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The present paper deals with the Buongiorno'smodel for nanofluids with a novel TVD1 Hybrid Lattice Boltzmann
technique. It is well known that when the diffusion fluxes (with Dissipation behaviors) own negligible values re-
garding convective fluxes, almost all classical methods suffer serious instability errors. The Lattice Boltzmann
method also is not an exception to this rule. In order to resolve this issue, many novel techniques and methods
(e. g. MRT-LBM) are developed. Here we propose a novel TVD Hybrid LB method to solve Buongiorno's model
for Al2O3-Water nanofluid in the presence of an elliptic cold obstacle. TheModel naturally possesses small values
of diffusion coefficients and thereby, explicitmethods are not considered as primitive choices to be applied in the
simulation of this model. But the TVD characteristics of the following Hybrid LB methodmade it a valuable asset
in resolving these kinds of problems. Moreover, the heat transfer and entropy generation of a square cavity with
sinusoidal temperature and concentration boundary conditionswere numerically examined and different aspect
ratio combinations, as well as different obstacle locations, were tested. The results indicated that for a moderate
Ra number like Ra=105, total entropy generation of the system and the heat transfer rate from thewalls are re-
duced with an increment in the obstacle size. In addition, it was found that site 4 presents the highest rate of en-
tropy generation amongst all, yet still, the average Be number is not remarkably raised for this location.

© 2017 Elsevier B.V. All rights reserved.
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1. Introduction

In the past decade, many valuable types of research have been done
on nanofluids and their applications in novel engineering systems. Typ-
ical nanofluids consist of 3 main parts: career liquid, nanoparticles, and
surfactants (active agents which help nanoparticles to stay suspended
in the career). When Choi and Eastman [1] declared that in comparison
tomicroparticles, nanoparticles aremuchmore effective in heat transfer
enhancement, it was obvious that they would be at the focus point of
the researchers whowere working on the topic to simulate and discuss
their flow patterns, heat transfer abilities, and thermodynamics behav-
iors on different case studies and via various solution techniques [2–6].

Khanafar et al. [7] tried to simulate numerically the flow and heat
transfer of Cu-Water nanofluid using finite volume approach. In their
work, four different methods for nanofluid treatment were examined
and the results were compared to the experimental data. In 2011,
Ghasemi et al. [8] also used FV method to investigate the Al2O3-Water
nanofluid flow characteristics under the influence of a magnetic field
rar), javareshkian@um.ac.ir
source. They proclaimed that the heat transfer rate increaseswith an in-
crease of the Rayleigh number but it decreases with an increase of the
Hartmann number. They also reported that for certain Ha and Ra num-
bers there could be situations that adding Al2O3 nanoparticles would
decrease the Nu number. At the beginning, everyone thought that
after a few years the topic would lose its popularity, however, not only
because of their wide occurrence in modern industrial systems [9,10]
but also because of the heavy costs of experimental methods and lack
of any exact and straight numerical solution technique, investigations
on nanofluids had an ever ascending manner.

Although nanofluids are considered to be single phase and homoge-
neous liquids by definition, but we know it is almost impossible to pro-
duce such homogeneous colloidal mixtures in a laboratory. Yet still, for
the sake of simplicity, numerous researchers have considered
nanofluids as single phase homogeneous liquids. Nemati et al. [11] con-
sidered homogeneous correlations for nanofluid treatments and used
LBM method to study the Magnetic field effects on natural convection
flow of different nanofluids in a rectangular cavity. They found that
the average Nusselt number increases for nanofluid when increasing
the solid volume fraction, while in the presence of a strong magnetic
field, this effect decreases. Ahrar and Djavareshkian [12,13] also used
the same method and considered sinusoidal temperature boundary
conditions to show the enhancing effect of nanoparticles on the Nusselt
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Table 1
Thermophysical properties of nanoparticles and the carrier fluid.

μ(kg/ms) ρ(kg/m3) Cp(J/kgK) K(W/mK) β(1/K)×10−5 σ(Ω .m)−1

Water 0.00089 997.1 4179 0.613 21 0.05
Al2O3
NPs

– 3970 765 40 0.85 1 × 10−10
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number is not amust for every and each case and there are possibilities that
the increase of nanoparticles would decrease the heat transfer rate. This
phenomenon was reported by other researchers [14,15], too. But as was
discussed before, nanofluids are 100% homogeneous only in the libraries,
not in the laboratories nor in industrial systems. Therefore, homogeneous
simulationsof nanofluids failed to simulate the exact behavior of nanofluids
with respect to the experimental data, comprehensively. This made scien-
tists on the topic look for alternative solution techniques.

Obviously, on their first attempts, they tried to resolve the men-
tioned problem by the use of two-phase methods [16,17]. The two-
phase methods divide into two main subdivisions: Eulerian methods
and Lagrangian methods. Both methods were examined widely to sim-
ulate nanofluids motion and heat transfer. The former technique as-
sumes that the control volume is consist of two continues phases with
almost the same amount of particleswhich is not the case of nanofluids.
The latter technique, on the other hand, separates the solution into two
parts, the continuous career region which is solved with the Eulerian
way and the completely separated phase which is the nanoparticles'
phase. This phase is assessed as a discrete phase and only the career liq-
uid forces are converted to nanoparticles and characterize their move-
ment in the flow. Although, this method seems more accurate but due
to decrease the costs of simulations, usually some extra assumptions
are taken into account which can lead to minor or major deviations
from the experimental results.

Recently, Buongiorno [18] introduced a novel method of solution for
nanofluids. He discussed seven possible slip mechanisms for nanoparti-
cles floating in the liquid with respect to the liquid's self-motion. He
concluded that with considering two main slip mechanisms for nano-
particles (Brownian and Thermophoretic effects), one can neglect the
other five mechanisms for laminar convection of nanofluids. Ever
since some researchers tried to use his proposed method for different
case studies. Garoosi et al. [19] in 2014, used Buongiorno model for
Fig. 1. The schematic outline of the geometry including the boundary conditions.
investigation of natural andmixed convection of Al2O3-water nanofluid
in a lid-driven square cavity with zero particle distribution flux on the
walls. They used the famous Corcione model [20] to estimate the
thermophysical properties of the nanofluid and examined the flow
and heat transfer rate for different Ri and Ra numbers. They observed
that for low Ra and Ri numbers the particle distribution is fairly non-
uniform while for high Ra and Ri numbers it can be considered almost
uniform. In 2015, Elshehabey and Ahmed [21] used sinusoidal temper-
ature and particle distribution boundary conditions on the vertical
walls of a square cavity to show the MHD effects on the flow regime.
They also investigated the exaggerated influence of thermophoretic
and Brownian parameters on the flow for differentmagnetic field inten-
sities and angles. These contributions are just few examples of
Buongiorno's popularmodel andmany other researchers are putting ef-
fort on flow, heat transfer and entropy generation of nanofluids using
this mathematical model [22–25].

Motivated by theseworks, themain purpose of this paper is to inves-
tigate the flow, heat transfer and entropy generation of Al2O3-water
nanofluid in a square cavity with sinusoidal temperature and particle
distribution boundary conditions on vertical walls. The cavity is
equipped with an isothermal elliptical obstacle which varies in x and y
aspect ratios as well as 9 positions inside the cavity from case to case.
A novel hybrid FD-LBM method with TVD characteristics is used to re-
solve numerically the Buongiorno equations coupled with the Corcione
correlations for the nanofluid thermophysical properties. The cavity is
considered as a fin and the obstacle would show us the influence of po-
sitioning and aspect ratios of the cylinder on heat transfer of the cavity.

2. Solution procedure

2.1. Governing the equations

According to Buongiorno's model [18], the Navier-Stokes equations
are enhanced with some extra terms to represent the Brownian and
Thermophoretic effects. Also, some extra source terms are added to
the momentum equations to simulate the gravity and the magnetic
field effects. The dimensional form of equations of conversation of
Mass, Momentum, Energy and Particle Concentration are as follows
[19]:

∂u
∂x

þ ∂v
∂y

¼ 0 ð1Þ

∂ ρnf u
� �
∂t

þ
∂ ρnf u

2
� �
∂x

þ
∂ ρnf uv
� �

∂y
¼ −∇P þ μnf∇

2u ð2Þ

∂ ρnf v
� �
∂t

þ
∂ ρnf uv
� �

∂x
þ
∂ ρnf v

2
� �
∂y

¼ −∇P þ μnf∇
2vþ ρnfβnf g T−Tcð Þ ð3Þ

∂ ρnf cnf T
� �

∂t
þ ρnf cnf

∂ uTð Þ
∂x

þ ρnf cnf
∂ vTð Þ
∂y

¼ ∇: K∇Tð Þ þ ρpcp DB∇φ:∇T þ DT
∇T :∇T

T

� �
ð4Þ

∂φ
∂t

þ ∂ uφð Þ
∂x

þ ∂ vφð Þ
∂y

¼ ∇: DB∇φþ DT
∇T
T

� �
ð5Þ

The above equations are nondimensionalized with the aid of these
scales and nondimensional numbers:

X;Y ¼ x
H

or
y
H

Φ; θ ¼ φ−φc

φh−φc
or

T−Tc

Th−Tc
τ ¼ t

H2=α f

ð6Þ

Image of Fig. 1


Fig. 2. The Slope of the time/iteration function for three different codes: SRT code [33], MRT code [33] and the present Superbee code Results.
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U ¼ u
α f =H

V ¼ v
α f =H

P� ¼ P

ρ fα2
f

� �
=H2 ð7Þ

Ra ¼ gβ f Th−Tcð ÞH3

υ fα f
ð8Þ

Pr ¼ υ f

α f
ð9Þ

Le ¼ α f

DB
ð10Þ

NT ¼ ρcð ÞP
ρcð Þ f

DT Th−Tcð Þ
Tcα f

ð11Þ
Fig. 3. The streamlines and isotherms for the present study (left) a
NB ¼ ρcð ÞP
ρcð Þ f

DB φh−φcð Þ
α f

ð12Þ

It isworthmentioning that these scales andparameterswidely differ
in the open literature for different cases. Above mentioned parameters
lead to the following nondimensional equations [19]:

∂U
∂X

þ ∂V
∂Y

¼ 0 ð13Þ

∂U
∂τ

þ
∂ U2
� �
∂X

þ ∂ UVð Þ
∂Y

¼ −
∂P
∂X

þ Pr∇2U ð14Þ

∂V
∂τ

þ ∂ UVð Þ
∂X

þ
∂ V2
� �
∂Y

¼ −
∂P
∂Y

þ Pr∇2V þ Ra Pr θð Þ ð15Þ
nd Park et al. [34] (right) for Ra= 105, Pr= 6.2 and Ar = 0.1.
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Fig. 5. The results of Mesh independence investigation for 6 uniform meshes.Fig. 4.Validation of the results for nanofluid flow atGr=105, Pr=6.2 andϕ=10% for the
present study and Khanafar et al. [7] and Jahanshahi et al. [35].
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∂θ
∂τ

þ ∂ Uθð Þ
∂X

þ ∂ Vθð Þ
∂Y

¼ ∇2θþ NB
∂Φ
∂X

∂θ
∂X

þ ∂Φ
∂Y

∂θ
∂Y

� �

þ NT
∂θ
∂X

� �2

þ ∂θ
∂Y

� �2
 !

ð16Þ

∂Φ
∂τ

þ ∂ UΦð Þ
∂X

þ ∂ VΦð Þ
∂Y

¼ 1
Le

∇2Φþ NT

LeNB
∇2θ ð17Þ

So these nondimensional equations are to be solved to obtain the
nanofluid free convection results. In the present research, the flow
equations (Eqs. (13)–(15)) as well as the energy equation (Eq. (16))
are solved via DDF Lattice Boltzmann Method and the concentration
equation (Eq. (17)) is assessed by the Hybrid Finite Difference method.
There are 3 source terms here that should be dealth with in each equa-
tion. First source term is in the momentum equation which is defined
as: F=Ra .Pr .θ, and the second source term is in the energy equation
due to thermophoresis and Brownian effects S=NB[(∂Φ/∂X)(∂θ/
Table 2
Comparison of the results of Nuave and Shave for the present study and Kefayati [36].

Le = 2.5

NBouyancy = −1 NBouyancy = 0.1 NBouy

Ra = 104

Nuave (Kefayati [36]) 1.1496 2.3341 2.617
Shave (Kefayati [36]) 1.6007 3.7044 4.213
Nuave (present study) 1.1472 2.3310 2.605
Shave (present study) 1.6124 3.8173 4.381

Ra = 105

Nuave (Kefayati [36]) 2.0301 4.9966 5.504
Shave (Kefayati [36]) 3.1659 8.2502 9.181
Nuave (present study) 2.0724 5.0955 5.521
Shave (present study) 3.2428 8.4662 9.290
∂X)+(∂Φ/∂Y)(∂θ/∂Y)]+NT((∂θ/∂X)2+(∂θ/∂Y)2), and finally the
source term in the concentration equation NT

LeNB
∇2θ which is descritised

and resolved, explicitely. But why should we use a Hybrid method in
the simulation of concentration equation? There is a fine and rather im-
portant issue that makes this Hybrid method more convenient than a
simple SRT set of equation for solving Buongiorno equations. It is
known that the Lewis number, defined by nature of nanofluids, is con-
sidered to have a relatively large value. Although, this number is not
fixed for all nanofluids but it is seen that this nondimensional parameter
is in the order of 102–103. Therefore, the diffusion coefficient in Eq. (17)
would possess a small amountwith respect to the convectivefluxes. It is
also obvious that the convective fluxes may cause dispersion instabil-
ities for numerical solutions but they can be damped with the dissipa-
tion effects of the diffusion fluxes. However, if these fluxes are feeble
with regard to convective fluxes, the solution would suffer serious nu-
merical instabilities. That's why researchers on the Buongiorno model
usually prefer implicit or semi-implicit methods like SIMPLE algorithm
Le = 5

ancy = 1 NBouyancy = −1 NBouyancy = 0.1 NBouyancy = 1

3 1.2789 2.3165 2.4610
4 2.4641 5.3136 5.8767
4 1.2414 2.3029 2.4350
3 2.3191 5.1724 5.7867

0 2.2395 4.9667 5.3044
3 4.6731 11.628 12.806
0 2.2557 4.9848 5.3320
9 4.7388 11.7237 12.9921

Image of Fig. 5
Image of Fig. 4
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to solve the equations. Here, it is tried to resolve the mentioned issue
with the use of an explicit Hybrid LBM technique enhanced by a TVD
scheme.

2.2. Solution technique for flow and energy equations

Inwhat follows, the normal D2Q9 lattice Boltzmannmethod is opted
to solve energy and flow equations. Followed by Frisch et al. [26] and
Mohamad et al. [27] and based on LGA,2 two distinct distribution func-
tions with appropriate source terms for the flow and energy equations
are applied as:

f i xþ ciΔt; t þ Δtð Þ− f i x; tð Þ ¼ −
1
τυ

f i x; tð Þ− f eqi x; tð Þ� 	
þ Δtwi

ci
!
: F
!

c2s
; ð18Þ

gi xþ ciΔt; t þ Δtð Þ−gi x; tð Þ ¼ −
1
τα

gi x; tð Þ−geqi x; tð Þ� 	þ ΔtwiS: ð19Þ

Here, Eq. (18) recovers Eqs. (13)–(15) with the source term which
consists of both magnetic and gravitational forces and Eq. (19) repre-
sent Eq. (16) with the source term related to the Brownian and
Thermophoretic effects. The equilibrium distribution functions for
above correlations are defined as:

f eqi ¼ wiρ 1þ ci:u
c2s

þ 1
2

ci:uð Þ2
c4s

−
1
2
u:u
c2s

" #
ð20Þ

geqi ¼ wiT 1þ ci:u
c2s

þ 1
2

ci:uð Þ2
c4s

−
1
2
u:u
c2s

" #
ð21Þ

In which cs is the speed of sound in lattice units which is considered
to be cs ¼ c=

ffiffiffi
3

p
, also the lattice discrete velocities andweight factors for

each link are assumed as follows:

ci ¼

0 for i ¼ 0
c: cos

iπ
2
−

π
2

� �
; sin

iπ
2
−

π
2

� �� �
for i ¼ 1−4

c
ffiffiffi
2

p
: cos

iπ
2
−

9π
4

� �
; sin

iπ
2
−

9π
4

� �� �
for i ¼ 5−8

8>>><
>>>:

ð22Þ

wi ¼
4=9 for i ¼ 0
1=9 for i ¼ 1−4
1=36 for i ¼ 5−8

8<
: ð23Þ

According to Chapman-Ensgok expansion, the relaxation times for
flow and energy equations are connected to the macroscopic diffusion
coefficients as:

υ ¼ τυ−
1
2

� �
c2sΔt ð24Þ

α ¼ τα−
1
2

� �
c2sΔt ð25Þ

As can be seen, τ≈0.5 represents the case of zero or close to zero vis-
cosity flowwhichmay cause certain instabilities in the numerical calcu-
lations, also this is the main reason of instabilities caused by increasing
Le number. In order to avoid such instabilities usually one can take
τN0.5 into account by refining the mesh size or in order to deal with
the instabilities one may apply some more stable schemes like MRT-
LBM.
2 Lattice Gas Automata.
2.3. Solution technique for particle distribution equation

It is known that there are 3 different ways of treatment for solving
scalar equations coupled with the Navier-Stokes equations when the
Boltzmann equation is solved instead of the flow equations: Multispeed
lattice method, DDF,3 and Hybrid method. According to Guo et al. [28],
the most stable treatment is using an extra distribution function for
the extra conservation equation. Also, it is a common belief that the Hy-
bridmethod usually suffers numerical instabilities and is not suitable for
low dissipation flow regimes. In the present research, we attempted to
use the Hybrid finite difference method for solving the concentration
equation. The main discretized equation for concentration is as follows:

Φnew−Φold

Δτ
þ UΦð Þe− UΦð Þw

ΔX
þ UΦð Þn− UΦð Þs

ΔY
¼

¼ 1
Le

Φ iþ 1; jð Þ−2Φ i; jð Þ þΦ i−1; jð Þ
ΔX2 þΦ i; jþ 1ð Þ−2Φ i; jð Þ þΦ i; j−1ð Þ

ΔY2

� �
þ

þ NT

LeNB

θ iþ 1; jð Þ−2θ i; jð Þ þ θ i−1; jð Þ
ΔX2 þ θ i; jþ 1ð Þ−2θ i; jð Þ þ θ i; j−1ð Þ

ΔY2

� �
ð26Þ

In order to solve thementioned equation with a relatively low dissi-
pation, a TVD scheme is applied to the convective values of Φ (i.e. Φe,
Φw, …). Versteeg and Malalasekra [29] used a Limiter Function
ψ=ψ(r) with r being r=(ΦP−ΦW/ΦE−ΦP) to define the convective
terms with a simpler notation. As an exampleΦe can be obtained from:

Φe ¼ ΦP þ 1
2
ψ rð Þ ΦE−ΦPð Þ; ð27Þ

ψ(r) may change and produce any TVD or regular estimation for the
convective fluxes. Each one of these schemes has a specific accuracy and
stability and for more information on TVD schemes, one can refer to
[29]. Not only because of its TVD characteristics but also because of its
fine accuracy the Superbee Limiter Function is very popular and is con-
sidered as one of the best available Limiter functions. Thereby, this
Superbee Limiter Function proposed by Roe [30] is used to calculate
the convective fluxes:

ψSuperbee ¼ max 0; min 2r;1ð Þ; min r;2ð Þ½ � ð28Þ

2.4. Nanofluids' thermophysical properties

In this simulation, the dynamical similarity depends on the dimen-
sionless parameters of Rayleigh (Ra), Prandtl (Pr) and the obstacle As-
pect Ratios. Due to the assumption of Buongiorno's model the local
mixture qualitiesmust be calculated and applied in these dimensionless
parameters. The density (ρ), the specific heat (Cp) and the thermal ex-
pansion coefficient (β) of each node are calculated from below [31]:

ρnf ¼ 1−ϕð Þρ f þ ϕρs ð29Þ

ρCp
� �

nf ¼ 1−ϕð Þ ρCp
� �

f þ ϕ ρCp
� �

s ð30Þ

ρβð Þnf ¼ 1−ϕð Þ ρβð Þ f þ ϕ ρβð Þs ð31Þ

Also, according to Corcionemodel the viscosity of amixture contain-
ing a dilute suspension of small rigid spherical particles can be obtained
from [20]:

μnf

μ f
¼ 1

1−34:87 dp=df
� �−0:3φ1:03

; ð32Þ
3 Double Distribution Function.



Fig. 6. a: Streamlines of the flow at Ra = 105, Le = 100 and for 9 different aspect ratio combinations b: Isotherms of the flow at Ra = 105, Le = 100 and for 9 different aspect ratio
combinations c: Iso-concentration lines of the flow at Ra= 105, Le = 100 and for 9 different aspect ratio combinations.
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Fig. 6 (continued).
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Inwhich dp is the particle diameter and in this study is assumed to be
100 nm and df is the particle size of the carrier liquid and is computed
from:

df ¼ 0:1
6M

Nπρ f0

 !1=3

ð33Þ
Fig. 7. Average values of Nusselt (left) and Sherwood (right) numbers of the flow versu
Also, the effective thermal conductivity of the mixture can be ap-
proximated by the Corcione model [20] as:

knf
k f

¼ 1þ 4:4Re0:4Pr0:66
T
Tfr

� �10 kp
kf

� �0:03

φ0:66; ð34Þ
s Ra number at Le = 100 and for 4 different nanoparticles mean volume fractions.
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Fig. 8. a: Entropy generation lines of the systemdue to Fluid friction at Ra=105 and for 9 different aspect ratio combinations b: Entropy generation lines of the system due to heat transfer
at Ra= 105 and for 9 different aspect ratio combinations c: Total entropy generation contours of the system at Ra= 105 and for 9 different aspect ratio combinations.
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Fig. 8 (continued).
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Re ¼ 2ρ f kbT

πμ2
f dp

ð35Þ

Here, Tfr is the freezing temperature of the carrier liquid and Kb is the
Boltzmann constant. Finally, the electrical conductivity σ of the
nanofluid is calculated from the Maxwell model [31]:

σnf

σ f
¼ 1þ 3φ

σ s

σ f
−1

� �� �
=

σ s

σ f
þ 2

� �
−φ

σ s

σ f
−1

� �� �
ð36Þ

withφ being the solid volume fraction and subscripts nf, f and s referring
to the nanofluid, carrier fluid, and the nanoparticles, respectively. The
thermophysical properties of water and the Al2O3 nanoparticles are
presented in Table 1.

2.5. Entropy generation

Three types of entropy generation sources are taken into account in
this study: Entropy generation due to the friction of theflow, heat trans-
fer andMagnetohydrodynamics. According to the local thermodynamic
equilibrium of the linear transport Theory [32] and with regard to di-
mensionless parameters for a 2D-Cartesian coordinate the entropy
generation rates are as follows:

Sfriction ¼ ϕir 2
∂U
∂X

� �2

þ ∂V
∂Y

� �2
" #

þ ∂U
∂Y

þ ∂V
∂X

� �2
( )

ð37Þ

SHeat ¼ ∂θ
∂X

� �2

þ ∂θ
∂Y

� �2

ð38Þ

SMHD ¼ ϕir:Ha
2 U sinγ−V cosγ½ �2 ð39Þ

In the above equations, we neglected the entropy generation rate
due to the particle concentration and ϕir is the irreversibility distribu-
tion ratio ϕir=μT0(α/LΔT)2/k, which is assumed constant and equal to
10−4 in the present study. Also, total entropy generation can be com-
puted from:

Stot ¼
Z
V

Sfriction þ SHeat
� �

dV ð40Þ

The local Bejan number indicates the strength of the entropy gener-
ation due to heat transfer irreversibilitywith respect to the total entropy
generation of the system:

Be ¼ SHeat
Stot

ð41Þ
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Fig. 9. a: Streamlines of theflow atRa=105, Le=100 and for 9 different cylinder locations in the cavity b: Isotherms of theflowat Ra=105, Le=100 and for 9 different cylinder locations
in the cavity c: Iso-concentration lines of the flow at Ra= 105, Le = 100 and for 9 different cylinder locations in the cavity.
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4 Single Relaxation Time.
5 Multi Relaxation Time.

Fig. 9 (continued).
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This parameter can define the relative importance of heat transfer
and MHD irreversibility to the friction irreversibility. In order to show
the overall dominant irreversibility mechanism the average Bejan num-
ber is calculated as [32]:

Beave ¼
R
ABe X;Yð Þ:dAR

AdA
ð42Þ

3. Numerical approach and validation

3.1. Geometry and boundary conditions

Fig. 1 shows a schematic outline of the enclosure filled with Al2O3-
water nanofluid. The cavity is bounded by two adiabatic walls (south
and north) and two sinusoidal varying temperature walls (west and
east). The phase deviation between these walls is equal to π/2. The cav-
ity also is salted by nanoparticles from both vertical sides in a sinusoidal
manner. There is a medium volume concentration value for all cases
which is 0.02 unless it ismentioned otherwise. Itmeans that the volume
concentration is 0.04whereverΦ=1 and it is 0 whenΦ=−1. In addi-
tion, there is an elliptic obstacle with the temperature of (Th−Tc)/2 and
particle concentration of φc placed in 9 different locations inside the
cavity. Also, there are 3 different horizontal and vertical aspect ratios
of 0.05, 0.1 and 0.2 for the cylinder which produce 9 different cases. In
this study, it is assumed that the nanofluid is Newtonian, the nanoparti-
cles are in thermal equilibrium with water and the only available slip
mechanisms between nanoparticles and the carrier liquid are due to
Thermophoresis and Brownian effects. The flow regime is also consid-
ered to be steady, two-dimensional, incompressible and laminar. More-
over, the effects of Joule heating, viscous dissipation, and Radiation heat
transfer are neglected in the current study.

3.2. Code validation and mesh independence

In the present study, an in-house Hybrid lattice Boltzmann codewas
developed in Fortran 90 to simulate the flow, temperature and concen-
tration fields in thementioned cavity. The code efficiency is tested with
two different popular LBM schemes (SRT4 code andMRT5 code) and the
numerical results were validated with 4 different published data after-
ward. First of all, In order to show the code's efficiency and superiority
with respect to two famous lattice Boltzmann scheme, two individuals
SRT and MRT codes are developed based on Mohamad's [33] open
source codes (with fine alterations on both codes). These 2 codes and
the present code are examined in simulation of air flow in a simple cav-
ity with two constant hot and cold walls and two horizontal adiabatic
walls (see [33] page 98). The results for derivative of elapsed time per
iterations progress can be found in Fig. 2 at Ra=106 and for 5 different
meshes. As can be seen, in all cases the Hybrid Superbee code offer us
less time consumption and better convergence behavior regarding to
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Fig. 10. a: Total entropy generation contours of the system at Ra=105 and for 9 different cylinder locations inside the cavity b: Bejan number contours of the system at Ra=105 and for 9
different cylinder locations inside the cavity.
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Table 3
The average values of Nu, Sh, Be and total value of S for 9 different aspect ratio combinations of the elliptic obstacle.

Arx Ary Nuave Shave Beave Stot

0.05 0.05 8.165506 20.91523 0.241893 40.18871
0.05 0.1 8.109687 21.25453 0.252434 39.24796
0.05 0.2 7.891306 22.17081 0.268441 37.4996
0.1 0.05 8.167324 21.36186 0.240646 40.14684
0.1 0.1 8.102224 21.53601 0.248465 39.16368
0.1 0.2 7.869474 22.52376 0.261955 36.99948
0.2 0.05 8.11433 21.77914 0.247838 39.10978
0.2 0.1 8.032364 21.1154 0.248521 37.91585
0.2 0.2 7.731084 22.76688 0.24269 35.2879
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traditional schemes. Then, the natural convection with the Boussinesq
assumption in the presence of a circular blockage was tested against
the study of Park et al. [34] for Ra = 105 and Ar = 0.1. The results for
the streamlines and isotherms are shown in Fig. 3. Then, the reliability
of the code in the simulation of nanofluids' flow was investigated. The
predicted data for Gr = 105 and a fixed volume fraction of ϕ=10% for
a uniform temperature boundary condition with Cu nanoparticles
were compared to Khanafar et al. [7] and Jahanshahi et al. [35] results.

Fig. 4 presents the dimensionless temperature distribution along the
horizontal middle section line of the cavity. Afterward, In order to test
the code in nonhomogeneous flow simulations, the predicted data by
the Hybrid_SRT code was validated against Kefayati [36] for Nusselt
and Sherwood numbers of 12 individual cases (Table 2). The results in
all cases showed perfect match and proved this developed code, to be
a quality tool in the simulations of natural convection for nonhomoge-
neous nanofluids. Also, In order to show the simulations aremesh-inde-
pendent, the results of the average Nusselt number and average
Sherwood number for aspect ratio combination of Arx = 0.2, Ary =
0.1 and at Ra = 105, Le = 100 and ϕave=2% are presented in Fig. 5 for
6 different meshes of 60 ∗ 60, 80 ∗ 80, 100 ∗ 100, 120 ∗ 120, 140 ∗ 140,
160 ∗ 160. As can be seen, there is a negligible difference between the
results produced by 140 ∗ 140 and 160 ∗ 160 meshes. Hence, in this
study 140 ∗ 140 mesh was chosen for the rest of the simulations.

4. Results and discussions

Fig. 6 a–c present the Streamlines, Isotherms and Iso-concentration
contours at Ra = 105 for 9 different aspect ratio combinations. The as-
pect ratios are defined as 0.05, 0.1 and 0.2 for both vertical and horizon-
tal diameters of the elliptic cylinder. As is expected, by increasing the
obstacle size the flow strength and stream function are diminished.
This decrement leads to a drop in Nusselt and Sherwood numbers.
Also with a more precise look one can tell that when the vertical aspect
ratio of the cylinder is increased, the upper vortex of the cavity would
Table 4
The average values of Nu, Sh, Be and total value of S for 9 different cylinder positions inside the

Position Nuave Shave Beave
Site 0 8.032364 21.1154 0.248521
Site 1 8.167657 18.77555 0.257045
Site 2 7.850531 20.00344 0.224958
Site 3 7.322167 13.00601 0.256396
Site 4 7.255663 21.90889 0.253499
Site 5 7.742198 18.14405 0.231254
Site 6 8.514433 20.61564 0.236635
Site 7 7.807002 20.71421 0.283674
Site 8 6.856112 12.01935 0.268981
break into two weaker vortices, but on the other hand increment of
the horizontal aspect ratio can barely cause the flow main vortices to
shred. For this reason, the flow has a better circulating manner in
these cases and one can observe higher nanoparticle flux and heat
transfer rates. The other important feature of this figure is that the
more cylinder grows in size, more regions of the cavity are subjected
to negative nondimensional nanoparticle concentration values. As was
previously defined,Φ=−1 represent zero Al2O3 nanoparticle volume
fractions. So we can conclude when the obstacle grows bigger, higher
nanoparticle concentration gradient is available on vertical walls and
hence Thermophoretic effects are enhanced on both walls.

Fig. 7 demonstrate the averageNu and Sh numbers of bothwalls ver-
sus different Ra numbers and for four different mean Al2O3 volume
fractions. Although it is obvious that both Nu and Sh numbers are in-
creasing functions of Ra number, but the Nu augmentation is weaker
due to lower diffusive fluxes. Also, as the nanoparticles' mean volume
fraction increases, one can observe a slight increment in the average
Nu number of the walls. However, the Sherwood number behaves
completely different than Nusselt and experiences a reduction by
adding nanoparticles' volume fraction. The main reason of these con-
trary observations is the fact that nanoparticles addition reduces the
stream function of the flow, and so both (temperature and concentra-
tion) derivatives are detracted on the walls. But on the other hand,
nanoparticles can enhance the conductive heat transfer coefficient
near the walls and thereby they can increase the Nu number. Since the
later phenomenon acts stronger than the former, unlike Sherwood,
the Nusselt number increases with the addition of nanoparticles. How-
ever, it is good to keep in mind that the Nu also could not increase if
there were an inappropriate phase deviation between temperature
and concentration boundary conditions on the walls.

Fig. 8 presents the total entropy generation rate and its two compo-
nents: frictional and thermal entropy generation contours for the
predetermined conditions and geometries. Ergo, the Ra and Le numbers
are fixed at 105 and 100 respectively and there are 9 different aspect
cavity.

Stot
37.91585
33.92243
39.53279
32.69238
39.66495
37.36288
37.20417
30.56534
31.46645

Unlabelled image
Unlabelled image


Fig. 11. The normalized differentiations of Nu, Sh, Be numbers and total entropy generation rate of the system S for various Ra and Le numbers from the Le= 1 case on each Ra number.
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ratio combinations tested here. It can be seen that almost for all cases
the heat transfer entropy generation contours are the same. This is
due to the neutral temperature boundary condition on the cylinder
(θ=0). However, the fluid friction entropy generation has a completely
different story. The no-slip boundary condition on the elliptic cylinder
can lead to a relatively large amount of entropy generation on the obsta-
cle surfacewhich ismore obvious on larger obstacles. But as the cylinder
grows in size (due to loss of stream function and velocity magnitude)
the frictional entropy generation rate is reduced throughout the whole
cavity. These two features act on the contrary of each other and it is ob-
vious that the latter one is more influential on the system, hence the
total rate of entropy generation is reduced by augmentation of obstacle
size. That is the main reason of the fact that for example in the case Arx
= 0.2 and Ary = 0.2 although the flow total entropy generation is rela-
tively low, yet still the average Bejan number is not increased,
remarkably.

Fig. 9 a–c demonstrate the streamlines, Isotherms and Iso concentra-
tion lines for the same Ra and Le numbers with horizontal and vertical
aspect ratios of Arx = 0.2 and Ary = 0.1, respectively. But at this time,
the elliptic obstacle is displaced in 9 various locations inside the cavity.
The horizontal and vertical aspect ratios of the cylinder remain un-
touched and its eccentricity value is ±0.25L in D2Q9 directions. At
first, it is well noticeable that compared to aspect ratio variations, obsta-
cle displacement has a more tangible influence on the flow and heat
transfer regimes. Since the temperature and concentration boundary
conditions are both sinusoidal functions, the obstacle surface tempera-
ture and concentration can significantly affect parameters' gradiants
(Nu and Sh numbers) on the vertical walls at certain obstacle locations.
This ismore pronounced in Sherwood number, owing to the greater dif-
ferentiation of concentration (Φ=−1) on the obstacle surface to the
average concentration value in the domain (Φ=0). In addition, one
can see that when the obstacle is located in the top of the cavity (i.e.
sites 2, 5, 6) the main vortex of the cavity is not substantially distracted
by the obstacle. Thus, the average stream function of the flow is not re-
duced significantly. This can lead to relatively higherNu and Shnumbers
at these sites and especially site 6.

For the same reason, the total entropy generation rate and average
Bejan number are increased and decreased, respectively on top sites of
the cavity. Fig. 10 a, b illustrates these two contours for the previously
described cases. It can be seen that the maximum rates of entropy gen-
eration are found in sites 2 and 4 but not for the same reason. As was
discussed before, site 2 offers a relatively better situation for circulation
and hence we can see this site assigned the lowest Be number and one
of the highest rates of entropy generation to itself. On the other hand,
site 4 does not possess the highest stream function and we expect a
moderate rate of entropy generation for it, but we can see it has the
highest entropy generation rate of the system. The most influential dif-
ference between site 2 and 4 is the fact that in site 2 the obstacle is locat-
ed in the top weaker vortex, but in site 4 the obstacle is absolutely
located in the bottommain vortex of the cavity. This can locally intensify
the nanofluid velocity on the bottom wall and so the frictional entropy
generation of the system is raised on this part of the cavity.

Alsowith a closer look, one can observe that when the obstacle is lo-
cated on the top sites in the cavity (i.e. sites 5, 2, 6), Be number profiles
do not excessively extend in the cavity and so we can expect lower av-
erage Be number at these cases. Moreover, in the regions with higher
temperature and concentration gradiants like the vertical walls, Be
number profiles are more likely to expand and extend. This is due to
the rise of heat transfer component of total entropy generation rate at
these sections. In addition, we can see that at sites 4, 7 and 8 the Be
number profiles develop in the entire geometry sowe can expect higher
average Be number at these locations. However, as was previously
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discussed this fact does not necessarily cause a decrement in the total
entropy generation rate of the system, but it can be simply due to aug-
mentation of heat transfer entropy generation of the system.

Table 3 presents the average values of Nusselt, Sherwood, Bejan and
total entropy generation of the system at Ra = 105 and Le = 100. This
table demonstrates the influence of aspect ratios on the flow and heat
transfer characteristics in the cavity. As can be seen, the maximum
values of Nusselt are observed in the cases with lowest vertical aspect
ratios (Ary). Although, these cases represent the best circulation pat-
terns for the flow, but these aspect ratio combinations do not necessar-
ily represent the maximum Sherwood numbers. This is due to the
concentration gradiant between walls and cylinder surface. Also, aver-
age Bejan number which is related to the flow regime is lower on
these two combinations. It means that we have higher stream function
for cases with lower vertical aspect ratios and this leads to an increment
in the total entropy generation of the system and hence for this reason
the lowest entropy generation rates are devoted to the cases with Ary
= 0.2.

Table 4 presents the average values of Nusselt, Sherwood, Bejan and
the total entropy generation of the system for 9 different cylinder posi-
tions inside the cavity. On each case, the vertical and horizontal eccen-
tricity of the cylinder is equal to ±0.25L. It goes without saying that
the maximum Nusselt number occurs at sites 6 and 1, but as for Sher-
wood, one can see that maximum values occur when the cylinder is lo-
cated at site 4. This deviation also takes place because of the difference
between the temperature and concentration boundary conditions of
the cylinder surface (θ=0,Φ=−1). This table also tells us that the
maximum and minimum values of average Be occurred on sites 7 and
2, respectively and aswe expect these sites are generating theminimum
and maximum entropy in the system, respectively.

Fig. 11 illustrates the normalized differentiations of Nusselt, Sher-
wood, Bejan and total entropy generation rate (S) of various Ra and Le
numbers, from the case of Le = 1 on each Ra number. The cylinder as-
pect ratios are (Arx=0.2, Ary=0.1) and it is located at site 0, at the cen-
ter of the cavity. Moreover, the nanoparticles' mean volume fraction is
2%. it is worth mentioning that raising the Le number would decrease
the Nu number for all cases. However, there is a minimum point on
the graph at Ra=105 inwhich the flow changes from conduction dom-
inant to convection dominant regime. This can influence the heat trans-
fer rate and demolish the conductive fluxes importance. The same
phenomenon can Lead to a maximum point on the Sh graph in the
sameRanumber. It is alsoworthmentioning that augmentation of Sher-
wood and reduction of Nusselt both are intensified as Le number grows.
It is also obvious from the Be graph that as Le increases, Be number also
is augmented drastically (up to 20%), which can be well described by
the loss of stream function. This increment causes an opposite reducing
manner in total generated entropy of the system. Yet still, we can see
that again at Ra = 105 by changing the flow regime, the total entropy
generation of the system increases.

5. Conclusions

An in-house Hybrid lattice Boltzmann method with Superbee's lim-
iter function is developed in Fortran 90 to investigate the heat transfer
and entropy generation rates of a nanofluid filled cavity containing an
elliptic obstacle. The famous Buongiorno's two-component nonhomo-
geneous method is applied in order to simulate the nanoparticles' vol-
ume concentration on each node and Corcione model was employed
to estimate thermophysical properties of the nanofluid. Themost signif-
icant findings of this study are as follows:

1. The developed TVD codewas tested and validated against several ex-
perimental and numerical cases and excellent conformity was ob-
served in all case studies.

2. As nanoparticles volume fraction is increased in the system the aver-
age Nu number is slightly increased because of the higher thermal
conductivity of the liquid but due to lower stream function, Sh num-
ber decreases, generally.

3. When the obstacle is grown in size two opposing phenomena act in
the system: entropy generation rise due to larger surface gradiants
and entropy generation decrement due to lack of stream function.
by the way, it was seen that the latter is stronger than former and
the entropy generation rate is eventually decreased.

4. Top positions of the cavity are found to be more suitable for the ob-
stacle, in order to have better circulations and thus at these positions
Be number is decreased and total entropy generation rate Stot is in-
creased, but there are some exceptions like site 4 that still has a rel-
atively high entropy generation rate.

5. Itwas observed that generally, raising the Le numberwould decrease
the Nu number for all cases, but there are minimum and maximum
points on the Nusselt and Sherwood graph due to the change of con-
vection-conduction dominancy.
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