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Abstract In this paper, by reviewing the concept of semicovering maps, we present some 7

conditions under which a local homeomorphism becomes a semicovering map. We also 8

obtain some conditions under which a local homeomorphism is a covering map. 9

Keywords Local homeomorphism · Fundamental group · Covering map · Semicovering map 10

Mathematics Subject Classification (2010) 57M10 · 57M12 · 57M05 11

1 Introduction 12

It is well-known that every covering map is a local homeomorphism. The converse seems

Q1

13

to be an interesting question that when a local homeomorphism is a covering map (see 14

[4, 6, 8]). Recently, Brazas [2, Definition 3.1] generalized the concept of covering map 15

by the phrase A semicovering map is a local homeomorphism with continuous lifting of 16

paths and homotopies. Note that a map p : Y −→ X has continuous lifting of paths 17

if Pp : (PY )y −→ (PX)p(y) defined by Pp(α) = p ◦ α is a homeomorphism for all 18

y ∈ Y,where (PY )y = {α : [0, 1] −→ Y |α(0) = y}. Also, a map p : Y −→ X has 19
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continuous lifting of homotopies if �p : (�Y)y −→ (�X)p(y) defined by �p(φ) = p ◦ φ20

is a homeomorphism for all y ∈ Y , where elements of (�Y)y are endpoint preserving21

homotopies of paths starting at y. It is easy to see that any covering map is semicovering.22

The quasitopological fundamental group π
qtop

1 (X, x) is the quotient space of the loop23

space �(X, x) equipped with the compact-open topology with respect to the function24

�(X, x) −→ π1(X, x) identifying path components (see [1]). Torabi et al. [11, Theorem25

3.7] showed that for a connected, locally path connected space X, there is a one to one26

correspondence between its equivalent classes of connected covering spaces and the conju-27

gacy classes of subgroups of its fundamental group π1(X, x) with open core in π
qtop

1 (X, x).28

Using this classification, it can be concluded that for a locally path connected space X, a29

semicovering map p : X̃ −→ X is a covering map if and only if the core of p∗(π1(X̃, x̃0))30

in π1(X, x0) is an open subgroup of π
qtop

1 (X, x0). By using this fact, we give some condi-31

tions under which a semicovering map becomes a covering map which extend some results32

of [4].33

In Section 2, among reviewing the concept of local homeomorphism, path lifting prop-34

erty and unique path lifting property, we mention a result on uniqueness of lifting for local35

homeomorphism and a simplified definition [7, Corollary 2.1] for a semicovering map. Note36

that there is a misstep in the simplification of semicovering which we give another proof37

to remedy this defect. In Section 3, we intend to find some conditions under which a local38

homeomorphism is a semicovering map. Among other things, we prove that if p : X̃ −→ X39

is a local homeomorphism, X̃ is Hausdorff and sequential compact, then p is a semicover-40

ing map. Also, a closed local homeomorphism from a Hausdorff space is a semicovering41

map. Moreover, a proper local homeomorphism from a Hausdorff space onto a Hausdorff42

space is semicovering.43

Finally in Section 4, we generalize some results of [4]. In fact, we obtain some conditions44

under which a semicovering map is a covering map. More precisely, we prove that every45

finite sheeted semicovering map from a Hausdorff space is a covering map. Also, a proper46

local homeomorphism from a Hausdorff space onto a Hausdorff space is a finite sheeted47

covering map.48

2 Notations and Preliminaries49

In this paper, all maps f : X −→ Y between topological spaces X and Y are continuous.50

We recall that a continuous map p : X̃ −→ X, is called a local homeomorphism if for every51

point x̃ ∈ X̃ there exists an open neighborhood W̃ of x̃ such that p(W̃) ⊂ X is open and the52

restriction map p|
W̃

: W̃ −→ p(W̃) is a homeomorphism. In this paper, we assume that X̃53

is path connected and p is surjective.54

Definition 2.1 Assume that X and X̃ are topological spaces and p : X̃ −→ X is a con-55

tinuous map. Let f : (Y, y0) −→ (X, x0) be a continuous map and x̃0 ∈ p−1(x0). If there56

exists a continuous map f̃ : (Y, y0) −→ (X̃, x̃0) such that p ◦ f̃ = f , then f̃ is called a57

lifting of f .58

The map p has path lifting property if for every path f in X, there exists a lifting f̃ :59

(I, 0) −→ (X̃, x̃0) of f . Also, the map p has unique path lifting property if for every path60

f in X, there is at most one lifting f̃ : (I, 0) −→ (X̃, x̃0) of f (see [9]).61

The following lemma is stated in [5, Lemma 5.5] for Y = I . One can state it for an62

arbitrary map f : X −→ Y for a connected space Y .63
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Lemma 2.2 Let p : X̃ −→ X be a local homeomorphism, Y a connected space, X̃ a

Q2

64

Hausdorff space and let f : (Y, y0) −→ (X, x0) be a continuous map. Given x̃ ∈ p−1(x0) 65

there is at most one lifting f̃ : (Y, y0) −→ (X̃, x̃0) of f . 66

The following interesting result seemingly can be concluded from [7, Definition 7, 67

Lemma 2.1, Proposition 2.2]. 68

A map p : X̃ −→ X is a semicovering map if and only if it is a local homeomorphism 69

with unique path lifting and path lifting properties (see [7, Corollary 2.1]). (�) 70

Unfortunately, there exists a misstep in the proof of [7, Lemma 2.1]. More precisely, in 71

the proof of [7, Lemma 2.1], it is not guaranteed that ht (K
j
n ) ∩ U) �= φ, i.e., ht |Kj

n
might 72

be a lift of γ that is different from (p|U)−1 ◦ γ . After some attempts to find a proof for the 73

misstep, we found out that the method in the proof of [7, Lemma 2.1] does not work. Now, 74

we give a proof for [7, Lemma 2.1] with a different method as follows. 75

Lemma 2.3 (Local Homeomorphism Homotopy Theorem) Let p : X̃ −→ X be a local 76

homeomorphism with unique path lifting and path lifting properties. Consider the diagram 77

of continuous maps 78

79

where j (t) = (t, 0) for all t ∈ I . Then there exists a unique continuous map F̃ : I × I −→ 80

X̃ making the diagram commute. 81

Proof Put F̃ (t, 0) = f̃ (t) for all t ∈ I , and let W
f̃ (t)

be an open neighborhood of f̃ (t) in X̃ 82

such that p|W
f̃ (t)

: W
f̃ (t)

−→ p(W
f̃ (t)

) is a homeomorphism. Then, {f̃ −1(W
f̃ (t)

)|t ∈ I } is 83

an open cover for I . Since I is compact, there exists n ∈ N such that for every 0 ≤ i ≤ n−1 84

the interval [ i
n
, i+1

n
] is contained in f̃ −1(W

f̃ (ti )
) for some ti ∈ I . For every 0 ≤ i ≤ n − 1, 85

F−1(p(W
f̃ (ti )

)) is open in I × I which contains ( i
n
, 0). Hence there exists si ∈ I such that 86

[ i
n
, i+1

n
]× [0, si] is contained in F−1(p(W

f̃ (ti )
)) and so F([ i

n
, i+1

n
]× [0, si]) ⊆ p(W

f̃ (ti )
). 87

Since p|W
f̃ (ti )

: W
f̃ (ti )

−→ p(W
f̃ (ti )

) is a homeomorphism, we can define F̃ on ki = 88

[ i
n
, i+1

n
] × [0, si] by p−1|W

f̃ (ti )
◦ F |ki

. Let s = min{si |0 ≤ i ≤ n − 1}, then by gluing 89

lemma, we can define F̃ on I × [0, s] since { i+1
n

} × [0, s] ∈ ki ∩ ki+1. Put A = {r ∈ 90

I | there exists F̃r : I × [0, r] −→ X̃ such that F(x, y) = p ◦ F̃r (x, y)for every(x, y) ∈ 91

I × [0, r] and F̃ (t, 0) = f̃ (t)}. Note that A is nonempty since 0 ∈ A. We show that there 92

exists M ∈ I such that M = max A. For this, consider an increasing sequence {an}n∈N in 93

A such that an −→ a. We show that a ∈ A. Let s < a, then there exists ns ∈ N such that 94

s ≤ ans . We define H : I × [0, a] −→ X̃ by 95

H(t, s) =
{

F̃ans
(t, s) s < a

λa(t) s = a,

where λa(t) is the lifting of the path F(I×{a}) starting at γ (a) and γ is the lifting of the path 96

F(0, t) for t ∈ I starting at f̃ (0). Note that the existence of λa(t) and γ are due to path lift- 97

ing property of p. The map H |I×[0,a) is well defined and continuous since if r1, r2 ∈ A and 98
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r1 < r2, then F̃r2 |I×[0,r1) = F̃r1 and p is a local homeomorphism with unique path lifting99

property. Therefore, H |{0}×[0,a) is a lifting of F |{0}×[0,a) starting at f̃ (0) which implies that100

H(0, t) = γ (t) for every 0 ≤ t < a. Put B = {t ∈ I |H |{I×[0,a)}∪{[0,t]×{a}}is continuous}.101

We show that, there exists 0 < ε < 1 such that H |I×[0,a)∪{[0,ε)×{a}} is continuous. For this,102

consider U = Uγ(a) an open neighborhood of γ (a) such that p|Uγ(a)
: Uγ(a) −→ p(Uγ (a))103

is a homeomorphism. There exists 0 < ε < 1 such that F([0, ε] × [a − ε, a]) ⊆104

p(Uγ (a)) so we have a lifting of F |[0,ε]×[a−ε,a] in Uγ(a) by p−1|U ◦ F |[0,ε]×[a−ε,a].105

Note that p−1|U ◦ F |[0,ε]×[a−ε,a](0, t) and γ (t) are two liftings of F |{0}×[a−ε,a](0, t)106

such that p−1|U ◦ F(0, a) = λa(0) = γ (a). By unique path lifting property, we have107

p−1|U ◦F |[0,ε]×[a−ε,a](0, t) = γ (t) for t ∈ [a−ε, a] so p−1|U ◦F |[0,ε]×[a−ε,a](0, a− ε
2 ) =108

γ (a − ε
2 ). Since H(0, a − ε

2 ) = γ (a − ε
2 ), by unique path lifting property we have109

p−1|U ◦ F |[0,ε]×[a−ε,a) = H |[0,ε]×[a−ε,a). Note that p−1|U ◦ F |[0,ε]×[a−ε,a](t, a) and λa(t)110

are two liftings of F |[0,ε]×{a}(t, a) such that p−1|U ◦ F(0, a) = γ (a) = λa(0). By unique111

path lifting property, we have p−1 ◦ F(t, a) = λa(t) = H(t, a) for t ∈ [0, ε]. Hence112

H |I×[0,a)∪{[0,ε)×{a}} is continuous which implies that B is nonempty. We show that B has113

a maximum element and max B = 1. For this, consider an increasing sequence {bn}n∈N114

in B such that bn −→ b. We know that H is continuous on {I × [0, a)} ∪ {[0, b) × {a}}.115

By a similar argument for the continuity of H |I×[0,a)∪{[0,ε)×{a}}, we can prove that H is116

continuous on {I × [0, a)} ∪ {[0, b] × {a}} and max B = 1. Thus B = I . Therefore117

a ∈ A, which implies that A has a maximum. Finally, by a similar idea for constructing118

F̃ on I × [0, s], we can show that M = 1. Hence we have a lifting for F by p making119

the above diagram commute. Uniqueness of F̃ is obtained by Lemma 2.2 since I × I is120

connected.121

Also, there exists a misstep in the proof of [7, Proposition 2.2]. More precisely, in the122

proof of [7, Proposition 2.2], the equality123

Pp(U) =
n⋂

j=1

〈Kj
n , p(Uj )〉 ∩ (PX)x

does not hold in general. Now, we give a proof for the result (�).124

Theorem 2.4 A map p : X̃ −→ X is a semicovering map if and only if it is a local125

homeomorphism with unique path lifting and path lifting properties.126

Proof If p : X̃ −→ X is a semicovering map then continuous lifting of paths guarantees127

unique path lifting and path lifting properties. Hence, p is a local homeomorphism with128

unique path lifting and path lifting properties. For the converse, let p : X̃ −→ X be a local129

homeomorphism with unique path lifting and path lifting properties, x ∈ X and x̃ ∈ p−1(x).130

The map Pp : (PY )y −→ (PX)p(y) is bijective since p is a local homeomorphism with131

unique path lifting and path lifting properties. Also by Lemma 2.3, we can conclude that132

the map �p : (�Y)y −→ (�X)p(y) is bijective. It is known that Pp and �p are continuous133

so it is enough to show that Pp and �p are open. A basic open set in (PX̃)x̃ is of the134

form135

Ũ =
n⋂

j=1

〈Kj
n , Ũj 〉 ∩ (PX̃)x̃ ,
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where K
j
n = [ j−1

n
,

j
n
] and Ũj is an open neighborhood in X̃ such that p|

Ũj
: Ũj −→ p(Ũj ) 136

is a homeomorphism for 1 ≤ j ≤ n. Suppose 137

U =
n⋂

j=1

〈Kj
n , p(Ũj )〉 ∩

n−1⋂
j=1

〈Kj
n ∩ K

j+1
n , p(Ũj ∩ Ũj+1)〉 ∩ (PX)x.

Note that Pp(Ũ) = U . Since p is an open map, p(Ũj ) is open in X for 1 ≤ j ≤ n. 138

Since U is open in X̃, Pp is open and therefore Pp is a homeomorphism. It is obvious that 139

Pp(Ũ) ⊆ U . Let α ∈ U , since p has unique path lifting and path lifting properties, we can 140

find a lift α̃ ∈ (PX̃)x̃ . Put t ∈ K
j
n . Since p|

Ũj
and p|

Ũj ∩Ũj+1
are homeomorphisms and 141

α(K
j
n ∩ K

j+1
n ) ⊆ p(Ũj ∩ Ũj+1), we have p|

Ũj
(α̃(t)) = α(t) therefore α̃(t) ∈ Ũj . Thus 142

α̃ ∈ Ũ and hence Pp(Ũ) = U . 143

To show that �p is an open map, suppose Ũ ∈ (�X̃)x̃ is a basic open set of the form 144

Ũ =
⋂

0<i,j≤n

〈Ki,j
n , Ũi,j 〉 ∩ (�X̃)x̃ ,

where K
i,j
n = Ki

n × K
j
n and Ũi,j is an open neighborhood in X̃ such that p|

Ũi,j
: Ũi,j −→ 145

p(Ũi,j ) is a homeomorphism for 0 < i, j ≤ n. Suppose 146

U =
⋂

0<i,j≤n

〈Ki,j
n , p(Ũi,j )〉 ∩

⋂
0<i≤n,0<j≤n−1

〈Ki,j
n ∩ K

i,j+1
n , p(Ũi,j ∩ Ũi,j+1)〉

∩
⋂

0<i,j≤n−1

〈Ki,j
n ∩K

i,j+1
n ∩K

i+1,j
n ∩K

i+1,j+1
n ,p(Ũi,j ∩ Ũi,j+1∩ Ũi+1,j ∩ Ũi+1,j+1)〉

∩
⋂

0<i≤n−1,0<j≤n

〈Ki,j
n ∩ K

i+1,j
n , p(Ũi,j ∩ Ũi+1,j )〉 ∩ (�X)x.

Note that �p(Ũ) = U . It is obvious that �p(Ũ) ⊆ U . Let f ∈ U . Since p has unique 147

path lifting and path lifting properties, by Lemma 2.3, we can find a lift f̃ ∈ (�X̃)x̃ . 148

Put t ∈ K
i,j
n . Since p|

Ũi,j
, p|

Ũi,j ∩Ũi,j+1
, p|

Ũi,j ∩Ũi+1,j
and p|

Ũi,j ∩Ũi,j+1∩Ũi+1,j ∩Ũi+1,j+1
are 149

homeomorphisms, we have p|
Ũi,j

(f̃ (t)) = f (t) and so f̃ (t) ∈ Ũi,j . Thus f̃ ∈ Ũ which 150

implies �p(Ũ) = U . Hence �p is an open map. 151

Note that there exists a local homeomorphism without unique path lifting and path lifting 152

properties and so it is not a semicovering map . 153

Example 2.5 Let X̃ = ((0, 1) × {0})⋃
({ 1

2 } × [ 1
2 , 3

4 )) with a topology by open basis 154

{((
a,

1

2

)
× {0}

)
∪

({
1

2

}
×

[
1

2
, b

))
|a ∈

(
0,

1

2

)
, b ∈

(
1

2
,

3

4

)}⋃

{(a, b) × {0}|a, b ∈ (0, 1), a < b}
⋃ {{

1

2

}
× (a, b)|a, b ∈

(
1

2
,

3

4

)
, a < b

}
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and let X = (0, 1). Define p : X̃ −→ X by155

p(s, t) =
{

s t = 0
t t �= 0.

It is routine to check that p is an onto local homeomorphism which does not have unique156

path lifting and path lifting properties.157

3 When Is a Local Homeomorphism a Semicovering Map?158

In this section, we obtained some conditions under which a local homeomorphism is a159

semicovering map. First, we intend to show that if p : X̃ −→ X is a local home-160

omorphism, X̃ is Hausdorff and sequential compact, then p is a semicovering map. In161

order to do this, we are going to study a local homeomorphism with a path which has no162

lifting.163

Lemma 3.1 Let p : X̃ −→ X be a local homeomorphism, f be an arbitrary path in164

X and x̃0 ∈ p−1(f (0)) such that there is no lifting of f starting at x̃0. If Af = {t ∈165

I |f |[0,t]has a liftingf̂ton[0, t]withf̂t (0) = x̃0}, then Af is open and connected. Moreover,166

there exists α ∈ I such that Af = [0, α).167

Proof Let β be an arbitrary element of Af . Since p is a local homeomorphism, there exists168

an open neighborhood W at f̂β(β) such that p|W : W −→ p(W) is a homeomorphism.169

Since f̂β(β) ∈ W , there exists an ε ∈ I such that f [β, β + ε] is a subset of p(W). We can170

define a map f̂β+ε as follows:171

f̂β+ε(t) =
{

f̂β(t) t ∈ [0, β]
p|−1

W (f (t)) t ∈ [β, β + ε].
Hence, (0, β + ε) is a subset of Af and so Af is open.172

Suppose t, s ∈ A. Without loss of generality, we can suppose that t ≥ s. By the definition173

of Af , there exists f̂t and so [0, t] is a subset of Af . Also, every point between s and t174

belongs to Af hence Af is connected. Since Af is open connected and 0 ∈ Af , there exists175

α ∈ I such that Af = [0, α).176

Now, we prove the existence and uniqueness of a concept of a defective lifting.177

Lemma 3.2 Let p : X̃ −→ X be a local homeomorphism with unique path lifting property,178

f be an arbitrary path in X and x̃0 ∈ p−1(f (0)), such that there is no lifting of f starting179

at x̃0. Then, using the notation of the previous lemma, there exists a unique continuous map180

f̃α : Af = [0, α) −→ X̃ such that p ◦ f̃α = f |[0,α).181

Proof First, we defined f̃α : Af = [0, α) −→ X̃ by f̃α(s) = f̂s(s). The map f̃α is well182

defined since if s1 = s2, then by unique path lifting property of p we have f̂s1 = f̂s2 and so183

f̂s1(s1) = f̂s2(s2) hence f̃α(s1) = f̃α(s2). The map f̃α is continuous since for any element184

s of Af , f̂ α+s
2

is continuous at s and f̂ α+s
2

= f̂s on [0, s]. Thus, there exists ε > 0 such that185

f̃α|(s−ε,s+ε) = f̂ α+s
2

|(s−ε,s+ε). Hence, f̃α is continuous at s. For uniqueness, if there exists186

f̂α : [0, α) −→ X̃ such that p ◦ f̂α = f |[0,α), then by unique path lifting property of X̃ we187

must have f̃α = f̂α .188
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Definition 3.3 By Lemmas 3.1 and 3.2, we called f̃α the incomplete lifting of f by p 189

starting at x̃0. 190

Theorem 3.4 If X̃ is Hausdorff and sequential compact and p : X̃ −→ X is a local 191

homeomorphism, then p is a semicovering map. 192

Proof Let f : I −→ X be a path which has no lifting starting at x̃0 ∈ p−1(f (0)). Using 193

the notion of Lemma 3.1, let f̃ : Af = [0, α) −→ X̃ be the incomplete lifting of f at x̃0. 194

Suppose {tn}∞0 is a sequence in Af which tends to t0 and tn ≤ t0. Since X̃ is sequential 195

compact, there exists a convergent subsequence of f̃ (tn), {f̃ (tnk
)}∞0 say, such that f̃ (tnk

) 196

tends to l. We define 197

g(t) =
{

f̃ (t) 0 ≤ t < t0

l = limk→∞ f̃ (tnk
) t = t0.

We have p(l) = p(limk→∞ f̃ (tnk
)) = limk→∞ p(f̃ (tnk

)) = limk→∞ f (tnk
) = f (t0) 198

and so p ◦ g = f . We show that g is continuous on [0, t0], for this we show that 199

g is continuous at t0. Since p is a local homeomorphism, there exists a neighborhood 200

W at l such that p|W : W −→ p(W) is a homeomorphism. Hence, there is a ∈ I 201

such that f ([a, t0]) ⊆ p(W). Let V be a neighborhood at l and W ′ = V ∩ W , then 202

p(W ′) ⊆ p(W) is an open set. Put U = f −1(p(W ′)) ∩ (a, t0] which is open in [0, t0] at 203

t0. It is enough to show that g(U) ⊆ W ′. Since f (U) ⊆ p(W ′) and p is a homeomor- 204

phism on W ′, (p|W )−1(f (U)) ⊆ (p|W )−1(p(W ′)) and so (p|W )−1 ◦ f = f̃ on [a, t0) 205

since p(l) = f (t0). Hence (p|W)−1 ◦ f = g on [a, t0]. Thus g(U) ⊆ g(f −1(p(W ′))) = 206

(p|W )−1 ◦ f (f −1(p(W ′))) ⊆ (p|W )−1 ◦ p(W ′) ⊆ W ′ ⊆ V , so g is continuous. Hence 207

t0 ∈ Af , which is a contradiction. Thus the map p has path lifting property. Using Lemma 208

2.2 p has unique path lifting property. Hence, Theorem 2.4 implies that p is a semicovering 209

map. 210

Note that every compact metric space is sequential compact. In the following, we present 211

two semicovering maps on compact metric spaces. 212

Example 3.5 We show that p : S1 × S1 −→ S1 × S1 defined by (x, y) −→ (xnym, xsyt ) 213

is a semicovering map, where m, n, s, t ∈ N such that n
s

�= m
t

. Let exp(θ) = e2πiθ , then 214

we can consider p as p(exp(α), exp(β)) = (exp(nα + mβ), exp(sα + tβ)). As a notation 215

put exp(γ, η) = {exp(θ) ∈ S1|γ ≤ θ ≤ η}. Suppose l = Max{n, m, s, t} and U = 216

(exp(α − π
2l

, α + π
2l

)) × (exp(β − π
2l

, β + π
2l

)) is an open neighborhood of an element 217

(exp(α), exp(β)) ∈ S1 ×S1. It is clear that p|U : U −→ exp(n(α − π
2l

)+m(β − π
2l

), n(α + 218
π
2l

)+m(β + π
2l

))× exp(s(α − π
2l

)+ t (β − π
2l

), s(α + π
2l

)+ t (β + π
2l

)) is a homeomorphism. 219

Note that 220(
m

(
α + π

2l

)
+ n

(
α + π

2l

))
−

(
m

(
α − π

2l

)
+ n

(
α − π

2l

))

<
m

l

(π

2
+ π

2

)
+ n

l

(π

2
+ π

2

)
< 2π

and 221(
s
(
β + π

2l

)
+ t

(
β + π

2l

))
−

(
s
(
β − π

2l

)
+ t

(
β − π

2l

))

<
s

l

(π

2
+ π

2

)
+ t

l

(π

2
+ π

2

)
< 2π.
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Therefore, if p(exp(α1), exp(β1)) = p((exp(α2), exp(β2))), then222 {
nα1 + mβ1 = nα2 + mβ2
sα1 + tβ1 = sα2 + tβ2

so

{
n(α1 − α2) = m(β2 − β1)

s(α1 − α2) = t (β2 − β1).

Since n
s

�= m
t

, we have α1 = α2 and β1 = β2. Thus, p is a local homeomorphism.223

Note that S1 × S1 is a compact metric space and so it is sequential compact. Hence by224

Theorem 3.4, p is a semicovering map. It should be mentioned that every semicovering225

of a path-connected, locally path-connected, semilocally simply connected space is a cov-226

ering. Hence, p is a covering map. Note that finding an evenly covered neighborhood227

by p for an arbitrary element of S1 × S1 does not seem to be an easy computational228

task.229

Example 3.6 In Fig. 1, the map p transfers every ci, j to ci directly for i ∈ N and 1 ≤230

j ≤ 4. Since the domain of p is compact metric, it is a sequential compact space and using231

Theorem 3.4 we can conclude that p is a semicovering map.232

Clearly, the composition of two local homeomorphisms is a local homeomorphism hence233

by Theorem 3.4 we have the following corollary.234

Corollary 3.7 If pi : X̃i −→ X̃i−1 for i = 1, 2 are local homeomorphisms and X̃2 is235

Hausdorff and sequential compact, then p1 ◦ p2 is a semicovering map.236

Chen and Wang [4, Theorem 1] showed that a closed local homeomorphism p from a237

Hausdorff space X̃ onto a connected space X is a covering map, when there exists at least238

one point x0 ∈ X such that |p−1(x0)| = k, for some finite number k. In the following239

theorem, we extend this result for semicovering map without finiteness condition on any240

fiber.241

Fig. 1 A semicovering map of a sequential compact space
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Theorem 3.8 Let p be a closed local homeomorphism from a Hausdorff space X̃ onto a 242

space X. Then p is a semicovering map. 243

Proof Using Theorem 2.4, it is enough to show that p has unique path lifting and path 244

lifting properties. By Lemma 2.2, p has the unique path lifting property. To prove the path 245

lifting property for p, suppose there exists a path f in X such that it has no lifting starting 246

at x̃0 ∈ p−1(f (0)). Let g : Af = [0, α) −→ X̃ be the incomplete lifting of f at x̃0. 247

Suppose {tn}∞0 is a sequence which tends to α. Put B = {tn|n ∈ N}, then g(B) is closed 248

in X̃ and so p(g(B)) is closed in X since p is a closed map. Since f (B) ⊆ p(g(B)), 249

f (α) ∈ p(g(B)) and so there exists β ∈ g(B) such that p(β) = f (α). Since p is a local 250

homeomorphism, there exists a neighborhood Wβ at β such that p|Wβ : Wβ −→ p(Wβ) is 251

a homeomorphism. Since β ∈ g(B), there exists an nk ∈ N such that g(tnr ) ∈ Wβ for every 252

nr ≥ nk . Since f (α) ∈ p(Wβ), there exists k1 ∈ N such that f ([tnk1
, α]) ⊆ p(Wβ). Put 253

h = ((p|Wβ )−1 ◦ f )|[tnk1
,α], then p ◦ g = f = p ◦ h on [tnk1

, α). Hence p ◦ h = p ◦ g 254

on [tnk1
, α). Since p|Wβ is a homeomorphism, g(tnk1

) = h(tnk1
), thus g = h on [tnk1

, α). 255

Therefore, the map ḡ : [0, α] −→ X̃ defined by 256

ḡ(t) =
{

g(t) 0 ≤ t < α

h(α) = β t = α

is continuous and p ◦ ḡ = f on [0, α]. Hence α ∈ Af , which is a contradiction. 257

Remark 3.9 Note that the local homeomorphism p : S1 × S1 −→ S1 × S1, introduced in 258

Example 2.5, is a closed map since S1 ×S1 is Hausdorff and compact. Thus, using Theorem 259

3.8, we can obtain another proof to show that p is semicovering. 260

4 When is a Semicovering Map a Covering Map? 261

If p : X̃ −→ X is semicovering, then π1(X, x0) acts on Y = p−1(x0) by αx̃0 = α̃(1), 262

where x̃0 ∈ Y and α̃ is the lifting of α starting at x̃0 (see [2]). Therefore, we can conclude 263

that the stabilizer of x̃0, π1(X, x0)x̃0 , is equal to p∗(π1(X̃, x̃0)) for all x̃0 ∈ Y and so |Y | = 264

[π1(X, x0) : p∗(π1(X̃, x̃0))]. Thus, if x0, x1 ∈ X, Y0 = p−1(x0), Y1 = p−1(x1) and X̃ is 265

a path connected space, then |Y0| = |Y1|. Hence, one can define the concept of sheet for a 266

semicovering map similar to covering maps. 267

The following example shows that there exists a local homeomorphism with finite fibers 268

which is not a semicovering map. 269

Example 4.1 Let X̃ = (0, 2) and let X = S1. Define p : X̃ −→ X by p(t) = e2πit . It is 270

routine to check that p is an onto local homeomorphism whose fibers are finite but p is not 271

a semicovering map since 272

|p−1((0, 1))| = 2 �= 1 = |p−1((1, 0))|.

Theorem 4.2 Suppose p : (X̃, x̃0) −→ (X, x0) is a semicovering map and X̃ is a Haus- 273

dorff space such that [π1(X, x0) : p∗(π1(X̃, x̃0))] is finite, then p is a finite sheeted covering 274

map. 275

Proof Let x be an arbitrary element of X. Since p is a semicovering map and [π1(X, x0) : 276

p∗(π1(X̃, x̃0))] = m, p is an m-sheeted semicovering map and so we have x̃ ∈ p−1(x) = 277



AUTHOR'S PROOF JrnlID 40306 ArtID 205 Proof#1 - 17/03/2017

UNCORRECTED
PROOF

M. Kowkabi et al.

{x̃1, x̃2, x̃3, . . . , x̃m}. Since X̃ is Hausdorff and p is a local homeomorphism, we can find278

an open neighborhood U of x and disjoint open neighborhoods Ũj such that for every j ,279

1 ≤ j ≤ m, x̃j ∈ Ũj and p|
Ũj

: Ũj −→ U is a homeomorphism. Since p is a semicovering280

map, we have |p−1(a)| = m for every a ∈ X which implies that p−1(U) = ∪m
j=1Ũj . Thus281

p is a finite sheeted covering map.282

The following result is an immediate consequence of the above theorem.283

Corollary 4.3 Every finite sheeted semicovering map from a Hausdorff space is a finite284

sheeted covering map.285

Note that Theorem 1 in [4] is an immediate consequence of our results Theorem 3.8 and286

Corollary 4.3.287

Brazas presented an infinite sheeted semicovering map which is not a covering map (see288

[2, Example 3.8]). In a similar way, one can construct another example as follows.289

Example 4.4 In Fig. 2, the map p2 is a covering of HE with infinite fiber Z. The map p1 is290

a two-sheeted covering map, but the composition is not a covering map since it fails local291

triviality. Thus, the composition is a semicovering of HE which is not a covering map.292

A map f : X −→ Y is called proper if and only if f −1(H) is compact for any com-293

pact subset H of Y . It is well-known that a proper local homeomorphism from a Hausdorff294

space to a locally compact, Hausdorff space is a covering map. Chen and Wang [4, Corol-295

lary 2] showed that a proper local homeomorphism from a Hausdorff, first countable space296

onto a Hausdorff, connected space is a covering map. We extend this result without first297

countability as follows.298

Theorem 4.5 If p is a proper local homeomorphism from a Hausdorff space X̃ onto a299

Hausdorff space X, then p is a finite sheeted covering map.300

Fig. 2 A semicovering map which is not a covering map
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Proof The map p is open since every local homeomorphism is an open map. Also, every 301

open proper map is closed (see [10, Fact 2.3]). Hence, using Theorem 3.8, p is a semicov- 302

ering map. Since singletons in X are compact and p is proper, every fiber of p is compact 303

in X̃. Since fibers of a local homeomorphism are discrete, fibers of p are compact and so 304

they are finite. Therefore, p is a finite sheeted semicovering map. Hence by Corollary 4.3, 305

p is a finite sheeted covering map. 306

The local homeomorphism p : S1 × S1 −→ S1 × S1, introduced in Example 3.5, is a 307

proper map since S1 × S1 is Hausdorff and compact. Thus by Theorem 4.5, we can prove 308

that p is a finite sheeted covering map. Note that it is not easy to find an evenly covered 309

neighborhood by p for an arbitrary element of S1 × S1. 310

Corollary 4.6 If X̃ is Hausdorff and sequential compact and p : X̃ −→ X is a local 311

homeomorphism with a finite fiber, then p is a finite sheeted covering map. 312

Proof By Theorem 3.4, p is a semicovering map. Hence, p is a finite sheeted semicovering 313

map which is a finite sheeted covering map by Corollary 4.3. 314

Note that the local homeomorphism p : S1 × S1 −→ S1 × S1, introduced in Example 315

3.5, has a finite fiber and S1 × S1 is Hausdorff and sequential compact so by Corollary 4.6, 316

p is a finite sheeted covering map. 317
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