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In this paper, we study the weak coarse shape equivalences. First, we define 
paradominations and then we give a characterization of them, for uniformly movable 
pointed continuum spaces. Also, we show that a weak coarse shape equivalence to 
a pointed movable space is a paradomination. Finally, we prove that a weak coarse 
shape equivalence F ∗ : (X, x) → (Y, y) between pointed continuum spaces is a 
coarse shape equivalence, if (X, x) and (Y, y) are simultaneously movable according 
to F ∗.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction and motivation

Bilan and Uglešić in [2], generalized the Whitehead theorem for the coarse shape theory. They proved 
that, for m ∈ N, if a pointed coarse shape morphism F ∗ : (X, x) → (Y, y) between spaces with sd X ≤ m −1
and sd Y ≤ m, is a coarse shape m-equivalence, then F ∗ is a pointed coarse shape isomorphism. We recall 
from [2], that F ∗ is a coarse shape m-equivalence, if the induced morphism

F ∗
k ≡ pro∗ − πk(F ∗) : pro∗ − πk(X,x) → pro∗ − πk(Y, y)

is an isomorphism of pro∗-Group for k = 1, 2, . . . , m − 1, an isomorphism of pro∗-Set for k = 0 and an 
epimorphism of pro∗-Group for k = m. Also, they defined a weak coarse shape equivalence as a coarse 
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shape morphism F ∗ : (X, x) → (Y, y) which is a coarse shape m-equivalence for all m ∈ N; and mentioned 
that by considering the Adams’s example (see [7]), one can conclude that the infinite dimensional Whitehead 
theorem does not hold in the coarse shape category, in general. That means a weak coarse shape equivalence 
need not be a coarse shape equivalence, in general.

In this paper, we study weak coarse shape equivalences for pointed continua (metric compact connected 
spaces) and similar to the methods of [9], we prove that the infinite dimensional Whitehead theorem holds 
for coarse shape theory in some conditions.

In [9], Morón and Portal, established an infinite dimensional Whitehead theorem in shape category. Using 
the topology on the set of shape morphisms Sh(X, Y ) defined in [3], they obtained a characterization of 
weak shape dominations. Also, they introduced a pointed movable triple (X, F, Y ), for a shape morphism 
F : X → Y and pointed spaces X and Y . In particular, they proved that for pointed movable triple (X, F, Y ), 
if X and Y are compact connected and F is a weak shape equivalence, then F is a shape equivalence.

Mashayekhy and the authors [6], defined a topology on the set of coarse shape morphisms Sh∗(X, Y ), for 
every topological spaces X and Y . Here, we define a paradomination, similar to [4], and then we use this 
topology to give a characterization of paradominations.

Morita in [8], stated and proved equivalent conditions for isomorphisms in the category pro-T . Bilan [1], 
generalized this theorem for the category pro∗-T and now, using methods similar to [5], we obtain another 
characterization of isomorphisms in the category pro∗-HPol0. Also, we prove that if F ∗ : (X, x) → (Y, y)
is a weak coarse shape equivalence, in which (Y, y) is movable, then F ∗ is a paradomination and by using 
this fact, we show that F ∗ is an epimorphism in the category Sh∗

0. Finally, we define the simultaneously 
movability of (X, x) and (Y, y) according to a coarse shape morphism F ∗ : (X, x) → (Y, y) and then we 
prove that a weak coarse shape equivalence F ∗ : (X, x) → (Y, y) between pointed continuum spaces (X, x)
and (Y, y) is a coarse shape equivalence provided (X, x) and (Y, y) are simultaneously movable according 
to F ∗.

2. Preliminaries

Recall from [1] some of the main notions about the coarse shape category and pro∗-category. Let T be 
a category and let X = (Xλ, pλλ′ , Λ) and Y = (Yμ, qμμ′ , M) be two inverse systems in the category T . An 
S∗-morphism of inverse systems, (f, fn

μ ) : X → Y, consists of an index function f : M → Λ and of a set of 
T -morphisms fn

μ : Xf(μ) → Yμ, n ∈ N, μ ∈ M , such that for every related pair μ ≤ μ′ in M , there exist a 
λ ∈ Λ, λ ≥ f(μ), f(μ′), and an n ∈ N so that for every n′ ≥ n,

qμμ′fn′

μ′ pf(μ′)λ = fn′

μ pf(μ)λ.

If M = Λ and f = 1Λ, then (1λ, fn
λ ) is said to be a level S∗-morphism.

Let (f, fn
μ ) : X → Y and (g, gnν ) : Y → Z = (Zν , rνν′ , N) be S∗-morphisms of inverse systems. The 

composition of S∗-morphisms (f, fn
μ ) and (g, gnν ) is an S∗-morphism (h, hn

ν ) = (g, gnν )(f, fn
μ ) : X → Z, where 

h = fg and hn
ν = gnν f

n
g(ν), n ∈ N, ν ∈ N . For an inverse system X = (Xλ, pλλ′ , Λ), the S∗-morphism 

(1Λ, 1nXλ
) : X → X, where 1Λ is the identity function and 1nXλ

= 1Xλ
in T , for all n ∈ N and every λ ∈ Λ, 

called the identity S∗-morphism on X.
An S∗-morphism (f, fn

μ ) : X → Y is said to be equivalent to an S∗-morphism (f ′, f ′ n
μ ) : X → Y, denoted 

by (f, fn
μ ) ∼ (f ′, f ′ n

μ ), if for every μ ∈ M there exist a λ ∈ Λ and n ∈ N such that λ ≥ f(μ), f ′(μ) and for 
every n′ ≥ n,

fn′

μ pf(μ)λ = f ′ n′

μ pf ′(μ)λ.

The relation ∼ is an equivalence relation among S∗-morphisms of inverse systems in T . The equivalence 
class [(f, fn

μ )] of an S∗-morphism (f, fn
μ ) : X → Y is denoted by f∗. Let pro∗-T be the quotient category 
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corresponding to the equivalence relation ∼. In this category, objects are all inverse systems X in T and 
morphisms are all equivalence classes f∗ = [(f, fn

μ )] of S∗-morphisms (f, fn
μ ). The composition in pro∗-T is 

well defined by putting

g∗f∗ = h∗ = [(h, hn
ν )],

where (h, hn
ν ) = (g, gnν )(f, fn

μ ) = (fg, gnν fn
g(ν)). For every inverse system X in T , the identity morphism in 

pro∗-T is 1∗
X = [(1Λ, 1nXΛ

)].
A functor J = J T : pro −T → pro∗ −T is defined. If X is an inverse system in T , then J (X) = X and 

if f ∈ pro − T (X, Y) is represented by (f, fμ), then J (f) = f∗ = [(f, fn
μ )] ∈ pro∗ − T (X, Y) is represented 

by the S∗-morphism (f, fn
μ ), where fn

μ = fμ for all μ ∈ M and n ∈ N. Since the functor J is faithful, we 
may consider the category pro-T as a subcategory of pro∗-T .

Let P be a subcategory of T . For an object X in T , a P-expansion of X is a morphism p : X → X in 
pro-T , where X belongs to pro-P with the following two properties:

(E1) For every object P of P and every map h : X → P in T , there exist a λ ∈ Λ and a map f : Xλ → P

in P such that fpλ = h;
(E2) If f0, f1 : Xλ → P in P satisfy f0pλ = f1pλ, then there exists a λ′ ≥ λ such that f0pλλ′ = f1pλλ′ .

The subcategory P is said to be pro-reflective (dense) subcategory of T provided that every object X in 
T admits a P-expansion p : X → X.

Every two P-expansions of an object are isomorphic as the objects of pro-P. Let p : X → X and 
p′ : X → X′ be two P-expansions of an object X in T , and let q : Y → Y and q′ : Y → Y′ be two 
P-expansions of an object Y in T . Then there exist two natural (unique) isomorphisms i : X → X′ and 
j : Y → Y′ in pro-P with respect to p, p′ and q, q′, respectively. Consequently J (i) : X → X′ and 
J (j) : Y → Y′ are isomorphisms in pro∗-P. A morphism f∗ : X → Y is said to be pro∗-P equivalent to a 
morphism f ′ ∗ : X′ → Y′, denoted by f∗ ∼ f ′ ∗, if the following diagram commutes in pro∗-P:

X J (i)−−−−→ X′
⏐
⏐
�f∗ f ′ ∗

⏐
⏐
�

Y J (j)−−−−→ Y′.

The relation ∼ is an equivalence relation on each set pro∗−P(X, Y), such that if f∗ ∼ f ′ ∗ and g∗ ∼ g′ ∗, 
then g∗f∗ ∼ g′ ∗f ′ ∗ whenever it is defined. The equivalence class of morphism f∗ is denoted by < f∗ >.

Let P be a pro-reflective subcategory of T . Now, the (abstract) coarse shape category Sh∗
(T ,P) for the 

pair (T , P) is defined as follows: The objects of Sh∗
(T ,P) are all objects of T . A morphism F ∗ : X → Y

which is called a coarse shape morphism, is the pro∗-P equivalence class < f∗ > of a mapping f∗ : X → Y
in pro∗-P, with respect to any pair of P-expansions p : X → X and q : Y → Y. The composition of 
F ∗ =< f∗ >: X → Y and G∗ =< g∗ >: Y → Z is defined by G∗F ∗ =< g∗f∗ >: X → Z. The identity coarse 
shape morphism on an object X, 1∗X : X → X, is the pro∗-P equivalence class < 1X

∗ > of the identity 
morphism 1X

∗ in pro∗-P.
Since the homotopy category of polyhedra HPol is pro-reflective in the homotopy category HTop [7], the 

coarse shape category Sh∗
(HTop,HPol) = Sh∗ is well defined. Also, from [7], the pointed homotopy category of 

polyhedra HPol0 is pro-reflective in the pointed homotopy category HTop0. Hence the pointed coarse shape 
category Sh∗

0 can be defined by Sh∗
(T ,P), where T = HTop0 and P = HPol0.

The faithful functor J = J(T ,P) : Sh(T ,P) → Sh∗
(T ,P) is defined as follows: If X is an object in T , then 

J (X) = X and if F : X → Y is a shape morphism given by 〈f〉 in which f : X → Y is a morphism in 
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pro-P, for P-expansions p : X → X and q : Y → Y of X and Y , respectively, then J (F ) = F ∗ that is a 
coarse shape morphism given by 〈f∗〉, where f∗ = J (f).

Remark 2.1. Let p : X → X and q : Y → Y be P-expansions of X and Y , respectively. For every morphism 
f : X → Y in T , there is a unique morphism f : X → Y in pro-P such that the following diagram commutes 
in pro-P:

X ←−−−−
p

X
⏐
⏐
�f f

⏐
⏐
�

Y ←−−−−
q

Y.

If we take other P-expansions p′ : X → X′ and q′ : Y → Y′, we obtain another morphism f ′ : X′ → Y′

in pro-P such that f ′p′ = q′f , and so we have f ∼ f ′ and hence J (f) ∼ J (f ′) in pro∗-P. Therefore, 
every morphism f ∈ T (X, Y ) yields an pro∗-P equivalence class < J (f) >, i.e., a coarse shape morphism 
F ∗ : X → Y , denoted by S∗(f). If we put S∗(X) = X for every object X of T , then we obtain a functor 
S∗ : T → Sh∗

(T ,P), which is called the coarse shape functor.

Let X and Y be objects in T . Corresponding to any shape morphism F : X → Y , one can consider a coarse 
shape morphism F ∗ : X → Y as follows: Let p : X → X = (Xλ, pλλ′ , Λ) and q : Y → Y = (Yμ, qμμ′ , M) be 
P-expansions of X and Y , respectively and F is given by 〈f〉, where f : X → Y is represented by (f, fμ). 
Thus, the morphism f∗ : X → Y in pro∗-P which is represented by (f, fn

μ ) and fn
μ = fμ, for all μ ∈ M and 

n ∈ N, gives a coarse shape morphism F ∗ = 〈f∗〉 : X → Y .
Recall from [7], an inverse system X = (Xλ, pλλ′ , Λ) of pro-T is said to be movable if every λ ∈ Λ admits 

an m(λ) ≥ λ (called a movability index of λ) such that for any λ′′ ≥ λ there is a morphism rλ : Xm(λ) → Xλ′′

of T which satisfies

pλλ′′ ◦ rλ = pλm(λ).

An inverse system X = (Xλ, pλλ′ , Λ) of pro-T is uniformly movable if every λ ∈ Λ admits an m(λ) ≥ λ

(called a uniformly movability index of λ) such that there is a morphism r(λ) : Xm(λ) → X in pro-T
satisfying

pλ ◦ r(λ) = pλm(λ),

where pλ : X → Xλ is the morphism of pro-T given by 1Xλ
.

An object X ∈ T is called movable (uniformly movable) if it has a movable (uniformly movable) 
P-expansion.

From [11], for every inverse sequence (X, ∗) = ((Xn, ∗), pnn+1) in Top0, one can associate a movable 
inverse sequence (X∗, ∗) = ((X∗

n, ∗), p∗nn+1) in Top0 by the star construction. If Xn’s are compact connected 
polyhedra, then X∗

n’s are so, and hence (X∗, ∗) = lim
←

(X∗, ∗) is a movable continuum (see [7]).
Mashayekhy and the authors [6], defined a topology on the set of coarse shape morphisms as follows: Let 

X and Y be topological spaces, Y = (Yμ, qμμ′ , M) be an inverse system in pro-HPol and q : Y → Y be an 
HPol-expansion of Y . For every μ ∈ M and F ∗ ∈ Sh∗(X, Y ) put V F∗

μ = {G∗ ∈ Sh∗(X, Y )| S∗(qμ) ◦ F ∗ =
S∗(qμ) ◦G∗}. They proved that the family {V F∗

μ | F ∗ ∈ Sh∗(X, Y ) and μ ∈ M} is a basis for a topology Tq
on Sh∗(X, Y ). Moreover, this topology depends only on X and Y .

Also, for topological spaces X, Y and Z and a coarse shape morphism F ∗ : X → Y , consider F̂ ∗ :
Sh∗(Y, Z) −→ Sh∗(X, Z) and F̃ ∗ : Sh∗(Z, X) −→ Sh∗(Z, Y ) with F̂ ∗(H∗) = H∗◦F ∗ and F̃ ∗(G∗) = F ∗◦G∗. 
They proved that F̂ ∗ and F̃ ∗ are continuous.
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Now, let (X, x) and (Y, y) be pointed topological spaces, (Y, y) = ((Yμ, yμ), qμμ′ , M) be an inverse 
system in pro-HPol0 and q : (Y, y) → (Y, y) be an HPol0-expansion of (Y, y). For every μ ∈ M and 
F ∗ ∈ Sh∗

0((X, x), (Y, y)), put

V F∗

μ = {G∗ ∈ Sh∗
0((X,x), (Y, y))| S∗(qμ) ◦ F ∗ = S∗(qμ) ◦G∗},

where S∗ : HTop0 → Sh∗
0 is the coarse shape functor defined in Remark 2.1. Similar to [6], one can see that 

the family {V F∗
μ | F ∗ ∈ Sh∗

0((X, x), (Y, y)) and μ ∈ M} is a basis for a topology Tq on Sh∗
0((X, x), (Y, y)). 

Moreover, if (X, x), (Y, y) and (Z, z) are pointed topological spaces and F ∗ : (X, x) → (Y, y) is a coarse shape 
morphism, then the maps F̂ ∗ : Sh∗

0((Y, y), (Z, z)) −→ Sh∗
0((X, x), (Z, z)) and F̃ ∗ : Sh∗

0((Z, z), (X, x)) −→
Sh∗

0((Z, z), (Y, y)) with F̂ ∗(H∗) = H∗ ◦ F ∗ and F̃ ∗(G∗) = F ∗ ◦G∗ are continuous.

3. Main results

First, we recall the notion weak coarse shape equivalence from [2]:

Definition 3.1. [2] Let m ∈ N. A morphism f∗ : (X, x) → (Y, y) is said to be an m-equivalence of pro∗-HTop0
if the induced morphism

π∗
k(f∗) : πk(X,x) → πk(Y,y)

is an isomorphism of pro∗-Set for k = 0, an isomorphism of pro∗-Group for each k = 1, 2, . . . , m − 1 and an 
epimorphism of pro∗-Group for k = m. A pointed coarse shape morphism F ∗ : (X, x) → (Y, y) is said to be a 
coarse (shape) m-equivalence if there exists a representative f∗ : (X, x) → (Y, y) which is an m-equivalence 
in pro∗-HPol0.

Definition 3.2. [2] A weak coarse shape equivalence is a coarse shape morphism F ∗ : (X, x) → (Y, y) which 
is coarse (shape) m-equivalence, for all m ∈ N, i.e., it induces isomorphism between all the homotopy 
pro∗-groups.

In the sense of Dydak [4], for pointed topological spaces (X, x) and (Y, y) and shape morphism F :
(X, x) → (Y, y) with HPol0-expansions p : (X, x) → (X, x) = ((Xλ, xλ), pλλ′ , Λ) and q : (Y, y) → (Y, y) =
((Yλ, yλ), qλλ′ , Λ) of (X, x) and (Y, y), respectively and level representative morphism (1λ, fλ) of F , shape 
morphism F is a weak shape domination if and only if for any λ ∈ Λ there exist λ′ ≥ λ and a pointed map 
g : (Yλ′ , yλ′) → (Xλ, xλ) such that fλ ◦ g 
0 qλλ′ (by f 
0 g, we mean f is homotopic to g relative to the 
base point).

In the following, by a similar way, we define the notion of paradomination.

Definition 3.3. Let F ∗ : (X, x) → (Y, y) be a coarse shape morphism between pointed topological spaces 
(X, x) and (Y, y), p : (X, x) → (X, x) = ((Xλ, xλ), pλλ′ , Λ) and q : (Y, y) → (Y, y) = ((Yλ, yλ), qλλ′ , Λ) be 
HPol0-expansions of (X, x) and (Y, y), respectively and (1λ, fn

λ ) be a level morphism representative of F ∗. 
We say F ∗ is a paradomination, if for every λ ∈ Λ there exist λ′ ≥ λ and n′ ∈ N such that for any n ≥ n′

there exists a pointed map gn : (Yλ′ , yλ′) → (Xλ, xλ) such that the following diagram commutes in HPol0

(Yλ′ , yλ′)
qλλ′

gn

(Yλ, yλ).

(Xλ, xλ)
fn
λ
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Proposition 3.4. Let (X, x) and (Y, y) be pointed continua. If F ∗ : (X, x) → (Y, y) is a paradomination and 
(X, x) is uniformly movable, then F̃ ∗(Sh∗

0((Z, z), (X, x))) is a dense subspace of Sh∗
0((Z, z), (Y, y)), for any 

pointed continuum (Z, z).

Proof. Let β∗ ∈ Sh∗
0((Z, z), (Y, y)). Consider HPol0-expansions p : (X, x) → (X, x) = ((Xλ, xλ), pλλ′ , Λ)

and q : (Y, y) → (Y, y) = ((Yλ, yλ), qλλ′ , Λ) of (X, x) and (Y, y), respectively, and level representative 
(1λ, fn

λ ) of F ∗.
Let λ ∈ Λ. (X, x) is uniformly movable, so there exist a λ′ ≥ λ and a morphism r(λ) : (Xλ′ , xλ′) → (X, x)

in pro-HPol0 such that pλ ◦ r(λ) = pλλ′ , where pλ : (X, x) → (Xλ, xλ) is the morphism of pro-HPol0 given 
by 1Xλ

. Note that r(λ) determines the morphisms r(λ)μ : (Xλ′ , xλ′) → (Xμ, xμ), μ ∈ Λ such that

pμμ′ ◦ r(λ)μ
′ 
0 r(λ)μ (if μ′ ≥ μ), and r(λ)λ 
0 pλλ′ . (1)

Then r = 〈[(r(λ)μ)]〉 is a shape morphism and induces a coarse shape morphism r∗ : (Xλ′ , xλ′) → (X, x)
given by 〈[(r(λ)μn)]〉, where r(λ)μn = r(λ)μ, for all μ ∈ Λ and every n ∈ N.

F ∗ is a coarse shape morphism, so for λ′ ≥ λ, there exists n1 ∈ N such that for every n ≥ n1

fn
λ pλλ′ 
0 qλλ′fn

λ′ (2)

and since F ∗ is a paradomination, there are λ′′ ≥ λ′ and n2 ∈ N such that for all n ≥ n2 there exists a 
pointed map gn : (Yλ′′ , yλ′′) → (Xλ′ , xλ′) such that the following diagram commutes in HPol0:

(Yλ′′ , yλ′′)
qλ′λ′′

gn

(Yλ′ , yλ′)

(Xλ′ , xλ′)
fn
λ′

. (3)

For every n < n2, consider gn is the constant map at the point xλ′ of Xλ′ and hence we have a coarse shape 
morphism g∗ : (Yλ′′ , yλ′′) → (Xλ′ , xλ′) is given by 〈[(gn)]〉. Define α∗ = r∗ ◦ g∗ ◦ S∗(qλ′′) ◦ β∗ which is a 
coarse shape morphism from (Z, z) to (X, x). We show that F̃ ∗(α∗) ∈ V β∗

λ .
Suppose s : (Z, z) → (Z, z) = ((Zν , zν), sνν′ , N) is an HPol0-expansion of (Z, z) and β∗ = 〈[(βn

λ , η)]〉. 
Hence for λ′′ ≥ λ there exist ν ≥ η(λ), η(λ′′) and n3 ∈ N such that for all n ≥ n3

qλλ′′ ◦ βn
λ′′sη(λ′′)ν 
0 βn

λsη(λ)ν . (4)

We know S∗(qλ) ◦ F ∗ ◦ α∗ and S∗(qλ) ◦ β∗ are coarse shape morphisms from (Z, z) to (Yλ, yλ) are given 
by 〈[(fn

λ r(λ)λn
gnβn

λ′′ , η0)]〉 and 〈[(βn
λ , η1)]〉, respectively, in which η0, η1 : {λ} → N with η0(λ) = η(λ′′)

and η1(λ) = η(λ). Put n0 = max{n1, n2, n3}. For every n ≥ n0, by (1), fn
λ r(λ)λn

gnβn
λ′′sη(λ′′)ν 
0

fn
λ pλλ′gnβn

λ′′sη(λ′′)ν and by (2), fn
λ pλλ′gnβn

λ′′sη(λ′′)ν 
0 qλλ′fn
λ′gnβn

λ′′sη(λ′′)ν . Also, by (3) and (4), one 
obtains qλλ′fn

λ′gnβn
λ′′sη(λ′′)ν 
0 qλλ′qλ′λ′′βn

λ′′sη(λ′′)ν 
0 qλλ′′βn
λ′′sη(λ′′)ν 
0 βn

λsη(λ)ν . Therefore, one can con-
clude that fn

λ r(λ)λn
gnβn

λ′′sη(λ′′)ν 
0 βn
λsη(λ)ν , for every n ≥ n0 and hence S∗(qλ) ◦F ∗◦α∗ = S∗(qλ) ◦β∗. �

As it is mentioned in [9], out of pointed compact connected polyhedra, there is a countable set 
{(Pn, pn) : n ∈ N} containing one of each pointed homotopy type that forms the inverse sequence 
((Pn, pn), qnn+1), where qn : (Pn+1, pn+1) → (Pn, pn) is the constant pointed map. Applying the star-
construction of Overton–Segal [11] to the inverse sequence ((Pn, pn), qnn+1), one obtains the pointed movable 
connected space (W, w) which shape dominates every pointed finite polyhedron (see [9]).
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Proposition 3.5. Let (X, x) and (Y, y) be pointed continua and F ∗ : (X, x) → (Y, y) be a coarse shape 
morphism. If F̃ ∗(Sh∗

0((W, w), (X, x))) is a dense subspace of Sh∗
0((W, w), (Y, y)) and (Y, y) is uniformly 

movable, then F ∗ is a paradomination.

Proof. Let p : (X, x) → (X, x) = ((Xλ, xλ), pλλ′ , Λ) and q : (Y, y) → (Y, y) = ((Yλ, yλ), qλλ′ , Λ) be 
HPol0-expansions of (X, x) and (Y, y), respectively and (1λ, fn

λ ) be a level representative of F ∗. Given 
λ ∈ Λ. Since (Y, y) is uniformly movable, there exist a λ′ ≥ λ and a morphism r(λ) : (Yλ′ , yλ′) → (Y, y)
in pro-HPol0 such that qλ ◦ r(λ) = qλλ′ , where qλ : (Y, y) → (Yλ, yλ) is the morphism of pro-HPol0 given 
by 1Yλ

. Hence there are the morphisms r(λ)μ : (Yλ′ , yλ′) → (Yμ, yμ), μ ∈ Λ such that

qμμ′ ◦ r(λ)μ
′ 
0 r(λ)μ (if μ′ ≥ μ), and r(λ)λ 
0 qλλ′

and so r = 〈[(rμ = r(λ)μ)]〉, μ ∈ Λ, is a shape morphism from (Yλ′ , yλ′) → (Y, y) such that

rλ = r(λ)λ 
0 qλλ′ . (5)

From [9, Proposition 5], (W, w) shape dominates every pointed finite polyhedron, so there are shape 
morphisms i′ : (Yλ′ , yλ′) → (W, w) and r′ : (W, w) → (Yλ′ , yλ′) such that S(1Yλ′ ) = r′ ◦ i′. Consider the 
coarse shape morphisms r∗, i′∗ and r′∗ corresponding to the shape morphisms r, i′ and r′, respectively 
and put β∗ = r∗ ◦ r′∗ ∈ Sh∗

0((W, w), (Y, y)). By the hypothesis, there exists a coarse shape morphism 
α∗ ∈ Sh∗

0((W, w), (X, x)) given by 〈[(αn
λ, α)]〉 such that F̃ ∗(α∗) = F ∗ ◦ α∗ ∈ V β∗

λ .
Let s : (W, w) → (W, w) = ((Wν , wν), sνν′ , N) be an HPol0-expansion of (W, w) and r′ and i′ given by 

〈[(r′λ′ , ϕ)]〉 and 〈[(i′ν , ψ)]〉. Put ν′ = ϕ(λ′). We know r′ ◦ i′ = S(1Yλ′ ), so

r′λ′ ◦ i′ν′ 
0 1Yλ′ . (6)

Also, we know S∗(qλ) ◦ F ∗ ◦ α∗ = S∗(qλ) ◦ β∗ and β∗ is given by (rμ ◦ r′λ′), μ ∈ Λ. Hence there exist 
ν ≥ α(λ), ν′ and n′ ∈ N such that for every n ≥ n′

fn
λ ◦ αn

λ ◦ sα(λ)ν 
0 rλ ◦ r′λ′ ◦ sν′ν . (7)

Now for every n ≥ n′, put gn = αn
λ◦i′α(λ) : (Yλ′ , yλ′) → (Xλ, xλ). From (7), fn

λ ◦αn
λ◦sα(λ)νi

′
ν 
0 rλ◦r′λ′◦sν′νi

′
ν

and by (5) and (6), it follows that fn
λ ◦ gn = fn

λ ◦ αn
λ ◦ i′α(λ) 
0 rλ ◦ r′λ′ ◦ i′ν′ 
0 rλ 
0 qλλ′ . �

In the following, by Proposition 3.4 and Proposition 3.5, we characterize paradominations of uniformly 
movable pointed continua.

Corollary 3.6. Let (X, x) and (Y, y) be uniformly movable continua and F ∗ : (X, x) → (Y, y) be a coarse 
shape morphism. Then the following statements are equivalent:

a) F ∗ is a paradomination.
b) F̃ ∗(Sh∗

0((Z, z), (X, x))) is a dense subspace of Sh∗
0((Z, z), (Y, y)), for every pointed continuum (Z, z).

c) F̃ ∗(Sh∗
0((W, w), (X, x))) is a dense subspace of Sh∗

0((W, w), (Y, y)).

Bilan in [1], proved the following lemma which is a similar result to the well known Morita lemma [8], 
and characterizes isomorphisms in the category pro∗-T .

Lemma 3.7. [1] Let X = (Xλ, pλλ′ , Λ) and Y = (Yλ, qλλ′ , Λ) be inverse systems over the same index set 
and f∗ : X → Y be a morphism in pro∗-T which admits a level representative (1Λ, fn

λ ). Then f∗ is an 
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isomorphism if and only if for every λ ∈ Λ there exist λ′ ≥ λ and n′ ∈ N such that, for every n ≥ n′ there 
exists a morphism hn

λ : Yλ′ → Xλ in T , such that the following diagram commutes in T :

Xλ

fn
λ

Xλ′
pλλ′

fn
λ′

Yλ Yλ′ .
qλλ′

hn
λ

Now, using techniques similar to those employed by Geoghegan in [5], we give another characterizations 
of isomorphisms in pro∗-HPol0.

Lemma 3.8. Assume ((Xλ, xλ), pλλ′ , Λ) and ((Yλ, yλ), qλλ′ , Λ) are inverse systems in pro∗-HPol0. A level 
map (fn

λ : (Xλ, xλ) → (Yλ, yλ)) in pro∗-HPol0 is an isomorphism if and only if for every λ ∈ Λ, there 
exist λ′ ≥ λ and n′ ∈ N such that for every n ≥ n′, there exist morphisms rn and gn making the following 
diagram commute in HPol0

(Xλ, xλ)

fn
λ

in1

(Xλ′ , xλ′)pλλ′

fn
λ′

in2

(M(fn
λ ), [yλ]) (M(fn

λ′), [yλ′ ])
rn

gn

(Yλ, yλ)

jn1

(Yλ′ , yλ′).
qλλ′

jn2

(8)

The space M(f) is the mapping cylinder of f : (X, x0) → (Y, y0) with base point [x0, 1] = [f(x0)] = [y0]
and i : (X, x0) → (M(f), [y0]) and j : (Y, y0) → (M(f), [y0]) are maps given by i(x) = [x, 1] and j(y) = [y], 
for all x ∈ X and y ∈ Y .

Proof. First, suppose for every λ ∈ Λ, there are λ′ ≥ λ and n′ ∈ N such that for every n ≥ n′, there exist 
morphisms rn and gn that commute the above diagram. For every n ≥ n′, put hn

λ = gn ◦ jn2 : (Yλ′ , yλ′) →
(Xλ, xλ). We have

hn
λ ◦ fn

λ′ = gn ◦ jn2 ◦ fn
λ′ 
0 gn ◦ in2 
0 pλλ′ ,

and

fn
λ ◦ hn

λ = fn
λ ◦ gn ◦ jn2 
0 qλλ′ .

Then by the previous lemma, the level representative (fn
λ ) gives an isomorphism in pro∗-HPol0.

Conversely, since (fn
λ ) is an isomorphism in pro∗-HPol0, by the previous lemma, for every λ ∈ Λ, there 

exist λ′ ≥ λ and n1 ∈ N such that for every n ≥ n1 there exists a morphism hn
λ : (Yλ′ , yλ′) → (Xλ, xλ)

that hn
λ ◦ fn

λ′ 
0 pλλ′ and fn
λ ◦ hn

λ 
0 qλλ′ . Since F ∗ is a coarse shape morphism, there is n2 ∈ N such that 
fn
λ ◦ pλλ′ 
0 qλλ′ ◦ fn

λ′ , for every n ≥ n2.
Put n′ = max{n1, n2}. For every n ≥ n′, consider the map Hn : Xλ′ × I → Yλ such that Hn(−, 0) =

fn
λ ◦ pλλ′ and Hn(−, 1) = qλλ′ ◦ fn

λ′ . Define rn : (M(fn
λ′), [yλ′ ]) → (M(fn

λ ), [yλ]) by rn([x, t]) = [pλλ′(x), 2t], 
if 0 ≤ t ≤ 1

2 and rn([x, t]) = [Hn(x, 2t − 1)], if 1
2 ≤ t ≤ 1 and rn([y]) = [qλλ′(y)], for every x ∈ Xλ′ and 

y ∈ Yλ′ , and define gn = hn
λ ◦ πn : (M(fn

λ′), [yλ′ ]) → (Xλ, xλ) in which πn : (M(fn
λ′), [yλ′ ]) → (Yλ′ , yλ′) is 

projection. It is obvious that the diagram (8) commutes, for every n ≥ n′. �
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Consider the following diagram which commutes up to homotopy, for all but finitely many n

(Xλ, xλ)

fn
λ

(Xλ′ , xλ′)pλλ′

fn
λ′

(Yλ, yλ) (Yλ′ , yλ′).
qλλ′

(9)

The maps rn : (M(fn
λ′), [yλ′ ]) → (M(fn

λ ), [yλ]), which always exist by Lemma 3.8, are said the maps 
associated with the bonds.

Lemma 3.9. Let ((Xλ, xλ), pλλ′ , Λ) and ((Yλ, yλ), qλλ′ , Λ) be inverse systems and (fn
λ : (Xλ, xλ) → (Yλ, yλ))

be a level morphism in pro∗-HPol0. Suppose the level map (fn
λ ∗ : πk(Xλ, xλ) → πk(Yλ, yλ)) is an isomor-

phism in pro∗-Group, for all k ≤ m. Then for every λ ∈ Λ, there exist θ(λ, m) ≥ λ and N ∈ N such that 
for every n ≥ N , there exist maps rn and gn making the following diagram commute in HPol0

(Xλ, xλ)

fn
λ

in1

(Xθ(λ,m), xθ(λ,m))
pλθ(λ,m)

fn
θ(λ,m)

in2

in3

(M(fn
θ(λ,m))m ∪Xθ(λ,m), xθ(λ,m))

gn

un

(M(fn
λ ), [yλ]) (M(fn

θ(λ,m)), [yθ(λ,m)])
rn

(Yλ, yλ)

jn1

(Yθ(λ,m), yθ(λ,m)).
qλθ(λ,m)

jn2

(10)

Proof. The level map (fn
λ ∗ : πk(Xλ, xλ) → πk(Yλ, yλ)) is an isomorphism in pro∗-Group, so by Lemma 3.7, 

for every λ ∈ Λ there exist β ≥ λ and γ ≥ β and n0 ∈ N that for every n ≥ n0 there exist homomorphisms 
an : πk(Yβ , yβ) → πk(Xλ, xλ) and bn : πk(Yγ , yγ) → πk(Xβ , xβ), where fn

λ ∗ ◦an = qαβ∗ and bn ◦fn
γ ∗ = pβγ∗.

Also, there is n1 ∈ N so that for every n ≥ n1, there are maps

(M(fn
γ ), [yγ ])

rnγ−→ (M(fn
β ), [yβ ])

rnβ−→ (M(fn
λ ), [yλ])

associated with the bonds.
Consider Xλ as a subspace of M(fn

λ ), with the map l : Xλ → M(fn
λ ), where l(x) = [x, 0], x ∈ Xλ, 

λ ∈ Λ, n ∈ N. We abbreviate the pointed triple (M(fn
λ ), Xλ, xλ) to (M(fn

λ ), Xλ). For the map rn :
(M(fn

λ′), [yλ′ ]) → (M(fn
λ ), [yλ]) associated with the bonds, it is obvious that rn(Xλ′) ⊆ Xλ, and so we have 

the induced homomorphism rn∗ : πk(M(fn
λ′), Xλ′) → πk(M(fn

λ ), Xλ).
Put n′ = max{n0, n1} and for every n ≥ n′ consider the following commutative diagram

πk(M(fn
γ ), Xγ)

rnγ ∗

πk−1(Xγ) πk−1(M(fn
γ ))

bn

πk(M(fn
β ))

an

πk(M(fn
β ), Xβ)

rnβ ∗

πk−1(Xβ)

πk(Xλ) πk(M(fn
λ )) πk(M(fn

λ ), Xλ)
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in which horizontal rows are exact. It is obvious that rnβ∗ ◦ r
n
γ ∗ : πk(M(fn

γ ), Xγ) → πk(M(fn
λ ), Xλ) is zero. 

Now take γ = γλ,k, then for every λ ∈ Λ and k ≤ m there is n′ ∈ N such that for every n ≥ n′ there exists 
rnλ : (M(fn

γλ,k
), [yγλ,k

]) → (M(fn
λ ), [yλ]) associated with the bonds such that the induced homomorphism 

rnλ∗ : πk(M(fn
γλ,k

), Xγλ,k
) → πk(M(fn

λ ), Xλ) is zero.
Consider the sequence λ0 = λ, λ1 = γλ0,m, . . . , λi = γλi−1,m−(i−1), . . . , λm = γλm−1,1. For every 1 ≤

i ≤ m, there exists ni ∈ N such that for every n ≥ ni there exists map rni : (M(fn
λi

), [yλi
]) → (M(fn

λi−1
),

[yλi−1 ]) which induces the zero homomorphism rni ∗ : πm−(i−1)(M(fn
λi

), Xλi
) → πm−(i−1)(M(fn

λi−1
), Xλi−1). 

Put N = max{ni}, then for every n ≥ N , the map sn = rn1 r
n
2 . . . rnm : (M(fn

λm
), [yλm

]) → (M(fn
λ ), [yλ])

induces the zero homomorphism sn∗ : πm(M(fn
λm

), Xλm
) → πm(M(fn

λ ), Xλ). We can find a cellular map 
rn : (M(fn

λm
), [yλm

]) → (M(fn
λ ), [yλ]) homotopic to sn rel Xλm

such that rn(M(fn
λm

)m) ⊂ Xλ. Now take 
θ(λ, m) = λm ≥ λ and N = max{ni}, then for every n ≥ N , we have maps rn : (M(fn

θ(λ,m)), [yθ(λ,m)]) →
(M(fn

λ ), [yλ]) and gn = rn|M(fn
θ(λ,m))m∪Xθ(λ,m) : (M(fn

θ(λ,m))m ∪Xθ(λ,m), xθ(λ,m)) → (Xλ, xλ) such that the 
diagram (10) commutes. �

Let p : (X, x) → (X, x) = ((Xλ, xλ), pλλ′ , Λ) be an HPol0-expansion of a pointed topological space (X, x). 
Consider the inverse system

Sh∗
0((Z, z), (X,x)) = (Sh∗

0((Z, z), (Xλ, xλ)), pλλ′∗,Λ)

in pro-Top0, for every pointed topological space (Z, z). Now, similar to the Theorem 1 of [10], we prove the 
following useful result.

Theorem 3.10. Let F ∗ : (X, x) → (Y, y) be a weak coarse shape equivalence. Then the induced morphism 
F ∗ : Sh∗

0((P, p), (X, x)) → Sh∗
0((P, p), (Y, y)) is an isomorphism in pro∗-Top0, for every compact connected 

pointed polyhedron (P, p).

Proof. Let p : (X, x) → (X, x) = ((Xλ, xλ), pλλ′ , Λ) and q : (Y, y) → (Y, y) = ((Yλ, yλ), qλλ′ , Λ) be 
HPol0-expansions of (X, x) and (Y, y), respectively and (1λ, fn

λ ) be a level representative of F ∗.
Let (P, p) be a compact connected pointed polyhedron, so dimP = m < ∞. Given λ ∈ Λ. By hypothesis, 

(fn
λ ∗ : πk(Xλ, xλ) → πk(Yλ, yλ)) is an isomorphism in pro∗-Group, for all k ≤ m, then by Lemma 3.9, there 

exist θ(λ, m) ≥ λ and N ∈ N such that for every n ≥ N there are maps rn and gn for which diagram (10)
commutes. Consider the following commutative diagram

(M(fn
θ(λ,m))m ∪Xθ(λ,m), xθ(λ,m))

gn

un

(Xλ, xλ)

fn
λ

(Xθ(λ,m), xθ(λ,m))

fn
θ(λ,m)

jn1

(Yλ, yλ) (Yθ(λ,m), yθ(λ,m))
jn3

M(fn
θ(λ,m))

kn

in which kn = πn ◦ rn and πn : (M(fn
λ ), [yλ]) → (Yλ, yλ) is projection. By the approximation theorem, we 

conclude that un
∗ : Sh∗

0((P, p), (M(fn )m ∪Xθ(λ,m), xθ(λ,m))) → Sh∗
0((P, p), (M(fn ), [yθ(λ,m)])) is a 
θ(λ,m) θ(λ,m)
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bijection, so for every n ≥ N we have the map hn
λ = gn∗ ◦ un

∗
−1 ◦ jn3 ∗ = Sh∗

0((P, p), (Yθ(λ,m), yθ(λ,m))) →
Sh∗

0((P, p), (Xλ, xλ)) such that the following diagram commutes

Sh∗
0((P, p), (Xλ, xλ))

fn
λ ∗

Sh∗
0((P, p), (Xθ(λ,m), xθ(λ,m)))

fn
θ(λ,m)∗

pλθ(λ,m)∗

Sh∗
0((P, p), (Yλ, yλ)) Sh∗

0((P, p), (Yθ(λ,m), yθ(λ,m))).
qλθ(λ,m)∗

hn
λ

Now by Lemma 3.7, the result holds. �
Theorem 3.11. Let (X, x) and (Y, y) be pointed continua and F ∗ : (X, x) → (Y, y) be a coarse shape mor-
phism. If F ∗ is a weak coarse shape equivalence and (Y, y) is movable, then F ∗ is a paradomination.

Proof. Let p : (X, x) → (X, x) = ((Xλ, xλ), pλλ′ , Λ) and q : (Y, y) → (Y, y) = ((Yλ, yλ), qλλ′ , Λ) be 
HPol0-expansions of (X, x) and (Y, y), respectively and (1λ, fn

λ ) be a level representative of F ∗.
Given λ ∈ Λ. (Y, y) is movable, so there is movability index λ′ ≥ λ such that for every λ′′ ≥ λ, there 

exists rλ : (Yλ′ , yλ′) → (Yλ′′ , yλ′′) with qλλ′′ ◦ rλ 
0 qλλ′ .
By Theorem 3.10, F ∗ : Sh∗

0((Yλ′ , yλ′), (X, x)) → Sh∗
0((Yλ′ , yλ′), (Y, y)) is an isomorphism in pro∗-Top0. 

Hence by Lemma 3.7, there exist λ′′ ≥ λ and n′ ∈ N so that for every n ≥ n′, there exists hn
λ :

Sh∗
0((Yλ′ , yλ′), (Yλ′′ , yλ′′)) → Sh∗

0((Yλ′ , yλ′), (Xλ, xλ)) that commutes the following diagram

Sh∗
0((Yλ′ , yλ′), (Xλ, xλ))

fn
λ ∗

Sh∗
0((Yλ′ , yλ′), (Xλ′′ , xλ′′))

fn
λ′′ ∗

pλλ′′ ∗

Sh∗
0((Yλ′ , yλ′), (Yλ, yλ)) Sh∗

0((Yλ′ , yλ′), (Yλ′′ , yλ′′)).
qλλ′′ ∗

hn
λ

Let r∗ : (Yλ′ , yλ′) → (Yλ′′ , yλ′′) be the coarse shape morphism corresponding to the map rλ : (Yλ′ , yλ′) →
(Yλ′′ , yλ′′). Consider the coarse shape morphism hn

λ(r∗) which is given by (am : (Yλ′ , yλ′) → (Xλ, xλ)), 
m ∈ N. We know fn

λ ∗(h
n
λ(r∗)) = qλλ′′∗(r∗), in which fn

λ ∗(h
n
λ(r∗)) and qλλ′′∗(r∗) are coarse shape morphisms 

from (Yλ′ , yλ′) to (Yλ, yλ) given by (fn
λ ◦ am) and (qλλ′′ ◦ rλ), respectively. Then there exists Nn ∈ N such 

that for every m ≥ Nn, fn
λ ◦ am 
0 qλλ′′ ◦ rλ.

Now, if we consider λ′ ≥ λ and n′ ∈ N, then there exists the map gn = aNn : (Yλ′ , yλ′) → (Xλ, xλ) with 
fn
λ ◦ gn = fn

λ ◦ aNn 
0 qλλ′′ ◦ rλ 
0 qλλ′ , for every n ≥ n′. �
Theorem 3.12. Let (X, x) and (Y, y) be pointed continua and F ∗ : (X, x) → (Y, y) be a coarse shape mor-
phism. If F ∗ is a weak coarse shape equivalence and (Y, y) is movable, then F ∗ is an epimorphism in the 
category Sh∗

0.

Proof. Let p : (X, x) → (X, x) = ((Xλ, xλ), pλλ′ , Λ) and q : (Y, y) → (Y, y) = ((Yλ, yλ), qλλ′ , Λ) be 
HPol0-expansions of (X, x) and (Y, y), respectively and (1λ, fn

λ ) be a level representative of F ∗.
Consider the coarse shape morphisms G∗, H∗ : (Y, y) → (Z, z) such that G∗ ◦ F ∗ = H∗ ◦ F ∗, in which 

(Z, z) is a pointed topological space with HPol0-expansion r : (Z, z) → (Z, z) = ((Zν , zν), rνν′ , N) and G∗

and H∗ are given by 〈[(gnν , ϕ)]〉 and 〈[(hn
ν , ψ)]〉, respectively. We show that G∗ = H∗.

Given ν ∈ N . Since G∗◦F ∗ = H∗◦F ∗, there exist λ ≥ ϕ(ν), ψ(ν) and n1 ∈ N such that gnν ◦fn
ϕ(ν)◦pϕ(ν)λ 
0

hn
ν ◦ fn

ψ(ν) ◦ pψ(ν)λ, for every n ≥ n1.
Also, since F ∗ is a coarse shape morphism, there is n2 ∈ N so that fn

ϕ(ν) ◦ pϕ(ν)λ 
0 qϕ(ν)λ ◦ fn
λ and 

fn ◦ pψ(ν)λ 
0 qψ(ν)λ ◦ fn
λ , for every n ≥ n2. Hence for every n ≥ n1, n2,
ψ(ν)
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gnν ◦ qϕ(ν)λ ◦ fn
λ 
0 hn

ν ◦ qψ(ν)λ ◦ fn
λ . (11)

On the other hand, by Theorem 3.11 F ∗ is a paradomination, so there exist λ′ ≥ λ and n3 ∈ N such that 
for every n ≥ n3 there exists a map gn : (Yλ′ , yλ′) → (Xλ, xλ) with

fn
λ ◦ gn 
0 qλλ′ . (12)

Now, if we consider λ′ ≥ ϕ(ν), ψ(ν) and n′ = max{n1, n2, n3}, then by (11) and (12),

gnν ◦ qϕ(ν)λ′ 
0 gnν ◦ qϕ(ν)λ ◦ qλλ′


0 gnν ◦ qϕ(ν)λ ◦ fn
λ ◦ gn


0 hn
ν ◦ qψ(ν)λ ◦ fn

λ ◦ gn


0 hn
ν ◦ qψ(ν)λ ◦ qλλ′


0 hn
ν ◦ qψ(ν)λ′ ,

for every n ≥ n′. It follows that G∗ = H∗. �
Definition 3.13. Let (X, x) and (Y, y) be pointed topological spaces and F ∗ : (X, x) → (Y, y) be a 
coarse shape morphism. We say (X, x) and (Y, y) are simultaneously movable according to F ∗ if there 
are HPol0-expansions p : (X, x) → (X, x) = ((Xλ, xλ), pλλ′ , Λ) and q : (Y, y) → (Y, y) = ((Yλ, yλ), qλλ′ , Λ)
of (X, x) and (Y, y), respectively and a level representative (1λ, fn

λ ) of F ∗ such that for every λ ∈ Λ, there 
exist λ′ ≥ λ and n′ ∈ N so that for every λ′′ ≥ λ and n ≥ n′ there exist maps rn1 : (Xλ′ , xλ′) → (Xλ′′ , xλ′′)
and rn2 : (Yλ′ , yλ′) → (Yλ′′ , yλ′′) with the following commutative diagram

(Xλ′ , xλ′)
fn
λ′

pλλ′

rn1

(Yλ′ , yλ′)

qλλ′

rn2

(Xλ′′ , xλ′′)

pλλ′′

fn
λ′′

(Yλ′′ , yλ′′)

qλλ′′

(Xλ, xλ)
fn
λ

(Yλ, yλ)

(13)

Also, we say (X, x) and (Y, y) are simultaneously uniformly movable according to F ∗ if for every λ ∈ Λ, 
there exist λ′ ≥ λ and coarse shape morphisms α∗

1 : (Xλ′ , xλ′) → (X, x) and α∗
2 : (Yλ′ , yλ′) → (Y, y) such 

that the following diagram commutes

(Xλ′ , xλ′)
F∗

λ′

S∗(pλλ′ )
α∗

1

(Yλ′ , yλ′)

S∗(qλλ′ )
α∗

2

(X,x)

S∗(pλ)

F∗

(Y, y)

S∗(qλ)

(Xλ, xλ)
F∗

λ

(Yλ, yλ)

in which F ∗
λ and F ∗

λ′ are coarse shape morphisms given by 〈[(fn
λ )[〉 and 〈[(fn

λ′)]〉, respectively.
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Theorem 3.14. Let (X, x) and (Y, y) be pointed continua and F ∗ : (X, x) → (Y, y) be a weak coarse shape 
equivalence. If (X, x) and (Y, y) are simultaneously movable according to F ∗, then F ∗ is a coarse shape 
equivalence.

Proof. Let p : (X, x) → (X, x) = ((Xλ, xλ), pλλ′ , Λ) and q : (Y, y) → (Y, y) = ((Yλ, yλ), qλλ′ , Λ) be 
HPol0-expansions of (X, x) and (Y, y), respectively and (1Λ, fn

λ ) be a level representative of F ∗.
First, we show that for every λ ∈ Λ, there exist λ′ ≥ λ and Mλ ∈ N such that the triple (λ, λ′, Mλ)

satisfies the following condition:

(∗∗) For any n ≥ Mλ and any compact connected pointed polyhedron (P, p),
(i) Every map h : (P, p) → (Yλ′ , yλ′) admits a map kn : (P, p) → (Xλ, xλ) so that

fn
λ ◦ kn 
0 qλλ′ ◦ h.

(ii) For any two maps k1, k2 : (P, p) → (Xλ′ , xλ′) with fn
λ′ ◦ k1 
0 fn

λ′ ◦ k2, we have

pλλ′ ◦ k1 
0 pλλ′ ◦ k2.

Given λ ∈ Λ. (X, x) and (Y, y) are simultaneously movable according to F ∗, so there exist λ′ ≥ λ and 
n0 ∈ N which satisfy in Definition 3.13.

Let (P, p) be a compact connected pointed polyhedron. By Theorem 3.10, the morphism F ∗ :
Sh∗

0((P, p), (X, x)) → Sh∗
0((P, p), (Y, y)) is an isomorphism in pro∗-Top0, so there exists a morphism 

G : Sh∗
0((P, p), (Y, y)) → Sh∗

0((P, p), (X, x)) given by (gnλ , g) which is the inverse of F ∗. Since G ◦ F ∗ = id, 
so by the definition there exist λ1 ≥ λ, g(λ) and n1 ∈ N such that for every n ≥ n1 the following diagram 
commutes:

Sh∗
0((P, p), (Xg(λ), xg(λ)))

fn
g(λ)∗

Sh∗
0((P, p), (Yg(λ), yg(λ)))

gn
λ

Sh∗
0((P, p), (Xλ1 , xλ1))

pg(λ)λ1∗

pλλ1∗
Sh∗

0((P, p), (Xλ, xλ)),

and since F ∗ ◦ G = id, so there exist λ2 ≥ λ, g(λ) and n2 ∈ N such that for every n ≥ n2 the following 
diagram commutes:

Sh∗
0((P, p), (Yg(λ), yg(λ)))

gn
λ

Sh∗
0((P, p), (Xλ, xλ))

fn
λ ∗

Sh∗
0((P, p), (Yλ2 , yλ2))

qg(λ)λ2∗

qλλ2∗
Sh∗

0((P, p), (Yλ, yλ)).

Hence for a μ ≥ λ1, λ2, the following diagrams are commutative, for every n ≥ max{n1, n2}
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Sh∗
0((P, p), (Xg(λ), xg(λ)))

fn
g(λ)∗

Sh∗
0((P, p), (Yg(λ), yg(λ)))

gn
λ

Sh∗
0((P, p), (Xμ, xμ))

pg(λ)μ∗

pλμ∗
Sh∗

0((P, p), (Xλ, xλ)),

Sh∗
0((P, p), (Yg(λ), yg(λ)))

gn
λ

Sh∗
0((P, p), (Xλ, xλ))

fn
λ ∗

Sh∗
0((P, p), (Yμ, yμ))

qg(λ)μ∗

qλμ∗
Sh∗

0((P, p)(Yλ, yλ)).

Since μ ≥ λ, by Definition 3.13, for any n ≥ n0, there exist the maps rn1 : (Xλ′ , xλ′) → (Xμ, xμ) and 
rn2 : (Yλ′ , yλ′) → (Yμ, yμ) satisfying (13).

Also, since F ∗ is a coarse shape morphism, for μ ≥ g(λ), there exists n3 ∈ N such that for every n ≥ n3,

fn
g(λ) ◦ pg(λ)μ 
0 qg(λ)μ ◦ fn

μ . (14)

Put Mλ = max{n0, n1, n2, n3} and let n ≥ Mλ.
To prove (i), consider a map h : (P, p) → (Yλ′ , yλ′). Let α∗ be the coarse shape morphism from (P, p)

to (Yμ, yμ) given by 〈[(am)]〉, where am = rn2 ◦ h : (P, p) → (Yμ, yμ), for every m ∈ N. Then β∗ =
(gnλ ◦ qg(λ)μ∗)(α

∗) is a coarse shape morphism from (P, p) to (Xλ, xλ) given by 〈[(bm)]〉. We know fn
λ ∗ ◦ gnλ ◦

qg(λ)μ∗(α
∗) = qλμ∗(α

∗), i.e., two coarse shape morphisms fn
λ ∗(β

∗) and qλμ∗(α
∗) given by 〈[(cm = fn

λ ◦ bm)]〉
and 〈[(dm = qλμ ◦ rn2 ◦ h)]〉, respectively, are equal. So by the definition, there exists Mn ∈ N that for every 
m ≥ Mn,

fn
λ ◦ bm 
0 qλμ ◦ rn2 ◦ h.

Take kn = bMn : (P, p) → (Xλ, xλ). Hence, by (13)

fn
λ ◦ kn = fn

λ ◦ bMn 
0 qλμ ◦ rn2 ◦ h 
0 qλλ′ ◦ h.

To prove (ii), suppose k1, k2 : (P, p) → (Xλ′ , xλ′) are maps with fn
λ′ ◦k1 
0 fn

λ′ ◦k2 and so rn2 ◦fn
λ′ ◦k1 
0

rn2 ◦fn
λ′◦k2. By (13), rn2 ◦fn

λ′ 
0 fn
μ ◦rn1 , so fn

μ ◦rn1 ◦k1 
0 fn
μ ◦rn1 ◦k2 and then qg(λ)μ◦fn

μ ◦rn1 ◦k1 
0 qg(λ)μ◦fn
μ ◦

rn1 ◦k2. From (14), fn
g(λ)◦pg(λ)μ◦rn1 ◦k1 
0 fn

g(λ)◦pg(λ)μ◦rn1 ◦k2, hence fn
g(λ)∗

◦pg(λ)μ∗(l
∗
1) = fn

g(λ)∗
◦pg(λ)μ∗(l

∗
2), 

in which l∗1 and l∗2 are coarse shape morphisms in Sh∗
0((P, p), (Xμ, xμ)) given by 〈[(lm1 = rn1 ◦k1)]〉 and 〈[(lm2 =

rn1 ◦ k2)]〉, respectively. Then gnλ ◦ fn
g(λ)∗

◦ pg(λ)μ∗(l
∗
1) = gnλ ◦ fn

g(λ)∗
◦ pg(λ)μ∗(l

∗
2) and so pλμ∗(l

∗
1) = pλμ∗(l

∗
2) as 

coarse shape morphisms which are given by 〈[(pλμ ◦ lm1 = pλμ ◦ rn1 ◦ k1)]〉 and 〈[(pλμ ◦ lm2 = pλμ ◦ rn1 ◦ k2)]〉, 
respectively. Therefore,

pλμ ◦ rn1 ◦ k1 
0 pλμ ◦ rn1 ◦ k2

and by (13),

pλλ′ ◦ k1 
0 pλλ′ ◦ k2.
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Finally, to prove that F ∗ is a coarse shape equivalence, by Lemma 3.7, it is sufficient to show that the 
morphism f∗ : (X, x) → (Y, y) given by the level map (fn

λ ) is an isomorphism in pro∗-HPol0.
Given λ ∈ Λ. By the above argument, there exist triples (λ, λ′, Mλ) and (λ′, λ′′, Mλ′) satisfying the 

condition (∗∗).
Since F ∗ is a coarse shape morphism, there exists n0 ∈ N that for every n ≥ n0,

fn
λ ◦ pλλ′ 
0 qλλ′ ◦ fn

λ′ ,

and there exists n1 ∈ N that for every n ≥ n1,

fn
λ′ ◦ pλ′λ′′ 
0 qλ′λ′′ ◦ fn

λ′′ .

Now consider λ′′ ≥ λ and put N = max{n0, n1, Mλ, Mλ′}. Let n ≥ N . If P = Yλ′′ and h = id :
(Yλ′′ , yλ′′) → (Yλ′′ , yλ′′), then by (i) there exists a map kn : (Yλ′′ , yλ′′) → (Xλ′ , xλ′) such that

fn
λ′ ◦ kn 
0 qλ′λ′′ . (15)

Also, put P = Xλ′′ and k1 = kn ◦ fn
λ′′ and k2 = pλ′λ′′ which are maps from Xλ′′ → Xλ′ . Hence

fn
λ′ ◦ k1 = fn

λ′ ◦ kn ◦ fn
λ′′ 
0 qλ′λ′′ ◦ fn

λ′′ 
0 fn
λ′ ◦ pλ′λ′′ 
0 fn

λ′ ◦ k2.

So by (ii),

pλλ′ ◦ k1 
0 pλλ′ ◦ k2.

Take hn
λ = pλλ′ ◦ kn : (Yλ′′ , yλ′′) → (Xλ, xλ). We have

fn
λ ◦ hn

λ = fn
λ ◦ pλλ′ ◦ kn 
0 qλλ′ ◦ fn

λ′ ◦ kn 
0 qλλ′ ◦ qλ′λ′′ 
0 qλλ′′ ,

and

hn
λ ◦ fn

λ′′ = pλλ′ ◦ kn ◦ fn
λ′′ = pλλ′ ◦ k1 
0 pλλ′ ◦ k2 = pλλ′ ◦ pλ′λ′′ 
0 pλλ′′ . �
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