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List of symbols
AiG  Gear inner cone distance (mm)
Am  Mean cone distance (mm)
b  Face width (mm)
bilp  Pinion limit inner dedendum (mm)
bip  Pinion inner dedendum (mm)
bp  Pinion mean dedendum (mm)
bmin/bmax  Lower/upper limit range of face width 

(mm)
d  Pitch diameter (mm)
e  Base of natural logarithm
Ei/Ei−1  Energy level of the system at current/pre-

vious position
f(X)  Equality constraint
F(X)  Objective function
g(X)  Inequality constraint
i  Number of steps in searching procedure
KA  Overload factor
KV  Dynamic factor
KHβ  Load distribution factor
Kθ  Temperature factor
k  Boltzmann constant
m  Module (mm)
met  Outer transverse module (mm)
n1  Input speed (rpm)
Pi  Acceptance probability of the found 

solution
Pr  A random generated number (0 ≤ Pr ≤ 1)
Qv  Transmission accuracy number
r  Cone pitch (mm)
SH/SF  Safety factor for contact/bending stress

Abstract Straight bevel gear is a type of gear which is 
widely used in mechanical systems to transmit power 
between perpendicular rotating axes. Designing straight 
bevel gears with the least possible volume is of great impor-
tance in industry since it results in a decrease in energy con-
sumption and the material requirement in manufacturing. In 
this paper, employing two powerful optimization algorithms, 
simulated annealing algorithm (SA) and genetic algorithm 
(GA), techniques for advanced optimization, coupled with 
American Gear Manufacturers Association (AGMA) instruc-
tions the volume of straight bevel gears pair is minimized 
and the corresponding design variables are obtained. These 
variables include majors, including teeth number, module 
and face width. Using a traditional technique, recommended 
values of the design variables by AGMA, a design example 
was performed and the values were obtained. Then, the sug-
gested techniques were utilized to get the values. The com-
parison between the results of all techniques shows that pro-
posed optimization algorithms are considerably capable of 
minimizing the volume. It indicates that improvement in the 
attained volume varies between 1.56 and 17.40% for SA and 
9.28 and 23.15% for GA.
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Ti/T(i−1)  System temperature of the system at cur-
rent/previous position

Vstraight bevel gear  Volume of straight bevel gear (mm3)
Vol  Total volume of pinion and gear
Wt  Transmitted load (N)
X  Vector of design variables
YNT  Stress-cycle factor for bending strength
Yx  Reliability factor for bending strength
Yz  Size factor for bending
Yβ  Length-wise curvature factor for bending 

strength
z  Teeth number
z1/z2  Teeth number of pinion/gear
ZE  Elastic coefficient for pitting resistance 

([N/mm2]0.5)
ZI  Contact geometry factor
ZJ  Bending geometry factor
ZNT  Stress-cycle factor for pitting resistance
Zx  Size factor for pitting resistance
Zxc  Crowning factor for pitting
Zw  Hardness-ratio factor
Zz  Reliability factor for pitting
α  Cooling rate of the system
γ  Pinion pitch angle (rad)
λ  Cone angle (rad)
σHlim/σFlim  Allowable contact/bending stress number 

(N/mm2)
δ1/δ2  Cone angle of pinion/gear (rad)
δG/δP  Gear/pinion dedendum angle (rad)
ΨiG  Inner gear spiral angle (rad)
ϕ  Normal pressure angle at pitch surface 

(rad)
ϕTi  Inner transverse pressure angle (rad)

Abbreviations
AGMA  American Gear Manufacturers 

Association
GA  Genetic algorithm
min  Minimum
N  No
SA  Simulated annealing
TA  Traditional algorithm
Y  Yes

1 Introduction

Gears, a common way to transmit mechanical power between 
two axes, especially when there is a short distance between 
axes, are hired in an extensive range of systems such as trans-
portation, automation and machine tools. The design method 
of these components has a considerable impact on perfor-
mance and eventually the system operation. Complicated 

physical shape, numerous design variables, several tables, 
graphs, empirical formulas and factors that must be consid-
ered have made the design an extremely intricate art [1, 2]. 
This, alongside the demands for gears with higher quality, 
less cost and lower weight has done research on these types 
of machine elements as ongoing activities. Production of 
gears with minimum volume renders a significant decrease in 
energy consumption [3] for the consumer and it might cause 
a reduction in the production costs for the producer due to 
a reduction in the used materials. The need for lighter gears 
arises from the fact that the low volume of a gear means a 
lower weight. In other words, optimizing the volume results 
in a lower weight of the gear. To make the design more opti-
mal, numerous methods, from traditional techniques basis to 
meta-heuristics ones, have been engaged by the researcher 
during recent decades. Modified Iterative Weighted Tcheby-
cheff (MIWT) [4], quasi-Newton method [5], and interactive 
physical programming as conventional techniques were used 
to solve multi-objective spur gear deign [6]. From the latest 
application of these methods in this topic, Marjanovic et al. 
[7] developed a practical approach to optimize spur gears 
trains, or Golabi et al. [8] applied a non-linear programming 
to obtain parameters regarding to the optimum design of gear 
box. As far as evolutionary techniques of the optimization are 
considered in the traditional class of methods, a two-phase 
evolutionary algorithm was employed to optimize the design 
of a two-stage helical gear reducer [9]. Recently, in a similar 
manner, Padmanabhan et al. [10] applied selective breeding 
algorithm, as one of these types of techniques, to optimize the 
volume of a two-stage gear reducer. The risk to be trapped 
into local minima, slow convergence and the performance 
reduction, particularly when the number of design parameters 
increase or solution space extends are some weaknesses of 
these techniques. Furthermore, dealing with variables or con-
straints, which are discrete and hard to express as an explicit 
function, is another severe limitation in using these methods 
[11–14]. Thus, in recent years, modern stochastic optimiza-
tion techniques, owing to the lack of stated disadvantages, 
have become more popular to get proper solutions of these 
kinds of complex design problems. In these kinds of tech-
niques, genetic algorithm (GA) has been used more exten-
sively by authors to deal with gears design problems. GA was 
employed to optimize spur gear design [15]. Later, Marce-
lin [16] evaluated it, as one of the mentioned techniques, to 
solve a multi-objective optimization problem of a gear pair 
design. The author demonstrated GA was able to find the 
solution with more efficiency in comparison with traditional 
ones. GA employed to optimize gears design by researchers 
in a number of papers such as [13, 15, 17–22]. From the most 
commonly applied methods, simulating annealing (SA) and 
particle swarm optimization (PSO) used in the design of spur 
gears [23]. However, as seen above, GA is utilized widely to 
solve design problems optimization; the insufficiencies of 
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premature convergence were reported as a possible weak-
ness of the technique. The stated difficulty effects largely on 
search capability and eventually the performance of the algo-
rithm. Similarly, PSO suffers also the same challenge [24, 
25]. Moreover, in some applications under particular condi-
tions such as problems in global structural optimization with 
multiple local optima, SA shows better robustness and global 
searching capability [26].

Since the production of gears with least possible volume 
results in reduction in considerable energy consumption 
and production cost, as mentioned before, it has been of 
great significance to achieve lighter gears. The gear volume 
has a direct relationship with its weight and minimizing the 
volume means minimizing the gear weight. For this reason, 
as states above, numerous studies have been done to opti-
mize the gears volume. One of the types of gears, which are 
utilized widely in mechanical transmission systems, while 
the axes are intersected at 90°, is straight bevel gear. In the 
case of low speed and production cost, these types of gear 
become more desirable for power transmission between 
two intersected axes. Despite of the gear importance in 
diverse applications, the number of studies in optimizing 
the volume of this kind of gear is rare in the literatures.

In this paper, to optimize the volume of pair of straight 
bevel gears, an approach combining AGMA instructions 
and simulated annealing algorithm (SA) and genetic algo-
rithm (GA), as two advanced random search tools, is devel-
oped. The aim of the approach is optimization of volume 
of the gears and obtaining the proper values of main design 
variables. The major design variables include module, teeth 
number and face width. The capability of the method is 
evaluated through a design sample. Comparison between 
the results of the proposed technique and traditional design 
reveals that the new techniques are able to improve the 
found solution from traditional technique between 1.56–
17.40% for SA and 9.28–23.15% for GA. The traditional 
method is only based on AGMA suggested values of the 
major design variables.

The rest of the paper is organized as follows. In the sec-
ond section, optimization algorithms are discussed. Mode-
ling and optimizing the bevel gears pair is done in the third 
section. In section four, a designing example is considered 
and the paper is concluded in the fifth section.

2  Optimization methods

2.1  Simulated annealing algorithm

Simulated annealing (SA) algorithm, as one of the 
advanced optimization methods proposed by Kirkpatrick 
et al. [27], is a meta-heuristic and random search technique. 
The method is inspired by the annealing procedure used in 

material science and engineering. According to the process, 
a melted solid at high temperature is allowed to gradu-
ally and carefully cool down to room temperature within a 
planned timeline. As a consequence, the material reaches a 
complete, crystalline status with minimum energy and free 
of defect. In the process, if the cooling rate is too large or 
the initial temperature is not sufficient, it will not reach the 
minimum energy and local defects will arise.

SA begins with a randomly generated answer which sat-
isfies all constraints of the problem. Then, one of effective 
parameters of the answer, which is also randomly selected, 
is randomly modified to produce another suitable solu-
tion in the near of the current solution. The new solution is 
compared to the previous one regarding the objective func-
tion. As long as it shows an improvement over the previous 
one, it will be kept. If not, probability of acceptance will 
be attained from (1). The mentioned equation depends on 
the current temperature, which is obtained from a certain 
cooling function, (2) as an example, as well as energy of 
the system or obtained answers. If the obtained probabil-
ity is lower than a randomly generated number, it will be 
also accepted and maintained. Then, the previous answer 
is replaced by the kept one and new solution will be gen-
erated based on this new obtained solution. The sequence 
goes on generating new answer in the proximity of the 
replaced answer with until the condition for stopping the 
algorithm is met.

The mentioned probability function is in such a way 
that the acceptance probability of the new answers with no 
improvement over the previous answers will decrease with 
an increase in the number of iterations. The best answer 
from the deposited answers will be the final answer. Fig-
ure 1 shows the algorithm in a flow chart.

Regulating parameters of the algorithm include initial 
temperature, type of cooling rate function and its param-
eters as well as stopping criterion. Among different pro-
posed cooling rate functions, (2) has found more applicable 
than others. This equation is also used in this paper. Before 
changing in the temperature and acceptance probability, 
SA generally set an inner stopping circumstance. But in the 
algorithm presented here, this criterion did not considered 
in order to increase convergence speed.

For the stopping criterion, some criteria may be 
employed such as number of iterations, percentage of 
improvement of the answer in regards to the initial one and 
reaching to a certain execution time. Reaching to a spe-
cific iteration number as the stop criterion was used in this 
paper. Thus, in this research, the initial temperature, cool-
ing rate and number of iterations are the regulating param-
eters of the algorithm. Increase in the initial temperature, 

(1)Pi = min(1, e((Ei−Ei−1)/kTi)), i = 1, 2, 3,
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number of iterations and cooling rate result in the improve-
ment of answers, but it will also increase the execution 
time. However, after a certain amounts, the mentioned rise 
in the amounts has no effects on the enhancement of the 
obtained solution and only leads to large execution time. 
The appropriate values for the above stated parameters are 
determined through trial and error. These values for each of 
the parameter have a significant effect on the quality of the 
obtained answer and also on the execution time.

In this research, solutions are considered as vectors 
with three components. These elements are teeth num-
ber, module and face width. Moreover, objective function 

(2)Ti = αT(i−1), i = 1, 2, 3,

is volume of the straight bevel gears pair. At first, the 
designed algorithm generates a valid random solution 
with completely random elements. Since next solution 
has to be generated near the generated solution (neighbor 
solution), one of the elements of the solution is chosen 
randomly. Thus, it might be teeth number, module or face 
width. Then, value of the chosen component is replaced 
by another value randomly. After evaluation, if the next 
created solution is valid regarding the constraints, it will 
be the next solution and the algorithm builds another 
solution based on it. In terms of the regulating parame-
ters, after several trials, the appropriate values for these 
parameters are obtained as below.

• No. of iterations: 1000,
• Initial temperature: 9 × 104,
• Cooling rate: 0.99.

2.2  Genetic algorithm

Genetic algorithm (GA) is a special type of evolutionary 
algorithm which is derived from the nature’s principle of 
gradual evolution of the generations, Darwin’s principle 
of natural selection; it has found numerous applications 
in the context of optimization problems such as GMAW 
welding [28] and cylindrical grinding [29]. According to 
this principle, next generations created from the previous 
generations possess members with improved genetic and 
evolved features.

To carry out GA, first each answer in the solution 
space is turned into a coded string of values of the vari-
ables (each member of the population) by considering 
the constraints of the problem. Each of the answer of the 
problem is called chromosome. Each of the variables in 
the complete string which comprises a chromosome is 
called a gene. This search method, unlike the SA proce-
dure, evaluates the answers in a batch. It is done in this 
way that in each execution of the algorithm, a group of 
answers from the problem answers (generation) is pro-
duced. Then, according to their level of merit, which is a 
criterion for the goodness of each chromosome based on 
the objective function and the constraints of the problem, 
the answers are evaluated, ranked and the best answers 
are determined. According to the best answers, as long 
as the answer is acceptable, the algorithm stops and the 
answer is reported. If not, new generation is typically 
generated using selection, cross over and mutation opera-
tion. The flowchart of this algorithm is shown in Fig. 2. 
The assigned variables to implement the method in MAT-
LAB are available which are the same as those of the 
simulated annealing algorithm. Table 1 shows parameters 
of GA utilized in this research. The objective function of 
this algorithm will be discussed in the next section. 

Start

Validity check

Generating initial random solution 

Creating neighbor solution 
randomly

Stop criterion

Validity check

Calculation: Pr and Pc

Pr < Pi

Catch the neighbor solution

Stop criterion

End

Y

N

Y

Y

Y

Y

N

N

N

N

Fig. 1  Flowchart of simulated annealing algorithm
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2.3  Model formulation

Volume of pair of straight bevel gears pair, as shown in 
Fig. 3, is considered to be minimized using SA and GA. 
Then, values of design variables regarding the minimum 
volume are determined.

2.4  Objective function

To calculate the volume, accepting some simplicities, 
a formula which is suggested in [19] as shown in (3), 
is used. Employing (3), the objective function, will be 
obtained as (4).

(3)

Vstraight bevel gear = (π/3)b cos �
[

(mz/2)2 + (mz/2)

(((r − b)/2)(mz/2))+ (((r − b)/2)(mz/2))]2,

(4)

F(X) : Vol = (π/3)b cos δ1[(mz1/2)
2

+ (mz1/2)(((r − b)/2)(mz1/2))

+ (((r − b)/2)(mz1/2))
2]

+ (π/3)b cos δ2[(mz2/2)
2

+ (mz2/2)(((r − b)/2)(mz2/2))

+ (((r − b)/2)(mz2/2))
2].

2.5  Design variables

Design variables, which are gained from the optimization 
procedure, with upper and lower boundaries are listed in 
Table 2 in detail.

2.6  Constraints

According to AGMA instructions, upper limits of contact 
and bending stress as well as linear velocity of the gear 
on the outer diameter are required to be no excess per-
missible values. Therefore, the corresponding constraints 
define as (5)–(8).

(5)
g1(X) : (ZEW

tKAKVKHβZXZXC)/(bdZI)

≤ (σHlimZNTZW)/(SHKθZZ),

(6)

g2(X) : (W
tKAKVYXKHβ)/(bmetYβZJ)

≤ (σF limYNT)/(SFKθYZ),

Measure fitness

Ini�aliza�on

Selec�on

Muta�on

Start GA

Finish GA

Convergence

Test for 
convergence

Fig. 2  Biological genetic algorithm process flow

Table 1  parameters used in current genetic algorithm process

Parameters Value

Crossover function Heuristic

Crossover fraction 1

Elite number 2

Initial penalty 10

Mutation function 0.1

Penalty factor 100

Population initial range [−1,1]

Population size 100

Population type Bit string

Selection function Stochastic uniform

Fig. 3  Pair of straight bevel gears
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All constants which are appeared in the above equa-
tions and inequalities are described in detail at [2, 30]. 
In the design of bevel gears, prevention of undercutting 
occurrence is considered as one of the most important 
factors. To taking this into account, based on [30], for the 
straight bevel gear, Eqs. (9)–(14) have to be considered. 
Furthermore, teeth number of pinion is planned to be 
twelve or higher to avoid the undercutting.

(7)

g3(X) : 5.236(10
−6)mZ1nl

≤ (50+ 56(1− 0.25(12− Qv)
2/3)+ (Qv − 3))2/200,

(8)g4(X) : b ≤ {0.3Am, 10met}.

(9)f1(X) : AiG = Am − 0.5b,

(10)f2(X) : ΨiG = 0,

3  Designing example

In the design of bevel gears pair based on AGMA instruc-
tions, a number of design parameters concerning working 
conditions and requirements of the design are necessary to 
be determined. Table 3 shows these parameters and corre-
sponding values for a sample design.

(11)f3(X) : δp = δG,

(12)f4(X) : tan ϕTi = tan ϕ,

(13)f5(X) : bilp = (Am − 0.5b) tan γ sin2 ϕ,

(14)f6(X) : bip = bp.

Table 2  Design parameters and 
working conditions

Major design variables Type Explanations

Teeth number Discrete To be chosen from available values

Module Discrete To be chosen from available values

Face width Continuous To be chosen from available range (bmin ≤ b ≤ bmin)

Table 3  Design parameters and working conditions

Power to be transmitted (kW) 5 Reduction ratio 1:1

Input speed (rpm) 900 Life (number of cycles) 108

Load on prime mover Medium shock Load on driven machine Medium shock

Working temperature (°C) 50 Reliability 0.99

Contact safety factor 1.2 Bending safety factor 1.2

Pressure angle 20° Installation condition Both members straddle-mounted

Material Steel (grade ΙΙ) Gear/Pinion shape properly crowned teeth

Gear teeth hardness (HB) 350 Pinion teeth hardness (HB) 350

Transmission accuracy number 11 Gear teeth form full-depth, coniflex,

Maximum of face width (mm) 10 Maximum of face width (mm) 26.1

Available modules (mm) 1, 1.125, 1.25, 1.375, 1.5, 1.75, 2, 2.25, 2.5, 2.75, 3, 3.5, 4, 4.5, 5, 5.5, 6, 7, 8, 9, 10, 11, 12, 14, 16, 18, 
20, 22, 25, 28, 32, 36, 40, 45, 50

Available teeth number for gear/
pinion

15, 20, 25, 30, 35,40, 45, 50, 60, 70, 80, 90, 100

Table 4  The comparison between SA, GA and TA

Transmitted power (kW) 5 10.65 30.65

Design Variables TA SA GA TA SA GA TA SA GA

Teeth number 25 25 20 30 20 15 35 30 20

Module (mm) 3.5 2.75 4.5 4.5 5.5 5.5 5.5 5.5

Face width (mm) 19.2617 18.5555 27.33 23.1277 22.8520 26.6542 26.9823 38.2841 46.0279

Volume (dm3) 69.813 68.718 63.341 206.87 170.89 158.97 502.07 453.81 453.621

% improvement – 1.5685 9.2705 – 17.3926 23.1546 – 9.6122 9.6498
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In order to study capability of the simulated annealing 
algorithm and genetic algorithm in minimizing the vol-
ume of the straight bevel gears, the comparisons between 
obtained results of the two proposed algorithms and the 
traditional design centered on the AGMA are presented in 
Table 4. The table illustrates the effect of changes in trans-
mitting power on the calculated volume of the above sample. 
Using the parameters written in Table 3, execution iteration 
of the two algorithms is shown in Fig. 4 which demonstrate 
the convergence curves. According to this table, SA and 
GA improve considerably the found volume. To show an 
informative comparison between three traditional, simulated 
annealing and genetic algorithms, four graphs were drawn 
in Figs. 5, 6, 7 and 8 which show optimized volume, teeth 
number, module and face width, respectively.

As shown in Fig. 5 and Table 4, genetic algorithm is able to 
improve gear volume to 9.27% for 5 kW, 23.15% for 10.65 kW 
and 9.65% for 30.65 kW while simulated annealing could 
minimize the gears volume from 1.56 to 17.39% in all of its 
simulations. Genetic algorithm used a decreasing trend for the 
number of teeth. However, it increased the face width in all of 
transmitted power, especially in the 30.65 kW where the face 
width was achieved to 46 mm. Gear module decreased in 
5 kW, increased in 10.65 kW and did not change in 30.65 kW.

4  Conclusion

Volume of pair of straight bevel gears was minimized 
using two powerful optimization algorithms, simulated 

Fig. 4  Convergence curve of 
the proposed algorithms for 
10.65 kW power
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annealing and genetic algorithm. The results found 
through a design example showed that the gears volume 
which is obtained by simulated annealing and genetic 
algorithm is 68.718 and 63.341 dm3, respectively. While 
the corresponding obtained volume utilizing traditional 
technique is 69.813 dm3. Thus, GA had a better perfor-
mance from SA. From the corresponding major design 
variables, although the attained teeth number of pinion 
utilizing SA and GA is generally smaller than TA, SA 
proposed smaller or equal values of module in compari-
son with TA. In terms of face width, GA suggested bigger 
values. Change in the power transmission of the design 
example demonstrates that the volume reduction utilizing 

the algorithm varies between 9.2705–23.1546% for GA 
and 1.56–17.39% for SA. Thus, the proposed algorithms 
are useful tools to optimize considerably the volume of 
this type of gears. The mentioned optimization will result 
in a reduction in the material requirement of manufactur-
ing. Moreover, it will enhance the energy efficiency of 
the system which contains these kinds of gears due to the 
decrease in the gears weight.
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