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ABSTRACT
We present the effects of ordered large-scale magnetic field on the structure of supercritical
accretion flow in the presence of an outflow. In the cylindrical coordinates (r, ϕ, z), we write the
1.5-dimensional, steady-state ( ∂

∂t
= 0) and axisymmetric ( ∂

∂ϕ
= 0) inflow–outflow equations

by using self-similar solutions. Also, a model for radiation pressure supported accretion flow
threaded by both toroidal and vertical components of magnetic field has been formulated. For
studying the outflows, we adopt a radius-dependent mass accretion rate as Ṁ = Ṁout( r

rout
)s+

1
2

with s = 1
2 . Also, by following the previous works, we have considered the interchange of

mass, radial and angular momentum and the energy between inflow and outflow. We have
found numerically that two components of magnetic field have the opposite effects on the
thickness of the disc and similar effects on the radial and angular velocities of the flow. We
have found that the existence of the toroidal component of magnetic field will lead to an
increase in the radial and azimuthal velocities as well as the relative thickness of the disc.
Moreover, in a magnetized flow, the thickness of the disc decreases with increase in the
vertical component of magnetic field. The solutions indicated that the mass inflow rate and
the specific energy of outflow strongly affect the advection parameter. We have shown that
by increasing the two components of magnetic field, the temperature of the accretion flow
decreases significantly. On the other hand, we have shown that the bolometric luminosity of
the slim discs for high values of ṁ (ṁ � 1) is not sensitive to mass accretion rate and is kept
constant (L ≈ 10LE).

Key words: accretion, accretion discs – black hole physics – magnetic fields.

1 IN T RO D U C T I O N

The study of processes of gas accretion into compact objects started
in the 1960s. The standard model, the supercritical accretion model
and the radiatively inefficient accretion flow model are three mod-
els of accretion flow that have successfully explained energetic
phenomena, including active galactic nuclei, ultraluminous X-ray
sources and gamma-ray bursts. The optically thick supper Edding-
ton accretion flows (hearafter called slim discs) belong to the class
of cold accretion flows. These flows proposed by Begelman & Meier
(1982) and also Abramowicz et al. (1988) could describe the cold
accretion flow structure in the ultraluminous X-ray sources and
narrow-line Seyfert galaxies that cannot be explained by the tradi-
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tional standard thin disc (Mineshige et al. 2000; Watarai, Mizuno
& Mineshige 2001).

In contrast to the cold standard model, the slim discs are ra-
diatively inefficient because of both energy advection and photon
trapping effects. Consequently, radiation is trapped because of the
long photon diffusion time in the vertical direction and advected
inwards with the accretion flow (Kato, Fukue & Mineshige 2008
for more details). As a result, the radiation pressure is dominant
over gas pressure in slim discs (Mineshige et al. 2000). However
similar to the standard disc scenario, supercritical accretion flows
emit blackbody-like radiation. The standard model of accretion disc
breaks down both in the low-luminosity regimes [optically thin ad-
vection dominated accretion flow (ADAFs)] and in high-luminosity
regimes (optically thick ADAFs or slim discs).

Some radiation-hydrodynamic (RHD) and radiation-
magnetohydrodynamic (RMHD) numerical simulations have
shown the existence of outflow in supercritical accretion discs
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(Ohsuga et al. 2005, 2009; Okuda et al. 2005). The RHD simula-
tions of Ohsuga et al. (2005) have demonstrated that the structure
of slim discs consists of the disc region and outflow region above
and below the disc. Also, Ohsuga et al. (2005) have found that
the mass accretion rate does not remain constant with radius and
decreases inwards. Blandford & Begelman (1999) proposed the
radial dependency of the mass accretion rate as Ṁ ∝ rs with
0 ≤ s ≤ 1 (which the index s is a constant and shows the strength
of the wind parameter).

The inward decrease of the inflow accretion rate is related to
mass-loss in the form of outflow similar to hot accretion flows.
Yang et al. (2014) have found that the outflow can be generated at
the surface of the disc because of the radiation pressure force and
convection instability when the viscose parameter α is large. But for
the small viscose parameter, the slim discs tend to be convectively
stable, and the radiation pressure force is the dominant parameter for
the generation of outflow. The radiatively driven outflow has been
extensively considered by many researchers (e.g. Bisnovatyi-Kogan
& Blinnikov 1977; Watarai & Fukue 1999).

The magnetic field plays a crucial role in the dynamical structure
and the observational properties of accretion disc. Kaburaki (2000),
Abbassi, Ghanbari & Ghasemnezhad (2010), Ghasemnezhad,
Khajavi & Abbassi (2012), Samadi, Abbassi & Khajavi (2014),
Ghasemnezhad & Abbassi (2016), Ghasemnezhad & Abbassi
(2016) and Samadi & Abbassi (2016) have studied the effect
of magnetic field on hot accretion flow (ADAF) in recent years.
But the magnetized slim disc model has been less studied.
Ghasemnezhad, Khajavi & Abbassi (2013) have studied the
observational properties of the magnetized slim discs without a
wind parameter in two cases such as LMC X-3 and narrow-line
Seyfert 1 galaxies.

So the importance and presence of magnetic field in the accretion
discs are generally accepted. The magnetic field has several effects
such as the formation of the wind/jet (Yuan et al. 2015), the con-
vective stability of accretion flow (Narayan et al. 2012 ; Yuan, Bu
& Wu 2012) and the transfer of angular momentum by an magneto
rotational instability (MRI) process in the accretion flow (Balbus &
Hawley 1998) on the dynamical and observational appearance of
the discs.

So the large-scale ordered magnetic field is another mechanism
to produce an outflow in both cold and hot accretion flows. But
the magnetic field as the origin of outflow in the hot accretion flow
is more important than cold accretion discs. Three-dimensional
RMHD simulations by Ohsuga (2009) revealed that the slim disc
model is supported by radiation pressure, which is dominant over
the gas and magnetic pressures. The magnetic pressure is two times
as large as the gas pressure. This simulation has shown that the
toroidal component of magnetic field is dominant in the disc inner
region, and near the pole, the poloidal component of magnetic field
in the vertical direction (along the jet axis) is dominant. So it is
important to study the effect of magnetic field on the structure of
supercritical accretion flows.

The properties of self-similar solutions for the slim disc are sim-
ilar to ADAFs and have been pointed out by Fukue (2000). Fur-
thermore, the first self-similar solution for a magnetized ADAF
has been presented by Akizuki & Fukue (2006), which is able
to reproduce general properties of slim discs. Zahra Zeraatgari,
Abbassi & Mosallanezhad (2016) studied the 1.5-dimensional self-
similar inflow–outflow equations of supercritical accretion flows
with an outflow in the absence of the magnetic field. They
have followed the method of Bu, Yuan & Xie (2009) and Xie
& Yuan (2008) to study the effects of outflow by considering

the interchange of mass, radial/angular momentum and energy
between inflow and outflow. In this paper, we develop Zahra
Zeraatgari et al. (2016) solutions by considering the effects of large-
scale ordered magnetic field in the 1.5-dimensional inflow–outflow
equations.

The hypothesis of the model and relevant equations are developed
in Section 2. Self-similar solutions are presented in Section 3. We
show the result in Section 4.

2 BASI C EQUATI ONS

In this paper, we study the effects of large-scale magnetic field on
the structure of supercritical accretion flows with the existence of
an outflow by using the method presented by Bu et al. (2009) and
Xie & Yuan (2008). In the cylindrical coordinates (r, ϕ, z), we
write the 1.5-dimensional, steady-state ( ∂

∂t
= 0) and axisymmetric

( ∂
∂ϕ

= 0) inflow–outflow equations using the self-similar approach.
A height-integrated version of MHD equations (the continuity, the
momentum and energy equations) has been adopted, instead of
using the two-dimensional equations (e.g. the equations written
in the 1.5-dimensional description). Also, we use the Newtonian
gravity in the radial direction and neglect the self-gravity of the discs
and the general relativistic effects for simplicity. We consider both
the z and ϕ components of the large-scale magnetic field (Bz, Bϕ).
We do not consider the radial component of magnetic field (Br), as
we noted in the introduction. We investigate the contributions of the
two components of magnetic field to removing angular momentum.
Also, outflows can contribute to removing the angular momentum,
mass and energy from the disc. We suppose the α-prescription for
the turbulent viscosity in the rotating gas in the accretion flow.

The MHD equations are as follows (Bu et al. 2009):

dρ

dt
+ ρ∇ · v = 0, (1)

dv

dt
= −∇p

ρ
− ∇ψ + 1

c

J × B
ρ

+ ∇ × T
ρ

, (2)

∇ × B = 4π

c
J, (3)

∇ · B = 0. (4)

The induction equation of the magnetic field is

∂B
∂t

= ∇ ×
(

v × B − 4π

c
η J

)
. (5)

The energy equation for the supercritical accretion flows is

Q+
vis = Q−

adv + Q−
rad, (6)

where Q−
adv is the advective cooling written as follows:

Q−
adv = ρ

(
de

dt
− p

ρ2

dρ

dt

)
. (7)

In the above equations, ρ, v, p, e, B, η, T , ψ, Q+
vis and Q−

rad denote
the density, velocity, total pressure (p = pgas + pradiation + pmagnetic),

gas internal energy (e = c2
s

γ−1 , where γ is the specific heat ratio and

c2
s = p

ρ
is the sound speed), magnetic field, magnetic diffusivity,

viscous tensor, Newtonian gravitational potential (ψ = −GM/r),
viscous heating and radiative cooling, respectively. We consider
only the azimuthal component of viscous stress tensor as T =
Trϕ = ρνr

∂(vϕ/r)
∂r

, where ν is the kinematic viscosity. Also, the vis-

cous heating is given as Q+
vis = Trϕr

∂(vϕ/r)
∂r

(Bu et al. 2009; Zahra
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Zeraatgari et al. 2016). We have followed the assumptions of
Lovelace, Romanova & Newman (1994), Hirose et al. (2004) and
Bu et al. (2009) for studying the large-scale magnetic field. We con-
sider the two components of magnetic field, Bz and Bϕ , in the form of
an even function of z and an odd function of z, respectively. Also, the
vertical gradient of Bz is neglected. Hirose et al. (2004) have studied
numerically the magnetic field topologies in different flow regions,
include that of the main disc body, the inner torous and plunging
regions, the corona envelope and the funnel part. The numerical
MHD simulations carried out by Hirose et al. (2004) have shown
that the magnetic field includes two components: the large-scale
component and the small-scale component (turbulent component).
According to these simulations, the effects of turbulence and the
differential rotation control the magnetic field geometry in the main
body of the disc. The former bends the field line in all directions,
and the latter changes the radial field line into a toroidal field line.
So the magnetic field configuration of the main disc body is a tan-
gled toroidal field and a turbulent field. In the plunging and inner
regions, the flow changes from a turbulence-dominated inflow to a
spiralling inflow. Also in the corona, the magnetic field is purely
toroidal without tangles. The large-scale poloidal magnetic field
exists only in the funnel part. Therefore, the toroidal magnetic field
governs the main body of the flow and its inner parts, while the
funnel part is governed by the poloidal magnetic field (which is
mostly in the vertical direction z). Thus, we consider two compo-
nents of large-scale magnetic field, Bz and Bϕ , and we suppose that
Br = 0. We used the α-prescription for the turbulent viscosity that
consists of all effects of the small-scale (turbulence) component of
magnetic field. In this paper, we consider the even z − symmetry
field (Bϕ(r, z) = −Bϕ(r, −z), Bz(r, z) = +Bz(r, −z)), and Bz is in the
form of an even function of z. We can write the magnetic field as
follows:

B = Bp(r, z) + Bϕ(r, z)ϕ̂, (8)

where Bp and Bϕ are the poloidal and toroidal magnetic field com-
ponents. From equation (4), we can express that 
Bz = H

r
(Br )H ,

and by assuming two conditions as H
r

≤ 1 and (Br)H ≤ Bz, it
follows that 
Bz � Bz, that is, we have neglected the varia-
tions of Bz with z in the disc. So we have followed the following
assumptions:

Br = 0, (9)

Bϕ = B0
z

H
, → Bϕ,z=H = −Bϕ,z=−H , (10)

where H is the half thickness of the accretion disc and B0 is given by
B0 = Bϕ, z = H. Also, equation (4) is satisfied by these assumptions.
Xie & Yuan (2008) showed that the accretion flow has two parts:
inflow and outflow. They have supposed that the vertical velocity
for inflow is vz = 0 (i.e. there is a hydrostatic balance in the vertical
direction) and the outflow starts from the surface of inflow (z = H)
with velocity given by vz, w , vr, w , vϕ, w . Therefore, on the surface of
the disc, there is discontinuity between outflow and inflow. We have
considered the MHD equations that consist of a coupling between
the outflow and inflow in the presence of the large-scale magnetic
field (Xie & Yuan 2008; Bu et al. 2009). By integrating the equation
of conservation of mass in the vertical direction and by defining the
mass accretion rate as Ṁ(r) = −2πrvrρ and the density ratio of
outflow and inflow (η1) as η1 = ρw

ρ
∼= 0.71 (Xie & Yuan 2008), the

continuity equation gives

dṀ(r)

dr
= η14πrρvz,w. (11)

The equations of the conservation of radial, angular and vertical
momentum are as follows:

vr

dvr

dr
+ 1

2πr�

dṀ(r)

dr
(vr,w − vr ) = v2

ϕ

r
− GM

r2

− 1

�

d(�)

dr
− 1

4π�

[
d

dr

(
HB2

z

) +1

3

d

dr

(
HB2

0

) +2

3

B2
0

r
H

]
, (12)

�vr

r

d(rvϕ)

dr
+ 1

2πr

dṀ(r)

dr
(vϕ,w − vϕ) = 1

r2

d
(
r3ν� d


dr

)
dr

− 1

2π
BzB0, (13)

GM

r3
= (1 + β1)c2

s , (14)

where � ≡ ∫
ρ dz is the vertically integrated density and � = ∫

p dz
is the vertically integrated pressure. By assuming a dominance of the
radiation pressure in supercritical accretion discs, we can write the
height-integrated pressure � = �c2

s = �radiation. We neglect the gas
pressure. All variables have their own usual meanings, such as vr,
vϕ , 
 and G denote the radial speed, the rotational speed, the angular
speed of inflow and the gravitational constant, respectively. Also,
we use the α-prescription for the viscosity parameter as ν = αcsH.
Apparently, it is almost impossible to solve the equations directly.
We therefore, following Xie & Yuan (2008), introduce the parame-
ters ζ 1 and ζ 2 to evaluate the radial and angular velocities of outflow
in terms of inflow: vr, w = ζ 1vr, vϕ, w = ζ 2vϕ .

The ratio of magnetic pressure to radiation pressure is assumed
as

β1 = (Bϕ,z=H )2/8π

ρc2
s

, (15)

β2 = (Bz,z=H )2/8π

ρc2
s

. (16)

Three-dimensional RMHD simulations by Ohsuga (2009) revealed
that in the slim disc model the magnetic pressure is smaller than
the radiation pressure. So the values of β1 and β2 are in the range
β1, β2 < 1.

The energy equation is as follows:

�vr

γ − 1

dc2
s

dr
− 2Hc2

s vr

dρ

dr
+ 1

2πr

dṀ(r)

dr
(εw − ε)

= �αcsHr2

(
d


dr

)2

− 8�c

kes�H
, (17)

where εw = ζ 3ε (Bu et al. 2009) is the specific internal energy of
the outflow. The third term on the left-hand side of equation (27)
represents the exchange of internal energy between the inflow and
outflow. When ζ 3 > 1, the outflow is the extra cooling rate for the
inflow, and when ζ 3 < 1, the outflow is the extra heating rate for
the inflow.

The last term of the energy equation is related to radiative cooling
rate, which is important in supercritical accretion discs. As men-
tioned in the introduction, the optically thick ADAFs are supported
by radiation pressure. The radiative cooling rate can be written as

Q−
rad = 8acT 4

0
3k̄ρH

∼= 8�c
kes�H

, where a and T0 are the radiation constant and
the disc temperature on the equatorial plane. The electron opacity
scattering is considered only for the opacity k̄ = kes, for simplicity.

The induction equation (5) is the field-escaping/creating rate due
to magnetic instability or the dynamo effect. For the steady-state
accretion flow, the advection rate of the two components of the
magnetic flux should be constant.
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3 SELF-SIMILAR SOLUTIONS

The self-similar method is a dimensional analysis and scaling law
and is very useful for solving the above equations. Following Bu
et al. (2009), self-similarity in the radial direction is supposed:

� = �0

(
r

rout

)s

. (18)

Akizuki & Fukue (2006) have first introduced this type of solution
(� ∝ rs).

vr (r) = −c1α

√
GM

rout

(
r

rout

)− 1
2

, (19)

Vϕ(r) = r
(r) = c2

√
GM

rout

(
r

rout

)− 1
2

, (20)

c2
s = c3

GM

rout

(
r

rout

)−1

. (21)

The accretion rate decreases inwards as

Ṁ(r) = Ṁ(rout)

(
r

rout

)s+ 1
2

= 2πc1α�0

√
GMr

1
2

out

(
r

rout

)s+ 1
2

,

(22)

Ṁ(r) = 2πc1α�0

√
GMr

1
2

out

(
r

rm

)s+ 1
2

, (23)

where Ṁ(rout) and �0 are the mass inflow rate at the outer boundary
(rout) and the surface density at the outer boundary. Akizuki & Fukue
(2006) have shown that there is some restriction in the parameter
s. When the parameter s = − 1

2 , there is no mass-loss/wind, but
the self-similar model with an outflow could exist only in the case
of s > − 1

2 . (We will show that the presence of radiation pressure
in the supercritical accretion disc causes that the parameter s was
restricted to s = 1

2 .) Also Akizuki & Fukue (2006) have found that
for s = 2, the creation and escape of magnetic field balance each
other.

By substituting the above self-similar solutions into the dynam-
ical equations of the system, we obtain the following system of
dimensionless equations, to be solved for c1, c2 and c3:

−1

2
c2

1α
2 −

(
s + 1

2

)
(ζ1 − 1)c2

1α
2 = c2

2 − 1 − (s − 1)c3

− β2(s − 1)c3 − 1

3
β1(s − 1)c3 − 2

3
β1c3, (24)

αc1c2 − 2α

(
s + 1

2

)
(ζ2 − 1)c1c2 = 3αc3c2(s + 1)

√
1 + β1

+ 4

√
c3β1β2

1 + β1
, (25)

H

r
=

√
(1 + β1)c3, (26)

1

γ − 1
+ (s − 1) + (s + 1

2 )(ζ3 − 1)

γ − 1
= 9

4

c2
2

c1

√
1 + β1

− 8

ṁ
√

(1 + β1)c3

(
rout

rs

) (
r

rout

)−s+ 1
2

. (27)

For the last term of equation (27), we use a few definitions such
as

ṁ = Ṁout

Ṁcrit
, (28)

Ṁout = 2παc1�0r
1
2

out, (29)

Ṁcrit = LE

c2
= 4πGM

ckes
, (30)

rs = 2GM

c2
, (31)

where rs, LE and c are the Schwarzschild radius, Eddington lumi-
nosity and speed of light, respectively. The last term in equation
(27), which is the radiative cooling rate, has the same radial depen-
dency on advection cooling and viscously heating rates when s = 1

2
(Zahra Zeraatgari et al. 2016).

The second term on the left-hand side of equation (25) is angular
momentum transfer between inflow and outflow (the angular mo-
mentum taken away from the inflow by the outflow when ζ 2 > 1
or deposited into the inflow by the outflow if ζ 2 < 1). Also, on the
right-hand side of this equation, we have the angular momentum
transfer by turbulent viscosity and the large-scale magnetic field,
respectively.

On the right-hand side of equation (25), we have two terms repre-
senting angular momentum transportation due to turbulent viscos-
ity and large-scale magnetic field, respectively. Following Bu et al.
(2009), we defining a new parameter c4, which is the ratio of these
two terms:

c4 = 3αc3c2(s + 1)
√

1 + β1

4
√

c3β1β2
1+β1

. (32)

For given values of α, ṁ, ζ 1, ζ 2, ζ 3, β1 and β2, these equations (c1,
c2, c3 and c4) can be worked out numerically. Our results reduce
to the results of Zahra Zeraatgari et al. (2016) without large-scale
magnetic field.

4 R ESULTS

4.1 Dynamical structure

We are interested in studying the effects of large-scale magnetic
field (β1, β2) on the structure of accretion disc. In all figures, fol-
lowing Zahra Zeraatgari et al. (2016), we adopt the constant values
of α = 0.1, rout = 100rs, s = 1

2 , γ = 4
3 and M = 106 M
. In all

the six panels of Figs 1 and 2, we investigate the effects of large-
scale magnetic field [azimuthal (β1) and vertical (β2) components
of magnetic field] on the radial velocity (c1), rotational velocity (c2)
and relative thickness ( H

r
) of accretion flow. Figs 1 and 2 show

the coefficients c1, c2 and H
r

in terms of the mass inflow rate ṁ

at the outer boundary for different values of magnetic parameters
β1, 2(β1, 2 = 0.1, 0.2, 0.3). As we can easily see from the two fig-
ures, for larger values of the mass inflow rate ṁ, the radial velocity
and relative thickness of the disc increase, but the rotational veloc-
ity decreases. It is in good agreement with Zahra Zeraatgari et al.
(2016). Both radial and rotational velocities are sub-Keplerian. By
increasing the mass accretion, more energy will be released and,
consequently, the disc becomes thicker. On the other hand, the ra-
diation pressure dominated region extends from the inner region
of the disc to the outer region. Furthermore, when the azimuthal
magnetic field Bϕ(β1) becomes stronger in Fig. 1, the radial veloc-
ity, the rotational velocity and thickness of the inflow increase. A
magnetized disc must rotate faster and accrete more inwards than
when there is non-magnetic field present because of the effect of
magnetic tension force [the last term on the right-hand side of equa-
tion (24) is the magnetic stress force (− 2

3 β1c3)]. As can be seen,
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Figure 1. Numerical coefficients c1 and c2 and H
r

as a function of mass inflow rate ṁ for several values of β1 (the toroidal component of magnetic field). For
all panels, we use s = 0.5, γ = 1.33, α = 0.1, ζ 1, 2 = 0.5, rout = 100, ζ 3 = 0.2 and β2 = 0.05.

Figure 2. Numerical coefficients c1 and c2 and H
r

as a function of mass inflow rate ṁ for several values of β2 (the vertical component of magnetic field). For
all panels, we use s = 0.5, γ = 1.33, α = 0.1, ζ 1, 2 = 0.5, rout = 100, ζ 3 = 0.2 and β1 = 0.05.

by increasing the toroidal component of magnetic field in the main
body of the disc, the disc becomes thicker (see equation 26). In Fig.
2, the vertical component of magnetic field changes from 0.1,0.2
and 0.3. Similar to Fig. 1, the radial and azimuthal velocities have an
increasing trend with respect to the vertical component of magnetic
field β2, while the disc becomes thinner by increasing the vertical
component of magnetic field in the high accretion mass. Bu et al.
(2009) have shown that in the ADAF model, the large-scale mag-
netic field and outflow cause the reduction of the sound speed of
the disc and then the reduction of the thickness of the disc. But, we
have shown numerically that the two components of magnetic field
have opposite effects on the thickness of the disc.

The effects of large-scale magnetic field components and outflow
parameters on c4 have been plotted in Fig. 3. As we can see in equa-
tion (32), if c4 < 1, the dominant mechanism in angular momentum
transport will be the large-scale magnetic field. As the large-scale
magnetic field in β1, 2 increases, it is obvious that the contributions
of turbulent viscosity to transportation of angular momentum de-
crease, which is in good agreement with Bu et al. (2009). This is
because the large-scale magnetic field leads to the inflow gaining
more angular momentum. In Fig. 3, it is clear that when β1, 2 < 0.1,
the effects of large-scale magnetic field are almost negligible, while
for β1, 2 > 0.1, the parameter c4 is below unity and so this leads to
decreasing the turbulent viscosity contribution in angular momen-
tum transportation. Also in Fig. 3, we have represented the effect of
the angular momentum and the specific internal energy of outflow
ζ 2, 3 on the parameter c4. We can see from Fig. 3 that for β1, 2 < 0.1,

ζ 2 has a very week effect on c4 while ζ 3 has a significant effect on
c4. Generally, by increasing both ζ 2, 3, c4 decreases. These results
are consistent with solutions of Bu et al. (2009).

We can calculate the effects of the exchange of energy and mo-
mentum between inflow and outflow and magnetic field on the
advection parameter (f). Narayan & Yi (1994) introduced the ad-

vection parameter as f = Q+
vis−Q−

rad
Q+

vis
= Q−

adv
Q+

vis
. We can write the ratio

of advection cooling to viscose heating (f) as follows:

f =
1

γ−1 + (s − 1) + (s+ 1
2 )(ζ3−1)
γ−1

9
4

c2
2

c1

√
1 + β1

. (33)

We have shown the effects of large-scale magnetic field β1, 2 and
the angular momentum ζ 2 and specific energy ζ 3 of outflow on the
advection parameter f in Fig. 4 (plotting the advection parameter f
with respect to ṁ). We can see that when the mass inflow rate ṁ in-
creases, the advection parameter f increases, and when the specific
internal energy of outflow (ζ 3 = 0.2, 0.5 and 0.9) increases, the
advection parameter also increases (it is simply understood from
equation 33). The second term in the numerator of equation (33)
[(s + 1

2 )(ζ3 − 1)] is related to interchange of energy between out-
flow and inflow, and for ζ 3 < 1, it is negative. So when ζ 3 becomes
larger, this expression becomes smaller and then the advection pa-
rameter increases. As we have mentioned, the outflow can play a
role in extra heating when ζ 3 < 1. On the other hand, the advection
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Figure 3. The ratio between angular momentum transport by turbulent viscosity and magnetic field as a function of large-scale magnetic field β1, 2 for several
values of ζ 2, 3. For all panels, we use s = 0.5, γ = 1.33, α = 0.1, ζ 1 = 0.5, rout = 100 and ṁ = 3000. In the upper and bottom panels, we use β2 = 0.05 and
β1 = 0.05, respectively.

Figure 4. The advection parameter f as a function of mass inflow rate ṁ for several values of β1, 2 and ζ 2, 3. For all panels, we use s = 0.5, γ = 1.33, α = 0.1,
ζ 1 = 0.5 and rout = 100.

parameter is independent of the components of magnetic field β1, 2

and the angular momentum of outflow ζ 2.

4.2 The bolometric luminosity

In the slim disc model, the mass accretion rate and the optical depth
are very high. So, the radiation generated by an accretion disc can
be trapped within the disc, the radiation pressure dominates and the

sound speed is related to radiation pressure. Slim discs radiate away
locally like a blackbody radiation. The emergent local flux F is

F = σT 4
eff = 1

2
Q−

rad = 16

3

σT 4
0

τ
= 4�c

kes�H
, (34)

where σ and τ (= 1
2 kes�) are the Stefan–Boltzmann constant and

the optical depth of the flow, respectively. The factor 2 comes from
the fact that the radiation will be radiated from both sides of the
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Figure 5. The effective temperature as a function of dimensionless radius r/rs for several values of β1, 2 and ṁ. For all panels, we use s = 0.5, γ = 1.33,
α = 0.1, ζ 1, 2 = 0.5, ζ 3 = 0.2 and rout = 100. We set β2 = 0.05 for the left-hand panel, β1 = 0.05 for the middle panel and β1 = 0.3, β2 = 0.05 for the
right-hand panel.

Figure 6. Bolometric luminosity as a function of mass inflow rate ṁ for several values of β1, 2 and ζ 2. For all panels, we use s = 0.5, γ = 1.33, α = 0.1,
ζ 1 = 0.5, ζ 3 = 0.2 and rout = 100. We set β2 = 0.05 and ζ2 = 0.5 for the left-hand panel, β1 = 0.05 and ζ 2 = 0.5 for the middle panel, and β1 = 0.1 and
β2 = 0.05 for the right-hand panel.

disc. So, by using the relation �
�

= c2
s and the self-similar solutions,

we can obtain the emergent local flux and surface temperature of
the disc as follows:

F (r) = σT 4
eff = 4c

kes

√
c3

(1 + β1)

GM

r2
, (35)

Teff =
(

LE

πσ

) 1
4
(

c3

1 + β1

) 1
8

r− 1
2 . (36)

The self-similar solutions for the flux and effective temperature
without magnetic field was first presented by Watarai & Fukue
(1999). In comparison with their solutions (without magnetic field),
in our solutions the flux and effective temperature depend on the
toroidal component of magnetic field β1 explicitly ( 1

1+β1
) and on

the vertical component of magnetic field β2 through c3 implicitly.
In Fig. 5, the surface temperature is plotted for different amounts
of large-scale magnetic field (β1, 2) and mass accretion rates at the
outer boundary (ṁ) in terms of dimensionless radius ( r

rs
). It is clear

that the surface temperature decreases as r
rs

increases. We can con-
clude that at larger values of the magnetic field parameters (β1, 2),
for a constant radius, the temperature of the flow will decrease. A
magnetized disc must rotate faster and accrete more inwards be-
cause of the effect of magnetic stress force (or a centripetal force).
As a result, the centrifugal force [both the radiation pressure gra-
dient force (∝c3) and the magnetic pressure gradient force (∝c3)]
decreases in the presence of large-scale magnetic field since the

temperature (c3) decreases for a wide range of β1, 2. On the other
hand, the solution shows that the surface temperature increases as
the mass inflow rate at the outer boundary increases, which is in
agreement with the solution presented by Watarai et al. (2000).

It is possible to calculate an analytic expression for L = L(ṁ).
We derive the bolometric luminosity of the slim discs for a typical
central black hole with M = 106 M
 as follows:

L = 2
∫ rout=100rs

rin=10rs

F (r)2πr dr. (37)

The luminosity of the supercritical accretion disc is plotted in
Fig. 6, as a function of mass accretion rate for different values
of large-scale magnetic field β1, 2 and angular momentum carried
by the outflow ζ 2. The bolometric luminosity of slim discs increases
with increasing mass accretion rate ṁ. As a result of photon trap-
ping in the supercritical accretion flows, the maximum luminosity
of slim discs becomes insensitive to the mass accretion rate when
ṁ � 1 (L/LE ∝ ṁ0 ≈ constant). The disc luminosity is always
kept around the Eddington luminosity if the mass accretion rate
greatly exceeds unity. We can easily see that the luminosity of the
slim discs decreases with the addition of the two components of
magnetic field and the angular momentum carried by the outflow
and becomes L ≈ 10LE for larger values of ṁ. These results are in
good agreement with Zahra Zeraatgari et al. (2016) and with sim-
ulations performed by Ohsuga et al. (2005, see fig. 7) and Watarai
et al. (2000, see fig. 3) .
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5 SU M M A RY A N D C O N C L U S I O N

In this paper, we have investigated the effects of large-scale mag-
netic field on a supercritical accretion flow in the presence of an
outflow. It was assumed that an outflow contributes to loss of mass,
angular momentum and thermal energy from accretion discs. By
using the method presented by Bu et al. (2009) and Xie & Yuan
(2008), we consider the discontinuity between mass, momentum
(radial and azimuthal components of momentum) and energy out-
flow and inflow. Also, simulations have indicated that the large-scale
ordered magnetic field exists in the accretion disc and can produce
an outflow in both cold and hot accretion flows. RMHD simula-
tions have shown that the azimuthal component of magnetic field is
dominant in the main body of the disc and the vertical component
of magnetic field is dominant near the pole.

We used the self-similar method for solving the 1.5-dimensional,
steady-state ( ∂

∂t
= 0) and axisymmetric ( ∂

∂ϕ
= 0) inflow–outflow

equations. The self-similar solutions are very useful to improve
our understanding of the physics of the accretion discs around a
black hole. Also, we ignore the relativistic effects and self-gravity
of the disc and use Newtonian gravity in the radial direction. We
consider the effect of Bϕ, z on the dynamics of a disc by following
Zahra Zeraatgari et al. (2016) in the presence of the effect of wind.
Our results reproduce their solutions when the effect of large-order
magnetic field is neglected. The disc accretes more and rotates fast
in the presence of large-scale magnetic field. Also, we have shown
that the two components of magnetic field have the opposite effects
on the thickness and the sound speed of the disc. We find that
the strong magnetic field decreases the contribution of turbulence
viscosity in angular momentum transfer. The solutions indicated
that the mass inflow rate and specific energy of outflow have a
strong effect on the advection parameter. The outflow is the extra
heating rate for the inflow when ζ 3 < 1. We find that by increasing
the energy of outflow, the advection parameter increases.

Furthermore, we have examined how the two components of
magnetic field affect the luminosity and surface temperature of the
supercritical accretion disc. As we have mentioned in the previous
section, the effective temperature as well as the bolometric lumi-
nosity has a decreasing behaviour in respect to the two components
of magnetic field.

In addition, increasing the mass accretion rate increases the tem-
perature and luminosity of the disc, while the luminosity of the disc
(L) is insensitive to a mass accretion rate ṁ � 1. We have shown
that the maximum luminosity is kept constant and L ≈ 10LE, which
is in good agreement with calculations done by Watarai et al. (2000)
and Ohsuga et al. (2005). Although we have made some simpli-
fication and imposed some limitations in order to solve equations
numerically, our results show that ordered large-scale magnetic field
and outflow can really change the structure of supercritical accretion
flow, which means that in any realistic model, these factors should
be taken into account. So, self-similar solutions could interpret well
the numerical simulations and observational evidence.
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