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a b s t r a c t 

Conventionally, drought analysis has been limited to single drought category. Utilization of models incor- 

porating multiple drought categories, can relax this limitation. A copula-based model is proposed, which 

uses meteorological and hydrological drought characteristics to assess drought events for ultimate man- 

agement of water resources, at small scales, i.e., sub-watersheds. The chosen study area is a sub-basin 

located at Karkheh watershed (western Iran), with five raingauge stations and one hydrometric station, lo- 

cated upstream and at the outlet, respectively, which represent 41-year of data. Prior to drought analysis, 

time series of precipitation and streamflow records are investigated for possible dependency/significant 

trend. Considering semi-arid nature of the study area, boxplots are utilized to graphically capture the 

rainy months, which are used to evaluate the degree of correlation between streamflow and precipita- 

tion records via nonparametric correlations. Time scales of 3- and 12-month are considered, which are 

used to study vulnerability of early vegetation establishment and long-term ecosystem resilience, respec- 

tively. Among four common goodness of fit (GOF) tests, Anderson–Darling is found preferable for defining 

copula distribution functions through GOF measures, i.e., Akaike and Bayesian information criteria and 

normalized root mean square error. Furthermore, a GOF method is proposed to evaluate the uncertainty 

associated with different copula models using the concept of entropy. A new bivariate drought modeling 

approach is proposed through copulas. The proposed index named standardized precipitation-streamflow 

index (SPSI) unlike common indices which are used in conjunction with station data, can be applied on 

a regional basis. SPDI is compared with widely applied streamflow drought index (SDI) and standard- 

ized precipitation index (SPI). To assess the homogeneity of the dependence structure of SPSI regionally, 

Kendall- τ and upper tail coefficient relation is investigated for all stations located within the region. Ac- 

cording to results, SPSI similar to nonparametric multivariate standardized drought index (NMSDI) was 

able to detect both onset of droughts dominated by precipitation as is similarly indicated by SPI and 

persistence of droughts dominated by streamflow as is similarly indicated by SDI. It also captures dis- 

cordant case of normal period precipitation with dry period streamflow and vice versa. This makes SPSI 

a powerful tool for estimating a more practical and realistic drought condition. Finally, combination of 

severity–duration–frequency (SDF) of drought events through copulas resulted in SDF curves that can be 

used to obtain the recurrence of extreme droughts and assess drought related ecosystem failure or to aid 

in optimization of water resources allocation. Results indicated that the newly proposed index (SPSI) is 

able to represent two main characteristics of meteorological and hydrological drought (drought onset and 

persistency) and also providing an accurate estimation of the recurrence interval of extreme droughts. The 

procedures can be used to undertake proactive water resource management and planning to assure water 

security and sustainable agriculture and ecosystem survival for regions experiencing extreme droughts. 
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. Introduction 

Water resources are one of the main vessels of economy

hrough many ways and human societies are structured by eco-

omic system. Yet water resources in many parts of the world

re affected by natural hazards, especially those categorized as cli-

atic hazards do the most damage including but not limited to

roughts and floods ( Pereira et al., 2009 ). Drought is one of the

ostliest climatic extremes as recently reported by UC Davis Cen-

re for Watershed Sciences in 2015, the state’s agricultural econ-

my will lose about $1.84 billion and 10,100 seasonal jobs be-

ause of the drought. Much policy is to be adopted to address ef-

ects of upland changes on water balance across a catchment and

ack of comprehensive drought management plans for land, rivers

nd wetlands is felt throughout the California ( AghaKouchak et al.,

015 ). Drought is a dynamic phenomenon and is considered as a

ecurrent extreme climate event and it is challenging to define, i.e.,

o general definition adequately describes it. Drought is often cat-

gorized into four types ( Dracup et al., 1980; Mishra and Singh,

010 ): 

i. Meteorological drought originates from a deficiency of precip-

itation over a prolonged time period, often accompanied by

unusually high temperature, high winds, low humidity, and

high solar radiation which result in increased evapotranspi-

ration and is defined by the degree of dryness compared to

a “normal” or long-term average ( Utah Division of Water Re-

sources, 2007 ). One important aspect of meteorological drought

is that it stands for an early warning system of drought con-

dition, however let alone it is not an adequate tool for wa-

ter resource planning as it can produce false alarms ( Vicente-

Serrano and López-Moreno, 2005 ). 

ii. Agricultural drought results from lack of precipitation plus

evapotranspiration over a prolonged time period which eventu-

ally leads to extended periods of low soil moisture that would

affect agriculture productivity and ecosystem rehabilitation fail-

ure ( Ciais et al., 2005; Lei et al., 2015; Cunha et al., 2015 ). 

ii. Hydrological drought mainly lags the occurrence of meteoro-

logical and agricultural droughts and it also manifests when a

lack of precipitation persists for a long period, leading to over-

all water supply deficiency in forms of snowpack, streamflow,

groundwater and reservoir storage ( Vicente-Serrano and López-

Moreno, 2005; Van Loon and Van Lanen, 2012; Van Lanen et al.,

2013; Joetzjer et al., 2013 ). Also human activities such as draw-

down of reservoirs to sustain an important agriculture develop-

ment have an impact on hydrological droughts. 

iv. Socioeconomic definitions of drought associate the supply and

demand of some economic goods with elements of meteoro-

logical, hydrological and agricultural drought ( Shiferaw et al.,

2014 ). At this stage, agriculture ( FAO, 2015 ), ecosystem biodiver-

sity and industries are seriously affected by drought ( Wilhite,

20 0 0; Yang et al., 2010; Rulinda et al., 2012 ). 

In recent years there have been a large number of severe

roughts in different regions around the world, causing agricultural

nd economic losses. Despite their devastating consequences, Stan-

ardized Precipitation Index (SPI) of these events lies within the

eneral range of observation-based SPI time series ( Orlowsky and

eneviratne, 2012 ). Although the four drought categories can rep-

esent different aspects of drought, they are closely related and in-

eract with each other. While drought is generally a consequence

f atmospheric anomalies, the impacts to society are more directly

elated to hydrologic conditions ( Joetzjer et al., 2013 ), thus mete-

rological drought indices are more appropriate to determine the

nset of droughts while hydrological ones can be used to model

he impact of droughts. Henceforth, a model can be proposed

o simultaneously capture the unique properties of both types of
rought and to be utilized as a management tool for water man-

gement and its relative hazardous concepts. 

Due to changing spatial and temporal characteristics of drought

nd complex ecosystem attributes, it is difficult to monitor and as-

ess the potential impacts of droughts on ecosystems ( Wang et al.,

014 ). One way to measure the deviation from historically es-

ablished norms of multiple stochastic events, e.g., precipitation,

treamflow, groundwater, soil moisture and snowpack is by uti-

izing drought indices. Numerous drought indices are proposed to

ssess the severity of drought, while initially the first drought in-

icator was developed by Palmer (1965) and is known as Palmer

rought Severity Index (PDSI) which is a model of cumulative im-

alance of moisture supply and demand at the land surface, re-

uiring knowledge of precipitation and potential evapotranspira-

ion (PET). Despite being widely used ( Kim et al., 2003; Jacobi

t al., 2013 ), PDSI has known limitations that are discussed in de-

ail by Dai (2011a , 2011b) . One of the most frequently used me-

eorological drought indices is the Standardized Precipitation In-

ex (SPI) which has the advantage of statistical consistency and

s solely dependent on precipitation amounts ( McKee et al., 1993;

teinemann et al., 2005; Shukla et al., 2011 ). A more analytical

nd computational demanding meteorological index is Reconnais-

ance Drought Index (RDI) and is defined as a ratio of precipita-

ion over potential evapotranspiration ( Tsakiris et al., 2007; Khalili

t al., 2011 ). Furthermore, the Surface Water Supply Index (SWSI)

ncorporates reservoir storage, snowpack and streamflow, in addi-

ion to precipitation to complement the Palmer Index for soil mois-

ure ( Shafer and Dezman, 1982 ) and other hydrological indices are

ut not limited to the Standardized Runoff Index (SRI), the Stan-

ardized Hydrological Index (SHI) and Streamflow Drought Index

SDI) developed by Sharma and Panu (2010) , Shukla and Wood

2008) and Nalbantis and Tsakiris (2009) , respectively. 

Agricultural drought indices utilize soil moisture for drought

nalysis ( AghaKouchak, 2015 ) and there have been numerous stud-

es on soil moisture persistence and alike streamflow, soil mois-

ure memory spans from days to months. Thus, unlike precipi-

ation it has an accumulative characteristic ( Koster et al., 2010;

o et al., 2012; Hao and AghaKouchak, 2014 a). One of the most

requently used agricultural indices is the Soil Moisture Index

SMI; Zeng et al., 2004 ) that utilizes remotely sensed tempera-

ure and vegetation index to detect soil moisture. Hao and AghaK-

uchak (2013) developed a Multivariate Standardized Drought

ndex (MSDI) by incorporating meteorological and agricultural

roughts for statistical drought reliability risk assessment and

ecision-making which probabilistically combines two indices of

PI and the Standardized Soil Moisture Index (SSI; Hao and AghaK-

uchak, 2014 a). To assess different aspects of drought vulnerability

 Naumann et al., 2014 ) proposed a composite drought vulnerabil-

ty indicator (DVI) and evaluated it at Pan-African level for four

omponents of renewable natural capital, economic capacity, hu-

an and civic resources and infrastructure and technology. Re-

ent studies on multivariate approaches have shown superior re-

ults to univariate indices, as they capture early onset and per-

istence of water stress over time ( Hao and AghaKouchak, 2014 a,

ehran et al., 2015 ). Recently proposed Multivariate Standardized

eliability and Resilience Index (MSRRI), addresses socioeconomic

rought development and recovery based on reservoir storage and

emand in multivariate approach unlike commonly used indices

 Mehran et al., 2015 ). A study by Farahmand and AghaKouchak

2015) proposes a non-parametric framework to deal with spa-

ial inconsistency of underlying distribution function when drought

ndicators are estimated by a parametric approach, through a

tandardized Drought Analysis Toolbox (SDAT). Utilizing the non-

arametric approach proposed by Farahmand and AghaKouchak

2015) , Huang et al. (2015) combined the information of precip-

tation and streamflow through NMSDI to investigate the spatial
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Fig. 1. Location of Karkheh watershed and the studied sub-basin in Iran (the fifth 

rain gauge station is located at the indicated hydrometric station). 
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and temporal characteristics of drought and they concluded that

non-parametric framework was effective in capturing drought on-

set similar to SPI and capturing drought persistency similar to

SSFI (standardized streamflow index). To unify multi monthly time

scales, Kendall distribution function in a study by Kao and Govin-

daraju (2010) was used to project multidimensional distribution

into a univariate one and joint deficit index (JDI) was introduced.

In their study, JDI was used to join different windows (time scales)

of drought from 1 to 12 months and also to join meteorologi-

cal and hydrological droughts by empirical copulas. However, due

to increasing dimension of empirical copula as the target drought

window gets larger, it becomes inconvenient for large-scale and

multi-site problems such as drought investigation (as stated in

Kao and Govindaraju, 2010 ). 

When it comes to agriculture or ecosystem, the time scale of

drought plays a critical role in defining the drought related ques-

tions that are being addressed. Thus the problem is investigated

in three timescales of short-term, medium-term and long-term

drought representing periods of 3 months or less, 6–9 months,

and 12 months or more, respectively ( National Drought Mitigation

Center, 2015 ). Depending on time scale of interest, different out-

comes are expected when a certain drought occurs, meaning that

shorter time scales are more useful to detect agricultural droughts

and longer ones may be useful to consider impacts on groundwater

resources and ultimately socioeconomic impacts on societies. Wa-

ter deficit in vadose zone can have various impacts on plant res-

piration, photosynthesis and considerable yield reduction and even

lead to crop failure ( Shi et al., 2014 ). In agricultural fields one of

the critical stages is the seedling and also pre-matured and juve-

nile vegetation due to their under-developed root system, are more

susceptible to water deficit. While early stages of growth are vul-

nerable to short-term droughts, the climaxed vegetation and na-

tive ecosystems and survival of their species are more affected by

longer time scales. 

On a global scale, frequency, duration and severity of droughts

have increased substantially in recent decades ( Dai, 2011b;

Saadat et al., 2013 ), especially in arid and semi-arid regions

( National Drought Mitigation Center, 2007 ). Past records of drought

characteristics hold lessons for what to expect in future thus,

careful consideration of return period is a necessary step to wa-

ter resource and land management. The likelihood of a certain

drought with a magnitude of interest to occur is called the re-

currence interval. As noted in Halwatura et al. (2015) , recurrence

intervals of rainfall events greater than the average are com-

monly used by engineers to derive intensity–duration–frequency

(IDF; Ghahraman and Hosseini, 2005 ) design estimates for build-

ing hydraulic infrastructure and similarly the same concept can

be employed for assessment of drought risk and risk manage-

ment in order to optimize water redistribution and allocation poli-

cies based on the concept of recurrence of droughts ( Hayes et al.,

2004 ). This methodology tackles the problem by drawing severity–

duration–frequency (SDF) design drought plots as an effective tool

in civil engineering and hydrology ( Shiau, 2006; Shiau and Modar-

res, 2009; Francesca et al., 2015; Li et al., 2015 ). 

Semiarid Karkheh watershed (western Iran) has been the fo-

cus of several studies in recent years, e.g., Jamali et al. (2012) and

Farahani and Khalili (2013) . According to Jamali et al. (2012) , plan-

ning for future water demands in this study area is a challenging

task due to high variability in water resources, especially during

dry years. 

Given the complexity of drought vulnerability, it is crucial to as-

sess all aspects of drought. In this paper we propose a new joint

indictor for proactive water resource and land use management.

Our approach combines two categories of meteorological and hy-

drological drought as these two are closely related via the no-

tion of copulas and a parametric integrated index, Standardized
recipitation-Streamflow Index (SPSI) is proposed as a representa-

ive of the two above categories of drought in a scale of a homoge-

ously drought distributed region. 

. Study region and data 

Karkheh watershed (46 ° 57 ′ E, 49 ° 10 ′ E; 31 ° 48 ′ N, 34 ° 58 ′ N)

s located in western Iran and has an aerial coverage of 41,470 km 

2 .

lthough climatic conditions are variable in the watershed, it gen-

rally portrays the Mediterranean type of climate. Northern water-

hed areas have mountainous climate, i.e., harsh winters and mild

ummers. Air temperature varies in the range of −25 °C to + 50 °C
nd average annual precipitation has a range of 300 to 800 mm.

ith an average of approximately 290.6 mm near Karkheh dam.

he main water course discharges into the Karkheh dam and

eservoir system with an average annual volume of 5916 × 10 6 m 

3 

ownstream of the Jelogir hydrometric station, exhibiting different

treamflow patterns during dry and wet seasons. A sub-watershed

rom Karkheh watershed was chosen for this study which includes

 hydrometric station located at the outlet and four rain gauges

ocated upstream ( Fig. 1 ) with a record length of 41 years (1971–

011) and a brief statistical summary of stations are shown in

able 1 . Monthly average rainfall of five rain gauges over the sub-

asin was calculated utilizing the Thiessen polygon method and

as used to calculate average aerial rainfall values. As represented

n Fig. 1 , streamflow of one and two order are either a stream

hich directly response to rainfall occurring in its vicinity and

ows briefly due to channel being above groundwater reservoir

ephemeral flow regime), or a stream where portions flow con-

inuously only at certain times of year (intermittent flow regime).

n higher stream orders, however, stream flows year-round and

ase flow is maintained by snowmelt and groundwater discharge

perennial flow regime). Data are maintained by Iran Water Re-
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Table 1 

Relevant statistical information of annual precipitation 

data of the sub-basin located in Karkheh watershed. 

Mean discharge at Afarineh Kashkan hydrometric station 

is 42.8 CMS with cv of 0.39. 

Stations Code Mean (mm) CV 

Kaka Reza 21–169 354 0.33 

Sarab Seid Ali 21–171 339 0.36 

Afarineh Kashakan 21–177 326 0.32 

Cham Anjir 21–175 314 0.32 

Dehno Harod 21–167 314 0.32 
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ources Organization. Data of few missing cases were completed,

sing nearby stations with complete data set. 

. Methodology description 

The proposed methodology is a mean to proactive planning

ased on an accurate estimation of drought recurrence of a com-

ined drought categories, which can be used for appropriate wa-

er allocation and land use management in order to maintain

ood security under scarce water resources conditions. As depicted

n Fig. 2 , the proposed method is described as a five-step pro-

edure. In first step, monthly precipitation data from each sta-

ion is used to identify wet (rainy) season. This step will identify

hose months with adequate precipitation amounts. Monthly dis-

ggregation is done by graphical boxplot approach. In second step,

easonal precipitation/streamflow data are checked for significant

emporal trend to assure overall data quality and to ensure that

treamflow is mainly resulted by precipitation, and their stochas-

ic dependence is measured. Third step involves determining the

arginal cumulative probability density functions (CDF) of precip-

tation and streamflow and application of SPI and SDI procedures.

n the fourth step a joint CDF is created through different fami-

ies of copulas and the best goodness of fit (GOF) is determined

hrough some suitable tests, meanwhile power of each test is eval-

ated by some known GOF measures and a new GOF method is

roposed by means of the amount of information lost during the

t. Finally, SPSI is driven from the best fitted CDF. Since SPSI is a

egional drought index, the homogeneity of bivariate dependence

tructure is investigated within the region through the relation of

endall- τ and upper tail dependence. As the fifth step, the dura-

ion and severity of the three indices of SPI, SDI and SPSI for time

cales of 3 and 12 months are estimated and the recurrence in-

ervals of their joint behavior resulted in SDF curves. Different re-

urrence intervals are obtained, each describing a certain situation

here the recurrence of a certain significant droughts can be used

o ensure that critical water needs are met during the dry period

nd to prepare drought contingency plans. 

. Materials and methods 

.1. Separation of rainy months 

Long-term strategic planning for the future of agriculture and

ood security requires precise development planning, thus prior

ssessment of water resources is a necessity, especially in wa-

er scarce regions. Semi-arid regions are no exception as in these

egions there are often months that have little or no rain thus

aving no contribution to streamflow. Such data should not be

onsidered in conjunction with meteorological drought analyses

uch as SPI, since it will result in misinterpretation of drought

vents ( Abolverdi and Khalili, 2010; Modaresi Rad et al., 2016 )

his disaggregation of non-rainy months also assures that stream-

ow is directly affected by precipitation throughout the streamflow

rought analyses e.g. SDI. Thus similar to precipitation, dry season
f streamflow is removed from the time series. This disjunction al-

ows two distinct management planning by creating two seasons of

et and dry conditions, whereas not considering sessional drought

ssessment in semi-arid conditions will result in misinterpretation

f drought ( Modaresi Rad et al., 2016) and ultimately in manage-

ent failure of early planning and prepare based on prior infor-

ation. During rainy seasons, streamflow exhibits fluctuations in

ean and median whereas in dry seasons there is some constant

ase flow and no fluctuations, thus water allocation decisions and

nvironmental flow settings should mainly be focused on rainy

easons for planning conservation efforts for freshwater ecosys-

ems. Hence in this study only the wet season of precipitation and

treamflow is considered to assess their joint behavior. 

An appropriate visual tool for identifying rainy and non-rainy

onths as a necessary step for drought analysis would be exami-

ation of variability in monthly precipitation by utilizing boxplots

 Tukey, 1977 ). This approach has been utilized in a number of stud-

es ( Tabrizi et al., 2010; Khalili et al., 2011; Saadat et al., 2013;

animahd and Khalili, 2013 ). Boxplot graphically captures statisti-

al properties of data, i.e., median (50th), 25th, 75th percentiles,

inimum and maximum values, as well as outliers (represented

y asterisk in the plot). Monthly statistical properties can readily

e used to establish dry- and wet seasons, among months with

imilar statistical characteristics. 

.2. Detection of data dependency and significant trend 

Prior to drought assessment, precipitation and streamflow data

hould be checked for any possible significant trend. Negative

rend often indicates, data collection issues and in case of stream-

ow, possible upstream water diversion result in significant trend.

n addition, droughts with long recurrence interval, which are of-

en seen only once in drought time series due to insufficient

ata record, could also cause trend. To this end, Mann–Kendall

MK) test ( Mann, 1945; Kendall, 1975 ) was utilized for the mono-

onic detection of significant temporal trends in long-term be-

avior of time series, however data independency (no autocor-

elation) should be established first. To check data concordance,

on-parametric Kendall- τ test ( Helsel and Hirsch, 2002 ) was ap-

lied which reflects the degree to which random variables cluster

round a monotone function and the associated significance was

xamined by the Fisher Z-transformation test ( Wilks, 2006 ). To

ssess the integrated behavior of meteorological and hydrological

roughts, first the correlation between precipitation and stream-

ow time series must be taken into consideration. Thus, provided

hat there exists a strong positive cross-correlation between me-

eorological and hydrological drought events (further discussed in

ection 4.4 ) and a weaker positive cross-correlation between rain-

all and streamflow time series, further investigation of their joint

ehavior can be made possible. The degree of correlation was de-

ermined by Kendall- τ -b with an assumption of monotonic depen-

ence structure ( Kort, 2007 ) and distance correlation that also ac-

ounts for non-monotonic dependence structure as well. Distance

orrelation, alike Kendall- τ , ranges from −1 to 1 and only be-

omes zero if and only if random variables are statistically inde-

endent ( Székely et al., 2007 ; Appendix A ). The degree of correla-

ion was measured for both monthly and different multi-monthly

ime scales of precipitation and streamflow events. 

.3. Quantifying meteorological and hydrological drought by indices 

To quantify meteorological drought, the practical Standardized

recipitation Index (SPI) proposed in McKee et al. (1993) was used,

hich has the most wide-spread application in particular meteoro-

ogical drought monitoring ( Wilhite, 20 0 0 ), among the others). The
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Fig. 2. Schematic diagram displaying the five necessary steps for calculating SPI, SDI and SPSI and derivation of SDF curves. 
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requirement of minimal input data while having an accurate esti-

mation of drought condition is its most important aspect, namely

minimum of 30 consecutive years of monthly precipitation record

would suffice when a parametric distribution is used according to

literature ( McKee et al., 1993; Nalbantis and Tsakiris, 2009 ). Re-

cent study in Farahmand and AghaKouchak (2015) has shown that

nonparametric approaches by having no prior assumption regard-

ing distribution of data, utilize empirical probability derived from

either a univariate or multivariate methods to estimate drought in-

dicators. However, it should be noted that despite non-parametric

approaches can be used to calculated drought with data less than
0 years, for shorter data records drought estimation can lead to

isleading probabilities as it may not capture events with long

ecurrence intervals. A parametric approach to calculating SPI in-

olves fitting a cumulative density function (CDF) to precipitation

ata (e.g. Gamma distribution suggested in McKee et al. (1993) and

nverse Gaussian function with zero mean and unit variance is

hen applied to the precipitation CDF. 

Streamflow Drought Index (SDI) was originally proposed in

albantis (2008) for quantifying hydrological drought. One main

dvantage of SDI is its sole dependency on streamflow values and,

imilar to SPI, it requires a minimum of 30 consecutive years
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Table 2 

Definition of different states of drought indices (I) 

( Nalbantis and Tsakiris, 2009; Mckee et al., 1993 ). 

State Condition Criterion 

0 Non-drought I ≥ 0.0 

1 Mild drought −1.0 ≤ I < 0.0 

2 Moderate drought − 1.5 ≤ I < − 1.0 

3 Severe drought −2.0 ≤ I < −1.5 

4 Extreme drought I < − 2.0 

s  

c  

s  

d  

(  

T  

u  

v  

o

 

d  

2  

t  

a  

p  

r  

n  

o  

o  

d  

w  

o

 

d  

T  

g  

(  

K  

a  

f  

d  

d

4

 

(  

d  

a  

t  

c  

l  

2  

S  

D  

r  

t  

(  

M  

c  

d  

a  

s  

r  

P

P  

 

t  

u  

u  

H  

r  

t  

m  

a  

m  

d  

c  

h  

i  

i  

o  

t  

t  

r  

a  

u  

t  

t  

t  

b  

d  

r  

G  

w

H  

f  

N  

t  

w  

i  

m  

e  

M  

u  

(  

t

K

C

A

w  

m  

s  

t  

t  

o  

i

C

w  

a  
hould a parametric approach be used. Similar to SPI index, cal-

ulation procedure of SDI index involves fitting a CDF to monthly

treamflow data. To define the intensity of both SPI and SDI in-

ex, a classification of dry/wet phases proposed in McKee et al.

1993) was adopted ( Table 2 ) and only wet season was considered.

wo time scales of 3- and 12-month are considered, which can be

sed to study vulnerability of early stage crop development and

egetation establishment and also long-term ecosystem resilience

f climax crop and vegetation, respectively. 

Recently, the use of non-parametric approaches to quantify

rought has increased by scholars ( Farahmand and AghaKouchak,

015; Huang et al., 2015 ), however there are several conditions

hat need to be met prior to usage of parametric or non-parametric

pproaches. First, is the characteristic of target sample, as non-

arametric disruption should be used for data that median best

epresents measure of the central tendency. Also, it should be

oted that non-parametric distribution by keeping only the ranks

f the observations and not their numerical values tend to throw

ut useful information. Despite loss of information, non-parametric

istribution is more favorable over parametric ones when dealing

ith very short data records as stated by Farahmand and AghaK-

uchak (2015) . 

To find the most appropriate fit to the empirical cumulative

istribution function (ECDF), different distributions were tested.

he candidate distributions include: normal, lognormal, gamma,

eneralized extreme value (GEV), exponential, generalized Pareto

GP), and Weibull. Thereupon goodness of fit was evaluated by

olmogorov–Smirnov test (K–S), the coefficient of determination

nd the normalized root mean square error as means for quanti-

ying difference between ECDF of sample and CDF of the reference

istribution. Later CDFs with highest degree of GOF were used to

rive the above drought indices. 

.4. Integrating meteorological and hydrological droughts 

In this study, standardized precipitation-streamflow index

SPSI) is proposed that characterizes both meteorological and hy-

rological droughts, the process is quite similar to those of SPI

nd SDI indices, except that the theoretical distribution func-

ion is constructed by joining the distribution functions of pre-

ipitation and streamflow through different families of copu-

as. Copulas have been used in hydrology and geophysics since

003, following publications by De Michele and Salvadori (2003) ,

alvadori and De Michele (2004) and Favre et al. (2004) . Later

e Michele and Salvadori have introduced /developed secondary

eturn period or Kendall return period and survival Kendall’s re-

urn period ( De Michele et al., 2013 ), dynamic return period

 Salvadori et al., 2013 ), hazard trajectories ( Salvadori and De

ichele, 2015 ) and hazard scenarios based on the definition of

opulas ( Salvadori et al., 2016 ). Sklar (1959) , stated that every joint

istribution with continuous margins can be uniquely written as

 copula function of its marginal distributions. Henceforth by as-

uming precipitation and streamflow as random variables X and Y ,

espectively, the cumulative joint distribution with the probability
 can be defined by copula C as: 

 ( X ≤ x, Y ≤ y ) = C[ F (X ) , F (Y )] = P (1)

In which F ( X ) and F ( Y ) are the marginal cumulative distribu-

ion functions of random variables X and Y , respectively and cop-

la C is mapping C : [0, 1] dim → [0, 1] where dim represents cop-

la’s dimension. Here, unlike Farahmand and AghaKouchak (2015) ,

uang et al. (2015) and Hao and AghaKouchak (2014 b) a paramet-

ic approach was used to construct a bivariate dependence struc-

ure mainly because of some advantages of parametric inference

ethods for copulas over non-parametric ones. Parametric copulas

re easier to numerically implement and can be used in high di-

ensions whereas, non-parametric copula, similar to the research

one by Kao and Govindaraju (2010) , would excessively increase

omputational time due to increases in copula dimension and

ence for large scales, computation becomes heavily time demand-

ng. Moreover, parametric copulas provide real information regard-

ng population through their parameters. Non-parametric copulas,

n the other hand preserve information about the order of data

hrough ranks, but discard the degree of dependence between the

wo or more variables. For example in Archimedean copula, pa-

ameter θ represents the strength of dependence between vari-

bles which this information is lost when non-parametric cop-

la is used. Parameters can later be used to reconstruct the en-

ire distribution or by assuming a non-stationary condition, the

rend and possible structural breaks in strength of dependence be-

ween variables can be investigated. The copula function C can

e written with many different dependence structures henceforth

ifferent families of copulas can be adopted, while each having

elative unknown parameter. In this study two radial symmetric,

aussian copula and student- t copula from elliptical distributions

ere taken. Also from Archimedean copulas the Clayton, Gumbel–

ougaard, Frank, Joe and Gumbel–Barnett copulas were considered

or modeling the dependence structure between the two variables

elsen, 1999 and Appendix B ). For estimation of copula parame-

ers, the inference from margins (IFM; Joe and Xu, 1996 ) method

ere utilized, which consists of two steps based on the two pos-

tive log-likelihood parts: first the margins parameters are esti-

ated and then the copulas. To define the goodness of fit for

ach copula employed, Kolmogorov–Smirnov (K–S), Cramér–von

ises (C–M) and Anderson–Darling (A–D) tests were used to eval-

ate the distance between theoretical ( C p θ ( i / n,j / n )) and empirical

 C n ( i / n,j / n )) copula and are shown in Eqs. (2) , ( (3) , and (4) , respec-

ively. 

 S n = 

max 
1 ≤ i ≤ n, 1 ≤ i ≤ n 

∣∣∣∣C n 
(

i 

n 

, 
j 

n 

)
− C pθ

(
i 

n 

, 
j 

n 

)∣∣∣∣ (2) 

 M n = 

∫ (
C n 

(
i 

n 

, 
j 

n 

)
− C pθ

(
i 

n 

, 
j 

n 

))2 

d C pθ

(
i 

n 

, 
j 

n 

)
(3) 

 D n = 

∫ (
C n 

(
i 
n 
, 

j 
n 

)
− C pθ

(
i 
n 
, 

j 
n 

))2 

C pθ
(

i 
n 
, 

j 
n 

)(
1 − C pθ

(
i 
n 
, 

j 
n 

))d C pθ

(
i 

n 

, 
j 

n 

)
(4) 

here n is the number of samples. The empirical copula is esti-

ated based on joint behavior of random variables ( X, Y ) by con-

idering CDFs of precipitation and streamflow ( F ( X ), F ( Y )) on the in-

erval I ∈ [0, 1] 2 in a ranked based scheme without knowledge of

heir theoretical marginal distributions. Thus with specific sample

f n data points, the corresponding empirical copula C n ( F ( X ), F ( Y ))

s defined by ( Genest and Favre, 2007 ): 

 n ( F ( X ) , F ( Y ) ) = 

1 

n 

n ∑ 

i =1 

I 

( r F ( x ) i 

n + 1 

≤ F ( X ) , 
r F ( y ) i 

n + 1 

≤ F ( Y ) 

)
(5) 

here r F ( x ) i and r F ( y ) i are ranks of x i and y i , respectively, and I(A) is

 logical indicator function of set A taking either 0 (if A is false),
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or 1 (if A is true). Power of a test, quantifies the chance that the

null hypothesis will be rejected when it is actually false, i.e. a cor-

rect decision ( Onoz and Bayazit, 2003; Ghahraman, 2007 ). Thus,

to evaluate the power of the three above goodness of fit distance

statistics, the relative normalized root mean square error (NRMSE)

of the theoretical CDF with respect to the empirical CDF was cal-

culated and Akaike information criteria (AIC; Akaike, 1974 ) and

Bayesian information criterion (BIC; Schwarz, 1978 ) were utilized,

which are expressed as: 

AIC ( m ) = −2 L + 2 m (6)

BIC ( m ) = −2 L + mlog ( n ) (7)

where n is the number of observations, m denotes the number of

fitted parameters, and L is the maximized value of likelihood func-

tion (ML) of a statistical model with a given dataset. In case of

continuous data where ML is not used, the term − 2 L is replaced

by minimum of the estimated fit function multiplied by sample

size reference, hence the first term of the equations is replaced by

nlog ( MSE ), where MSE is the mean square error of the fitted model

with respect to the empirical model. The lower values of AIC and

BIC criteria, indicates the better goodness of fit. 

Apart from usual distance methods of goodness of fit, the

amount of information lost when modeling a stochastic event is

measured using the concept of entropy. For a continuous probabil-

ity density function f ( x ), Shannon entropy H ( x ), may be expressed

as: 

H ( x ) = −
∞ ∫ 

−∞ 

f ( x ) log f ( x ) dx (8)

So, according to the principle of maximum entropy (POME;

Harremoes and Topsoe, 2001 ), by maximizing Eq. (8) one can ob-

tain the probability distribution which best represents the current

state of information. In order to replace PDF with CDF ( F ( x )), an al-

ternative uncertainty known as cumulative residual entropy (CRE),

introduced in Rao et al. (2004) was utilized. This measure is de-

fined for non-negative random variables and is expressed as: 

ε ( x ) = −
∞ ∫ 

0 

F̄ ( x ) log ̄F ( x ) dx (9)

where F̄ (x ) = 1 − F (x ) is survival function and for a pair of

( X, Y ) of random variables with joint distribution of F ( X, Y ),

joint survival function is defined as F̄ ( X, Y ) = F̄ (X ) + F̄ (Y ) − 1 +
( 1 − F̄ (X ) , 1 − F̄ (Y ) ) in Nelsen (1999) , where F̄ (X ) and F̄ (Y ) are

survival functions of margins F ( X ) and F ( Y ). It should be noted

that the joint survival function is defined differently from survival

copula ( ̂  C ) and their relation is defined as F̄ ( X, Y ) = 

ˆ C ( ̄F (X ) , F̄ (Y ) ) .

Thus as stated in Baratpour and Bami (2012) , CRE is more general

than Shannon entropy and possesses more general mathematical

properties than Shannon entropy. 

To assess the homogenous behavior of extreme events of a

bivariate dependence structure in a region, the possible relation

between upper tail and Kendall- τ coefficients are studied first

( Serinaldi, 2008 ). Modeling bivariate tail dependence as the bivari-

ate counterpart of the univariate heavy tailing concept, is an ex-

cellent tool for understanding the dependence structure between

extreme values in the lower- and upper- quadrant tails of a bivari-

ate distribution (e.g. Joe, 1997 ). To investigate the degree of concor-

dance between meteorological and hydrological droughts, the up-

per tail defined as λU = li m t→ 1 − P { F (X ) > t| F (Y ) > t } is estimated.

It is the conditional likelihood that drought with probability more

than t occurs as a hydrological type, given that drought with prob-

ability more than t has already occurred as a meteorological type
 Schmidt et al., 2005 ). Ultimately the theoretical relation of up-

er tail and Kendall- τ for the appropriate multivariate dependence

tructure is examined graphically. Afterwards the empirical rela-

ion for every station of interest is estimated. Amongst different

on-parametric tail dependence coefficient estimators suggested in

he literature, the Caperaa, Fougeres and Genest (CFG) estimator

eveloped in Caperaa et al. (1997) has the advantage of not having

 threshold and being easy to use as stated in Frahm et al. (2005) ,

he CFG estimator is less biased for underling EV class of distribu-

ions compared to other estimators and is given as: 

ˆ CF G 
U = 2 − 2 exp 

[ 

1 

n 

n ∑ 

i =1 

l og 

{ 

√ 

l og 

(
1 

F ( x i ) 

)
l og 

(
1 

F ( y i ) 

)
/ 

log 

(
1 

max ( F ( x i ) , F ( y i ) ) 
2 

)}]
(10)

On the other hand, the Schmidt and Stadtmuller (SS) upper tail

stimator proposed in Schmidt and Stadtmuller (2006) , is less bi-

sed due to having no underlying assumptions regarding the dis-

ribution of sample. However, the optimal choice of parameter k,

esults in higher variance compared with CFG estimator. 

ˆ SS 
U = 

n 

k 
ˆ C n 

(
k 

n 

, 
k 

n 

)
≈ 1 

k 

n ∑ 

i =1 

I { R x i > n − k and R y i > n − k } (11)

here ˆ C n is the empirical survival copula, R x i and R y i represent

he ranks of ( x i , y i ). i = 1, …, n . and optimum parameter k is esti-

ated based on the heuristic plateau-finding algorithm described

n Frahm et al. (2005) . The far side in Eq. (11) is a ranked based

tatistic, similar to ranked based empirical copula proposed in

enest et al. (1995) . Each copula having different theoretical curves

ased on ˆ τK − ˆ λU relation, will be compared to the CFG and SS up-

er tail coefficient estimator and should the empirical estimates

rom CFG and SS of rain-gauges be aligned along the curve of the-

retical ˆ τK − ˆ λU relation of the target copula, then it is assumed

hat underlying copula describes the bivariate dependence struc-

ure within the studied region ( Serinaldi, 2008 ). Once marginal dis-

ributions of both precipitation, streamflow and their best choice of

opula as a bivariate probability function through the procedure of

oodness of fit is determined, and regional homogeneous behavior

f the selected bivariate dependence structure is assessed through

ˆ K − ˆ λU relation, then SPSI is calculated following the same proce-

ure as the SPI. Henceforth by using the cumulative joint probabil-

ty distribution function ( p ; Eq. (12) ), SPSI is defined as the inverse

tandard normal distribution function ( φ − 1 ) of P (CDF), thus we

ave: 

P SI = ϕ 

−1 ( P ) (12)

Drought classifications are similar to those of SPI and SDI due

o normalization process involved and are stated in Table 2 . SPSI,

y incorporating both drought characteristics of meteorological and

ydrological categories can be used as an effective tool for drought

onitoring and planning alongside of the two indices of SPI and

DI. 

.5. Deriving recurrence intervals 

Joint drought duration and severity distribution and conditional

istributions can easily be derived if a copula based distribution is

onstructed. After recognizing critical conditions when preparing

rought contingency plans, derivation of recurrence intervals will

llow decision makers to estimate the recurrence time of severe

roughts that threatens water supply and demand system. Dura-

ion and severity of drought events for each of the SPI, SDI and

PSI indices were calculated and these indices are referred to as

 hereafter. Duration of drought (D) as depicted in Fig. 3 is the
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Fig. 3. Concept of severity S and duration D of drought event for a corresponding 

drought index with time scale of i. 
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umulative period of precipitation/streamflow (SPI/SDI) or precip-

tation and streamflow (SPSI) deficit preceded and followed by a

eriod of surplus. Intensity of drought is defined by the monthly

umulative value of I for the relative duration of drought. Af-

erwards, marginal distributions of both severity and duration of

rought events are determined from candidate families previously

entioned in Section 4.3 and goodness of fit was measured by

–S distance test, coefficient of determination and NRMSE. Once

arginal distributions are known, elliptical and Archimedean fam-

lies of copulas are considered as candidates to model the depen-

ence structure of drought severity and duration, although accord-

ng to literature, two Gumbel and Frank copulas are known to pos-

ess a better fit regarding the dependence structure of drought

everity and duration ( Shiau, 2006; Zhang et al., 2011; Ganguli and

eddy, 2012; Halwatura et al., 2015 ). Through a rigorous proce-

ure of goodness of fit as explained in Section 4.4 , the best choice

f copula is determined. Several authors including Yue and Ras-

ussen (2002) , Shiau (2003) and Salvadori (2004) , defined and

iscussed multivariate return periods in details. The probability of

xceedance related to these multivariate return periods are thor-

ughly described in Serinaldi (2015) and each depending on the

ype of water crisis predefined by decision makers can be used to

robabilistically estimate a certain recurrence interval of a drought

ealization. Here two approaches have been adopted that are com-

only used in hydrology, namely primary and secondary return

eriods ( Vandenberghe et al., 2011 ). Thus several expressions of

oint and conditional probabilities corresponding to bivariate re-

urn periods commonly studied in the literature are used. Using

opula notion C (.) probabilities are defined as: 

 AND = 

μ

1 − d − s + C ( d, s ) 
(13) 

 OR = 

μ

1 − C ( d, s ) 
(14) 

 S | D ≥d = 

μ

( 1 − d ) ( 1 − d − s + C ( d, s ) ) 
(15) 

 D | S≥s = 

μ

( 1 − s ) ( 1 − d − s + C ( d, s ) ) 
(16) 

 K c = 

μ

1 − K c ( t ) 
(17) 

here d and s are marginal CDF’s of drought duration and severity

nd μ is the average interarrival time between successive drought

ccurrences. The bivariate recurrence interval T AND results from si-

ultaneous consideration of drought events exceeding any severity

 S ≥ s ) and duration ( D ≥ d ) and the bivariate recurrence interval

 OR results from simultaneous consideration of drought events ex- 

eeding any severity ( S ≥ s ) or duration ( D ≥ d ) are described by
qs. (13) and (14) , respectively. Also the return period of drought

uration given drought severity exceeding a certain threshold and

he return period of drought severity given drought duration ex-

eeding a certain threshold are defined by T S| D ≥d and T D | S≥s , re-

pectively. Eqs. (13) –(16) describe the primary return periods and

q. (17) which was introduced in Salvadori (2004) as Kendall’s re-

urn period, describes secondary return period. K c is known as

endall function and represents the distribution function of copula

nd for Archimedean copulas this function can easily be calculated

n a certain level t ( t represents copula’s CDF) as: 

 c ( t ) = t − ϕ ( t ) 

ϕ 

′ ( t + ) 
(18) 

here φ′ ( t + ) is the right derivative of a certain Archimedean

opula generator φ. Also for the numerical estimate of K c ,

alvadori et al. (2011) provided an algorithm with a condition that

opula function be available in the parametric form. In the ap-

roach discussed in Salvadori (2004) , given a bivariate distribution

f drought duration ( d ) and severity ( s ), F = C ( d, s ) and t ∈ (0, 1),

he critical layer L 

F 
t of level t is defined as: L 

F 
t = { x ∈ R d : F (x ) = t }

here in this case, L 

F 
t is an iso-line. Based on this definition

alvadori et al. (2011) partitioned R d into three non-overlapping

nd exhaustive regions: sub-critical region, super-critical region

nd critical layer. A recent model developed by Salvadori et al.

2013 b) is used to measure return period of droughts in this study

hat has also been adopted to assess risk of other climatic extremes

 De Michele et al., 2013; AghaKouchak et al., 2014 ). This method

eplaces joint distribution function F ( X ) = P ( X 1 ≤ x 1 ,…, X dim 

≤ x dim 

)

ith a joint survival function F̄ (X ) = P ( X 1 > x 1 , . . . , X dim 

> x dim 

) to

evelop a survival Kendall’s return period for more details reader

s referred to Salvadori et al. (2013 b) and De Michele et al. (2013) .

sing Sklar’s Theorem for copulas ( Nelsen, 1999) , the relation

etween univariate and joint survival functions is described by:

 ̄( x 1 , . . . , x dim 

) = 

ˆ C ( ̄F 1 ( x 1 ) , . . . , F̄ dim 

( x dim 

)) for all x ∈ R dim where the

 ̄i ’s are the marginal survival functions of the random variables x i 
in our case duration and severity of drought). Survival copula Ĉ 

an be written in terms of survival function F̄ as: ˆ C (u ) = F̄ ( 1 − u )

or all u ∈ I dim = [0, 1] dim and survival copula ˆ C associated with

 in a bivariate case is: ˆ C ( d, s ) = d + s − 1 + C( 1 − d, 1 − s ) . Simi-

ar to approach given by De De Michele et al. (2013) , in this study

he associated survival critical layer L 

F 
t of level t , which is con-

idered as a bivariate threshold of drought duration and sever-

ty given a certain drought contingency plan, is defined as L 

F̄ 
t =

 x ∈ R dim : F̄ (x ) = t } . Hence the previously mentioned partitions

re: the ‘‘dangerous’’ region R̄ 

< 
t = { x ∈ R dim : F̄ (x ) < t } , the ‘‘alert’’

egion L 

F 
t and the ‘‘safe’’ region R̄ 

> 
t = { x ∈ R dim : F̄ (x ) > t } . Now

he survival Kendall’s return period is defined as ( Salvadori et al.,

013 b): 

 K̄ x 
= 

μ

P 
(
X ∈ R̄ 

< 
t 

) = 

μ

1 − K̄ c ( t ) 
. (19) 

here X ∼ F = C( F 1 , . . . , F dim 

) a multivariate random vector and
¯
 c (t) = P ( ̄F ( x 1 , . . . , x dim 

) > t ) = P ( ̂  C ( ̄F 1 ( x 1 ) , . . . , F̄ dim 

( x dim 

) ) > t) . For

he recurrence interval of interest, the associated survival critical

ayer L 

F 
t can be estimated at the probability equal to: P = 1 − μ

T by

he inverse of Kendall’s survival function K̄ 

−1 
c (P ) for a certain water

upply system, the most likely joint probability of ( d, s ) on the cor-

esponding iso-line is selected and ultimately by utilizing inverse

f the marginal CDFs, the desired duration and severity of drought

s found. Bivariate recurrence intervals mentioned above, by esti-

ating the return period of some specific critical droughts, can be

sed to aid in management optimization issues regarding water al-

ocation and security (further discussion regarding their differences

s given in Section 5.5 ). 
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Fig. 4. Boxplot illustrating monthly precipitation variability for Cham Anjir station, 

asterisks represent outlier data. 

Table 3 

Kendall- τ and Mann–Kendall test results corresponding to rainy months of 

precipitation and streamflow, for selected raingauge/hydrometric stations. 

Station Streamflow Precipitation 

p τ p τ r -parameter 

Dehno Harrod ∗∗∗∗ ∗∗∗∗ 0.46 0.08 −0.30 

Kaka Reza ∗∗∗∗ ∗∗∗∗ 0.04 a 0.21 −0.30 

Afarineh Kashkan 0.04 a −0.23 0.96 0.01 −0.30 

Cham Anjir ∗∗∗∗ ∗∗∗∗ 0.49 0.07 −0.30 

Sarab Seid Ali ∗∗∗∗ ∗∗∗∗ 0.78 0.03 −0.30 

Average precipitation NA NA 0.35 0.1 −0.30 

a Indicates data trend at the 5% significance level. 

Asterisks indicate the absence of relevant station. 
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5. Results and discussion 

5.1. Selection of rainy months and wet/dry streamflow seasons 

Most semiarid locations in Iran are now facing unprecedented

challenges regarding the status of their water resources. Thus for

accurate water accounting seasonal drought assessment should be

considered regarding the sessional nature of semiarid locations and

to do so a boxplot approach is used. Fig. 4 illustrates boxplots of

monthly precipitation variability for the Cham Anjir station as a

representative of other three stations, indicating that data of Octo-

ber to May would be appropriate for meteorological drought anal-

ysis. Henceforth due to the direct influence of precipitation over

streamflow, the same period of October to May was also consid-

ered for streamflow drought analysis. On the other hand, the dry

season of semiarid environment is usually characterized by base-

flow. Hence, the amount of water available during the dry-season

for purposes such as irrigation, is far more limited than that of the

wet-season. Appropriate water management decisions should con-

sider both dry- and wet- season conditions. 

5.2. Data dependency, significant trend and cross-correlation 

The results of Kendall-tau and Mann–Kendall tests given in

Table 3 , are computed to evaluate independency and significant

trend for rainy months of rainfall and streamflow time series, re-

spectively. According to Table 3 , all 5 raingauge stations and their

average precipitation values (used to create a bivariate dependence

structure, further discussed in Section 5.4 ) and the only hydromet-

ric station, indicated non-significant trend (either at 5% or 1% sig-

nificance level). Although Afarineh Kashkan hydrometric and Kaka

Reza raingauge stations show positive trend at 5% level (but very

close to 5% limit: 4%), but this trend as discussed in Modaresi Rad

et al. (2016) is due to two consecutive major severe droughts
hich had occurred during the final 15 years (1999–2003 and

009–2012 droughts). In this study in order to preserve the natu-

al variability of data (actual values of extreme droughts) and since

hese trends are not resulted from data collection quality issues

r upstream water diversion, detrending was not carried out to

emove trend. Thus all stations were considered for further anal-

sis. The degree of cross-correlation between aggregated precipi-

ation of all 5 raingauges average and average of streamflow are

valuated by Kendall- τ -b and distance correlation and are illus-

rated in Fig. 5 for 3 and 12-months. Results indicate that higher

oving averages by acting as a low-pass filter, provide a stronger

ross-correlations thus making them more appropriate for bivari-

te drought frequency analyses. From the fact that the distance

orrelation is able to measure non-monotone dependence struc-

ures ( Székely et al., 2007 ), it is considered more powerful cross-

orrelation measurement tool. Similarly, the degree of monthly

ross-correlation between precipitation and streamflow (from Oc-

ober to May is 0.26, 0.36, 0.28, 0.38, 0.51, 0.38, 0.39 and 0.37) was

ound significantly different from zero at the 5% significance level

ased on Kendall- τ -b. 

.3. SPI and SDI analyses 

In drought analysis, estimation of accurate severity of drought

s of utmost importance and considering that droughts are ex-

remes, parametric approaches better represent drought values if

n appropriate procedure for measure of goodness of fit is con-

idered. The best fit of probability distribution was determined by

–S test at 5% significance level for SPI and SDI. The results con-

rmed a relatively high coefficient of determination for both time

cales of 3 and 12-months, the best common fitted probability dis-

ribution was GEV type III. The same procedure was carried out for

DI and is shown that lognormal and Weibull distributions may be

tted at 5% significance level for 3-and 12-month time scales, re-

pectively. Time pattern of two drought indices are shown in Fig. 6

hich supports a good agreement between meteorological and hy-

rological droughts, highlighting the natural response of stream-

ow to precipitation occurrences. It is also noticed from Fig. 6 that

 meteorological dry period may end before the streamflow and

atershed is seriously affected or after a prolonged meteorologi-

al drought a period of above normal precipitation is an indicator

f meteorological drought recovery, while watershed remains in

rought condition long afterwards ( Wilhite and Buchanan-Smith,

005; Modaresi Rad et al., 2016 ). 

.4. Integrated meteorological and hydrological drought model 

To illustrate how SPSI is defined based on cumulative joint dis-

ributions of precipitation and streamflow, Fig. 7 is drawn. simi-

ar to the procedure utilized for deriving MSDI ( Hao and AghaK-

uchak, 2013 ). It is assumed that drought threshold for both SPI

nd SDI is equal to −0.8 or in other words, 20th percentiles of both

recipitation and streamflow (represented by L1 and L2, Fig. 7 ).

ere, the four sub regions of probability A1 to A4 are defined. If

recipitation probability falls in either A3 or A4, meteorological

rought has occurred. Similarly, if streamflow probability falls in

ither A1 or A4, streamflow drought has occurred. A2 in Fig. 7 is

efined as the area trapped between 0.2 SPSI, L1 and L2. Con-

equently, when SPSI is used with the 20th percentile threshold,

ub-areas A1, A2, A3 and A4 can represent drought, constituting

 larger probability space compared to univariate indices (SPI and

DI). As stated in Hao and AghaKouchak (2013) , this allows higher

hance of detecting drought, as is the case with SPSI. Area A4 indi-

ates that if both variables (precipitation and streamflow) fall be-

ow the threshold of 0.2, SPSI is going to show an even more se-

ere drought (lower than 0.1) than any of the two single variables.
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Fig. 5. Scattergraphs of precipitation and streamflow and their cross-correlation (both indicating correlation is significantly different from zero at the 5% significance level) 

for 3-month (a) and 12-month and (b) time scale. 

Fig. 6. Comparing 12-month time scales of SPI and SDI computed based on the average rainfall in sub-basin and Afarineh Kashkan hydrometric station. 

Fig. 7. Probabilistic description of SPSI characteristics (contour lines represent prob- 

ability of SPSI and dots are actual observations). 
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To achieve an accurate drought analysis, it is essential that the-

retical probability distribution of the variables has a high GOF.

enceforth the integration of the probability of precipitation and

treamflow requires that a copula model that best fits the data

e chosen. Three common GOF tests were adopted and their rel-

tive power for identifying the most appropriate distribution was

ompared. As shown in Table 4 , results of the three goodness

f fit tests are quite scattered and there even exists contradic-

ions amongst the results, thus the results from GOF measures

re compared. GOF measures indicated that while student- t , Gaus-

ian, Frank and Gumbel copulas had the highest GOF, respectively,

he others had a relatively poor GOF. As shown in Fig. 8 a vi-

ual comparison of the two candidate distributions of t -student

nd Joe copulas is made for the time scale of 12-month, it can

e easily found that t -student copula has the most appropriate

t to the data. Hence, by choosing a right approach to measure

OF, not only results will be as accurate as non-parametric ap-

roaches ( Fig. 8 ) but information related to data is also preserved.

n the other hand, parametric distributions are not valid when

t comes to small data sets and it is best to use non-parametric

istributions to represent data in such cases, which is not the

ase in this study. It is worth mentioning that with sets less

han 30 years of data drought analysis is not advised in either

pproach. 

Further assessment was done by utilizing the concept of en-

ropy. As the CRE results indicates (see Eq. (9) ), for 12-month
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Table 4 

Goodness of fit test, Goodness of fit measures and entropy of different copulas in 3 and 12-months timescales. 

Copulas Time scale (months) GOF test GOF measure Information GOF measure 

K–S C–M A–D AIC BIC NRMSE Entropy CRE a 

Gumbel– Hougaard 3 0.046 b 0.117 b 1.079 c −2566.2 −2562.4 0.020 −162.3 84.59 

12 0.047 b 0.102 b 0.724 b −2529.1 −2525.4 0.018 −368.8 83.97 

Frank 3 0.050 c 0.080 b 0.798 c −2691.2 −2687.4 0.016 −135.7 82.26 

12 0.048 b 0.061 b 0.471 b −2690.4 −2686.6 0.014 −193.9 82.00 

Clayton 3 0.068 0.129 b 0.854 c −2533.6 −2529.8 0.021 −121.8 78.78 

12 0.079 0.281 c 1.436 −2210.4 −2206.7 0.030 −189.5 77.71 

Joe 3 0.051 c 0.202 b 2.619 −2388.9 −2385.1 0.026 −149.7 85.26 

12 0.059 c 0.248 c 2.674 −2249.0 −2245.2 0.029 −370.4 84.78 

Gumbel– Barnett 3 0.076 0.351 3.306 −2223.2 −2219.4 0.044 −138.8 75.87 

12 0.094 0.478 3.860 −2047.0 −2043.2 0.042 −345.8 74.39 

Gaussian 3 0.046 b 0.075 b 0.574 b −2710.4 −2706.6 0.016 −162.8 83.16 

12 0.046 b 0.071 b 0.423 b −2691.9 −2688.2 0.015 −313.1 82.68 

Student- t 3 0.047 b 0.075 b 0.575 b −2708.4 −2700.8 0.016 −162.3 83.15 

12 0.043 b 0.060 b 0.381 b −2695.0 −2687.5 0.014 −316.1 82.71 

a The CRE values of the ECDF for 3 and 12-month are equal to 81.41 and 83.2, respectively. 
b Indicates the theoretical joint distribution is accepted at the 5% significance level. 
c Indicates the theoretical joint distribution is accepted at the 1% significance level. 

Fig. 8. Goodness of fit for Joe (a) and t -student (b) copulas. 
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time scale the most appropriate candidates based on distance be-

tween CRE of the candidate copulas and the empirical copulas

are as the same as the GOF measures results, excluding Gumbel

copula which represents a better GOF than Frank copula. On the

other hand, Clayton copula shows an extremely low GOF based

on the CRE which contradicts with the previous results obtained

by GOF measures. Mathematical structure of Clayton copula func-

tion ( Appendix B ) results in low entropy and ultimately poor CRE,

GOF measures. In case of 3-month time scale, the best entropy

GOF results were the same as the GOF measures although the

Frank copula had slightly better GOF compared to the student- t

and Gaussian copulas. Fig. 9 represents the associated joint PDF’s

of t -student, Frank and Gumbel copulas; Frank copula has the least

entropy based on the value of its joint PDF. 

Henceforth concluding from the results obtained by GOF mea-

sures and information theory, the power of Anderson–Darling test

is superior as the results of other two tests confirming that the

Joe copula has a good fit either in both 1% or 5% confidence lev-

els while Joe copula clearly does not have an appropriate GOF to

be used for further drought analysis. It is recommended that more
owerful tests e.g. Anderson–Darling is used to identify the best

hoice of copula. According to literature, comparison of the K–S

est and the A–D test, presented conclusive evidence that the A–

 test is more powerful statistic ( Engmann and Cousineau, 2011 ).

uch misuse of GOF tests results in estimation of false drought

agnitudes that can seriously affect the estimation of drought re-

urrence intervals and ultimately leads to catastrophic failure in

ater resource management planning. 

For investigation of extreme events, the upper tail depen-

ence was evaluated by CFG and SS estimators (see Eqs. (10) ,

nd (11) ) and utilizing the t -student as the best candidate of

opulas the upper tail coefficient related to the ˆ τK − ˆ λU relation

 ̂

 λU = 2 t v +1 ( −
√ 

v + 1 
√ 

1 − sin ( τk π/ 2 ) / 
√ 

1 + sin ( τk π/ 2 ) ) ) is deter-

ined. This theoretical relation is compared to the empirical value

f CFG and SS estimator for upper tail dependence for t -student

ith a certain degree of freedom of interest. Thus considering all

ve rain gauges and one hydrometric station, bivariate dependence

tructure of the studied sub-basin is investigated through use of

ˆ K − ˆ λU observed and theoretical relationships, similar to method

f L-moments diagrams introduced in Hosking and Wallis (1997) . 
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Fig. 9. Comparability analyses based on perspective and contour plots of bivariate probability density functions of Gumbel–Hougaard (a and b), t -student (c and d), and 

Frank (e and f) copulas used to compute the associated entropy. 

Fig. 10. ˆ τK − ˆ λU relationships for t -student copula and comparison between the- 

oretical curve and empirical pairs ˆ τK − ˆ λU computed by non-parametric ˆ λCFG 
U and 

parametric ̂  λSS 
U estimators. 
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As Fig. 10 indicates, albeit t -student copula describes the de-

endence structure of precipitation-streamflow in sub-basin, the

FG estimator is a bit biased, based on the alignment of the points,

hich is mainly due to the underlying hypotheses of CFG estima-

or for approximating an extreme value copula, which is supported

y literature ( Frahm et al., 20 05; Serinaldi, 20 08 ). Although two

tations were a bit diverted from the theoretical line in SS esti-

ator, but this estimator has performed better when compared to

he CFG estimator, hence, the underlying hypothesis that all sta-

ions in sub-basin following bivariate t -student dependence struc-

ure, is satisfied. The t -student copula can be expanded and used
s a representative of precipitation–streamflow dependence struc-

ure in studied sub-basin. 

Regional classification of drought through the use of clustering

ethods also have shown that in large scales such as watersheds,

ime series of drought from individual stations are highly variable

 Modaresi Rad and Khalili, 2015 ). Henceforth in smaller scales such

s sub-basins, even though few anomalies are expected in time se-

ies of drought among stations, the result is more uniform. So, it

s advised that SPSI is calculated within smaller scales e.g., small

egions, sub-basins and etc. on a condition that strong relation of

ˆ K − ˆ λU is satisfied amongst the studied stations. 

Considering t -student copula as a representative of bivariate

ependence structure of precipitation–streamflow, SPSI is repre-

ented as a drought monitoring tool for the specified sub-basin.

ccording to Fig. 6 , the drought onset is primarily defined by lack

f precipitation which is captured by SPI, however the drought per-

istence can be misleading if it is interpreted from meteorological

ype of drought, e.g. SPI, while the hydrological droughts repre-

ented by SDI are more indicative of the drought persistency in

he studied region. Henceforth by integrating both onset and du-

ation characteristics of drought from multiple drought categories

nd expanding their dependence structure into a region (in this

ase a sub-basin), SPSI becomes an intriguing tool for proposal of

ater allocation planning in water scarce regions. 

Fig. 11 represents the SPI, SDI and SPSI values for two time

cales of 3 and 12-month. It is inferred that in case of 3-month

ime scale the fluctuations in drought state is more frequent and

s suitable only for early vegetation establishment considerations,

hile long term droughts are more detectable in 12-month time

cale. It is noted that SPSI indicates the lowest severity of SPI and

DI but does not respond to temporary changes in just one vari-

ble; while both SPI and SDI indicate drought state with a cer-

ain severity, the SPSI represents an even more severe situation. As

ndicated in Fig. 11 a, starting from 20 0 0–01 a major meteorolog-

cal drought captured by SPI had occurred, shortly after SDI cap-
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Fig. 11. SPI, SDI and SPSI time series in sub-basin for 12 (a) and 3 (b) month time scales. 
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tures a hydrological state of drought. However, as SPI captures a

near normal state after 2001 drought, the SDI indicates that the

water resources contributing to streamflow, e.g. ground water and

snowmelt are unable to restore the hydrological drought state thus,

relying solely on SPI results would lead to misinterpretation of

drought and water management decision failure. 

Another different example would be 1984 drought, despite that

the deficit in precipitation did not have that much impact on

streamflow behavior it has a serious impact on juvenile vegeta-

tion and dry farming due to the prolonged period of precipitation

deficit lasting more than two consecutive years. In these two ex-

amples the SPSI has shown to capture a more appropriate state of

drought, capturing both the onset and the persistence of drought

and this cannot be achieved through univariate indices. Henceforth

it is more reliable to be used as a management tool for proactive

water resource planning. Analysis of behavior of SPSI reveals that

while seasonal characteristics of both types of drought are main-

tained over time (observed from boxplots), computational time

step of one month for drought calculations allows for detection of

lag time of one-month or longer as it is expected to occur between

precipitation and streamflow droughts. The lag time between the

two droughts helps with investigation of joint behaviors in the

present research, since SPI serves as early warning system and SDI

as indicator of drought persistency. It should be noted that each in-

dex has its own characteristics for defining different categories of

drought and should be used separately regarding the condition of

the studied area. For instance, in semiarid conditions SPSI cannot

be applied to dry season due to absence of precipitation thus only

the seasonal SDI ( Modaresi Rad et al., 2016 ) is applicable to in-

vestigate streamflow drought. It should be noted that the seasonal

approach can be extended to other streamflow drought indices as

well. Generally, SPDI proposed in this paper, can be applied to any

sub-basin with several upper raingauge stations (representing the

overall precipitation over the sub-basin) and one hydrometric sta-

tion located at the outlet. 
.5. Drought recurrence intervals 

One key important information to be used for assessing drought

ulnerability is the recurrence intervals of drought derived from

oint distribution of drought duration and severity through the use

f copulas ( Yue and Rasmussen, 2002 ). According to Fig. 1 in top

ight corner obtained from Landsat 8 (30 March 2013), the large

cale agricultural production aggravates the situation by the fact

hat fast adjustments of cropping patterns and adopting suitable

gricultural technology to adapt the drought is very difficult. Dur-

ng critical drought periods water demand will be higher than wa-

er availability and there are no reservoirs along the studied sub-

asin that are large enough to cope with this time shift in water

vailability. Future needs cannot be maintained as water redistri-

ution becomes impractical or infeasible within the year. These ab-

ormal dry conditions severely impact dry farms that rely on soil

oisture and precipitation in their early establishment of plants

nd throughout the growing season, respectively. On the other

and, irrigated farms are not much impacted by meteorological

roughts as they mainly rely on streamflow and reservoirs thus

aking them vulnerable to hydrological conditions. Hence to give

n accurate estimation of drought condition where agriculture is

ainly rainfed within the watershed, an agro-meteorological index

uch as MSDI would provide a more realistic and practical drought

tate. In a case where simulation is needed to give feedbacks be-

ween water allocation and hydrology such as when water is ab-

tracted from nearby reservoirs or streams for proposes of irriga-

ion, public water supply, etc., a hydro-meteorological index such

s SPSI should be considered. 

The duration and severity of each drought index were calcu-

ated and the results from the best GOF of theoretical distribu-

ion is shown in Table 5 . It is noticeable that each drought index

as a unique distribution defining the probability of occurrence of

rought with certain duration or severity. Furthermore, for pro-

oses of comparing probability of occurrence of drought events
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Fig. 12. Annual recurrence intervals T AND (a, c, and e) and T OR (b, d, and f) of 12-month time scale drought events of any severity and/or duration of interest for studied 

sub-basin based on the SPI (a and b), SDI (c and d), and SPSI (e and f). 

Table 5 

Best fitted theoretical distributions to the empirical drought characteristics. 

Drought index Time scale (months) Distribution function 

severity duration Joint behavior 

SPI 3 Weibull Log normal t -student 

12 GEV type III GEV type III Frank 

SDI 3 GEV type II GP Frank 

12 Log normal GEV type III t -student 

SPSI 3 GEV type III GEV type III Gumbel 

12 GEV type III GP Frank 
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ith any duration and/or severity are represented in Figs. 12

nd 13 , illustrating recurrence of meteorological, hydrological and

heir joint behavior droughts. It can be seen that meteorological

roughts represented by SPI index are less persistent, hence joint

ealization of long durations and/or major severities of drought

an have the longest recurrence interval, which probabilistically are

ess likely to occur. On the other hand, one can notice that for the

ame long durations and/or major severities, SDI index has much

ower value of return period, indicating streamflow is more prone

o occurrence of droughts with longer durations and higher sever-

ties. This is also evident in Fig. 11 where a sequence of short but

xtreme meteorological droughts (1999–2001) caused an extreme

treamflow drought with long duration (1999–2005). Two condi-

ional return periods are illustrated in Fig. 14 describing condi-

ional drought distribution. Conditional drought probability is use-

ul when a certain value of drought duration is defined to indicate
risis and for various values of drought severity one may measure

he conditional joint return period of drought duration and sever-

ty ( Fig. 14 a) and vice versa ( Fig. 14 b). 

Great care must be taken when dealing with multivariate

ecurrence of either single or multivariate events, the correct

hoice of methodology adopted to represent return interval (i.e.,

 K̄ x 
, T AND , T OR , T S| D ≥d and T D | S≥s ) is critical and any misinterpreta- 

ion would result in failure to avert impending water crisis. In

rought contingency plans a misuse of these concepts will lead to

rong frequency analysis, that are often caused by misinterpreta-

ion. Thus in a condition where either a certain drought duration

r severity exceeding a certain threshold, results in failure in re-

ponse to water demand, T OR can be used to present average re-

urrence interval. Also when drought with duration and severity

xceeding a certain threshold is considered as crisis to water se-

urity, T AND is used. In conditional probability case, the probabil-

ty of T S| D ≥d is defined over the subset of ( d , 1] × [0, 1] and re-

urn period is used in a condition when drought severity given

rought duration exceeding a certain threshold is in mind. Like-

ise, T D | S≥s can be defined by replacing duration with severity and

ice versa. However, T K̄ x describes a different case, where based

pon the probability associated with level t of chosen copula ob-

ained from survival Kendall distribution, the corresponding recur-

ence interval T K̄ x is obtained. It is assumed that the 1973 drought

easured by SPSI ( Fig. 11 a) with duration of 12 months and sever-

ty of 8.8 defines a threshold that most likely triggers a water cri-

is and is defined as the alert region L 

F̄ 
t with level t = 0.24 and

he corresponding return interval of 11 years. Bearing this in mind,

he corresponding dangerous region R̄ 

< 
t defines a set of realiza-
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Fig. 13. Annual recurrence intervals T AND (a, c, and e) and T OR (b, d, and f) of 3-month time scale drought events of any severity and/or duration of interest for studied 

sub-basin, based on the SPI (a and b), SDI (c and d), and SPSI (e and f). 

Fig. 14. Conditional recurrence intervals of drought duration given drought severity exceeding certain values T D | S≥s (a) and drought severity given drought duration exceeding 

certain values T S| D ≥d (b). 
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tions with a joint survival function less than 0.24 and are consid-

ered as hazard. Likewise, the corresponding safe region R̄ 

< 
t is de-

fined. For example, two levels of t = 0.058 and t = 0.025 resulted

in return intervals of T K̄ x = 76 . 7 and T K̄ x = 321 . 5 years, that corre-

spond to two severe and critical droughts of 1999–2003 and 2009–

2012, measured by SPSI. These two consecutive droughts resulted

in two decades of extreme streamflow drought and thus presence

of a nearly significant trend can temporarily be observed in some
tations (increasing the length of recorded data would resolve such

rends). Droughts with long recurrence interval, such as the two

bove, with recurrence of near one in 100 years or more, do have

 huge Impact on management decisions. To answer the ques-

ion regarding which return interval is appropriate tool for proac-

ive water resource planning (comprehensive explanation given in

erinaldi, 2015 and Sraj et al., 2015 ), a probabilistic comparison is

ade. Since in copula it is expected that different combinations of
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(A7) 
 D, S ) share the same joint probability (although they are defined

ifferently), hence in T AND and in T OR cases, there is an infinite crit-

cal region corresponding to desired return period. When it comes

o planning, these critical regions depending on the situation may

resent different problems or they may not, thus in case where

he choice of critical region does matter, it is appropriate to use

 K̄ x 
. The idea behind T K̄ x is to utilize Kendall distribution to mea-

ure the chance to observe unique combinations of ( D, S ), despite

aving the same value of joint probability. Evidently, the choice of

hich recurrence interval is the most appropriate tool, depends on

redefined drought management strategies and how water crisis is

efined. 

In a homogeneously drought distributed region, the regional

PSI can be utilized as an index for defining a more practical

rought condition. These figures allow mangers to cope their deci-

ion making with respect to return period of severe droughts and

roperly adjust water supply systems. Since the agriculture sector

s a dominant water user, in drought affected areas, arguments re-

ated to water management is often followed by conflicts among

tockholders. If the irrigation water demand remains the same as

rought persists, then it is inevitable to face a serious mismatch

f supply and demand. Hence to assess the risk of agriculture or

cosystem failure for both climaxed crops/native vegetation and ju-

enile crops/native vegetation, both long- and short-term drought

ecurrence intervals are calculated considering SPSI, SPI and SDI

o capture both short- and long-term drought impacts. In manage-

ent problems, when dealing with a specific water supply system,

ritical conditions can be defined by the probability that both the

rought duration and severity simultaneously exceeding a certain

hreshold. 

Ultimately the aim is to greatly promotes stakeholder and pub-

ic participation in decision- and policy-making processes through

he use of drought recurrence intervals. 

. Summary and conclusions 

This paper tackles a categorized drought management problem

here each category of drought is measured and evaluated for any

ossible impacts on agriculture, ecosystem and etc., by proposing

n integrated method that possess the ability to both define the

nset of drought (defined by meteorological drought) and persis-

ence of drought (defined by hydrological drought), scaled for a

pecified region rather than a single station. Due to the semiarid

ature of the studied basin, a year was divided into two seasons,

ssuring streamflow is directly influenced by precipitation. Data

ependency and significant trends were investigated to illuminate

tations with improper measured records, and cross-correlation

mong the precipitation and streamflow records were investigated

ia Kendall- τ and distance correlation methods to identify the ap-

ropriateness of construction of copulas based on the observed

ata. It was noticed that higher moving averages result in better

pplication of copulas mainly due to their higher cross-correlation.

urthermore, two well-known indices of SPI and SDI were com-

uted for comparison with the proposed regional index SPSI. The

alculation of SPSI requires that most appropriate copula fit to be

hosen, thus, three common GOF test were compared through their

elative power to identify the best fit. Several known GOF measures

nd a new GOF method was proposed based on the cumulative

esidual entropy were utilized and it was noticed that Anderson–

arling test statistic is able to give more sound results. After the

etermination of appropriate choice of copula, the hypothesis that

he bivariate dependence structure of SPSI can be scaled for an

ntire basin is tested by means of ˆ τK − ˆ λU relation for any rain

auge located in basin and was used to calculate the index. The

esults have shown the for non-extreme value choices of depen-

ence structures CFG estimator is slightly biased while SS estima-
or despite having more computational difficulty and uncertainty,

t is more appropriate to investigate ˆ τK − ˆ λU relation. Considering

hat SPSI has the ability to capture the characteristics of both cat-

gories of drought, it can be used as an effective tool for monitor-

ng drought in a regional scale. Hereafter, recurrence intervals of

rought events with any severity and/or duration of interest can

e used as a management tool for proactive water resource plan-

ing, henceforth, SDF curves are drawn for SPSI, SPI and SDI. The

hoice of method used to estimate bivariate recurrence intervals

olely depends on the type of problem being addressed in drought

ontingency plans and definition of crisis to water security. Based

n drought time series, the studied sub-basin is and will be fac-

ng serious threats toward the management of its water resources,

s natural habitats have been deprived of water diverted to meet

gricultural demands. So not only agriculture but native ecosystem

s in peril should no immediate actions toward the management of

roduction of food and restoration of the land is to be taken. 
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ppendix A. Mathematical description of correlations 

A1 Distance correlation 

 Cor ( X, Y ) = 

d Cov ( X, Y ) √ 

d V ar ( X ) d V ar ( Y ) 
(A1) 

Cov 2 n ( X, Y ) = 

1 

n 

2 

n ∑ 

j,k =1 

A j,k B j,k (A2) 

V ar 2 n ( X, Y ) = 

1 

n 

2 

∑ 

j,k 

A 

2 
j,k (A3) 

 j,k = a j,k − ā j· − ā ·k + ā ·· (A4) 

 j,k = b j,k − b̄ j· − b̄ ·k + ̄b ·· (A5) 

here ā j· is the j -th row mean, ā ·k is the k -th column mean, and

ā ·· is the grand mean of the distance matrix of the X sample. The

otation is similar for the b values. 

A2 Kendall’s τ

ˆ K = 4 

∫ 1 ∫ 
0 

C ( u, v ) dC ( u, v ) − 1 = 1 − 4 

∫ 1 ∫ 
0 

∂C 

∂u 

( u, v ) 
∂C 

∂v ( 
u, v ) d ud v 

(A6) 

here u = F X ( x ) and v = F Y ( y ). Assuming a sample of

( x 1 , y 1 ). ( x 2 , y 2 ),…, ( x n ,y n )} of a continues random variables the

airs ( x 1 , y 1 ) and ( x 2 , y 2 ) are said concordant if ( x 1 − x 2 )( y 1 − y 2 ) >

, and discordant if ( x 1 − x 2 )( y 1 − y 2 ) < 0. Thus sample version of

endall’s τ is defined as follows: 

ˆ K = 

c n −d n 

c n + d n 
= ( c n − d n ) / 

(
n 

2 

)
= 

(
n 

2 

)−1 ∑ 

i< j 

sign 

[(
x i − x j 

)(
y i − y j 

)]



352 A.M. Rad et al. / Advances in Water Resources 107 (2017) 336–353 

C  

C

 

C  

C  

C

 

C

 

C

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

C  

 

 

 

D  

D  

D  

 

 

D  

 

E  

 

F  

 

 

F  

 

F  

F  

 

 

G  

G  

G  

 

 

G  

H  

 

 

H  

H  

 

H  

H  

 

H  

 

 

 

J  

 

 

 

 

J  

J  

 

 

 

K

Appendix B. Mathematical description of copulas 

B1 Gumbel–Hougaard copula 

 θ ( u, v ) = exp 

{
−
[ 
( −lnu ) 

θ + ( −ln v ) θ
] 1 

θ

}
. θ ≥ 1 (B1)

B2 Gumbel–Barnett copula 

 θ ( u, v ) = u + v − 1 + ( 1 − u ) ( 1 − v ) 
exp [ −θ l n ( 1 − u ) l n ( 1 − v ) ] . 0 ≤ θ ≤ 1 (B2)

B3 Frank copula 

 θ ( u, v ) = − 1 

θ
ln 

[ 

1 + 

(
e −θu − 1 

)(
e −θv − 1 

)
e −θ − 1 

] 

. θ � = 0 (B3)

B4 Clayton copula 

 θ ( u, v ) = 

[
max 

{
u 

−θ . v −θ − 1 ; 0 

}]− 1 
θ . θ ∈ [ −1 . ∞ ) \ { 0 } (B4)

B5 Joe copula 

 θ ( u, v ) = 1 −
[
( 1 − u ) 

θ + ( 1 − v ) θ − ( 1 − u ) 
θ
( 1 − v ) θ

] 1 
θ
. θ ≥ 1 

(B5)

B6 Gaussian copula 

 θ ( u, v ) = 

g −1 ( u ) ∫ 
−∞ 

g −1 ( v ) ∫ 
−∞ 

1 

2 π
√ 

1 − ρ2 
exp 

( 

−x 2 − 2 ρxy + y 2 

2 

(
1 − ρ2 

)
) 

d xd y 

(B6)

B7 Student t v copula 

 θ ( u, v ) = 

t −1 
ν ( u ) ∫ 

−∞ 

t −1 
ν ( v ) ∫ 

−∞ 

�
(

ν+2 
2 

)
�
(

ν
2 

)
νπ

√ 

1 − ρ2 

×
(

1 + 

x 2 − 2 ρxy + y 2 

ν

)− ν+2 
2 

d xd y (B7)

where θ , ρ and ν denote copula parameters and g − 1 and t −1 
ν are

the quantile function of Gaussian Student t v distribution with ν de-

grees of freedom, respectively. 
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