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a b s t r a c t

The global solvers are an attractive class of iterative solvers for solving linear systems with
multiple right-hand sides. In this paper, first, a newglobalmethod for solving general linear
systemswith several right-hand sides is presented. This method is the global version of the
LSMR algorithm presented by Fong and Saunders (2011). Then, some theoretical properties
of the newmethod are discussed. Finally, numerical experiments from real applications are
used to confirm the effectiveness of the proposed method.
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1. Introduction

We consider the linear systems of the form

AX = B, (1)

where A is an n × n nonsingular and nonsymmetric real matrix, B and X are n × s rectangular matrices with usually s ≪ n.
It is well known that if the coefficient matrix A is large and sparse or sometimes not readily available, then iterative solvers
may become the only choice. These solvers are possibly classifiable into the three classes which are briefly described in the
next three paragraphs.

One class of solvers for solving the problem (1) is the block solvers which are much more efficient when the matrix A is
relatively dense and preconditioners are used. The first block solvers are the block conjugate gradient algorithm (B-CG) and
the block biconjugate gradient algorithm (B-BCG) proposed in [1]. The generalized of the block CG algorithm and its variable
version can be observed in [2]. Haase and Reitzinger showed that applied problems can be solved by using the block variants
of the CGmethod and combining themwith cache aware algorithms [3]. Vital (1990) designed the block generalizedminimal
residual algorithm (Bl-GMRES) [4]. Then the block variants of the GMRES method developed by some authors [5–12]. For
symmetric linear systems, an adaptive block Lanczos algorithm and a block version of minimal residual method (Minres)
are devised in [13]. For nonsymmetric problems, the B-BCG algorithm [1,14], the block quasi-minimal residual algorithm
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(Bl-QMR) [15], the block BiCGSTAB algorithm (Bl-BiCGSTAB) [16], the block Lanczosmethod [17], and the block least squares
with QR decomposition algorithm (Bl-LSQR) have been developed [18]. Recently, two block variants of the least squares
minimal residual method (Bl-LSMR) have been presented [19,20].

Another class is the seed methods, which consist of selecting a single system as the seed system and generating the
corresponding Krylov subspace and then projecting all the residuals of the other linear systems onto the same Krylov
subspace to find new approximate solutions as initial approximations. These methods were presented by some authors
[21–23]. The seed conjugate gradient method was studied in [24,25]. Also, the seed GMRES method was offered in [11].
Abdel-Rehim et al. (2008) proposed the improved seed conjugate gradient for symmetric positive definite linear equations
with multiple right-hand sides [26].

The last class is the global methods, which are based on using a global projection process onto a matrix Krylov
subspace. Jbilou et al. (1997) obtained global Lanczos-based methods [27]. Jbilou et al. (1999) presented the global full
orthogonalization method (Gl-FOM) and the global GMRES method (Gl-GMRES) for the nonsymmetric matrix equation
(1) [28]. Heyouni (2001) introduced two new methods for solving large sparse non-symmetric linear systems with several
right-hand sides that are called the global hessenberg (Gl-Hess) and the global changing minimal residual method based on
thehessenberg process (Gl-CMRH). Both of thesemethods are less expensive than theGl-FOMandGl-GMRES [29]. In the case
where the coefficient matrix A is nonsymmetric, Jbilou et al. (2005) introduced the global biconjugate gradient algorithm
(Gl-BCG) and the global BiCGSTAB algorithm (Gl-BiCGSTAB) [30]. In order to speed-up the convergence rate and retention
of information Gl-FOM and Gl-GMRES methods, Lin (2005) proposed the implicitly restarted Gl-FOM (GLFOM-IR) and the
implicitly restarted Gl-GMRES (GLGMRES-IR) [31]. By definition the global generalized hessenberg method for solving
multiple linear systems, Heyouni and Essai (2005) showed how to derive global Galerkinmethods (like Gl-FOM and Gl-BCG)
and global minimal residual norm methods (such as Gl-GMRES and Gl-CMRH). Also, in order to speed-up the convergence
of the global methods, they applied a weighted technique [32]. Toutounian and Karimi (2006) proposed the global
least-squares method (Gl-LSQR). In this method, the basis vectors are not needed to store [33]. Salkuyeh (2006) extracted
the global conjugate gradient method (Gl-CG) and the global conjugate residual method (Gl-CR) from the Gl-FOM and the
Gl-GMRES algorithms for solving symmetric linear systems of equationswithmultiple right-hand sides, respectively [34]. By
introduction of the concept of semi conjugate direction matrices, Gu and Yang (2007) presented the global semi-conjugate
direction method (Gl-SCD). In the case where the coefficient A is symmetric positive definite, the method does not fail [35].
Zhang and Dai (2008) presented a new transpose-free global method called the global conjugate gradient squared algorithm
(Gl-CGS) for solving large non-symmetric linear systems withmultiple right-hand sides [36]. Bellalij et al. (2008) developed
new convergence results for the global GMRES method when applied to multiple linear systems. They considered the case
where the matrix A is diagonalizable and the case of normal matrices [37]. Zhang et al. (2010) introduced the generalized
Gl-CGS algorithm that is less expensive the Gl-CGS method [38]. Zhang et al. (2011) derived a new family of global
A-biorthogonal methods which contain the global bi-conjugate residual algorithm (Gl-BCR). Also, they offered its improved
version which is called the global conjugate residual squared algorithm (Gl-CRS) [39].

In this paper, we present a global version of the LSMR algorithm [40] for solving the problem (1). The algorithm will be
derived from the LSMR algorithm in the same way as the global LSQR method was derived from the LSQR algorithm [33]. In
practice we observe that although the global LSQR and the global LSMR algorithms ultimately converge to similar points, it
is safer to use the global LSMR in situations where the solver must be terminated early.

The article is organized as follows. In Section 2, first, we recall some notations of the global methods and Global
Bidiag 1 Algorithm [33], thenwe present the global version of the LSMR algorithm and some properties. Section 3 is devoted
to numerical experiments to illustrate the efficiency of the new method. Finally, some concluding remarks are the subject
of Section 4.

2. Notations, Global Bidiag 1 algorithm, and the global LSMRmethod

In this section, first, we give some notations and properties used in the global methods. Then, we remind Global Bidiag
1 [33] which reduces matrix A to the lower bidiagonal form. Finally, we present the global LSMR method for solving Eq. (1).

2.1. Notations and Global Bidiag 1 algorithm

Throughout this paper, we use the following notations. For two n× smatrices X and Y , the inner product between X and
Y is denoted by ⟨X, Y ⟩ and defined by ⟨X, Y ⟩ = tr(XTY ), where tr(Z) denotes the trace of the squarematrix Z . The associated

norm is the Frobenius norm defined by ∥X∥F =

⟨X, X⟩

 1
2 . We will use the notation ⟨·, ·⟩2 for the usual inner product in Rn

and the associated norm denoted by ∥ · ∥2. Vectors e1, . . . , ek denote the columns of an identity matrix. Notation A ⊗ B is
Kronecker product and for anm × nmatrix A, vec(A) is defined by the following

vec(A) =

aT1 aT2 · · · aTn

T
,

where ak is the kth column of A. Finally, 0s and Is will denote the zero and the identity matrices in Rs×s.
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We use the notation ∗ for the following product:

Vk ∗ γ =

k
j=1

Vjγj,

where Vk = (V1, V2, . . . , Vk) with Vi ∈ Rn×s, i = 1, 2, . . . , k, and γ = (γ1, γ2, . . . , γk)
T is a vector of Rk. By the same way,

we set

Vk ∗ T = (Vk ∗ T.,1, Vk ∗ T.,2, . . . , Vk ∗ T.,k),

where T.,j is jth column of the matrix T ∈ Rk×k. It is easy to see that the following relations are satisfied:

Vk ∗ (γ + η) = Vk ∗ γ + Vk ∗ η and (Vk ∗ T ) ∗ γ = Vk ∗ (Tγ ),

where γ and η are two vectors of Rk.
Now, we remind Global Bidiag 1 [33] which is based on Bidiag 1 [41] and reduces A to the lower bidiagonal form. The

global Bidiag 1 procedure constructs the sets of the n × s block vectors V1, V2, . . . and U1,U2, . . . such that ⟨Vi, Vj⟩F =

0, ⟨Ui,Uj⟩F = 0, for i ≠ j, and ∥Vi∥F = 1, ∥Ui∥F = 1, i.e., they form two F-orthonormal basis of Rn×ks.
Global Bidiag 1 algorithm (Starting matrix B; reduction to lower bidiagonal form)

β1U1 = B, α1V1 = ATU1,

βi+1Ui+1 = AVi − αiUi,

αi+1Vi+1 = ATUi+1 − βi+1Vi,


i = 1, 2, . . . . (2)

The scalars αi ≥ 0 and βi ≥ 0 are chosen so that ∥Ui∥F = ∥Vi∥F = 1.
We set

Uk ≡

U1, U2, · · · , Uk


, Vk ≡


V1, V2, · · · , Vk


, Tk ≡


α1
β2 α2

. . .
. . .

βk αk
βk+1

 .

Now, according to the notation ∗, the recurrence relations (2) may be written as

Uk+1 ∗ (β1e1) = B,
AVk = Uk+1 ∗ Tk,

ATUk+1 = Vk ∗ T T
k + αk+1Vk+1 ∗ eTk+1.

Using the above notations, we have also the following results which have been proved in [33,28], respectively.

Proposition 1. Suppose that k step of the procedure Global Bidiag 1 have been taken, then the block vectors V1, V2, . . . , Vk and
U1,U2, . . . ,Uk+1 are F-orthonormal basis of the Krylov subspaces Kk(ATA, V1) and Kk+1(AAT ,U1), respectively.

Proposition 2. Let Vk be the matrix defined by Vk = (V1, V2, . . . , Vk), where the n× s matrices Vi, i = 1, . . . , k, are defined by
the global Bidiag 1 process. Then we have ∥Vk ∗ η∥F = ∥η∥2, where η is a vector of Rk.

2.2. Global LSMR (Gl-LSMR) algorithm

The Gl-LSMR method is an efficient extension of the LSMR method [40] for (1). The LSMR algorithm is based on Golub
and Kahan bidiagonalization process [41] for solving the nonsymmetric linear system

Ax = b, with A ∈ Rm×n and x, b ∈ Rn.

This method is similar in style to the well-known LSQRmethod [42] and is equivalent to MINRES [43] applied to the normal
equation, so that the quantities ∥AT rk∥ are monotonically decreasing (where rk = b − Axk is the residual for current iterate
xk). In practice, although LSQR and LSMR ultimately converge to similar points, it is safer to use LSMR in situations where
the solver must be terminated early [40]. More details about the LSMR algorithm can be found in [40].

Nowwe describe a Gl-LSMR algorithm for solving linear system (1). At iteration kwe seek an approximate solution Xk of
the form

Xk = Vk ∗ yk, (3)

where yk is in Rk.
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Let βk ≡ αkβk for all k. Using the notation ∗, from (2), we have

ATRk = ATB − ATAXk

= α1β1V1 − ATAVk ∗ yk

= β1V1 − Vk+1 ∗


T T
k Tk

βk+1e
T
k


yk

= Vk+1 ∗


β1e1 −


T T
k Tk

βk+1e
T
k


yk


, (4)

where e1 ∈ Rk+1. The global LSMR approximation is the uniquematrix ofKk(ATA, V1)whichminimizes the Frobenius norm
of the matrix ATRk. Therefore, from (4), the Frobenius norm of the matrix ATRk can be written as

∥ATRk∥F =

Vk+1 ∗


β1e1 −


T T
k Tk

βk+1e
T
k


yk


F
.

From Proposition 2, we have

∥ATRk∥F =

β1e1 −


T T
k Tk

βk+1e
T
k


yk


2
.

Thus

min
y∈Rk

∥ATRk∥F = min
y∈Rk

β1e1 −


T T
k Tk

βk+1e
T
k


yk


2
. (5)

A common technique to solve the least-squares problem (5) is to transform the coefficient matrix


T T
k Tk

βk+1e
T
k


into upper

triangular form using the QR decomposition [44]. First, we define a unitary matrix Qk such that

QkTk =


Rk
0


=



ρ1 θ2
ρ2 θ3

. . .
. . .

ρk−1 θk
ρk
0

 ,

where ρl and θl are scalers. This QR factorization can be done in a progressive manner, i.e., at iteration k, we can eliminate
βk+1, by using the simple recurrence relation

ck sk
−sk ck

  ρk 0
βk+1 αk+1


=


ρk θk+1

0 ρk+1


, (6)

whereρ1 ≡ α1, and the scalers ck and sk satisfy the relation c2k + s2k = 1. The quantityρk is an intermediate scaler that is
subsequently replaced by ρk. Now, if we define fk = Rkyk, we have

∥ATRk∥F =

β1e1 −


RT

kRk

βk+1e
T
k


yk


2

=

β1e1 −


RT

k
βk+1e

T
kR

−1
k


fk


2

=

β1e1 −


RT

k
αk+1βk+1ρ

−1
k eTk


fk


2
.

On the other hand, from (6), we have θk+1 = skαk+1 and ρk 0
βk+1 αk+1


=


ck −sk
sk ck

 
ρk θk+1

0 ρk+1


.
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This implies that βk+1 = skρk. So, θk+1 = αk+1βk+1ρ
−1
k and

∥ATRk∥F =

β1e1 −


RT

k
θk+1eTk


fk


2
.

Then, we perform a second QR factorization

Q k


RT

k β1e1
θk+1eTk 0


=


Rk zk
0 ζ k+1


, Rk =


ρ1 θ2

ρ2 θ3
. . .

. . .

ρk−1 θ k
ρk


where ρ l and θ l are scalers. Similarly, this QR factorization can be done in progressive manner. At iteration k we eliminate
θk+1 by using the simple recurrence relation

ck sk
−sk ck

  ρk 0 ζ k
θk+1 ρk+1 0


=


ρk θ k+1 ζk
0 ρk+1 ζ k+1


,

whereρ1 ≡ ρ1, ζ 1 ≡ β1, and the scalers ck and sk satisfy the relation c2k + s2k = 1. The quantitiesρk and ζ k are intermediate
scalers that are subsequently replaced by ρk and ζk.

Combining what we have with (5) gives:

min
yk

∥ATRk∥F = min
fk


zk

ζ k+1


−


Rk
0


fk


2
.

With setting

fk = R
−1
k zk,

the approximate solution is given by

Xk = Vk ∗

(RkRk)

−1zk


=

Vk ∗ (RkRk)

−1zk.
By defining

Pk ≡ Vk ∗ (RkRk)
−1

≡

P1, P2, . . . , Pk


,

we have

Xk = Pk ∗ zk.

The n × smatrix Pk, the last block of Pk, can be derived from the previous Pk−2, Pk−1 and Vk, via the relation

Pk =

Vk − θ k−1θkPk−2 − (ρk−1θk + θ kρk)Pk−1


(ρkρk)

−1.

In addition, we note that

zk =


zk−1
ζk


,

in which ζk = ckζ k. As a result, Xk can be updated at each step as

Xk = Xk−1 + ζkPk, (7)

where Pk is defined above. Moreover, the Frobenius norm of residual matrix of normal equation, ∥ATRk∥F , is the absolute
value of the last element of the right hand side


zk

ζ k+1


, i.e.,

∥ATRk∥F = |ζ k+1|. (8)

From (7), the matrix residual Rk is given by

Rk = Rk−1 − ζkAPk,
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Now, we show that the ∥Rk∥F can be estimated by a simple formula. We transform R
T
k to upper-bidiagonal form using a

third QR factorization:

QkR
T
k =Rk =


ρ1 θ2ρ2 θ3

. . .
. . .ρk−1 θkρk

 ,

whereρl andθl are scalers. The aboveQR factorization is determined by constructing the kth plane rotationQk,k+1 to operate
on rows k and k + 1 of the transformed R

T
k to annihilate θ k+1. This gives the following simple recurrence relation: ck sk

−sk ck
 

ρ̇k 0
θ k+1 ρk+1


=

ρk θk+1
0 ρ̇k+1


,

where ρ̇1 ≡ ρ1, and the scalersck andsk are the nontrivial elements ofQk,k+1. The quantity ρ̇k is an intermediate scaler that
is subsequently replaced byρk. Now let

fk = Qkfk, bk =

Qk
1


Qke1β1.

Then

Rk = B − AXk

= β1U1 − AVk ∗ yk
= β1U1 − Uk+1 ∗ Tk ∗ yk
= Uk+1 ∗ (β1e1 − Tkyk)

= Uk+1 ∗


β1e1 − Q T

k


Rk
0


yk


= Uk+1 ∗


β1e1 − Q T

k


fk
0


= Uk+1 ∗


Q T
k

Q T
k

1

bk − Q T
k

Q T
k
fk
0


= Uk+1 ∗


Q T
k

Q T
k

1

 bk −

fk
0


.

According to Proposition 2, we have

∥Rk∥F =

bk −

fk
0


2
. (9)

The vectorsbk andfk can be written in the form

bk =
β1 · · · βk−1 β̇k β̈k+1

T
, fk =

τ1 · · · τk−1 τ̇k
T

. (10)

The vectorfk can be computed by forward substitution from RT
k
fk = zk. The following lemma shows that we can estimate

∥Rk∥F from just two elements ofbk and the last element offk.
Lemma 3. In (9) and (10),βi = τi for i = 1, 2, . . . , k − 1.

The proof of this lemma is similar to that given in [40] for the LSMR algorithm. The main steps of Gl-LSMR algorithm can
be summarized as follows.
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Algorithm 1 Gl-LSMR algorithm
Set X0 = 0n×s

β1 = ∥B∥F , U1 = B/β1, α1 = ∥ATU1∥F , V1 = ATU1/α1, β1 = α1β1

Set ζ 1 = β1,
ρ1 = α1

Set c0 = 1, s0 = 0, P−1 = P0 = 0n×s, θ0 = θ1 = 0, ρ0 = 1
For i = 1, 2, . . . until convergence Do:

Wi = AVi − αiUi
βi+1 = ∥Wi∥F
Ui+1 = Wi/βi+1
wi = ATUi+1 − βi+1Vi
αi+1 = ∥wi∥F
Vi+1 = wi/αi+1

ρi =
ρ2

i + β2
i+1

 1
2

ci = ρ i/ρi
si = βi+1/ρi
θi+1 = siαi+1ρ i+1 = ciαi+1ρ i = c i−1ρi

ρ i =
ρ2

i + θ2
i+1

 1
2

c i = ρ i/ρ i
si = θi+1/ρ i
θ i = si−1ρi

ζi = c iζ i
ζ i+1 = −siζ i

Pi =

Vi − θ i−1θiPi−2 − (ρ i−1θi + θ iρi)Pi−1


ρiρ i

Xi = Xi−1 + ζiPi
If |ζ i+1| is small enough then stop

End Do.

As we observe, at each iteration, the approximate solution and residual matrix can be cheaply updated and the Frobenius
norm of residual matrix of normal equation can also be obtained with virtually no additional arithmetic operations. From
(8), we have ∥ATRk∥F = |ζ k+1| and by using Lemma 3, we can show that the Frobenius norm of residual matrix, ∥Rk∥F , can
be computed by Algorithm 2 which is similar to the pseudo-code given in [40] for computing ∥rk∥2.

2.3. Complexity

The storage requirements and the computational costs for Gl-LSMR and Gl-LSQR algorithms are summarized in Table 1.
For eachmethod, the cost represents the computational costs required per iteration. For example, Gl-LSMRmethod requires
2s matrix-by-vector products at each iteration. For the storage, the n × s matrix AV represents working storage to hold
products of the form AV and ATU . As we observe, the work and storage requirements of Gl-LSMR are not significantly higher
than for Gl-LSQR method.

The following propositions establish some results on the global LSMR algorithm.

Proposition 4. Assume that ATA = UΛUT , where U is an orthonormal matrix, Λ = diag(λ1, λ2, . . . , λk) and λi’s are
eigenvalues of ATA. Consider the eigen-decomposition of the ATR0 = Uβ where β is an n × s matrix. Then, at step k of the
Gl-LSMR, we have

∥ATRk∥F ≤ β1 min
P∈Pk,P(0)=1


max

i=1,...,n
|P(λi)|


,

where Pk is the set of polynomials of degree less than or equal to k.

The proof of this proposition is similar to that of Theorem 7 in [37].

Proposition 5. In the Gl-LSMR method, we have the following properties:
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Table 1
Storage and computational requirements for Gl-LSMR and Gl-LSQR.

Cost Gl-LSMR Gl-LSQR

M × v 2s 2s
n-vector DOT 2s 2s
Mult. of n-vector and scaler 8s 6s
Scaler costs 18 10

Storage

n × s-matrix AV ,U, V , P0, P1, X AV ,U, V ,W , X

(i) If αk+1 = 0, then ∥ATRk∥F = 0.
(ii) If βk+1 = 0, then ∥Rk∥F = 0.
(iii) For singular systems AX = B, Gl-LSMR gives the minimum-F-norm LS solution, i.e., it solves the optimization problem

min ∥X∥F such that ATAX = ATB.

Algorithm 2 Pseudo-code for computing ∥Ri∥F

Set β̈1 = β1, β̇0 = 0, ρ̇0 = 1, τ−1 = 0, θ0 = 0, ζ0 = 0
For the ith iteration of the algorithm 1, perform the following steps:βi = ciβ̈i

β̈i+1 = −siβ̈iρi−1 = (ρ̇2
i−1 + θ

2
i )

1
2ci−1 = ρ̇i−1/ρi−1si−1 = θ i/ρi−1θi =si−1ρ i

ρ̇i =ci−1ρ iβi−1 =ci−1β̇i−1 +si−1βi
β̇i = −si−1β̇i−1 +ci−1βiτi−1 = (ζi−1 −θi−1τi−2)/ρi−1
τ̇i = (ζi −θiτi−1)/ρ̇i
γ = (β̇i − τ̇i)

2
+ β̈2

i+1
∥Ri∥F =

√
γ

The proof of this proposition is similar to that stated in [40].

3. Numerical examples

To compare the behavior of the proposed method discussed in the previous section with the LSMR method [40] and the
global LSQR iterativemethod (Gl-LSQR) [33],we present in this section numerical results for four examples. All the numerical
computations are performed in MATLAB 7. Moreover, the initial guess is selected X0 = 0 with suitable size.

Example 1. In this example, we compare the Gl-LSMR algorithm for solving problem (1) with the standard LSMR algorithm
applied to one right-hand side. The coefficient matrices are taken from the University of Florida Sparse Matrix Collection
(Davis [45]). These matrices with their properties are shown in Table 2. Diagonal scaling was applied to the columns of
A B


to give a scaled problem AX = B in which the columns of


A B


have unit 2-norm. By scaling, the number of

iterations of Gl-LSMR for convergence reduced satisfactorily. We use the right-hand side: B = rand(n, s), where function
rand creates an n × s random matrix with coefficients uniformly distributed in [0, 1]. The stopping criteria is set to
∥ATRk∥F ≤ 10−10.

In Table 3, we give the ratio t(s)/t(1), for s = 5, 10, 15, and 20, where t(s) is the CPU time for Gl-LSMR algorithm and
t(1) is the CPU time obtained when applying LSMR for one right-hand side linear system. Note that the time obtained by
LSMR for one right-hand side depends on which right-hand was used. So, t(1) is the average of the times needed for the s
right-hand sides using LSMR. We note that Gl-LSMR is effective if the indicator t(s)/t(1) is less than s. As shown in Table 3
the Gl-LSMR algorithm is effective and less expensive than the LSMR algorithm applied to each right-hand side.

Example 2. In this example, we display the convergence history of Gl-LSMR and Gl-LSQR in Fig. 1 for the systems
corresponding to the matrices Hamm/hcircuit and HB/sherman3. As Example 1, B = rand(n, s) and the tests stopped as
soon as ∥ATRk∥F ≤ 10−10. Fig. 1(left) shows both solvers reduce ∥Rk∥F monotonically. Fig. 1 (right) shows ∥ATRk∥F for
each solver. The plateaus for Gl-LSMR correspond to Gl-LSQR gaining ground with ∥Rk∥F , but falling significantly backward
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Table 2
Test problems information.

Matrix Property
Order sym nnz id Discipline

Hamm/add32 4960 No 19848 540 Electronic circuit design
HB/fs6801 680 No 2184 149 Chemical kinetics
HB/gre115 115 No 421 161 Simulation studies in computer systems
Hamm/hcircuit 105676 No 513072 542 Simulation studies in circuit parasitics
Bai/pde2961 2961 No 14585 324 Partial differential equations
HB/orsirr1 1030 No 6858 225 Oil reservoir simulation
Bai/rdb3200l 3 200 No 18880 1633 Chemical engineering
HB/sherman3 5005 No 20033 244 Oil reservoir simulation
HB/sherman4 1104 No 3786 245 Oil reservoir modeling
IBM EDA/trans5 116835 No 749800 1324 Subsequent circuit simulation problem

Table 3
Effectiveness of Gl-LSMR algorithm measured t(s)/t(1).

Matrix S
5 10 15 20

Hamm/add32 1.92 3.54 5.94 7.98
HB/fs6801 2.63 4.11 5.06 5.95
HB/gre115 1.60 3.01 4.04 4.26
Hamm/hcircuit 1.92 5.68 8.17 10.26
Bai/pde2961 1.89 3.16 4.47 5.50
HB/orsirr1 2.57 3.84 5.29 6.67
Bai/rdb3200l 2.40 3.72 5.90 6.83
HB/sherman3 2.44 3.96 6.75 9.06
HB/sherman4 1.99 4.50 5.24 8.34
IBM EDA/trans5 1.71 4.50 6.60 9.26

Table 4
CPU time for the convergence of the Gl-LSMR and the Gl-LSQR.

Matrix Method
Gl-LSMR Gl-LSQR

Hamm/hcircuit 8.84e+03 (6500) 1.33e+04 (7250)
HB/sherman3 45.34 (9375) 72.56 (9750)

by the ∥ATRk∥F measure. As can be seen, Gl-LSQR decreases ∥ATRk∥F oscillatory, whereas Gl-LSMR decreases ∥ATRk∥F
monotonically. In addition, we give CPU times and the number of iterations (in parentheses) for convergence the Gl-LSMR
and the Gl-LSQR methods in Table 4. As can be observed, the Gl-LSMR is terminated sooner than the Gl-LSQR.

Example 3. In this example, the matrix A represents the 5-point discretization of the operator

L(u) := −uxx − uyy + δux

on the unit square [0, 1] × [0, 1] with homogeneous Dirichlet boundary conditions. The mesh size in x-direction and y-
direction is h =

1
61 which yields a matrix of dimension n = 3600. We consider three matrices for the right-hand sides:

B = B1 = In,s, B = B2 = rand(n, s), and B = B3, where B3 is the n × smatrix whose ith column has all components equal to
one except the ith component which is zero. The tests stopped as soon as ∥Rk∥F

∥R0∥F
≤ 10−10. Fig. 2(left) shows the behavior of

the Frobenius residual norms in the logarithmic scale, versus the number of iteration for Gl-LSMR and Gl-LSQR. The figures
from top to bottom are related to running with the right-hand side matrix B1, B2 and B3, respectively. As can be observed
the Gl-LSMR method has similar behavior to the Gl-LSQR method.

Example 4. In order to illustrate the numerical performance of the Gl-LSMR and the Gl-LSQR, we consider the convection
diffusion equation with the Dirichlet boundary conditions

−1u + 2p1ux + 2p2uy − 2p3u = F on Ω,
u = 0 on ∂Ω.

Here Ω is the unit square (0, 1) × (0, 1). The parameters p1, p2 and p3 are 25, 50, 50, respectively. The operator Laplacian is
discretized using standard five-point stencil onΩ , and the first-order derivatives is discretized by centered finite differences
with mesh size h1 = 1/(n + 1) in the ‘‘x’’ direction and h2 = 1/(s + 1) in the ‘‘y’’ direction. This yields a linear system of
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Fig. 1. Gl-LSMR and Gl-LSQR solving two square nonsingular systems AX = B with s = 10: problems Hamm/hcircuit (top) and HB/sherman3 (bottom).
Left: log10 ∥Rk∥F for both solvers, with prolonged plateaus for Gl-LSMR. Right: log10 ∥ATRk∥F (preferable for Gl-LSMR).

algebraic equations that can be written as a Sylvester matrix equation

AX + XC = B, (11)

where tridiagonal matrices A and C given by

An×n =
−1
h2
1
tridiag


−1 − p1h1, 2 − p3h2

1, −1 + p1h1

, Cs×s =

1
h2
2
tridiag


−1 + p2h2, 2 − p3h2

2, −1 − p2h2


and B =

F(xi, yj)


n×s. The function F is chosen such that the exact solution is u(x, y) = sin(πxy) on the domain Ω . As

Example 3, the stopping criteria is set ∥Rk∥F
∥R0∥F

≤ 10−10. It is easy to prove that the matrix equation (11) is equivalent to the
ns × ns linear systemAx =b, (12)

where A = Is ⊗ A + CT
⊗ In,b = vec(B) andx = vec(X). The matrix equation (12) can be solved by the Gl-LSMR(or any

other global method) by replacing in Gl-LSMR the matrix product AX by AX + XC . Fig. 2 (right-top to bottom) shows the
convergence history of the Gl-LSMR and the Gl-LSQR for different performances of thesemethodswith n = 10, 100 and 200,
respectively. As can be seen, both methods have almost the same operation and by increasing n the number of iterations is
increased.

4. Conclusion

In this paper, we have presented a global version of LSMR algorithm for solving general linear systems with multiple
right-hand sides. As can be observed, the new method constructs a simple recurrence formula for generating the sequence
of approximate solutions {Xk}. In addition, ∥Rk∥F , and ∥ATRk∥F are cheaply computable. Experimental results confirm that
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Fig. 2. Convergence history of the Gl-LSMR and Gl-LSQR with s = 10: Example 3 (left) and Example 4 (right).

the proposedmethod is effective and less expensive than the LSMR algorithm applied to each right-hand side. In other hand,
the numerical examples show that the developedmethod has advantages over the Gl-LSQR algorithm. Finally, to reinforcing
the performance of the proposedmethod, a good preconditioner for the symmetric positive definite matrix ATA can be used.
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