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Abstract In this paper, by reviewing the concept of semicovering maps, we present some
conditions under which a local homeomorphism becomes a semicovering map. We also
obtain some conditions under which a local homeomorphism is a covering map.
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1 Introduction

It is well-known that every covering map is a local homeomorphism. The converse seems
to be an interesting question that when a local homeomorphism is a covering map (see
[4, 6, 8]). Recently, Brazas [2, Definition 3.1] generalized the concept of covering map
by the phrase A semicovering map is a local homeomorphism with continuous lifting of
paths and homotopies. Note that a map p : Y — X has continuous lifting of paths
if Pp : (PY)y —> (PX)p( defined by P,(a) = p o a is a homeomorphism for all
y € Y,where (PY), = {& : [0,1] — Y|a(0) = y}. Also,amap p : ¥ — X has
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continuous lifting of homotopies if ®, : (®Y)y —> (®X)p(y) defined by ®,,(¢) = po ¢
is a homeomorphism for all y € Y, where elements of (®Y), are endpoint preserving
homotopies of paths starting at y. It is easy to see that any covering map is semicovering.

The quasitopological fundamental group nfmp (X, x) is the quotient space of the loop
space (X, x) equipped with the compact-open topology with respect to the function
Q(X,x) — m(X, x) identifying path components (see [1]). Torabi et al. [11, Theorem
3.7] showed that for a connected, locally path connected space X, there is a one to one
correspondence between its equivalent classes of connected covering spaces and the conju-
gacy classes of subgroups of its fundamental group 771 (X, x) with open core in n]qm” (X, x).
Using this classification, it can be concluded that for a locally path connected space X, a
semicovering map p : X — Xisa covenng map if and only if the core of p, (7] (X, %))
in 1 (X, x0) is an open subgroup of 711 P(X, x0). By using this fact, we give some condi-
tions under which a semicovering map becomes a covering map which extend some results
of [4].

In Section 2, among reviewing the concept of local homeomorphism, path lifting prop-
erty and unique path lifting property, we mention a result on uniqueness of lifting for local
homeomorphism and a simplified definition [7, Corollary 2.1] for a semicovering map. Note
that there is a misstep in the simplification of semicovering which we give another proof
to remedy this defect. In Section 3, we intend to find some conditions under which a local
homeomorphism is a semicovering map. Among other things, we prove thatif p : X — X
is a local homeomorphism, X is Hausdorff and sequential compact, then p is a semicover-
ing map. Also, a closed local homeomorphism from a Hausdorff space is a semicovering
map. Moreover, a proper local homeomorphism from a Hausdorff space onto a Hausdorff
space is semicovering.

Finally in Section 4, we generalize some results of [4]. In fact, we obtain some conditions
under which a semicovering map is a covering map. More precisely, we prove that every
finite sheeted semicovering map from a Hausdorff space is a covering map. Also, a proper
local homeomorphism from a Hausdorff space onto a Hausdorff space is a finite sheeted
covering map.

2 Notations and Preliminaries

In this paper, all maps f : X —> Y between topological spaces X and Y are continuous.
We recall that a continuous map p : X —> X, is called a local homeomorphism if for every
point ¥ € X there exists an open neighborhood W of & such that p(W) C X is open and the
restriction map ply; : W — p(W) is a homeomorphism. In this paper, we assume that X
is path connected and p is surjective.

Definition 2.1 Assume that X and X are topological spaces and p : X —> X is a con-
tinuous map. Let f : (¥, yo) —> (X, x0) be a continuous map and Xo € p ](xo) If there
exists a continuous map f Y, y0) — (X, Xo) such that po f f, then f is called a
lifting of f.

The map p has path lifting property if for every path f in X, there exists a lifting f
(1,0) — (X, %) of f- Also, the map p has unique path lifting property if for every path
f in X, there is at most one lifting f 1,0) — (X Xo) of f (see [9]).

The following lemma is stated in [5, Lemma 5.5] for ¥ = I. One can state it for an
arbitrary map f : X — Y for a connected space Y.

@ Springer i ms
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Lemma 2.2 Let p : X —> X be a local homeomorphism, Y a connected space, Xa
Hausdorff space and let f : (Y, yo) —> (X, x0) be a continuous map. Given % e p~H(x)
there is at most one lifting f Y, yo) — (X, %o) of f.

The following interesting result seemingly can be concluded from [7, Definition 7,
Lemma 2.1, Proposition 2.2].

Amap p : X — Xisa semicovering map if and only if it is a local homeomorphism
with unique path lifting and path lifting properties (see [7, Corollary 2.1]). (%)

Unfortunately, there exists a misstep in the proof of [7, Lemma 2.1]. More precisely, in
the proof of [7, Lemma 2.1], it is not guaranteed that h(KDH)NU) # ¢, ie., ht'Kr{ might

be a lift of y that is different from (p|y)~! o y. After some attempts to find a proof for the
misstep, we found out that the method in the proof of [7, Lemma 2.1] does not work. Now,
we give a proof for [7, Lemma 2.1] with a different method as follows.

Lemma 2.3 (Local Homeomorphism Homotopy Theorem) Let p : X —> X be a local
homeomorphism with unique path lifting and path lifting properties. Consider the diagram
of continuous maps

I— o (% 5%

l - 7
, F -
re
~ F
I x I —— (X, xp),

vghere Jj(@) = (t,0) forallt € 1. Then there exists a unique continuous map F:IxI—
X making the diagram commute.

Proof Put I:“(t 0) = f(t) forall ¢t € I, and let Wf(z) be an open neighborhood of f(t) in X

such that P|Wf~( Y

an open cover for /. Since [ is compact, there exists n € N such that forevery 0 <i <n—1
the interval [rl? %] is contained in f_l(W];(t_)) forsomet; € I.Forevery0 <i <n—1,
1

Wf(z) — p( f(t)) is a homeomorphism. Then, {f‘l(Wf(t))lt el}is

F~1( p(WJ;(t ))) is open in / x I which contains (L 0). Hence there exists s; € I such that

fl, ’H] x [0, s;] is contained in F— 1(p(W 7 ))) and so F([ ’tl] x [0, s;]) € p(Wf(li)).

Since pIW~ ; Wf(t) — p(Wf(tl_)) is a homeomorphism, we can define Fonk =

o
L ’H] x [0, s;] by p 1|W o Fli,. Let s = min{s;|0 < i < n — 1}, then by gluing

lemma, we can define F on I x [0, s] since {%} x [0,s] € ki Nkiy1. Put A = {r €
1| there exists F. : I x [0,r] —> X such that F(x,y)=po ﬁ,(x, y)for every(x, y) €
I x [0,r] and F(t, 0) = f(t)}. Note that A is nonempty since 0 € A. We show that there
exists M € I such that M = max A. For this, consider an increasing sequence {ay},cN in
A such that a, —> a. We show that a € A. Let s < a, then there exists ny; € N such that
s < ap,. Wedefine H : I x [0,a] — f(by

I:Ha,,l\. (t,s) s <a
Aq (1) §=a,

where A, (#) is the lifting of the path (I x {a}) starting at y (a) and y is the lifting of the path
F(0, 1) fort € I starting at f(0). Note that the existence of A,(¢) and y are due to path lift-
ing property of p. The map H|;x[o,4) is well defined and continuous since if r1, 7, € A and

H(t,s):{

ox
$OMy,

-
“ 10

W @ Springer
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r1 < rp, then ﬁrz l1x[0,r) = I:",] and p is a local homeomorphism with unique path lifting
property. Therefore, H |(0)x[0.q) is a lifting of F|(0}x[0.4) Starting at £(0) which implies that
H(,t) = y () forevery 0 <t < a.Put B = {t € I|H|{1x[0,a)}u{[0,r]x {a}}1S continuous}.
We show that, there exists 0 < € < 1 such that H|;x[0,4)u{[0,e)x{a}} 15 continuous. For this,
consider U = U, (4 an open neighborhood of y (a) such that P|Uy(a) Uy — pUy@)
is a homeomorphism. There exists 0 < € < 1 such that F([0,€] x [a — €,a]) <
p(Uy @) so We have a lifting of Fljo,cjxfa—e,al in Uy@ by p~'u o Flio.elxia—e,al-
Note that p~!|y o Fli0,e1x[a—e,a1(0, 1) and y(¢) are two liftings of Flo)x[a—e,a1(0, 1)
such that p~ !y o F(0,a) = 24(0) = y(a). By unique path lifting property, we have
P v oFlio,e1xa—e.al(0, 1) = y(t) fort € [a—e,al so p~ 'y o Flioejxa—e.a1(0,a—5) =
y(a — 5). Since H(0,a — 5) = y(a — §), by unique path lifting property we have
P71|U o Fl[0,e1x[a—e,a) = H[0,e1x[a—e,a)- NOte that p71|U o Fl[0,e1x[a—e,a)(f, @) and A, (F)
are two liftings of F|[o,e]x{q}(f, @) such that p_1 lu o F(0,a) = y(a) = 24(0). By unique
path lifting property, we have p_1 o F(t,a) = A,(t) = H(t,a) fort € [0, €]. Hence
H |1 x[0,a)U{]0,¢)x {a}} 1S continuous which implies that B is nonempty. We show that B has
a maximum element and max B = 1. For this, consider an increasing sequence {b,},eN
in B such that b, — b. We know that H is continuous on {I x [0,a)} U {[0, b) x {a}}.
By a similar argument for the continuity of H|;x[0,a)u{[0,e)x{a}}» WE can prove that H is
continuous on {/ x [0,a)} U {[0, b] x {a}} and max B = 1. Thus B = I. Therefore
a € A, which implies that A has a maximum. Finally, by a similar idea for constructing
F on I x [0,s], we can show that M = 1. Hence we have a lifting for F by p making
the above diagram commute. Uniqueness of Fis obtained by Lemma 2.2 since I x [ is
connected. O

Also, there exists a misstep in the proof of [7, Proposition 2.2]. More precisely, in the
proof of [7, Proposition 2.2], the equality
n
Pp) = [ (Ki. pU)) N (PX)x
j=1

does not hold in general. Now, we give a proof for the result (x).

Theorem 2.4 A map p : X — Xisa semicovering map if and only if it is a local
homeomorphism with unique path lifting and path lifting properties.

Proof If p : X — Xisa semicovering map then continuous lifting of paths guarantees
unique path lifting and path lifting properties. Hence, p is a local homeomorphism with
unique path lifting and path lifting properties. For the converse, let p : X — X be a local
homeomorphism with unique path lifting and path lifting properties, x € X and x € ().
The map P, : (PY)y — (PX),(y) is bijective since p is a local homeomorphism with
unique path lifting and path lifting properties. Also by Lemma 2.3, we can conclude that
the map ®, : (PY), — (X)) is bijective. It is known that P, and &, are continuous
so it is enough to show that /P, and ®, are open. A basic open set in (PX); is of the
form

U= ﬂ (Ki, Uj) N (PX)z,

Jj=1

@ Springer i ms
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where K} = [jn;l, %] and U is an open neighborhood in X such that p|[j/_ :U; — p(U;) 136

is a homeomorphism for 1 < j < n. Suppose 137
n n—1
. . . i . -
U= (& p@p)n((Ki 0K p(0; 0 Tj0) N (PX)y.
j=1 j=1

Note that PP(U) = U. Since p is an open map, p(Uj) isopenin X for 1 < j < n. 138
Since U is open in X, P, is open and therefore P, is a homeomorphism. It is obvious that 139
77,,([7 ) C U.Leta € U, since p has unique path lifting and path lifting properties, we can 140
find a} lifté € (PX);z. Putt € K. Since p|0j and plﬁjﬂﬁ_m are homeomorphisms and 141
a(Kj N K,{H) C p(U; NUjy1), we have p|0j (a(t)) = a(t) therefore a(t) € U;. Thus 142
& € U and hence 73,,([]) =U. 143

To show that ®, is an open map, suppose U e (®X); is a basic open set of the form 144

U= ﬂ (Krl;’j,(ji,j)ﬂ(@?z)f,

0<i,j<n

where Kf,’j = K,"l X K,J,- and U,-,j is an open neighborhood in X such that p|l7,~/ : f/i,j —> 145

p(l?,',j) is a homeomorphism for 0 < i, j < n. Suppose 146

U= () K2p@yn () (K 0K p(@ N0 i)

0<i,j<n O<i<n,0<j<n-—1

ij i,j+1 i+1.j i+1,j+1 ~ ~ ~ ~
n ) &Ik TNk Nk, PN Ui j10 Ui 0 Ui, 1))
0<i,j<n—1

N () KK pi N Ui ) N (@X),.

O<i<n—1,0<j<n

Note that QP(U) = U. It is obvious that QDP(U) C U.Let f € U. Since p has unique 147
path lifting' e}nd path lifting properties, by Lemma 2.3, we can find a lift f S (<I>}~();. 148

L] . _ ~ ~ . _ _ ~ ~ ~
Puts e K. Since ply p|U,-,,-ﬂl{i,j+1’ Plg, by an(} p|Ui,jqUi.j+lmUi+l,LﬂUi+i,j+l are 149
homeomorphisms, we have P|0U(f(t)) = f()and so f(t) € U; ;. Thus f € U which 150
implies <I>p(l7) = U. Hence @, is an open map. O 151

Note that there exists a local homeomorphism without unique path lifting and path lifting 152
properties and so it is not a semicovering map . 153

Example 2.5 Let X = (0, 1) x {0} U({%} X [%, %)) with a topology by open basis 154

[((e2) =)o fah[52)) e 03) e (33U

{(a,b) x {0}|a,b € (0, 1) a<b}U 1 X (a, b)|a bE(1 E) a<b
’ ’ T 2 ’ ’ 2°4)°

mee &\ Springer
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and let X = (0, 1). Define p : X — X by

st=0
”(S’t):{m;so.

It is routine to check that p is an onto local homeomorphism which does not have unique
path lifting and path lifting properties.

3 When Is a Local Homeomorphism a Semicovering Map?

In this section, we obtained some conditions under which a local homeomorphism is a
semicovering map. First, we intend to show that if p : X —> X is a local home-
omorphism, X is Hausdorff and sequential compact, then p is a semicovering map. In
order to do this, we are going to study a local homeomorphism with a path which has no
lifting.

Lemma 3.1 Let p : X —> X be a local homeomorphism, f be an arbitrary path in
X and %y € p~'(f(0)) such that there is no lifting of f starting at Xo. IfAy = {t €
I |flio,rhas a liftingﬁon[O, t]withf,(O) = Xo}, then Ay is open and connected. Moreover,
there exists o € I such that Ay = [0, ).

Proof Let B be an arbitrary element of A y. Since p is a local homeomorphism, there exists
an open neighborhood W at f,g (B) such that p|lw : W — p(W) is a homeomorphism.
Since fﬁ (B) € W, there exists an € € I such that f[8, B + €] is a subset of p(W). We can
define a map fﬁ+€ as follows:

fe () t €0, B]
Pl (f@) t € (B, B+el

Hence, (0, B + ¢€) is a subset of Ay and so A r is open.

Suppose ¢, s € A. Without loss of generality, we can suppose that ¢ > s. By the definition
of Ay, there exists f, and so [0, f] is a subset of A . Also, every point between s and ¢
belongs to A s hence A 7 is connected. Since A y is open connected and 0 € A ¢, there exists
a € Isuchthat Ay = [0, @). O

fpret) = {

Now, we prove the existence and uniqueness of a concept of a defective lifting.

Lemma 3.2 Letp : X —> X be alocal homeomorphism with unique path lifting property,
f be an arbitrary path in X and %o € p~'(f(0)), such that there is no lifting of f starting
at Xo. Then, using the notation of the previous lemma, there exists a unique continuous map
fu A =1[0,a) — X such that p o fa = fl0,0)-

Proof First, we defined fa A =1[0,0) — X by fa(s) = ﬁ(s) The ‘map fa is well
defined since if s; = s7, then by unlque path lifting property of p we have fAl ﬁz and so
fYl (s1) = fY2 (s2) hence fa (s1) = fa (sz) The map fa is continuous since for any element
sof Ay, fotzj is continuous at s and fa%s = fs on [0, s]. Thus, there exists € > 0 such that

Jals—e,s+¢) = fot+s |(s—e,s+e)- Hence, fi is continuous at s. For uniqueness, if there exists

f [0, ®) —> X such that p o fa = fl{0,«), then by unique path lifting property of X we
must have fy = fi,. O

@ Springer i ms
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Definition 3.3 By Lemmas 3.1 and 3.2, we called fa the incomplete lifting of f by p 189
starting at Xg. 190
Theorem 3.4 If X is Hausdorff and sequential compact and p : X —> X is a local 191
homeomorphism, then p is a semicovering map. 192

Proof Let f : I —> X be a path which has no lifting starting at Xo € p ~1(f(0)). Using 193
the notion of Lemma 3.1, let f : A r=100a) — X be the incomplete llftmg of fatXp. 194
Suppose {#,}° is a sequence in Ay which tends to #o and #, < to. Since X is sequential 195
compact, there exists a convergent subsequence of f (tw), { f (tnk)}(c)>O say, such that f (tn,) 196
tends to /. We define 197

f@ 0<t<t1o
I =limg— o0 f(tn,) t = t0.

gt) = {

We have p(l) = p(limgooo f(tn)) = limgooo p(f(tn)) = limgesoo f(tny) = flio) 198
and so p o g = f. We show that g is continuous on [0, #p], for this we show that 199
g 1s continuous at fy. Since p is a local homeomorphism, there exists a neighborhood 200
W at [ such that plw : W — p(W) is a homeomorphism. Hence, there is a € I 201
such that f([a,t9]) € p(W). Let V be a neighborhood at / and W' = V N W, then 202
p(W') C p(W) is an open set. Put U = f~'(p(W’)) N (a, tp] which is open in [0, fo] at 203
fo. It is enough to show that g(U) € W’. Since f(U) € p(W’) and p is a homeomor- 204
phism on W', (plw)~'(f(U)) S (plw)~'(p(W") and so (plw)~' o f = fonla,to) 205
since p(I) = f(t). Hence (p|lw)~' o f = g on [a, f]. Thus g(U) € g(f~'(p(W")) = 206
(plw)~ o FUF~NPpW))) € (plw)~ o p(W) € W C V, so g is continuous. Hence 207
to € Ay, which is a contradiction. Thus the map p has path lifting property. Using Lemma 208
2.2 p has unique path lifting property. Hence, Theorem 2.4 implies that p is a semicovering 209
map. O 210

Note that every compact metric space is sequential compact. In the following, we present 211
two semicovering maps on compact metric spaces. 212

Example 3.5 We show that p : §' x §' — §! x S! defined by (x, y) — (x"y™, x*y') 213
is a semicovering map, where m, n, s, t € N such that % # ? Let exp(0) = €27 then 214
we can consider p as p(exp(a), exp(B)) = (exp(na + mpB), exp(sa + tB)). As a notation 215
put exp(y, n) = {exp(f) € S1|y < 6 < n}. Suppose I = Max{n,m,s,t} and U = 216
(exp(e — 3;, & + %)) x (exp(B — %, B + 7)) is an open neighborhood of an element 217
(exp(a), exp(B)) € S' x S Itis clear that p|ly : U — exp(n(oa — %) +m(B — 211), n(e+ 218
) +m(B+ %)) xexp(s(a—5) +t(B—3;), s(a+ 3;) +1(B + %)) is a homeomorphism. 219
Note that 220

(r(o+5) 02+ 5) - (o= )00 )
G DG

and 221
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Therefore, if p(exp(a1), exp(B1)) = p((exp(e2), exp(B2))), then

{nal +mpr =nay+mpy {n(al —ay) =m(Ba— 1)
sayp +1tf1 =sax+th s(ay —az) =t(B2— B1).

Since % %, we have oy = ap and f; = B,. Thus, p is a local homeomorphism.
Note that S' x S! is a compact metric space and so it is sequential compact. Hence by
Theorem 3.4, p is a semicovering map. It should be mentioned that every semicovering
of a path-connected, locally path-connected, semilocally simply connected space is a cov-
ering. Hence, p is a covering map. Note that finding an evenly covered neighborhood
by p for an arbitrary element of S! x S! does not seem to be an easy computational

task.

Example 3.6 In Fig. 1, the map p transfers every ci, j to ci directly fori € Nand 1 <
J < 4. Since the domain of p is compact metric, it is a sequential compact space and using
Theorem 3.4 we can conclude that p is a semicovering map.

Clearly, the composition of two local homeomorphisms is a local homeomorphism hence
by Theorem 3.4 we have the following corollary.

Corollary 3.7 If pi : X; —> Xi_1 for i = 1,2 are local homeomorphisms and X, is
Hausdorff and sequential compact, then py o p» is a semicovering map.

Chen and Wang [4, Theorem 1] showed that a closed local homeomorphism p from a
Hausdorff space X onto a connected space X is a covering map, when there exists at least
one point xop € X such that | p~(x0)| = k, for some finite number k. In the following
theorem, we extend this result for semicovering map without finiteness condition on any
fiber.

c2,1

Fig. 1 A semicovering map of a sequential compact space
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When is a Local Homeomorphism a Semicovering Map?

Theorem 3.8 Let p be a closed local homeomorphism from a Hausdorff space X ontoa 242
space X. Then p is a semicovering map. 243

Proof Using Theorem 2.4, it is enough to show that p has unique path lifting and path 244
lifting properties. By Lemma 2.2, p has the unique path lifting property. To prove the path 245
lifting property for p, suppose there exists a path f in X such that it has no lifting starting 246
at %o € p~L(f(0)). Let g : Ay = [0,a) — X be the incomplete lifting of f at Xo. 247
Suppose {t,}g° is a sequence which tends to o. Put B = {#,|n € N}, then g(B) is closed 248
in X and so p(g(B)) is closed in X since p is a closed map. Since f(B) C p(g(B)), 249
f(a) € p(g(B)) and so there exists 8 € g(B) such that p(8) = f(«). Since p is alocal 250
homeomorphism, there exists a neighborhood Wpg at 8 such that plw, : Wg —> p(Wp)is 251

a homeomorphism. Since B € g(B), there exists an n; € N such that g(t,,) € Wg forevery 252
ny > ng. Since f(a) € p(Wp), there exists k; € N such that f([tnk],a]) C p(Wg). Put 253

h = ((p|WB)71 o f)|[tnk] a,then pog = f =pohon [£n, » @). Hence p o h=pog 254
on [t,,k1 , o). Since p|Wﬂ is a homeomorphism, g(tnkl) = h(t,,kl ), thus g = h on [t,,k1 ,o). 255

Therefore, the map g : [0, @] — X defined by 256
.. ]e® 0<t=<a«a
g(t)_ {h(O[)=,B =«

is continuous and p o g = f on [0, a]. Hence a € Ay, which is a contradiction. O 257

Remark 3.9 Note that the local homeomorphism p : §' x §! — §! x S!, introduced in 258
Example 2.5, is a closed map since S' x S! is Hausdorff and compact. Thus, using Theorem 259
3.8, we can obtain another proof to show that p is semicovering. 260

4 When is a Semicovering Map a Covering Map? 261

Ifp: X — Xis semicovering, then 71 (X, xg9) acts on ¥ = p_](xo) by axg = a(l), 262
where Xg € Y and & is the lifting of « starting at Xo (see [2]). Therefore, we can conclude 263

that the stabilizer of xo, 771 (X, x0)z,, is equal to p, (7 (X, Xo)) forall Xp € Y and so |[Y| = 264
[ (X, x0) : p*(m(f(,fo))]. Thus, if xg, x1 € X, Yy = p_l(x(J), Y1 = p_l(xl) and X is 265
a path connected space, then |Yy| = |Y1|. Hence, one can define the concept of sheet for a 266
semicovering map similar to covering maps. 267

The following example shows that there exists a local homeomorphism with finite fibers 268
which is not a semicovering map. 269

Example 4.1 Let X = (0,2) and let X = S'. Define p : X —> X by p(t) = ™' Itis 270
routine to check that p is an onto local homeomorphism whose fibers are finite but p is not 271
a semicovering map since 272

p~hO, D) =2#1=[p~ (1,0

Theorem 4.2 Suppose p : (X, %o) —> (X, x0) is a semicovering map and X is a Haus- 273
dorff space such that [ (X, xo) : p«(1(X, X0))] is finite, then p is a finite sheeted covering 274

map. 275
Proof Let x be an arbitrary element of X. Since p is a semicovering map and [71(X, xo) : 276
ps+(m1(X, %0))] = m, p is an m-sheeted semicovering map and so we have ¥ € p~'(x) = 277

R
)
e @ Springer
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(%1, %2, %3, ..., %p). Since X is Hausdorff and p is a local homeomorphism, we can find
an open neighborhood U of x and disjoint open neighborhoods U; such that for every j,
1<j<m, % €Ujand Pl[;j : U; —> U is ahomeomorphism. Since p is a semicovering

map, we have |p~!(a)| = m for every a € X which implies that p~!(U) = U;."Zlflj. Thus
p is a finite sheeted covering map. O

The following result is an immediate consequence of the above theorem.

Corollary 4.3 Every finite sheeted semicovering map from a Hausdorff space is a finite
sheeted covering map.

Note that Theorem 1 in [4] is an immediate consequence of our results Theorem 3.8 and
Corollary 4.3.

Brazas presented an infinite sheeted semicovering map which is not a covering map (see
[2, Example 3.8]). In a similar way, one can construct another example as follows.

Example 4.4 In Fig. 2, the map p» is a covering of HIE with infinite fiber Z. The map p; is
a two-sheeted covering map, but the composition is not a covering map since it fails local
triviality. Thus, the composition is a semicovering of HIE which is not a covering map.

Amap f : X —> Y is called proper if and only if f~!(H) is compact for any com-
pact subset H of Y. It is well-known that a proper local homeomorphism from a Hausdorff
space to a locally compact, Hausdorff space is a covering map. Chen and Wang [4, Corol-
lary 2] showed that a proper local homeomorphism from a Hausdorff, first countable space
onto a Hausdorff, connected space is a covering map. We extend this result without first
countability as follows.

Theorem 4.5 If p is a proper local homeomorphism from a Hausdorff space X onto a
Hausdorff space X, then p is a finite sheeted covering map.

\_ . \ / ‘,‘ ;' ‘.. \

! I'

\g/

Fig. 2 A semicovering map which is not a covering map
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When is a Local Homeomorphism a Semicovering Map?

Proof The map p is open since every local homeomorphism is an open map. Also, every
open proper map is closed (see [10, Fact 2.3]). Hence, using Theorem 3.8, p is a semicov-
ering map. Since singletons in X are compact and p is proper, every fiber of p is compact
in X. Since fibers of a local homeomorphism are discrete, fibers of p are compact and so
they are finite. Therefore, p is a finite sheeted semicovering map. Hence by Corollary 4.3,
p is a finite sheeted covering map. O

The local homeomorphism p : §' x S — §1 x S!, introduced in Example 3.5, is a
proper map since S' x S! is Hausdorff and compact. Thus by Theorem 4.5, we can prove
that p is a finite sheeted covering map. Note that it is not easy to find an evenly covered
neighborhood by p for an arbitrary element of S! x S'.

Corollary 4.6 If X is Hausdorff and sequential compact and p : X —> X is a local
homeomorphism with a finite fiber, then p is a finite sheeted covering map.

Proof By Theorem 3.4, p is a semicovering map. Hence, p is a finite sheeted semicovering
map which is a finite sheeted covering map by Corollary 4.3. O

Note that the local homeomorphism p : S! x §! — §! x S!, introduced in Example
3.5, has a finite fiber and S' x §! is Hausdorff and sequential compact so by Corollary 4.6,
p is a finite sheeted covering map.
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