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Abstract

In this paper, by reviewing the concept of subcovering and semicovering maps, we extend the
notion of subcovering map to subscrmicovering map. We present necessary and sufficient condition
for a local homeomorphisin to be a subsemicovering map.
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1 Introduction

Steinberg |7, Section 4.2] defined a map p : X — X of locally path connected spaces a subcovering map if
there exists a covering map p’ : Y — X and a topological embedding 7 : X — Y such that p/ o = p. He
presented a necessary and sufficient condition for a local homeomorphism p : X — X tobea subcovering.
More precisely, he proved that a continuous map p : X — X of locally path connected and semilocally
simply connected spaces is a subcovering if and only if p : X — X is a local homeomorphism and any path
fin X with po f mll homotopic (in X) is closed, i.e, f(0) = f(1) (see |7. Theorem 4.6]).

Brazas [1, Definition 3.1] extended the concept of covering map to semicovering map. A semicovering
map is a local homeomorphism with continuous lifting of paths and homotopies. Klevdal in [5, Definition
7] simplified the notion of semicovering map as a local homeomorphism with unique path lifting and path
lifting properties.

In this paper, we extend the notion of subcovering map to subsemicovering map. We call a local homeo-
morphism p : X—Xa subsemicovering map if it can be extended to a semicovering map ¢ : vV — X, ie,
there exists a topological embedding ¢ : X =Y such that goy =mp.

In this paper, all maps f : X — Y between topological spaces X and Y are continuous. We recall that
a contimious map p : X — X is called a local homeomorphism if for every point T € X, there exists an

open neighborhood W of Z such that p(W) is open in X and the restriction map Pl : W — p(W) is a
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homeomorphism. In this paper, we denote a local homeomorphism p : X ——X by (X' ,p) and assume that
X is path connected and locally path connected.
Assume that X and X are topological spaces and p : X — X is a continuous map. Let f:(Y,y) —

|

(X, zp) be a continuous map and &g € p~ ' (zg). If there exists a continuous map IR (Y, ) — (X , o) such

(
that po f = f, then f is called a lifting of f. The map p has path lifting property (PLP for short) if for every

T -

Ao £l o e o o 4 P N I
. AAIRO, UIC IHlap P Ilds uic q C pairn Lj IJ

path f in X, there exists a lifting f : (£,0) — (X, &) of f
property (UPLP for short) if for every path f in X, there is at most one lifting E (1,0) — (X o) of f.
(See [6].)

Brazas [1, Definition 3.1] generalized the concept of covering map by the phrase “A semicovering map
is a local homeomorphism with continuous lifting of paths and homotopies”. Note that amap p:Y — X
has continuous lifting of paths if py : (pY )y — (pX)p(y) defined by py(a) = po a is a homeomorphism, for
all y € Y, where (pY), ={a: I =1[0,1] — Y|a(0) = y}. Also, amap p:Y — X has continuous lifting

of homotopies if ®, : (BY), — (®X),(,) defined by ®,(p) = p o ¢ is a homeomorphism, for all y € Y,

p(y)
where elements of (®Y), are endpoint preserving homotopies of paths starting at y. He also simplified the
definition of semicovering maps by showing that having continuous lifting of paths implies having continuous

lifting of homotopies. (See |2, Remark 2.5].)

The following theorem can be found in |5, Lemma 2.1| and |3, Theorem 3.1].

Theorem 1.1. (Local Homeomorphism Homotopy Theorem for Paths).

Let (X ,p) be a local homeomorphism of X with UPLP and PLP. Consider the diagram of continuous maps

where j(t) = (¢,0) for all t € 1. Then there exists a unique continuous map FaIxl—sX making the

diagram commute.
The following corollary is a consequence of the above theorem.

Corollary 1.2. Let p : X — X be a local homeomorphism with UPLP and PLP. Let xg,z1 € X and
fog: I — X be paths such that £(0) = g(0) = o, f(1) = g(1) = 21 and Fo € p Ywo). fFF: fr~grell

and f and § are the lifting of f and g, respectively, with f(()) = &9 = g(0), then Fife~grell.
The following theorem can be found in |1, Corollary 2.6 and Proposition 6.2].

Theorem 1.3. (Lifting Criterion Theorem for Semicovering Maps).

If Y is connected and locally path connected, f : (Y,y0) — (X, 20) is continuous and p : X —Xisa
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semiacovering map where X is path connected, then there exists a unique f : (Y, — (X, Zg) such that
s p Yo » 40

po f=fif and only if fu(m(Y,y0)) C pu(m (X, Z0)).
The following theorem can be concluded from [5, Definition 7, Corollary 2.1].

Theorem 1.4. A map p: X — X is o semicovering map if and only if it is a local homeomorphism with

UPLP and PLP.

Note that there exists a local homeomorphism without UPLP and PLP and so it is not a semicovering

map.

Example 1.5. ([4, Example 2.4]). Let X = ([0,1] x {0}) U ({1/2} x [0,1/2)) with coherent topology with
respect to {[0,1/2] x {0},(1/2,1] x {0},{1/2} x (0,1/2)} and let X = [0,1]. Define p : X — X by
t=0

38
p(s,t) = . It is routine to check that p is a local homeomorphism which does not have
s+1/2 s=1/2

UPLP and PLP.

2 Main Results

Let p : X — X be a local homeomorphism. We are interested in finding some conditions on p or X
under which the map p can be extended to a semicovering map ¢ : Y — X. We recall that Steinberg [7,
Section 4.2 defined a map p : X — Xof locally path connected and semilocally simply connected spaces a
subcovering map (and Xa subcover) if there exists a covering map p’ : Y — X and a topological embedding

i: X — Y such that p/ o i = p. We arc going to extend this definition as follows:

Definition 2.1. Let p : X — X be a local homecomorphism. We say that p can be cxtended to o local
homeomorphism q 1 Y — X if there exists an embedding map p: X — Y such that gow = p. In particular,
if g is a covering map, then p is called a subcovering map (see |7, Section 4.2]) and if ¢ is a semicovering map,

then we call the map p a subsemicovering map.

Note that since every covering map is a semicovering map, and every suhcovering map is a subsemicovering
map. Also, if p: (X.Zg) — (X,z0) can be extended to ¢ : (Y. g0) — (X, xz0) via ¢ : (X, 29) — (Y, %0).
then p. (71(X, Z0)) is a subgroup of g.(m1 (Y, %0)).

The following example shows that a local homeomorphism may be extended to various covering maps.

Example 2.2. Let X = S' v ! = {2 L 1|t € R} U {¥™ — 1|t € R} be the figure eight space,

X =Rx {0} UU,pt(-1.1) x {n}} and p: X — X defincd by

it

e +1 s=0
p(t,s): 2mis

e™ —1 s#0.

1157



Then p is a subcovering map since p can be extended to the universal cover of figure eight space introduced in
|6, Section 1.3] which we denote it by A : Z — X. Note that one can extend p to the covering ¢ : Y — X
where Y = (R x {0}) U Unen (S x {n}) via an embedding map ¢ : X — Y defined by
(¢,0) s=0
o(t,8) = 3 0 amit
(g™ 4] §=£0i

/o

Hence p can be extended to two coverings which are not equivalent since p. (71 (X, Zo)) = ha(m1(Z, 20)) = {1}

but {1} = p.(m (X, Z0)) £ ge(m (Y, ) < m (X, @0).

Steinberg |7, Theorem 4.6] proved that the condition “if f is a path in X with po f null homotopic (in
X ), then f(0) = f(1)”is a necessary condition for a local homeomorphism p : X — X to be subcovering. In
the following theorem, we show that this condition is also a necessary condition for a local homeomorphism

to be a subsemicovering.
Theorem 2.3. Ifp: (X, Fo) — (X, xo) is a subsemicovering map, then
1. p: (X, Zo) — (X, zo) is a local homeomorphism;
2. if f is a path in X with po f null homotopic (in X ), then £(0) = f(1). (%)

In the following, we are going to find a sufficient condition for extending a local homeomorphism to a
semicovering map. For this purpose first, note that Steinberg in |7, Theorem 4.6] presented a necessary
and sufficient condition for a local homeomorphism p : X — X to be a subcovering. More precisely, he
proved that a continuous map p : X — X of locally path connected and semilocally simply connected
spaces is a subcovering if and only if p : X — X is a local homeomorphism and any path f in X with
p o f null homotopic (in X) is closed, i.e, f(0) = f(1). We will show that the latter condition on a local
homeomorphism p : (X, %9) — (X, 2¢) is a sufficient condition for p to be a subsemicovering provided that

pu(m1(X, %)) is an open subgroup of the quasitopological fundamental group 7%P(X, zy).

Theorem 2.4. Lel p : (5(550) — (X, ®0) be a map such that p*(wl()z,fco)) is an open subgroup of

ﬂijtap(X, xo). Then p is a subsemicovering map if and only if

1. p: (X, Z0) — (X, 20) is a local homeomorphism;

2. if f is a path in X with po f null homotopic (in X ), then f(0) = f(1).
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