamental tensor i.e.
Gy _ OXH oXV Gab

— 00% 9ob

However it must be noted that, in writing the D,-brane action there are ambiguities

in terms which are constructed out of the Ricci tensor. We can see this by varying the
DBI action 6(V/ —G’) = %\/ —G G5@G p, and choosing 6G g, = a’(leab—i—dgéabR) as a field
redefinition. Then one gets the following terms

/
SL(a) = % [leaﬁGaﬁ +da(p + 1)3] . (2.5)

20ur index notation is such that the Greek letters are used for space-time indices, the Latin letters
(a,b,¢c,...) for the world-volume indices and (i, 7, k, ...) for the transverse or normal bundle indices.



So in general we must add these terms to the action (2.3). In [13] the coefficients of these
terms have been chosen to zero.

It’s worth it to note that the field redefinition here can be constructed from the field
redefinition in the bulk (1.4) by a simple pullback. Therefore to have a unique field redef-
inition for both bulk and D,-brane space-time we must choose the values of d; = 1 and
dy = ﬁ. Finally the o/-order effective Lagrangian on D,-branes must be

p+1

eI (2.6)

£Dp (O/) = 2R — Rauﬁyéa’gé”y + Raﬂéaﬂ —

Moreover, because the field redefinition here is coming from the field redefinition of the
bulk, we may expect that a similar situation happens for cancellation between exchange
and contact diagrams. In D,-brane case, the last two terms in eq. (2.6) produce both
t-channel (by imposing a source at o’-order) and contact term contributions (see figure 2)

which cancel each other exactly. In computing the t-channel the vertex of the bulk is

coming from bulk action (1.1) at order o/’ i.e.

, o 3 o 3 o 9 o
(V;CL"ETQ)O”B = —3(/€1.62.k1)615 + it(61-€2) A §(k2-€1-€2~k1)77 A gtTT(61.€2)n A (2.7)

3
- 3T7“(61.62)k:f‘kf—|—6k‘1’(k1.62.e'f)—§T7"(61.62)k‘f‘/€§+3(k2.e‘f‘)(kl.e§)+(1<—>2) .
As an example if we consider V/ —GRQBG“/B , it produces a source term of o/-order as

/ 1 1
(S7)°F = =5k VP — S (k. Vk)n™ + K (k. V7). (2.8)
Now by using eq. (2.7) and eq. (2.8) and the graviton propagator
7 2
(Phh)yuaﬁ = _ﬁ NavTBu + NapBy — mnaﬁnlm s (2'9)
one can compute the amplitude below
—t 1
.At = T(k‘l V. €2- €1 k‘z - kl' V. €1 €2 ]{31 + Ekl' €2- k‘lT’I“(El- V) - k‘l' €2° V. €1° k‘Q
1 1 1
+ 5]452' €1 kaTr(ex- V) — 25 Tr(er-€) — itTr(el- V-e), (2.10)

where ¢t and s are the Mandelstam variables defined such that ¢t = —2ki-ko and
s = —%kl- D-k; (for more details see the next section). By expansion of \/TC:’RagC;’aﬁ
to second order in perturbations and going to the momentum space we find the contact
terms contribution

1
.AC = kl'V'GQ'Gl'k‘Q - kl'V'El'ez-kl + ikl‘EQ‘leT(el‘V) — /{31'62'V'61'/€2

1 1 1
+ §k2-61 ~koTr(ex- V) — 25 Tr(er-€2) — §tTT‘(€1- V-e), (2.11)

which exactly cancel the contribution of (2.10). The same scenario exists for \/ER.
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Figure 2. ¢-channel and contact term cancellation for ambiguous terms in the D-brane action.

Note that it can not be possible to have s-channel at o/-order for these last two terms
in eq. (2.6) because they do not produce open-closed vertex at this order. We will show
in next section that these terms are necessary for consistency of the bulk and D,-brane
actions with the string theory S-matrix at o/2-order. This is because any choose of field
redefinition must be used for both bulk and D,-brane identically.

2 . .
3 On a’“ corrections to D,-brane action

In this section we are going to go one step further and find the o/ 2_order of effective gravi-
tational action on Dj-branes with using the bulk and D-brane actions we found in previous
section. We must take into account the field redefinitions too. But before we go through
the action we need to compute the amplitude coming from the S-matrix calculations.

3.1 The string theory amplitude

In Bosonic string theory the effective gravitational actions on D,-branes have been com-
puted from S-matrix for the first and next leading order in [13], so we ignored the details of
this computation in previous section. But to compute the o 2_order we need to expand the
scattering amplitude one more order, therefore we present the details of our calculations
in this section.

The disk-level Bosonic string scattering amplitude of two closed strings massless states
off a Dy-brane is calculated in [13] and is given by the following expression

) t t
.ADQ(kl, €1, kQ, 62) = %QECDQ(QF)p+1(5p+1(k1 + kQ) (dlB <—2, 2s + 1) + ng <—2, 28>

t t t
— dsB (1—2,2s> +duB <1—2,2s+1> +dsB <—1—2,2s+1>

t t t
+ d¢B <1—2,23—1> + dzB (—1—2,23—1> — dyB (—2,25—1>

t t
— dyB (2—2,23—1>+d103 (3—2,23—1>>, (3.1)



where all coefficients for graviton polarization are given in the appendix A.?> The Mandel-
stam variables t and s are defined such that ¢t = —2kq- ks is the square of the momentum
transfer in the transverse directions and s = —%kl- D-kq is the momentum flow parallel
to the world-volume of the Dp-brane. In the above expressions D*” = 2VH — p#” where
VI = diag(—1,1,...,1,0,...,0) is the flat metric along the D,-brane directions, and n*”
is just the D-Dimensional Minkowski metric. In this notation all indices are contracted
with the Minkowski metric 7),,,. We refer the interested readers to [13] for further reading.

In order to find the effective actions, we need to expand eq. (3.1) in powers of o/k?.
The (a’k?)? expansion precisely gives rise to the DBI action (2.1) and the o’k?-order is
produced by (2.3) [13]. Here we expand the above amplitude and keep the terms at order
(a'k?)2. Doing this, we can observe that there are three types of contribution to the whole
amplitude: closed and open string poles (t ans s channels) as well as contact interactions
(contact terms)

A(?) = Ay(0) + As(a’?) + Ac(a”). (32)
The closed string pole is given just by one term
1
At(O/2) = —gs(l{fl'€2'k1)(/€2'61'/€2). (3.3)

Similarly the s-channel amplitude will be

1

As (0/2) - 8s

t(kl-V'GQ-V- kl)(k‘lv 61'V- kl) . (34)

The remaining terms construct the contact interactions

Ac(a?) = $3(2(6 +7%)s + 3t) Tr(er- €2) — Zlg (2(6 + 7)s + 3t)k1- V- €2 €1+ ko
+ %(2@2 —12)st — 485% — 3t*) Tr(e1- V- e2) — é(kl- €0-V-ky)(ka-€1- ko)
+ é(él&sQ — 2(7T2 —12)st + 3t2)Tr(61- Veea- V) + é(k‘l Veea- Veky)(ka-€1- ko)
— 4—18((7T2 —3)t — 123)k2~ V-er-ea-Veky + %(2(772 —6)s — 3t)k2- €1-V-ea- kp
- 4—187725Tr(61- V)(k1-e2- k1) + §14(4(7r2 — 6)st — 965 + 77t%) Tr(e1- V) Tr(e2- V)
— 4—18772tTr(61- V) (k1 €2 VK1) + %((w2 — 6)t — 245)Tr(er- V) (k1 V- €2 V- k)
+ é(4s + 1)k Veea Ve kg — ;<s — 2—14(7r2 — 6)t> ko Veer-Veea- V-ky

1 1
+ 1(1@' €1-V-ki)(ky-e- V- k‘z)+§(k‘1- Veer-ko)(k1-V-oea- Vekp)+(1<2). (3.5)

There are some interesting points to compare this amplitude with similar amplitude in
Superstring theory. The first point is that the o/? part of the amplitude for scattering of a
Superstrings from D,-brane as computed in [17] just contains contact interactions whereas

3In the above amplitude o’ has been set to 2 for convenience, it can be recovered everywhere by dimen-
sional analysis.



here we have closed and open string poles as well. Another interesting point is that if we

2 as coefficient

take a look at the above contact terms, we see that some terms contain 7
and others do not. If we separate these terms, we recover the o/?-order of the Superstring

amplitude. The Superstring amplitude is [17]

T, T(—t/2)T(~2s)
A*_?r(l—t/z—zs) (

t
—2sa1 + 5 a2) , (3.6)

where the kinematic factors a; and ay are given by

a) = TT'(El'D) /{71'62'1{71 — ]{31'62'D-61'/{72 — 2]{31'62'61'D'/{71
— k1-62‘61‘k2 — STI‘(61‘62) + (1 — 2),
ag = STI"(61'€2) —i—Tl"(El'D) (2k1-62'D'k‘2 + k‘Q'D-EQ'D'k‘z) +ki-D-€1-D-ey-D-ko

t
—ki1-D-€1-€5-D kg — STI"(El-D'GQ'D) + Tl“(el-D)Tl“(Eg-D) <$ + 4) + (1 4 2) .
The a'?-order of this amplitude is

2 /2T t
Aa'?) = 7%817 <25a1 + 2a2> . (3.7)

These terms are exactly the same terms in (3.5) that have 72 in their coefficients. This
feature has been studied recently in [18] that o’ expansion of Bosonic string amplitudes has
the same transcendental pieces as found for the Superstring. Our calculations also support
their conjecture of uniform transcendentality in string theories. In the next section we will
show that the Bosonic effective action at this order is the Superstring one in (3.24) plus
some additional terms with rational coefficients instead of 2.

3.2 Field theory calculations

Given the string scattering amplitude presented in the previous section, we can find the low
energy effective action for the D,-brane that reproduces them. The Feynman diagrams for
the amplitude in t-channel is depicted in (figure 3). The field theory amplitude in t-channel
can be computed by

Ai(er€2) = (Sp)" (Phn) was Vhere) ™ (3.8)

where (Phn)uwvap is the propagator of gravitons, (S,)*” is the graviton source on the
D,-brane that comes from the linear expansion of the effective action on D,-brane and
(Vheyey )™ is the three graviton vertex on the bulk.

There are three possible low energy diagrams in this channel at o/ order as depicted
in (figure 3):

e In first diagram the source is coming from the DBI action on D,-brane

(550 = 567, (3.9)



and the vertex in the bulk comes from the action (1.12)

t3T7°(61.62)7]a

: 1 | 1
(Vﬁﬁez)aﬂ = ftg(el.eg)aﬂ — + §t2]€2a(k1.62.61)/8 + ZtZ(kQ.Gl)a(kl.EQ)ﬂ

8 2(D — 2)
(D = 6)Tr(cr.e)kfhy  2%(k1ea-c1ka)n™ (D +2)2Tr(er.e0)k{ES
4(D = 2) D—2 4D -2)
(D — 6)t(ky.e1.62.k1)kOEY (D + 6)t(ky.e1.€0.k1 ) kK 5
- t(ky.€0.k1 ) kS (Ko
* D—2 2(D — 2) T tkezkky (ko-1)
4 (a 35 ; €2:k) (=2t + (D — 6)kSkY — 4kSKD) + (1 2). (3.10)

Computing (3.8) produces the t-channel amplitude in eq. (3.3) plus some additional
contact terms.

e In second diagram the source of gravitons on the Dj-brane is at order o’. The
action (2.3) does not produce any source because at linear order it is total derivative.
But those terms in eq. (2.5) that have been produced by field redefinition lead to some
sources (for example see eq. (2.8)). Using the three graviton vertex diagram from the
GB terms (1.2) in the bulk which has been created by the same field redefinition

/ 3 3 3
(V;?QQ)O‘B = 0/< — ZtQ(el.éz)a'B + §(k1.62./€1)(k2.61.k2)77a5 + 515(]432.61.62.]{:1)770‘6
3 3
-+ §t2T’f‘<61.62)77a'3 - 3(]?2.61.]{2)]{?]{1.63 — it kg kl.ﬁg.ef + 3(k2.61.62.k1)k?k‘2’3

3 3 3
+ itTr(el.eQ)kf‘kg - §tk2.e‘{‘k1.e§ — 3(ky.€9.k1 ) kS k. — th‘fkg.q.e§>, (3.11)

and by computing (3.8) on can show that this diagram will not produce any pole and
just lead to some contact terms.

e For the last diagram we need a source for graviton at a’?-order. There are two type
of terms here. Terms such as éaﬁvavﬁR, OR and OR become total derivative at
linear expansion and do not produce any source. Moreover there are other terms for
example DRQBG’“B which gives rise to the following source

/ k? 1
(S )P = a’2k2< — ?Vaﬁ — ik.v.zmaﬁ + k%W) . (3.12)
Using this source and (2.7) we get
—t? 1
A= - ki1-V-ea-€1-ka —ki1-V-€1-€2- k1 + ik‘y e k1Tr(er- V) —ki-ea-V-ey- ko
1 1 1
+ 5]4?2' €1 - kQTT(GQ- V) - 58 T?“(el' 62) — QtTT(El- V. 62) y (313)

which again cancels the second order expansion (contact terms) of DRQBGQB.
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Figure 3. Field theory t-channel diagrams at o'2.
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Figure 4. s-channel diagram with scalar field that propagates on the brane.

So eventually computation of effective field theory amplitude leads to the string theory
t-channel A;(a’?) plus some contact terms C; that must be considered in the case of contact
interactions

1
Ct = 372(StT7’(€1.62) - 2tk2.€1.62.Vk1 - 4(k2.€1.k2)(k1.62.V’€1) - tQTT(EQ.‘/.Gl)

+ 2tky.€9.€1.V.k1 — 4(k}1.62.]€1)(l{72.61.Vk}2) — 2k2.€1.V62.k1) . (3.14)

The field theory diagram for amplitude in s-channel is shown in (figure 4). For am-
plitude to be at O(a’?), each of vertices between open and closed string fields must be
at O(c’). Note that it can not be possible to have one vertex at O(a’?) and the other
at O((a’)?) because in [20] it has been shown that the closed-open interaction in Bosonic
string theory are maximally at order /. By considering this point the s-channel amplitude
becomes

As(ere2) = (VL (P (VL) + (e2 + ). (3.15)

where (P, );; is the propagator for open scalar fields A* and ( Eall)\)" is the O(a’) open-closed
vertex on the Dp-brane which must be computed from the action (2.3). Computing this
amplitude also gives us the string theory s-channel in eq. (3.4) plus some contact terms Cj

1
Cs = ~3 (s(2s+ t)Tr(e1.V)Tr(e2.V) + (25 + t)Tr(e1.V )k1.V.ea.Viky
+ (28 + t)TT(EQ.V)kQ.Vel.V.k‘Q + 2(]61.V61.V/€1)(k}1.V62.Vk}1)) . (3.16)

~10 -
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Figure 5. Contact interaction of bulk and D-brane at O(a’?).

Until now our calculations have not required adding extra o/? terms to the action and
we have just shown the consistency of previously known actions in the bulk and D,-brane.
Here we prove that for consistency of the field theory contact terms with the string theory
amplitude we need to add o/?R? terms to the D,-brane action. Some of these contact
terms already come from (figure 3) and (figure 4) or equivalently from equations (3.14)
and (3.16). But in general we need to add extra terms to the action for compensation of
the diagram in (figure 5). These terms must be quadratic in graviton field and have four
number of derivatives. To find the correct coupling we consider the most general form of
such corrections

L1 = p1Ros™ RGP G + paRo™s" Rarspu G GO + p3Ro> 5" Roney GP GOF
+ paRas)” Rpnj GPGOFGM + ps Russ” Runw GPGORGM
+ 96 Rabrw Rprup GO GORGMGYP + pr Roaspr RiswupGOP GORGAGYP
+ P8 Raspr Roawup GOPGORGAMGYP . (3.17)

Here we have not considered terms containing the Ricci tensor because they can be pro-
duced by field redefinition by applying on the previous terms from lower orders and so are
ambiguous. Now we must expand eq. (3.17) to second order of the metric perturbations
and then go to the momentum space, we call the resulting terms by C4. The final step is
to impose the following equality that must be hold between string theory and field theory
contact terms

A =Ca+Cs+C. (3.18)

This leads to the following values for the coefficients in (3.17)

1 1,

1 1
2 2
f1 48<6 ™ )7 P2 4’ P3 247T ) P4 24( +m )7
1, 1 1
_ _ 14 L o, 1
T po=4(L=pr), ps =l p7) (3.19)

Inserting these values into the eq. (3.17) we find the following effective gravitational action

for Bosonic D,-brane at order a2

2 /2T _ _
St = %87) / e eV ~CLsyp + 0T, / " lae N —G Ly (3.20)
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where

Lgup = GBGvrm (2Rap HRVPMN - RanHRBMP“)
— 2GBGVRGPR (2Ra1//3)\RP/m>\ - RO&VP)\Rﬁlm)\) ) (3'21)

is the Superstring Lagrangian and Lp are the additional following terms without 72

coefficients
1 ~ 5= 1 ~ g~ 1 o e~
L= gRa(;)‘“Rgn)\HGQBGJH + ZRoé/\(S#R,(g)\,wGa'BG&'C - iRa(;)\VRg,WVGaBGMG)‘“
1 S 1 R
+ ZRM;MRBWG&B GORGMGYP — ng;BHR,\WpGO‘ﬁG‘S”G)‘“G”p . (3.22)

Note that there is also the following structure which its coefficient does not fixed

—%(RQ(SAVR/BH/W — 4RuspxRicvpp + Ra(sﬁ,ﬁR)\l,Mp)éaﬁééﬁé)\”éyp. (3.23)

This coefficient remains ambiguous but at second order of field expansion it is equal to the
Gauss-Bonnet terms constructed from D,-brane metric and is a total derivative. Using
similar arguments as in [14] one may set p7 to zero.

The o/ corrections are absent in Superstring D,-brane action. In [19] it has been
shown that the o/ R? terms in eq. (3.21) can be written as those in [14] for totally geodesic
embedding i.e.

) 20T, = L. A
Ssup = g5 / "2 eV —G(Rapea R — 2Ry R™ — Ropij R +2R;;RY7) . (3.24)
where Rab = éCdRcadb and Rij = GCdRCidj.

Now let’s try to find those terms that are coming from the field redefinition. By using

the field redefinition in eq. (1.11) and by a pullback we can find the field redefinition on
D,-brane

3(D—3) -

- 1 = 3
6Gab — O/ (R(lb — 2D_4GabR> +a/2 (—48aX“abXVDR;W+8(D_2)2GabDR) . (325)

Applying this on (2.1) plus (2.3) we can get the following terms at a’?-order

(p—1DRR  (p*—1R?* (p—1)RagRG*"
4D —2) " 64(D—2)? 16(D — 2)
RosRG?  (p — 3)RRyup,GPGH 1

4(D -2) 8(D —2) )
N Frvi 1 B Ay A 1 S
o ’Y(sRMaVﬁGaﬂGWLGéy + ZvasRuaVﬂGaBGA/éGMV + 5957R57R5VMQG5“GVQ

PGPVEVaR | 1 50 1 208 A
D3 + 5GP GV Vg Ry — 5 GG,V Rag

- 1~ -
5L = R®Ryp — iRRagGaﬁ +

o m 1 o
R Rgs GRG0 + ERaﬂngaaﬂmﬁ

- gDRWéW + 3& —3)

T g —op (p+ 1)OR. (3.26)
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These terms have not any effect on contact terms at a/?-order. All terms in the fourth line
in above equation become total derivative at linear perturbation and the last two terms of
the fifth line give rise to both t-channel and contact term where cancel each other. The
remaining terms in the first three lines and those in the fourth line have at least one bulk
Ricci term and consequently have not any effect for on-shell scattering of two gravitons.

4 Summary and discussion

In this paper in introduction we reviewed the effective gravitational action on the bulk
space-time where has been studied in several papers [3-10]. It has been observed that to
have a ghost-free theory one needs to fix the coefficients of the field redefinition (1.4). This
gives rise to the Gauss-Bonnet action (1.2) at o/-order [4]. Applying the field redefinition
of (1.4) to the effective action produced by computing the string S-matrix amplitude (1.8)
will give new contribution to a/?-order and it ruins the ghost-free condition at this order.
To get ride of ghosts again one needs to add new terms to the field redefinition at o/?-order
i.e. (1.11). This last field redefinition gives the final form of the effective action eq. (1.12)
in the bulk at a’?-order [5]. An interesting observation at the level of Feynman graphs
happens and one can show that the exchange diagram cancel by contact diagram (see
(figure 1)) for those terms that created by field redefinition [7, 8].

It must be noted that due to the LSZ reduction formalism, the value of the S-matrix
which has been computed from on-shell vertex operators does not affect by these field
redefinitions.

Similar to the bulk space-time one may find the gravitational action on D-branes. This
has been studied at different orders of o/, for example see [11-19] where we have used in this
paper. In computing the effective gravitational actions on D,-branes one expects that the
above mentioned field redefinition is important at each order of o/ expansion. In section 2
we show this by starting from the known result found in [13], computed from S-matrix
amplitude of scattering of two gravitons from D,-branes (2.3). To impose the effect of field
redefinition it is enough to induce the field redefinition of the bulk (1.4) into the D,-branes
space-time i.e. eq. (2.5). Applying this to the DBI action at zero order (2.1), will produce
new extra terms to those which have been found in [13]. These new terms are presented
in eq. (2.6). Again one can see the cancellation between different Feynman diagrams for
ambiguous terms here. For D,-branes this cancellation happens between t-channel diagram
and contact term diagram (see (figure 2)). A similar cancellation between exchange and
contact diagrams for open string case in Superstring theory has been observed in [16].

We perform the same computation in section 3 but we notice that unlike the previous
order we have not the effective action at o/?-order. Therefore we need to compute the
expansion of S-matrix amplitude of two gravitons from D,-branes at this order which
includes t-channel, s-channel and contact terms (3.3)—(3.5). This calculation also support
the conjecture of uniform transcendentality in string theories in [18]. The details of field
theory computations are presented in subsection 3.2. The final results without considering
the field redefinition are given in eqgs. (3.20)—(3.22). But there are ambiguous terms again
which do not produce by the S-matrix calculations. These terms are given in eq. (3.26)
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due to the field redefinition of (3.25). These new terms divide into two parts, those which
have no effect for on-shell scattering of two gravitons and those which have cancellation
between t-channel diagram and contact term diagram.

As we mentioned before the existence of field redefinitions are crucial for gravitational
theory in the bulk to be ghost-free. If one uses the effective gravitational action on D,-
branes then the ghost-free condition needs to be considered. As an example in [21] the
D-brane induced gravity is used for addressing the cosmological constant problem and they
have studied the ghost instability in this regard. Our computations indicate that the new
terms we found here must be taken into account for such applications [22].
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A The kinematic factors
The kinematic factors for two gravitons scattering from D,-branes are given by

dy = ko-€1-€3- k1 — ko €1- D-€3- k1 — 2ko-€1-€2- D- ko + (1 > 2),

dy = Tr(er- D)(k1-€2- k1) + (1 > 2),

d3 =ki-D-€1D-€3- D-ky + ki- D-€1- €2- D- kg + Tr(e1- D)(k1- D-€2- D- k1) + (1 <> 2),
dy = Tr(e1- D-€3- D) + k1- Deg- D-€1- D- kg + ko- D-€1- D- €9- D- ky,

ds = Tr(er-€2) — ki-€g-€1- ko — ka-€1- €2- k1,
1
d6 = iTr(El- D)Tl“(62~ D) + Tl“(€1~ D)(kﬁz D- €2- D- ]{72) + (k‘Q €1° k‘g)(k’l DEQ' D- ]{71)
1
+ 5([432 €1+ D- kg)(kl €y D- kl) —+ (k‘g €1+ D- k‘g)(k’l D-ey- kl)

1
+ i(kz'D‘61-k2)(/€1'D'62‘]€1) + (1 4 2),

key- D- €3- D- k) (kg- D- €1+ D- k). (A1)
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