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ABSTRACT. Let C and D be positive operators such that C' < D
and D be invertible. We show that there exists a trace preserving
unital completely positive map ®¢ p : B(H) — B(H) such that the
block operator matrices
( c,p(A) C )
c & p(B)
are positive, for all positive operators A and B such that D = A4B.

1. INTRODUCTION

Let H be a Hilbert space and B(#) denotes the algebra of all bounded
linear operators on H. An operator A is called positive if (Az,x) >0
holds for every x € H and then we writ A > 0. For self-adjoint
operators A, B € B(H) wesay A> Bif A— B> 0.

Choi in [3], showed that for operators A, X, and invertible operator B

in B(H), the block matrix
A X
( X* B ) (1.1)

2010 Mathematics Subject Classification. Primary 47A63.; Secondary 47B65.
Key words and phrases. Geometric mean, Positive block matrix, Completely

positive linear map.
1



2 H. NAJAFI

in My(B(H)) is positive if and only if A and B are positive operator
and

A>XB X (1.2)
For positive operators A and B, assume that
A C

AﬁB:maX{C’Z(ﬂ (C B)ZO}. (1.3)

It is known that A3B = A2(A2 BA= )z Az for two positive invertible
operators A and B and in general case if A and B are positive, then

: 1 1
AfB = %gpF(A + ﬁ)ﬁ(B + E)

We recall that, a linear map ® between two C* algebras A and B
is said to be completely positive if for each n € N, the linear map
o" : M, (A) — M, (B) defined by

®"([ai,]) = [p(aiy)]

is positive.

2. MAIN RESULTS

Theorem 2.1. Let X and Y be invertible operators in B(H) such that
|1 X|, IY|] < 1. Then there exists unital completely positive linear maps
Oy, Py : B(H) — B(H) such that for all positive operators A and B,
the following operator matrix is positive.

dy(A)  Y(A$B)X*
(X(AttB)Y* Oy (B) )

Also, if H is finite dimensional then ®x and ®y are trace preserving.

Theorem 2.2. Let C' and D be positive operators such that C' < D
and D be invertible. Then there exists a unital completely positive map
Sop: B(H) — B(H) such that the following statements are hold:

(i) If C is invertible, ® is normal and faithful.

(i1) If H is finite dimensional, then ®c p is a trace preserving map.
(111) If T commute with C' and D, then ®(T) =T.

(v) For any positive operators A and B such that D = A$B, the block

matrix
O p (A) C
C dep (B)

are positive.
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Theorem 2.3. Let A, B, and C' be positive operators such that C' <
AtB. Then there exists a unital completely positive map ® : B(H) —
B(H) such that the block matriz

("€" oo )

15 positive. Moreover, if H s finite dimensional then ® is trace pre-
Serving.

In Theorem 2.2, if we assumed that D = 1, then we have the follow-
ing corollary:.

Corollary 2.4. Let 0 < C' < 1. Then there exists a unital completely
positive map ®c : B(H) — B(H) such that for each positive invertible
operator A, the block matriz

( %ch) %51—1) ) ’

1s positive. Moreover, if H is finite dimensional then ® is trace pre-
Serving.
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