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Abstract. Let Z(G) be the center of a non-abelian group G and g be
a fixed element of G. The g-noncommuting graph of G, denoted by
∆g
G, is an undirected graph with vertex set G \ Z(G) and two distinct

vertices x and y join by an edge if [x, y] ̸= g and g−1. In this talk, we
survey some graph theoretical properties like connectivity and planarity.

1 Introduction

Let Z(G) be the center of a group G. Associate a graph ΓG to G as follows: Take G \ Z(G) as vertex set of ΓG and
join two distinct vertices x and y whenever xy ̸= yx. This graph is called the non-commuting graph ofG. Now, we are
going to consider the new generalization of non-commuting graph called g-noncommuting graph which is associated
to a fixed element g of a group G given by Tolue et al. in [4] as the following.

Definition 1. For any non-abelian group G and fixed element g in G, the g-noncommuting graph of G is the graph
with vertex set G and two distinct vertices x and y join by an edge if [x, y] ̸= g and g−1.

In this article, we consider an induced subgraph of ΓgG whose vertices are all non-central elements ofG. It is called
the g-noncommuting graph of G and is denoted by∆g

G.

2010 Mathematical Subject Classification. Primary:05C25; Secondary: 20P05.
Keywords. g-noncommuting graph, Non-commuting graph, Connected graph.
∗ Speaker
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It is clear that∆e
G coincides with the non-commuting graph.

LetK(G) = {[x, y]|x, y ∈ G} be the set of all commutators ofG and setG′ =< K(G) >, whereG′ is the commutator
subgroup of G. The g-noncommuting graph ∆g

G is a complete graph if g /∈ K(G). Therefore, we always assume that
g is a non-identity element, g ∈ K(G) and G is a finite group.

2 Main Results

In this section, we may investigate some graph theoretical properties of∆g
G. Let us start with to mention some relations

between the new graph ∆g
G and commuting graph.

Lemma 1. The commuting graph of group G is a spanning subgraph of∆g
G.

Lemma 2. IfK(G) = {e, g} or {e, g, g−1} then∆g
G is equal to commuting graph.

In the following theorems, we determine connectivity and diameter of the g-noncommuting graph.

Theorem 1. ∆g
D2n

is connected if and only if n ̸= 3, 4 and 6.

a a2

a ab

a2b

a a3

abb

a2b a3b

a a2

a4 a5

b

a3b

ab

a4b

a2b

a5b

Figure 1: ∆a2

D6
,∆a2

D8
and∆a2

D12

Theorem 2. Let g be a non-central element of G. Then

1. If |g| ̸= 3, then diam(∆g
G) = 2.

2. If |g| = 3, then the following cases occur:

(a) Let [C(g) : Z(G)] = 3. If there exists a vertex x such that d(x, g) > 2, then G
Z(G)

∼= S3 and ∆g
G =

K2|Z(G)| ∪ 3K|Z(G)|, otherwise diam(∆g
G) ≤ 4 .

(b) Let [C(g) : Z(G)] > 3. Then diam(∆g
G) ≤ 4.

Theorem 3. Let g be a central element of G. If there are two vertices such that their distance is greater than 5, then
∆g
G is disconnected and the following cases occur:

(i) If |g| ≥ 3, then G
Z(G)

∼= Z3 × Z3 and∆g
G = 4K2|Z(G)|,

(ii) If |g| = 2, then G
Z(G)

∼= Z2 × Z2 and∆g
G = 3K|Z(G)|.
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Otherwise ∆g
G is the connected graph and diam(∆g

G) = 2.

Corollary 1. If G is a group of odd order and ∆g
G is connected, then diam(∆g

G) = 2.

Theorem 4. The girth of g-noncommuting graph is 3, unless G ∼= S3, D8 or Q8. Moreover, g-noncommuting graph
of groups S3, D8 and Q8 are forest.

In the following theorem, we classify all groups that their g-noncommuting graph is planar.

Theorem 5. Let G be a finite non-abelian group. Then ∆g
G is planar if and only if G is isomorphic to one of the

following groups:

(1) S3, D8, Q8, D10, D12, D8 × Z2, Q8 × Z2,

(2) < a, b : a3 = b4 = e, ab = a−1 >∼= Z3 ⋊ Z4,

(3) < a, b : a4 = b4 = e, ab = a−1 >∼= Z4 ⋊ Z4,

(4) < a, b : a8 = b2 = e, ab = a−3 >∼= Z8 ⋊ Z2,

(5) < a, b : a4 = b2 = (ab)4 = [a2, b] = e >∼= (Z4 × Z2)⋊ Z2,

(6) < a, b, c : a2 = b2 = c4 = [a, c] = [b, c] = e, [a, b] = c2 >∼= (Z4 × Z2)⋊ Z2,
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