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a b s t r a c t

The aim of the current work is to evaluate the accuracy and efficiency of a newly suggested collision
scheme in the Direct Simulation Monte Carlo (DSMC) method; Simplified Bernoulli Trials implemented
over transient adaptive subcells, SBT-TAS, for two different unsteady flow test cases. First, the
performance of the SBT-TAS scheme is evaluated via simulating the shock-tube test case through a broad
range of Knudsen numbers. The shock-tube investigations indicated that the SBT-TAS scheme could
predict solutions as accurate as the nearest neighbor (NN) scheme. We show that the implemented SBT-
TAS scheme requires at least 3–4 particles per each subcell to predict intermolecular collision frequency
accurately. Then, a two-dimensional cylinder at Mach number of 0.6 is considered to investigate the
accuracy and efficiency of the SBT-TAS in the prediction of the unsteady vortexes shedding. On the same
grid and using the same number of particles per cell (PPC), the SBT and No Time Counter (NTC) collisions
schemes fail to predict the correct vortex shedding behind the cylinder accurately and the structure
of vortices are smeared out while the SBT-TAS and NN collisions schemes predict the strength of the
vortices and their oscillation frequency with the same level of accuracy. Our results indicate that SBT-TAS
preserves its accuracy in prediction of the aforementioned phenomenon while it uses relatively the same
sample sizes and number of particles compared with its NN counterpart.

© 2016 Elsevier Masson SAS. All rights reserved.
1. Introduction

Direct SimulationMonte Carlo (DSMC) techniquewas proposed
by Graeme Bird in 1963 [1]. Since then, the DSMCmethod becomes
one of the most successful approaches among particle-based
methods in treating rarefied gaseous flows. The main feature
of the DSMC method is to decouple the molecular movement
and binary intermolecular collisions within the grid cells in each
time step. It is mathematically proved that the solution of the
DSMC method converges to the Boltzmann equation solution if
an adequate number of particles per cells and fine enough cells
are employed [2]. DSMC method went under many modifications
for reducing its restrictions, including statistical fluctuations and
computation costs. The crucial part of the method is the stochastic
binary collision scheme. As a result, various collision schemes
have been proposed in the literature, i.e., ‘‘null-collision’’ [3],
‘‘modified-Nanbu’’ [4], ‘‘majorant collision frequency’’ [5], and ‘‘no
time counter (NTC)’’ [6]. The most frequently employed collision
scheme in the DSMC is the Bird’s NTC scheme, and further in the
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text, we will refer to it as the ‘‘standard scheme’’. The NTC scheme
is based on trying a maximum number of collision pairs, and as
a result, it needs around Nc ∼ 10–20 particles per cell to obtain
reliable results. NTC algorithm uses the acceptance–rejection
approach for calculating the actual number ofmolecular collisions;
therefore, it may show distortion in the prediction of correct
collision frequency in cells with the small number of simulator
particles because the standard NTC scheme could allow multiple
repeated collisions between one and the same particle pair [7].
Contrary to the classical DSMC collision schemes which are based
on the Boltzmann equation, it is possible to perform intermolecular
collisions considering the Kac stochastic model [8,9], which tries
to check all of the particle-pair combinations for collisions. The
Bernoulli Trials (BT) collision scheme, introduced by Yanitskiy [10],
was the first attempt to derive a Kac-based collision scheme.
Since this method inherently prevents the happening of part of
successively repeated collisions, it is possible to use a smaller
number of particles in a collision cell. However, themain drawback
of the BT algorithm is its high computational costs compared
to the standard scheme, i.e., O(N2

c ) vs. O(Nc). Therefore, high
computational costs of the BT method prevented its usage in
DSMC solvers. Stefanov [11] proposed a collision process based
on the Simplified Bernoulli-Trials (SBT) algorithm. This algorithm
is a simplification of the Yanitskiy’s Bernoulli trials scheme with
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a decreased number of computations per cell of order O(Nc)
and provides accurate results with the much fewer number of
particles while it avoids the possibility of repeated collisions.
SBT schemes and its variant were successfully evaluated for
various steady test cases [12–15]. Recently, Goshayeshi et al. [16]
proposed a modification of the Simplified Bernoulli Trials (SBT)
scheme, called the Intelligent Simplified Bernoulli Trials (ISBT)
scheme, which is capable of creating pseudo-circular subcells that
reduce approximately 25%–32% of the mean collision separation
distance (MCS). Detailed discussions on various collision models
are provided in Ref. [17].

It should be noted that the quality of the collisions and
consequently the accuracy of the DSMC solutions largely depend
on the collision separation distances. Many researchers proposed
several methods for reducing the collision separation distances.
LeBeau et al. [18] introduced the ‘‘virtual subcell’’ (VSC) method, in
which the nearest neighbor partner of a given particle is found and
selected. Bird [19] proposed static subcells, in which collision pairs
had to be chosen from their own or neighboring subcells. Stefanov
et al. [20,21] suggested the idea of dynamic subdivision of subcells,
or as called: collision cells. They adjusted the subcell such that the
subcell size remains smaller than the mean free path (λ) at every
time step. To provide a sufficient number of subcells in cells located
in high-density regions with a large enough number of particles,
Bird proposed the transient adaptive subcell (TAS) technique [22,
23]. Since then, TAS technique has been successfully employed in
DSMC solvers. The idea of implementation of the SBT scheme over
transient adaptive subcells (SBT-TAS) for steady test cases has been
introduced in Refs. [8,13].

The aim of the current research is to investigate the perfor-
mance of SBT-TAS in treating unsteady rarefied gas flow problems.
The DS2V code version 4.5.09, released with the Bird book [24]
is utilized as the base code for the current modifications. DS2V
code benefits from the nearest neighbor (NN) and NTC-TAS col-
lision schemes. Here, the NN collision scheme and the TAS sub-
routine of the DS2V code are substituted with the corresponding
SBT-TAS subroutines and comparisons between NN and SBT-TAS
are reported for two standard unsteady test cases; Riemann shock-
tube and unsteady vortex shedding behind a cylinder at subsonic
regime (M = 0.6). Unsteady vortex shedding has been considered
by many researchers as a standard test case for evaluating the ac-
curacy of numerical algorithms [25–30]. Therefore, the accuracy
of the SBT-TAS scheme for correct prediction of the shedding fre-
quency and vortex formation is investigated in details. Further in-
sights into the SBT-TAS collision scheme behavior is also provided.

2. Numerical method

2.1. Collision schemes

2.1.1. No time counter (NTC) and nearest neighbor (NN) schemes
Themost important constituents of aDSMC solver is its collision

model, in which, the change of particle velocities due to binary
collisions is computed. The NTC and NN schemes calculate the
maximum number of collision pairs (Np) as follows:

Np =
1
2
FnumN (l)


N (l) − 1


(σg)max

1t
V (l)

, (1)

where Fnum,N (l), V (l), and (σg)max are: the ratio of the number of
real molecules to the simulated particles, the number of particles
in a collision cell, volume of the collision cell, and maximum value
of the product of collision cross-section and particles’ relative
velocities. In the NTC scheme, a pair of particles is selected
randomly to be checked for the possibility of the collision. In the
NN scheme, however; while the first particle is chosen randomly,
the algorithm computes the distance of all other particles to the
selected one and chooses the nearest neighbors of it as the collision
candidate. For both NTC and NN schemes, collision occurs if the
collision probability becomes greater than a randomnumber (Rnf ):

(σg)ij
(σg)max

≥ Rnf . (2)

2.1.2. Simplified Bernoulli trial (SBT) and SBT-TAS schemes

2.1.2.1. The SBT scheme. A DSMC solver using NTC or NN algo-
rithms should include enough number of simulator particles oth-
erwise the collision subroutine experiences undesirable repeated
collisions. As a solution, Stefanov [7,8] developed a new colli-
sion scheme based on the Bernoulli trial concept which avoids
repeated collisions with approximately the same computational
costs as NTC scheme, O(N (l)). SBT collision model is derived from
the Kac Stochastic model, which expresses the evolution of N-
particle distribution function


FN(l)


t, x(l), CN(l)


due to binary col-

lisions.With the definition of the transition operatorG(t), the solu-
tion of theKac stochastic equation could bewritten in the following
form [17]:

FN(l)

t, x(l), CN(l)


= G (t) FN(l)(t0x

(l), CN(l)) (3)

where FN(l)

t0, x(l), CN(l)


is the initial distribution function and

FN(l)

t, x(l), c ij

N(l)


is the distribution function after the collision of

particles and the transition operator G(t) is written as:

G (t) = exp

t


1≤i<j≤N l

wij

Tij − I

 = exp [t(T − I)] (4)

where the collision probability of pair (i, j), wij, is a function of σij,
which is the collision cross-section, and gij = |ci − cj|, which is
particles relative velocities, and:

Tij =


4π
ψ


cij


B

gij, θ


dΩ (θ) , (5)

B

gij, θ


is a scattering kernel, Ω (θ) is the solid angle, that is a

function of scattering angle andψ

cij


is a linear normalized space

of continuous functions overΩ (θ). For small interval dt , operator
G(dt) can be expanded with respect to t and terms of order equal
or higher than O(dt2) be neglected. The transition operator G (dt)
corresponding to this approximation is obtained as:

G1 (dt) =


1≤i<j≤N(l)

exp

Tij − I


wijdt



=

N(l)−1
i=1

N(l)
j=i+1

exp

Tij − I


wijdt


. (6)

The index of series (Σ) in Eq. (4) or product (Π) in Eq. (5) consider
the whole set of particles in the domain in such a way that all
particles located after the ith particle in order of the cell could
be considered as a possible collision pair for this particle; this
feature stems from the derivation of the Kac stochastic equation.
Using Taylor expansion for small time steps, the exponential
term in every co-factor in Eq. (6) could be replaced by a linear
approximation over dt, thus:

G2 (dt) ≈

N(l)−1
i=1

N(l)
j=i+1


1 − wijdt


I + wijdtTij



=

N(l)−1
i=1

N(l)
j=i+1


1 − Wij


I + WijTij


, (7)
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where

Wij =
Fnumσ ijgijdt

V (l)
(8)

where V (l) is the cell volume. This means that operator G2 consists
of two terms, the collision probability WijTij and the no-collision
probability


1 − Wij


I , the latter means that FN(l)(t0x

(l), CN(l))
probability function does not transform to a new state if the
collision is rejected.

To reduce the number of checked pairs, Stefanov [11] showed
that it is possible to extend the internal product on the right-hand
side of the G2 (dt) in a series of j on t to reach to a simplified
transition operator G2 (dt) as follows:

G3 (dt) =

N(l)−1
i=1

1 −

N(l)
j=i+1

1
k
(kdtwij)

 I

+

N(l)
j=i+1

1
k
((kdtwij)Tij)

 , (9)

where k =

N (l) − i


. The algorithmic interpretation of operator

G3 (dt) states that instead of checking N (l)(N (l) − 1)/2 pairs, it is
possible to select the second collision particle from the particles
after the first one (ith) at random and reduce the number of
collision checking to (N−1), while the collision probability of every
checked pair is increased by a factor of (N (l) − i), i.e.,

Wij =


N (l) − i


Fnumdtσijgij

V (l)
. (10)

In SBT, the first particle, say i, is selected from 1 to N (l) in
sequence, while its collision partner, say j, is randomly selected
from the further available particles in the cell using:

j = (i + 1)+ int

Rnf ×


N (l) − i


. (11)

A collision is accepted if the probability function of collision
pairs, satisfies the condition given by Eq. (12)

Wij > Rnf . (12)

It is worth noting that, the probability ofWij > 1, should always
be kept close to zero by choosing appropriate values for the time
step and cell size.

2.1.2.2. Implementation of the transient adaptive subcells (TAS). As
the particle density in the flow field becomes non-uniform during
numerical simulations, it is recommended that a finer collision
grid is employed in regions with higher particle density so that
the intermolecular distance of the selected pair reduces. As a
solution, Bird suggested using transient adaptive subcells [22,23].
To determine the number of subcells in each direction, the number
of particles per each subcell should be pre-specified. To obtain a
squared shape subcell grid, the number of subcells in the axial
direction is calculated according to the following relation:

NSCX =


N (l)

PPSC × AR
, (13)

where AR =
1ycell
1xcell

. The number of subcells in the y-direction
is NSCY = NSCX × AR + 1 unless NSCY × NSCX > N (l)/PPSC
where in this state NSCY = NSCX × AR. The particles in the
subcells are indexed such that a sequential indexing for using in
the SBT scheme is attributed to the particles in each subcell that
contains particles. After this indexing, the SBT collision algorithm
is followed while the volume of subcells replaces the basic cell
Fig. 1. Schematic of the unsteady ‘‘time-averaging’’ sampling method employed in
the DS2V solver.

volume in the collision probability given by Eq. (10). This value
is calculated based on the volume of the basic cell and number of
subcells.

It should be reminded that early versions of the NTC scheme
considered the product of mean number of particles in the cell
⟨N (l)⟩ and the instantaneous number N (l) in Eq. (1). As discussed
in Refs. [16,17], latest version of NTC and NN schemes employed
the N (l)(N (l) − 1) as ⟨N (l)⟨N (l)⟩⟩ is identical to ⟨N (l)(N (l) − 1)⟩. This
allows the collision cell to be unrelated to the sampling cell and
makes the use of adaptive subcells feasible.

2.2. Unsteady sampling

There are two approaches for performing unsteady sampling
procedures in the DSMC. The first approach is called ‘‘ensemble-
averaging’’ which requires various independent simulation trajec-
tories. The sampling of the flow properties is performed in each
run, and an ensemble averaging is performed over values sam-
pled during all runs. The drawbacks of this ensemble-averaging
approach are first its high computational costs due to the require-
ment of repeating runs and second requirement of large amounts
of memory to accumulate data obtained from various runs.

The second approach is called ‘‘time-averaging’’, as depicted
in Fig. 1. This approach performs averaging during a number of
time steps over an interval centered at the sampling time. The
approach requires only one simulation run, but it may suffer from
the smearing of solutions over sampling time if the sampling
interval is too long. Therefore, the sampling time should be short
enough to minimize smearing of the solution and long enough
to obtain an accurate statistical sample. This method of time
averaging was implemented in the DS2V code of Bird. The method
was used previously byAuld formodeling shock tube test case [31].
Unsteady sampling procedures are discussed in details in Ref. [32].

2.3. Flow properties filter, weighted by surface sample sizes

Since the collision cell is considered as a macroscopically
homogeneous space, if fractions of it (subcells) are used as
independent areas for considering a collision, the possibility of
protruding stochastic errors will arise. In this regards, we propose
to use a filter based on the macroscopic sample sizes to reduce
those inner inevitable microscopic fluctuations and statistical
scatters. Here,we suggest using a five-pointweighting filter, which
calculates the averaged properties of flow elements, by using
flow elements’ sample sizes as weighting factors. The following
equation expresses the employed filter:

f (n) =

n+2
i=n−2

f (i)× S(i)

n+2
i=n−2

S(i)
, (14)

where f (n) is the surface element property of the nth element and
S(i) is the sample size of the ith element. Goshayeshi et al. [16,33]
used a similar filter to smooth surface properties, while the filter
is employed here to smooth flow field properties. Even though the
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Fig. 2. Flow structure in a shock tube. The flow regions include (1) the undisturbed
low-pressure gas (2) the constant velocity gas behind the shock front, (3) the gas
behind the contact surface between the driving and driven gasses and (4) the
undisturbed high-pressure gas.

employed filter helps to obtain results on relatively coarser grids
and/or with lower number of particles, it should be reminded that
the use of filter should not change the quantitative flow properties.
Therefore, the use of filter is limited to few cases in this paper.

3. Results and discussion

To evaluate the performance and accuracy of the SBT and SBT-
TAS scheme in treating unsteady flows, we considered two test
cases, the first one is the Riemann shock-tube at various Knudsen
numbers and the second one is the subsonic flow past a two-
dimensional cylinder atM = 0.6 and Kn = 0.00833.

3.1. Unsteady shock tube problem

Riemann shock-tube is a standard test case for evaluating
numerical codes as it contains shock waves, expansion waves,
and a moving discontinuity. Comparisons are performed between
SBT and SBT-TAS schemes and standard/sophisticated collision
models, e.g. no time counter (NTC) and the nearest neighbor (NN).
Fig. 2 shows the flow structure in the shock tube, where a moving
normal shock wave is shaped after the diaphragm between the
high-pressure and low-pressure regions is broken. The analytical
solution of the continuum limit for the shock tube problem is
reported in the gas dynamic textbooks and could be compared
against the rarefied flow solutions to investigate the effects of
flow rarefactions on the shock wave and expansion wave behavior
The shock tube length and height are considered as 1 µm and
125 nm, respectively. Monatomic argon with variable hard sphere
(VHS) molecular model, m = 6.63 × 10−26 kg, d = 4.17 ×

10−10 m, Tref = 273 K, and viscosity–temperature indexω = 0.74
is considered as the working gas. The upper and lower walls of
the tube were considered as specular walls to maintain the one-
dimensional characteristics of the flow. The ending walls were
considered as diffusive walls at T = 300 K. The pressure ratio
at both sides of the shock tube is set equal to P4/P1 = 10 and
T4 = T1 = 300K. The initial setting for the time step is 8.3×10−6 s.

3.1.1. Quantitative comparison with analytical solution
At the first stage, we compare DSMC solutions obtained from

different collision schemes with the analytical solution obtained
from the Euler equation. SBT and SBT-TAS solutions for the
distribution of temperature, density, Mach number and pressure
are compared with those of NN and NTC schemes as the well-
established fundamental collision schemes in the DSMC method.
Frames in Fig. 3 show this comparison at time t = 76.6 µs
after the diaphragm rupture for a flow with an initial Knudsen
number Kn = 0.00428, where Kn = λ/H that it is the ratio
of the mean free path of the gas molecules, λ, to the height of
the channel, H . Solutions of SBT and NTC collision schemes are
obtained using a division size equal to 150 × 75 cells while the
SBT-TAS and NN schemes use a division size equal to 50 × 10
cells. It should be noted that every division corresponds to one
Fig. 3. Distribution of temperature, density, Mach number and pressure at time t = 76.6 µs and Knudsen number, Kn = 0.00428 generated using NN, SBT-TAS, NTC and
SBT collision schemes compared to the analytical solution at the continuum limit.
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Fig. 4. Distribution of temperature over the centerline at time t = 76.6 µs and
Knudsen number, Kn = 0.00428 generated using NN, SBT-TAS, NTC and SBT
compared to the DSMC solution reported by Cave et al. [34].

sample cell or 4 collision cells, i.e., 50 × 10 cells correspond to
100 × 20 collision cells. Using appropriate grid sizes, all collision
schemes capture the flow field distributions quite accurately with
the positions, and general structure of each flow feature coincides
with the continuum solution. As expected, the sharp continuum
solution obtained for inviscid flows is not followed exactly due to
rarefaction and viscous effects, i.e., the shock wave is smeared. The
frames in Fig. 3 show that levels of statistical scatter in the SBT
and NTC scheme are slightlymore comparedwith SBT-TAS and NN
schemes even though they are obtained using finer grids.

Fig. 4 shows the temperature distributions in the centerline of
the shock tube at time t = 76.6µs at Kn = 0.00428 obtained from
the NN, SBT-TAS, NTC and SBT collision schemes with the same
grids reported in Fig. 3 compared to the DSMC solution reported by
Cave et al. [34]. In Cave et al.work the solutionwas conductedusing
a parallel DSMC code (PDSC) [35] benefiting fromapost-processing
software with 10 ensemble runs with a total initial number of
particles equal to 2.2 × 106 and particle per cell equal to 27 with
8 × 105 total cells and an initial time step equal to 9.15 × 108 s.
The solutions are shown in Fig. 4 agree together, while the lower
level of noises in Cave et al. results is due to using a post-processing
filter.

3.1.2. Effect of particle number and division size on statistical scatter
To ensure that the results are not influenced by the division

size and number of particles, various grids with a different total
initial number of particles are considered for the simulation of
the shock tube. The result of NN scheme with 8 × 106 particles
considered as benchmark solution and SBT, NTC and SBT-TAS
results were compared with the benchmark one. According to
Figs. 3 and 4, the temperature profile in the shock tube is the
most sensitive parameter to the statistical fluctuations, as the
temperature is proportional to the variance of the molecular
velocity. Fig. 5 shows the temperature distributions and density
profile over the centerline at time t = 76.6 µs and Knudsen
number, Kn = 0.00428 computed by the SBT collision scheme
with a different initial number of particles. This figure shows that
levels of the statistical scatter reduced adequately as the total
number of particles increases above 3 × 106.

From the results shown in Fig. 5, a case with 3 × 106 particles
is considered for further investigations. This case corresponds to
PPC = 150; therefore a grid study is performed with various
division sizes for the SBT scheme Fig. 6-left shows the temperature
distribution over the center line for different division size and PPC
constant equal to 150. Fig. 6-left demonstrates that amounts of
statistical scatter increases in the coarse grid, while a division size
of 150 × 75 cells provides relatively smooth solutions for the SBT
scheme Using a division size equal to 150×75 for the SBT scheme,
a further particle study is performed to investigate the effects of
lower andhigher values of PPCon the solution accuracy. Fig. 6-right
shows the temperature profile for division size equal to 150 × 75
and various particles per cell. The figure shows that the solutions
obtained from different PPC magnitudes converge together while
lower PPC shows higher statistical oscillations. The figure confirms
the selection of PPC = 150 as an appropriate choice for the
temperature profile accuracy.

Having selected PPC = 150 and division size of 150 × 75
cells for the SBT scheme, the next stage is to evaluate SBT-TAS
collision scheme in comparison with the NN scheme. For the SBT-
TAS scheme, the selection of an appropriate grid size is performed
by considering Eq. (13), i.e., using Nc = 150, AR = 0.5, and
PPSC = 4, then NSCX and NSCY could be calculated. The number
of subcells in the axial and normal direction is computed as equal
to 8 and 5, respectively. Hence,with regard to values obtained from
Eq. (13), the fine division size used for the SBT scheme transforms
to a coarse division size equal to 20 × 15 cells for the SBT-TAS
scheme. Since the selection of collision pairs in the TAS technique
is performed at the subcell levels, the effect of grid-size on the
accuracy and statistical scatter of the result is reduced and much
coarser cells could be employed. In the SBT-TAS scheme, further
reduction of the number of cells is restricted by another condition:
cell sizes should not so large that the smearing of macroscopic
gradients during the sampling stage occur. Therefore, in order to be
sure that applying the TAS technique does not reduce the accuracy
of the result of the SBT-TAS schemes, simulations were carried out
using two grid sizes equal to 20 × 15 and 50 × 10 cells, where the
Fig. 5. Temperature profile (left) and density profile (right) over the centerline at time t = 76.6 µs and Knudsen number, Kn = 0.00428 computed by the SBT collision
scheme with a different initial number of particles.
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Fig. 6. Left frame: Temperature distribution along the centerline at time t = 76.6 µs computed by the SBT collision scheme with different division size and PPC = 150,
Right frame: Investigation of PPC effects on the temperature profile at a division size equal to 150 × 75 cell.
Fig. 7. Temperature distribution on the centerline at time t = 76.6 µs computed
by SBT-TAS (PPSC = 4) and NN collision schemes using division sizes equal to
20 × 15 and 50 × 10 cells.

latter grid is the one used in Figs. 3–4 and shown to be adequate to
obtain accurate solutions. Fig. 7 illustrates a comparison between
the results obtained by the SBT-TAS (PPSC = 4) and NN schemes
obtained using two grid sizes equal to 20 × 15 and 50 × 10 cell.
The figure shows a suitable match between the SBT-TAS solutions
obtained using two different grids, while NN solutions show more
sensitivity to the size of the employed grid.

Effect of decreasing number of particles per subcell, (PPSC) on
the centerline temperature distribution using grids of 20 × 15
and 50 × 10 cells are shown in Fig. 8. Both figures show the
agreement of the solutions obtained by using PPSC equal to 4–1.
By further decreasing the average PPSC from 1 to 0.5, temperature
distribution smears.

A further study is performed to investigate the reason of this
smearing. The effect of grid size, time step and the number of
sampling cells are investigated for grid size equal to 50 × 10
cells and PPSC = 0.5. Fig. 9 illustrates the results obtained by
the SBT-TAS (PPSC = 0.5) for different grid size, time step and
the number of sample cells are compared with the results of
the SBT-TAS with PPSC = 4. Results show that neither of the
examined techniques, i.e., grid refinement (total or sample cells)
or time step decrease cannot improve the accuracy of the SBT-TAS
solution with PPSC = 0.5. The reason for this behavior could be
as follows: as our TAS subroutine implemented in the DSMC solver
does not search the neighboring subcells to find collision partners,
particles located in subcells with less than two particles will not
be considered for any collision; therefore, there is a possibility that
collision frequency being computed wrongly, as using PPSC = 0.5
created many subcells with less than two particles. It should be
noted, adding a search-algorithm for finding collision partners in
neighboring cells will increase computational costs of the code
while it improves the solution accuracy at lower PPSC’s.

To prove the above-mentioned claim, we consider an equilib-
rium shock tube test case, in which the surface and fluid tempera-
ture in the tube have an equal value of 273 K. Pressure ratio at both
sides of the shock tube is set equal to P4/P1 = 1. In this state, the
equilibrium collision rate per molecule (CF th) is given theoretically
by

CF th = 4nd2ref


πKBTref

ms


T
Tref

1−ω

, (15)

where n, dref , KB, Tref , m, and ω are gas number density, refer-
ence molecular diameter, Boltzmann constant, reference temper-
ature, molecular mass, and viscosity–temperature exponent, re-
spectively. CF num expresses the numerical counterpart of this pa-
rameter calculated by the division of the number of collisions in
each cell (Ncoll) on the simulation time (Time) and half of the mean
particle numbers per cell (0.5Np) as follows:

CF num =
Ncoll

0.5NpTime
. (16)

CFratio is defined as the ratio of the CFnum to its theoretical
counterpart, and it should have a magnitude close to unity at
the equilibrium state. The equilibrium shock tube test case is
considered using a grid size equal to 50 × 10 and various particle
per subcell (PPSC). Table 1 illustrates the effect of increasing PPSC
on the CFratio. These results demonstrate that CFratio is in the
acceptable range for PPSC = 4while using lower PPSCmagnitudes
underestimate the correct collision frequency. Evidently, the level
of deviation decreases in finer grid cells. The result of this table is
in agreement with previous SBT-TAS solutions, where a PPSC of 5
is used for cylinder and double cone test cases [16,33].

However, the table does not mean the requirement of the
SBT scheme to more than one particle per cell to predict correct
solutions. As is shown in different works published previously,
i.e., [11–15], pure SBT could work with PPC = 1 or even less if fine
enough cells are utilized. Therefore, the requirement of PPSC > 3
is mainly back to the SBT-TAS implementation rather than SBT
intrinsic characteristics, i.e., searching the neighboring subcells
will alleviate this requirement but with additional computational
costs.

Table 2 compares the computational cost of all collision
schemes. According to the table, the computational cost of the
SBT-TAS collision scheme is higher than NN collision scheme, but
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Fig. 8. Effect of decreasing PPSC on the temperature distribution using a 20 × 15 grid (left) and 50 × 10 grid (right).
Table 1
Effect of decreasing PPSC on CFratio for equilibrium shock tube test case.

Scheme Divisions size Total initial number of particles Mean
CFratio

PPSC adaptation in TAS

SBT-TAS 50 × 10 6.7 × 106

0.389 0.5
0.636 1
0.87 2
0.96 3
1 4
Table 2
Comparison of the computational cost and error for various collision schemes.

Scheme Total number of initial particles Particle per cell (PPC) Normalized computational cost RMSE error % Grid size

NN

6.7 × 106 3350

1 2.52

50 × 10SBT-TAS 1.87 1.91
NTC 0.95 4.72
SBT 1.14 4.88

NN

0.5 × 106 25

1 6.51

100× 50SBT-TAS 1.21 6.46
NTC 0.98 8.12
SBT 1.09 8.01
Fig. 9. Effect of (a) grid size (b) time step and (c) number of sample cells on the temperature distribution for PPSC = 0.5.
the magnitude of root mean square error (RMSE) is minimum
for this collision scheme. It means that NN scheme requires finer
grid and/or higher PPC to get an accurate solution as the SBT-TAS,
therefore, NN computational cost could become comparable with
SBT-TAS for achieving the same level of accuracy. With decreasing
in the number particle per cell, the difference of computational cost
between the SBT-TAS and NN collision schemes decreases.

A dimensionless number, called separation of free paths (SOF),
defined as the ratio of the mean collision separation distance
(MCS), the average distance between colliding pairs, divided to
the local cellular mean free path (λ), is usually considered as a
parameter that could largely self-validate a DSMC solution, i.e., a
DSMC solution with SOF < 0.3–0.4 could be considered as a
reliable solution if all other numerical parameters in code such
as location of the domain boundaries (for external flows) and
time step have been selected appropriately [24]. Fig. 10 depicts
variations of the average SOF with the total number of particles for
the SBT-TAS and NN solutions for the considered shock tube test
case. The figure indicates that the SOF magnitude of the SBT-TAS
is slightly higher than that of NN for all studied cases, but almost
below the recommended value of 0.4.



24 S.M. Madani, E. Roohi / European Journal of Mechanics B/Fluids 64 (2017) 17–29
Fig. 10. Compression of average SOF (MCS/λ) from the NN and SBT-TAS collision
schemes with PPSC = 4 with a different total initial number of particles.

Table 3 presents variations of the average SOF with the particle
per subcell for the SBT-TAS scheme obtained on two grid sizes of
20 × 15 and 50 × 10 cells. The table indicates that lower values
of SOF correspond to lower PPSC; however, as shown in Fig. 8,
this does not necessarily correspond to higher solution accuracy.
This observation shows that any reduction in the mean collision
separation does not eventually result in an increase in the solution
accuracy [36], i.e., PPSC = 0.5 solution has the lowest SOF while
its accuracy is degraded as discussed before.

3.2. Unsteady flow behind a cylinder

The vortex shedding phenomenon behind the cylinder is a clas-
sical problem in the fluidmechanics. At the continuum limits, vari-
ous investigations have been carried out to illuminate different as-
pects of this problem, such as generation and separation of vor-
tices, the stability of vortex streets, shedding frequency, the tran-
sition of turbulent wakes and the possibilities of manipulating the
shagging process. On the other hand, the process of vortex shed-
ding in rarefied gas flows could be dissimilar from observations
on the continuum limits. In this section, the accuracy of the SBT-
TAS collision scheme in the prediction of the vortex shedding of
a rarefied subsonic flow past a cylinder is investigated. The re-
sults of the SBT-TAS scheme are compared with the pure SBT so-
lutions, as well as the NTC and NN schemes with respect to their
accuracy on predicting vortex formation and shedding frequency
behind a two-dimensional cylinder. This case was considered by
Sue et al. using the NTC-TAS collision scheme [37]. The Knudsen
number based on the free-stream number density and cylinder di-
ameter is Kn = 0.00833, the flow and cylinder surface tempera-
tures are kept at 300 K. The initial value of the time step is set as
2× 10−6 s. In this work, molecular interactions are modeled using
the variable hard sphere (VHS) collision model and air is consid-
ered as the mixture of the diatomic nitrogen (80%) with the vis-
cosity–temperature index ω = 0.74 and diatomic oxygen (20%)
with the viscosity–temperature indexω = 0.77. Fig. 11 shows the
geometry, boundary conditions and simulation domain and two
points behind the cylinder where the sampling of the local com-
ponents of flow velocity is carried out. These points are located
at a distance of 4.5D behind the cylinder. Even though all bound-
aries were considered as velocity inlet, the upper, lower and right
boundaries do not inject any flow inside the field as the velocity
is in the positive streamwise direction. The surface of the cylinder
is considered as the diffuse reflector with full momentum/thermal
accommodation coefficients. The implication of a plane of symme-
try is valid only if the real flow is symmetrical about the centerline
of the geometry. However, due to an unsymmetrical vortex shed-
ding behind the geometry, a plane of symmetry is not imposed and
the complete domain is simulated.

The results of the current work are compared with results
reported in Ref. [37]. The unsteady DSMC sampling technique
described in Section 2.2 is employed to sample flow field
properties. Fig. 12 shows contours of the stream-wise component
of the velocity at several times obtained from NTC, SBT, NN and
SBT-TAS collision schemes. Results of Su et al. at the same time are
also depicted in this figure. Their results were obtained using an
unstructured triangular grid with 49,104 elements. All frames in
the figure clearly show that the SBT and NTC collisions schemes
on the same grid and with the same number of particles per cell
predict the vortex behind the cylinder quite weak, i.e., the bend in
the vortex is not predicted by these schemes. On the other hand,
the SBT-TAS and NN collisions schemes could predict the structure
of the vortices and their oscillation.

Our results demonstrated that SBT-TAS provided the most
accurate solution if subcells are adapted to PPC = 3 or more. The
reason for this is that is the same as our discussion presented for
Fig. 8 behavior. It should be noted that random-seeding parameter
or the randomness of the Monte Carlo method does not affect
the macroscopic properties of the flow. The vortical flow pattern
behind the cylinder follows themacroscopic instability of the flow.
The Strouhal number (f × D/U) for SBT-TAS and NN schemes are
calculated as 0.160 and 0.164, respectively. The value reported
experimentally by Roshko [29] at the continuum limit is 0.156.
Movies of temporal variations of the flow field are provided as
supplementary e-components of this paper (see Appendix A).

The effect of varying PPSCmagnitude on the contours of stream-
wise velocity at different times using 4×106 total initial number of
particles and division size equal to 200× 150 cells for the SBT-TAS
scheme are shown in Fig. 13.

The figure indicates that PPSC = 1 solution combined with
the employed time step predicts a solution similar to the pure
SBT, meaning that fine subcells created in this condition were not
effective due to their inefficacy in finding partner pair in adjacent
subcells and correct collision frequency prediction. In this figure,
the ratio of average time step to the subcell length are 8.36×10−5,
5.68×10−5, 4.63×10−5, 4.01×10−5, and corresponding Courant
numbers are 3.91 × 10−2, 2.65 × 10−2, 2.16 × 10−2, 1.87 × 10−2

respectively for PPSC = 1, PPSC = 2, PPSC = 3, and PPSC = 4.
Figs. 14–15 show the temporal variations of the normal

and perpendicular components of the axial velocity component
obtained from sampling points S1 and S2 behind the cylinder from
the NTC, SBT, NN and SBT-TAS collision schemes. According to
these figures, magnitude levels of fluctuations for both velocity
components for NN and SBT-TAS schemes are appreciably greater
than NTC and SBT schemes. For example, for the NN and SBT-TAS
schemes fluctuations for y-component of the velocity increases to
a magnitude of approximately ±100 m/s whereas for NTC and SBT
schemes these fluctuations significantly reduced to ±30 m/s. This
corresponds to reduced level of collision cell refinement in the SBT-
TAS and NN schemes.

Fig. 16 shows contours of vorticity magnitude around the
cylinder at a time equal to 0.1055 s. The vorticity is defined as the
local rotation or spin of the fluid element about an axis through the
element. In the other word, vorticity is the tendency for elements
of the fluid to spin. According to this figure, vorticity distribution
in upper and lower surface behind the cylinder is uniform for NTC
and SBT schemes whereas it is non-uniform for NN and SBT-TAS
schemes. The latter behavior is in harmony with the expected
unsteady behavior of the vortex shedding behind the cylinder.

Fig. 17 shows the distribution of x-component of velocity over
the centerline of behind the cylinder for NN, SBT-TAS, SBT and NTC
collision schemes. Since velocity distribution is noisy; the sample
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Fig. 11. Geometry used in the simulation of unsteady vortex shedding behind a two-dimensional cylinder including the sampling points for the components of x-velocity
(S1) and y-velocity (S2).
Fig. 12. Contours of stream-wise velocity (m/s) at different times for the vortex shedding behind a cylinder using 4 × 106 total initial number of particles and division size
equal to 200 × 150 cell for all NT SBT, NN, SB-TAS collision schemes. The last column corresponds to Su et al. work [37] obtained using NTC-TAS.
Table 3
Variations of the average SOF with the particle per subcell for the SBT-TAS scheme on two different grid sizes of 20× 15 and 50× 10 cells.

Scheme Divisions size Total initial number of particles Initial PPC SOF (MCS/λ) PPSC adaptation in TAS

SBT-TAS

50 × 10

6.7 × 106

3350

0.014 0.5
0.032 1
0.063 2
0.085 3
0.102 4

20 × 15 5580

0.012 0.5
0.030 1
0.058 2
0.079 3
0.095 4
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Fig. 13. Effect of the PPSC on the stream-wise velocity at different times for the vortex shedding behind a cylinder using 4 × 106 total initial number of particles and a
division size equal to 200 × 150 cells for the SBT-TAS scheme.
Fig. 14. Evolution of the x-components of velocity (m/s) at sampling points S1 (upper) and S2 (lower) for the vortex shedding behind a cylinder with 4 × 106 total initial
number of particles and division size equal to 200 × 150 cell for NTC, SBT, NN and SBT-TAS (PPSC = 3) collision schemes respectively from left to right.
size filter is utilized to minimize the scattering in the predicted
velocity results. Distribution of x-component of velocity for NN
and SBT-TAS schemes has some oscillation while for NTC and SBT
schemes it is a line with a constant slope.

In the next stage, we aim to obtain correct flow behavior of
the SBT and NTC solutions using fine grids. Results presented
in previous sections show that SBT-TAS could predict accurate
solutions on a division size equal to 200 × 150 (corresponding to
collision cells equal to 400 × 300) using PPSC = 3, AR = 0.75,
PPC = 32. By using Eq. (13) for SBT and NTC schemes, a uniform
grid equal to 750 × 565 obtained. Fig. 18 shows contours of the
stream-wise component of the velocity for SBT and NTC schemes
on this fine grid cells with 4× 106 total initial number of particles,
compared with SBT-TAS and NN solutions obtained on 200 × 150
cells.

According to Fig. 18, NTC and SBT collisions schemes on this fine
grid could predict the strength of the vortices and their oscillation
accurately. SBT scheme on refined grid predicts vortices and their
oscillation approximately with the same level of accuracy as the
SBT-TAS scheme on a coarse grid although the magnitude of the
fluctuation for the SBT-TAS is slightly greater than that of the
SBT. In this case, moreover, the benefit of the utilization of the



S.M. Madani, E. Roohi / European Journal of Mechanics B/Fluids 64 (2017) 17–29 27
Fig. 15. Evolution of the y-components of velocity (m/s) at sampling points S1 (upper) and S2 (lower) for the vortex shedding behind a cylinder with 4 × 106 total initial
number of particles and division size equal to 200 × 150 cell for NTC, SBT, NN and SBT-TAS (PPSC = 3) collision schemes respectively from left to right.
Fig. 16. Contours of vorticity (s−1) at 0.1055 s for the vortex shedding behind the subsonic cylinder for different collision schemes.
TAS technique is that the coarser grid can be employed and SOF
magnitude and computational time reduce approximately by 6%
and 10%, respectively. The former number means that yet finer
grid is required for the SBT scheme to reach the same level of
collision quality as the SBT-TAS. Moreover, the use of a coarser grid
is beneficial in that it reduces the required computer memory.

Fig. 19 demonstrates the distribution of the x-component of
velocity over the centerline behind the cylinder obtained using
a division size equal to 200 × 150 cells for NN and SBT-TAS
schemes and 750 × 565 cells for NTC and SBT schemes. This
figure demonstrates that the velocity distribution of NTC and SBT
schemes in a refined grid shows oscillations similar to the velocity
distribution of NN and SBT-TAS schemes in a coarse grid.

Fig. 20 illustrates the SOF value for NN and SBT-TAS (PPSC = 3)
collision schemes for the different total initial number of particles.
According to this figure, the SOF value of the NN scheme is slightly
lower than the SBT-TAS scheme in a constant total initial number of
particles value. The same level of SOF is obtained using the higher
number of particles in the SBT-TAS scheme compared to NN.

Table 4 presents variations of the average SOF with the particle
per subcell for the SBT-TAS scheme obtained on two grid sizes of
200 × 150 and 750 × 565 cells. The table shows that the SOF of
the SBT-TAS solution decreases with the PPSC reduction. It also
indicates that SBT and NTC could not reach to the SOF level of the
SBT-TAS and NN.

4. Concluding remarks

The current work investigated accuracy, efficiency, and perfor-
mance of the SBT-TAS collision scheme in simulating shock tube
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Table 4
Variations of the average SOF with the particle per cell (PPC) and the total initial number of particles for two grid sizes equal to 200 × 150
and 750 × 565 cells for different collision schemes.

Scheme Divisions size Total initial number of particles Initial PPC SOF (MCS/λ) PPSC adaptation in TAS

NN

200 × 150

4 × 106 32

0.43 –
SBT-TAS 0.24 1
SBT-TAS 0.47 2
SBT-TAS 0.66 3
SBT-TAS 0.8 4
NTC 2.08 –
SBT 2.08 –

NN 3 × 106 25 0.495
SBT-TAS 0.284 1

NN 2 × 106 16 0.62
SBT-TAS 0.33 1

NTC 750 × 565 4 × 106 10 0.7 –
SBT 0.7 –
Fig. 17. Evaluation of x-component of velocity over the centerline of behind the
cylinder for NN, SBT-TAS, NTC and SBT collision schemes with 4 × 106 total initial
number of particles and division size equal to 200 × 150 cell.
Fig. 19. Evaluation of x-component of velocity over the centerline behind the
cylinder with division size equal to 200 × 150 cells for NN and SBT-TAS collision
schemes and 750× 565 cells for NTC and SBT collision scheme with a 4× 106 total
initial number of particles.
Fig. 18. Contours of stream-wise velocity (m/s) at t = 0.105 s for the vortex shedding behind a cylinder with 4×106 total initial number of particles and division size equal
to 200 × 150 cell (left side) an division size equal to 750 × 565 cells (right side) for NN an NTC (upper) and for SBT-TAS (PPSC = 3) and SBT (lower) respectively from left
to right.
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Fig. 20. Compression of average the SOF (MCS/λ) value for NN and SBT-TAS
collision schemes with the different total initial number of particles.

and unsteady vortex shedding behind a subsonic cylinder. Our
simulations showed that SBT-TAS collision scheme could compete
with the nearest neighbor collision scheme and predict accurate
solutions for both test cases if subcells size are computed according
to 3 particles per subcells ormore. The investigation demonstrated
that simulation whose subcells are adapted to less than three par-
ticles suffers from incorrect collision frequency; a problem which
arises from the characteristics of the current implementation of the
SBT-TAS scheme in the numerical solver where the adjacent sub-
cells are not searched for a collision partner. On the other hand,
the normalizedmean collision separation (SOF) distance decreases
with reducing particle per subcell number, which is not necessarily
accompanied by the improvement of the solution accuracy. There-
fore, we insist that in addition to Bird’s criteria for self-validated
DSMC solutions; i.e., low SOF, fine grids, appropriate domain size
and simulation time step, the correct collision frequency should
also be checked. Finally, it deserves noting that a fine grid is re-
quired for the SBT and NTC collision schemes to reproduce SBT-
TAS and NN solutions obtained using a considerably coarser grid.
This means that SBT and NTC solutions not only are more time-
consuming than SBT-TAS and NN schemes but also they are more
memory demanding.

Appendix A. Supplementary data

Supplementary material related to this article can be found
online at http://dx.doi.org/10.1016/j.euromechflu.2016.12.002.
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