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Abstract.  The current paper investigates new collision-pair selection procedures 
in a direct simulation Monte Carlo (DSMC) method. Collision partner selection 
based on the random procedure from nearest neighbor particles and deterministic 
selection of nearest neighbor particles have already been introduced as schemes 
that provide accurate results in a wide range of problems. In the current research, 
new collision-pair selections based on the time spacing and direction of the relative 
movement of particles are introduced and evaluated. Comparisons between the 
new and existing algorithms are made considering appropriate test cases including 
fluctuations in homogeneous gas, 2D equilibrium flow, and Fourier flow problem. 
Distribution functions for number of particles and collisions in cell, velocity 
components, and collisional parameters (collision separation, time spacing, relative 
velocity, and the angle between relative movements of particles) are investigated 
and compared with existing analytical relations for each model. The capability of 
each model in the prediction of the heat flux in the Fourier problem at dierent cell 
numbers, numbers of particles, and time steps is examined. For new and existing 
collision-pair selection schemes, the eect of an alternative formula for the number 
of collision-pair selections and avoiding repetitive collisions are investigated via 
the prediction of the Fourier heat flux. The simulation results demonstrate the 
advantages and weaknesses of each model in dierent test cases.
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Nomenclature

CFth theoretical collision frequency at the equilibrium state
CF numerical collision frequency
CFratio the ratio of numerical collision frequency to the theoretical value
c′ the magnitude of thermal velocity
d molecular diameter
dn number density fluctuation
du, dv, dw velocity components fluctuations
∆x collision cell size
∆t time step
Fn ratio of the number of real molecules to the simulated particles
f probability distribution function
g relative velocity of colliding particles
KB Boltzmann constant
K̂(t) temporal correlation function
K̂(x) spatial correlation function
L wall spacing in Fourier flow
λ molecular mean free path
m molecular mass
Npair number of pair selections
Ncol number of collisions in cell
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Nc instantaneous number of particles in cell
〈Nc〉 time-averaged number of particles in cell
n number density
ω viscosity-temperature exponent
q heat flux
rij inter-molecular distance of pair (i,j)
SOF mean collision separation divided by the mean free path
σ collision cross section
(σg)cmax maximum value of the product of collision cross-section and particles rela-

tive velocities
Tij time spacing of collision-pair (i,j)
Tchar characteristic time spacing value
Tλ mean free time
Tref reference temperature of gas
θij relative angle between direction motions of molecules of pair (i,j)
u, v, w velocity components
u′, v′ thermal velocity components
Vij inter-molecular relative velocity of pair (i,j)
VR relative velocity
Vmp most probable speed
∀c collision cell volume

1. Introduction

Direct simulation Monte Carlo (DSMC) is widely employed to solve the Boltzmann equa-
tion. It is a stochastic atomistic technique for the numerical treatment of fluid dynamic 
phenomena arising in rarefied gas flows. The binary collision is of crucial importance in 
the DSMC method. It calculates the most sophisticated term of the Boltzmann equa-
tion. The most-widely accepted collision model is the Bird’s no-time-counter (NTC) 
scheme [1–3]. There is another type of collision scheme known as the ‘Bernoulli trials’, 
proposed by Belotserkovskii and Yanitiskiy [4] and Yanitiskiy [5], which is constructed 
on the basis of the Kac equation. Quadratic dependence of the computational cost on the 
number of particles per cells (PPC) makes this algorithm considerably less ecient than 
the standard NTC collision scheme. Stefanov [6, 7] recommended an improved variant 
of the Bernoulli trial scheme called ‘simplified Bernoulli-trials’, (SBT) which made the 
computational performance of the Bernoulli trial-based collision algorithm linear regard-
ing PPC. SBT scheme faithfully solved a broad spectrum of rarefied flow problems using 
a quite small number of simulator particles [8–10]. To improve the quality of collisions, 
i.e. selecting closer collisional partners, Bird [11] advised using static subcells. LeBeau 
et al [12] suggested the ‘virtual subcell’ (VSC) method, where the nearest neighbor (NN) 
partner of any selected particle is considered as the collision partner. VSC needs the col-
lision separation examination of all the available particles in the cell to find the NN one.

In the case of deterministic selection of collision pair, in this paper, we introduce 
three new approaches for the first group of collision models. Here, we did not seek to 
demonstrate that existing collision models in the DSMC method are insucient or 

https://doi.org/10.1088/1742-5468/aa8c38
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inaccurate, but we plan to present some novel sets of collision pair selections in DSMC 
which were not yet considered in the literature and to present a fair comparison of 
their accuracy with the existing models. This paper examines some new ideas for the 
deterministic selection of collision-pairs. The NN scheme relies on computing the dis-
tance between the colliding pairs, but our schemes are based on the time spacing and 
direction of motion. We evaluate our newly presented models in this paper and dem-
onstrate the level of accuracy and weakness of these models. The performance of each 
model is evaluated and compared with the prevailing NTC and NN collision schemes at 
dierent test cases. The new models select collision pairs based on the lowest collision 
time (LCT), characteristic collision time (CCT), and a modified variant of the nearest 
neighbor model (MNN). The first and second models consider the time spacing of col-
lisional pairs instead of intermolecular distance spacing. The third one considers the 
direction of molecules of the pair for their selection. For the evaluation of new models, 
dierent test cases such as fluctuations in a homogeneous gas, 2D equilibrium gas, and 
Fourier flow problem have been considered, where we investigate the collisional and 
statistical parameters and heat flux values predicted by dierent schemes. The eects 
of avoiding repetitive collisions and using a new formula for the number of collision-pair 
selections are also investigated and reported on the heat flux obtained by both existing 
and new models.

2. Numerical method

Two approaches for determination of number of collision-pair selections (Npair) are 
employed in this investigation. The first one is based on the traditional formula used 
in DSMC94 codes of Bird:

Npair =
1

2
Fn Nc 〈Nc〉 (σg)cmax

∆t

∀c
 (1)

where both instantaneous (Nc) and average (〈Nc〉) number of the particles in cell are 
employed for determination of Npair. The term (σg)cmax is the maximum value of the 
product of a collision cross-section and collision-pair relative velocity in the cell.

The second approach uses only Nc and it has been employed in DS2V code where 
it assigns the maximum available number of pair selections within the cell space as 
follows:

Npair =
1

2
FnNc (Nc − 1) (σg)cmax

∆t

∀c

. (2)

The relation of the collision process to the Poisson distribution and its consequence, 

equality 〈Nc (Nc − 1)〉 = 〈Nc〉2., were first put forward by Yanitskiy [5], then high-
lighted by Stefanov and Cercignani [13], and finally presented by Bird in his sophis-
ticated algorithm [14]; note that the equation (2) is the modified expression of Bird’s 
original statement [15], i.e. equation (1), and is derived by replacement of [Nc 〈Nc〉] 
with [Nc (Nc − 1)], where the operator 〈 〉 denotes the average over time. Once selected, 
the particle pair is checked for collisions by using the acceptance-rejection procedure. 

https://doi.org/10.1088/1742-5468/aa8c38
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The acceptance-rejection logic is set up on a probabilistic concept. For a chosen pair 
1 � (i, j) � Nc, the collision occurs if:

(σg)ij
(σg)max

� Ranf, (3)

where (σg)ij is the product of collision cross-section and relative velocity of the selected 
collision pair (i, j) and Ranf is a random number between 0 and 1. The first particle is 
chosen randomly and the second is selected via dierent schemes.

2.1. NTC and NN schemes

Figure 1 shows the particles in a collisional cell. The first particle of collision pair 
is denoted by a red color. Relative distances and velocities of the first particle with 
respect to the others have been shown in the figure. Using NTC scheme, the second 
particle is chosen randomly from other candidate particles as follows:

j = integer (Ranf ×Nc) + 1 and j �= i (4)
where i and j are the indexes of first and second particles, respectively.

NN scheme selects the collision partners deterministically such that the relative 
distance between them become the lowest in the cell:

rji = min
k=1:Nc,k �=i

rki. (5)

2.2. Lowest collision time scheme (LCT)

It is shown that the deterministic selection of the NN partner may give rise to new 
sources of error. It requires a stringent temporal discretization. An insuciently small 
value of the time step would cause particles to ignore some of their probable col-
lision-pairs in their advection phase of the simulation [16–18]. Here, we propose a 

n

1

2

3

4

5

r21

r31

r41

rn1

r51V12

V31

V14

V15

V1n

Figure 1. First particle (red) of collision pair and its relative distances and 
velocities with respect to the others in the collisional cell.
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deterministic partner-selection model based on the LCT between the colliding pair 
which could be employed with a higher time step. It relies on the assumption that, 
in addition to a lower relative distance, pairs with a higher relative velocity are more 
prone for a collision. According to the LCT model, the partners are those that possess 
the LCT as follow:

Tij = min
k=1:Nc,k �=i

(
rki
Vik

)
. (6)

2.3. Characteristic collision time scheme (CCT)

Following the LCT scheme, another deterministic scheme could become feasible which 
selects collision partner based on a CCT. LCT scheme selects the particle which has 
the lowest time spacing with respect to the first particle, but CCT model selects the 
particle with a time spacing close to the characteristic value of Tchar:

Tij = min
k=1:Nc,k �=i

∣∣∣∣
rki
Vik

− Tchar

∣∣∣∣ . (7)

2.4. Modified nearest neighbor scheme (MNN)

In this scheme, the direction of the two particles is also intervened with in the NN 
procedure. This means that the NN particle is selected which is in the direction of the 
relative displacement of the first particle. According to figure 2, particle one should 
move with a direction in the range of +αI and −αII with respect to the relative distance 
vector to collide to its collision partner. Out of this range, the two particles will not 
collide. We apply this criterion by setting a limit for the relative angle between direc-
tions of motion for two particles:

cos (θij) > cos (θ0) . (8)
Negative values of cos (θ0) indicate that two particles are moving away from each other. 
Actually, MNN scheme tries to select nearest partners only if they are approaching 
each other.

3. Results and discussion

3.1. Fluctuations in uniform gas

In this section, we employ the DSMC0F code of Bird to investigate fluctuations in a 
uniform hard sphere gas with m = 5× 10−26 kg, d = 3.5× 10−10 m at Tref = 273K. In 
all simulations, collisional cell size and time step are set in a way so as to be smaller 
than local mean free path (λ) and mean collision time, respectively. Table 1 compares 
collisional parameters for NTC, NN, and LTC schemes. As it is seen, the number of 
collisions is higher for the LTC model. It is because in the LTC model the chance for 
the selection of particles with higher VR is greater. According to equation (3), higher VR 

https://doi.org/10.1088/1742-5468/aa8c38
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leads to a higher possibility of accepted collision. Therefore, acceptance ratio (the ratio 
of number of collisions to the number of selections) and number of collisions are higher 
for the LTC model. Mean collision separation (MCS) is the average distance between 
the collision-pair particles with the accepted collision. MCS value is maximum for the 
NTC scheme and is minimum for the NN one. Comparing to the NN model, MCS is 
greater for the LTC. This is due to the fact that LTC scheme considers the minimum 
separation and maximum relative velocity simultaneously. On the other word, LTC 
only considers the minimum time spacing, not minimum distance spacing.

The theoretical equilibrium collision rate per molecule (CFth) is given by [1]:

CFth = 4nd2
√

πKBTref

m

(
T

Tref

)1−ω

.

 (9)
CF represents the numerical value of collision rate calculated by the division of number 
of collisions in each cell (Ncol) on the execution time (Time) and half of the mean par-
ticle numbers per cell (〈Nc〉) as follows:

CF =
Ncol

0.5〈Nc〉Time
. (10)

CFratio is the ratio of the CF to its theoretical value—that is the equilibrium state. It 
should have a magnitude close to unity. According to table 1, using the LTC model, 
the collision rate increases compared to the theoretical value.

Distributions of number of particles (Nc) and number of collisions (Ncol) in cell are 
shown in figure 3. Symbols correspond to the Poisson distribution as follows:

P (k) = ψkexp (−ψ) /k! (11)

2nd

(II)
r121st

(I)

αII

αI

Figure 2. Desired range of relative angle between direction motions of molecules 
of the pair for collision.

Table 1. Collisional parameters for NTC, NN, and LTC schemes from DSMC0F 
code.

Scheme NTC NN LCT

Ncol 1.65  ×  107 1.65  ×  107 1.81  ×  107

Acceptance ratio 0.291 0.291 0.314
MCS 7.65  ×  10−5 9.28  ×  10−6 1.49  ×  10−5

CFratio 1.0108 1.0106 1.1082

https://doi.org/10.1088/1742-5468/aa8c38
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where P is the probability of observing k events in an interval and ψ is the average 
number of events per interval. It was previously shown [1] that using the NTC scheme, 
number of particle distribution in cell follows from the Poisson distribution. Figure 3(a) 
shows that this observation is also true for NN and LCT models. Figure 3(b) indicates 
that the distribution for number of collisions in cell is also in a suitable agreement with 
the Poisson distribution for all collision schemes. As it is seen, the average number of 
collisions in cell is higher for the LTC model, but for NTC and NN models, this param-
eter is approximately the same.

3.2. 2D Equilibrium gas

To investigate the performance of proposed models in an equilibrium gas, we con-
sider the argon gas (m = 6.63× 10−26 kg, d = 4.17× 10−10 m, ω = 0.75) in equilibrium 
at T = 273K in a rectangular domain with periodic boundary condition. Dierent col-
lision models are employed in the DSMC2 code of Bird. Table 2 compares collisional 
parameters for NTC, NN, and LCT models.

Separation-of-free path (SOF) is defined as the ratio of MCS to the gas mean free 
path, λ. As it is expected, SOF is maximum for the NTC and is the minimum for the 
NN model. MCT is the mean time spacing for colliding particles. According to table 2, 
MCT is at its lowest magnitude for the LTC model and is at its highest value for the 
NTC model. It is because the LCT scheme selects collision partners with the lowest 
time spacing. The collision frequency of the LCT model is greater compared to the 
NTC and NN models.

Figure 4 shows the velocity distribution functions for NTC, NN, and LCT models. 
Distribution functions are presented for thermal velocity components and their magni-
tude. Thermal velocity is defined as the dierence between the microscopic velocity of 
the particle and the macroscopic velocity of the bulk flow. The symbols correspond to 
Maxwell–Boltzmann distribution, which describes particle speeds in gas at equilibrium 
condition as follows [1]:

fc′ = 4c
′2β3π−1/2exp

(
−c

′2β2
)

 
(12)

Figure 3. Distributions for number of simulated particles (a) and number of 
collisions (b) in cell.

https://doi.org/10.1088/1742-5468/aa8c38
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fu′ = βπ−1/2exp
(
−u

′2β2
)
,

 
(13)

where β = V −1
mp . Equation (13) is applicable for all velocity components. As it is seen, 

like the NTC model which previously represented [1], NN and LCT models are also 
consistent with the Maxwell-Boltzmann distribution. This indicates that, the LCT 
scheme leads to a correct equilibrium distribution for thermal velocities.

Table 3 shows the collisional parameters for the CCT scheme under dierent values 
of Tchar in equation (7). Dierent Tchar values are selected in two ways; i.e. dierent 

Table 2. Collisional parameters for NTC, NN, and LTC schemes from DSMC2 
code.

Scheme NTC NN LCT

SOF 0.270 0.055 0.069
MCT/Δt 0.960 0.197 0.165
CFratio 1.005 1.007 1.090

Figure 4. Distribution functions for the molecular thermal speed and its 
components.

https://doi.org/10.1088/1742-5468/aa8c38
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factors of time steps or mean free time (Tλ = λ/Vmp) are used. Increasing Tchar means an 
increase in the time spacing of the colliding particles, hence MCT increases. According 
to SOF values, collision separation is lower for a lower Tchar. As Tchar approaches to 
zero, CCT model approaches to the LCT one. Therefore, as Tchar decreases, collision 
frequency also increases.

Velocity distribution functions for dierent Tchar values are reported in figures 5 and 6.  
The results show that for suciently low values of Tchar, obtained distributions are in 
excellent agreement with equations (12) and (13). This indicates that the CCT model 
using high Tchar values leads to unphysical results for the velocity distribution.

Figure 7 shows the distributions for number of collisions in cell for the CCT scheme 
under dierent values of Tchar compared with the NTC model. Symbols correspond to 
Poisson distribution, equation (11). According to figure 7, for lower values of Tchar, the 
obtained distribution by CCT model is in good agreement with the Poisson distribu-
tion. As Tchar increases, the velocity distributions deviate from the Poisson ones and 
also the average number of collisions per cell decrease.

Table 4 compares collision frequency values for MNN with NTC and NN models. It 
is shown that MNN scheme leads to a collision frequency approximately the same as 
NTC and NN models.

Figure 8 compares distribution functions of the various collisional parameters 
achieved by NTC, NN, and MNN models. Distribution functions for MSC and MCT 
indicate that considering the direction of motion in the collision-pair selection increases 
the MCS and mean collision time spacing, figures 8(a) and (b). According to figure 8(c), 
the relative velocity distribution functions for all schemes are unique. Figure 8(d) shows 
distribution function. It is seen that distribution functions for NTC and NN models 
are the same. But for MNN model, it is dierent depending on the limiting value in 
equation (8).

Figure 9 compares velocity distribution functions from the MNN model with NTC 
and NN ones. The symbols correspond to equilibrium distribution, equations (12) and 
(13). We observe that like the NTC and NN models, MNN also predicts velocity distri-
bution functions at equilibrium conditions correctly.

3.3. Fourier flow

The Fourier flow, i.e. two infinite parallel walls separated by a distance L at dierent 
temperatures (figure 10), is considered here for the evaluation of various collision 
models. Argon gas (m = 6.63× 10−26 kg, d = 3.658× 10−10 m, ω = 0.5) at an average 
temper ature of 273.15 K and pressure of 266.6 Pa is employed. The wall is located at 
L  =  1 mm, cold and hot walls are at Tc = Tref −∆Tw/2 and Th = Tref +∆Tw/2, where 
∆Tw = 100K. Based on this condition, the plate distances is approximately 42 times of 

Table 3. Collisional parameters for CCT scheme.

Tchar 0.2 Δt Δt 2 Δt 0.02 Tλ 0.2 Tλ Tλ

SOF 0.1375 0.3672 0.5005 0.1514 0.5118 0.4305
MCT/∆t 0.8359 2.1392 4.070 0.8811 5.2534 6.3678
CFratio 1.0446 1.0131 0.8661 1.0529 0.7789 0.6789

https://doi.org/10.1088/1742-5468/aa8c38
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the average mean free path, i.e. λ � 0.024. The simulation test case has been selected 
based on the work of Gallis and coworkers [16, 17, 19].

Dierent collision models, i.e. NTC, NN, LCT, CCT, and MNN are evaluated here 
in the calculation of heat flux in Fourier flow problem. Eects of the computational time 
step, number of cells, and number of particles in cells (Nm) on each scheme will be exam-
ined. In addition, the eects of avoiding successively repeated collisions and dierent 
formula for Npair, equations (1) and (2), are investigated for each collision model.

Figure 11 shows the obtained heat fluxes by NN model for dierent time steps 
of (a) ∆t = 0.01Tλ and (b) ∆t = 0.1Tλ. For the time step of ∆t = Tλ, the obtained 
results from the NN scheme are very overestimated, which are not reported here. From 
figure 11(a), it is concluded the performance of NN scheme in prediction of heat flux is 

Figure 5. Distribution functions for molecular thermal speeds for dierent values 
of Tchar as factors of time step; componental thermal velocity (a) and thermal 
velocity magnitude (b).

Figure 6. Distribution functions for molecular thermal speeds for dierent values 
of Tchar as factors of local mean free time; componental thermal velocity (a) and 
thermal velocity magnitude (b).

https://doi.org/10.1088/1742-5468/aa8c38
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better than NTC at low cell numbers. However, this is negligible at a high cell number. 
Figure 11(a) also indicates that at insuciently high numbers of cell and particles, the 
NN model over predicts the heat flux more and accuracy of the NTC model is better. 
Figure 11(b) shows the results for a higher time step, i.e. ∆t = 0.1Tλ. Contrary to the 
figure 11(a), heat flux decreases with a decrease in particle numbers for case with 400 
cells, i.e. filled circles in figure 11(b). For all numbers of cells and particles, NN scheme 
over predicts the heat flux with respect to the NTC model more. It could be interpreted 
that the results obtained by the NTC model are more accurate than those of NN at 
higher time steps.

Figure 12 shows the obtained heat fluxes by NN scheme using equation (2). 
Comparing figures 11 and 12 indicates that using equation (2), results for NN scheme 
is closer to the converged value. This eect is significant at a lower number of particles 
and is negligible if a high number of particles is used. The eect of avoiding the suc-
cessively repeated collisions in the NN model is shown in figure 13. Avoidance of the 
repetitive collisions leads to a reduction in the heat flux in the NN solution. Comparing 
figures 11 and 13 indicates that this decrease is considerable in the NN scheme. It is 
shown that selection of repetitive collision-pair is more probable in NN model rather 
than NTC. Contrary to the figures 11 and 12, as number of particles increases in 
figure 13, heat flux decreases in NN model if we avoid successively repeated collisions.

Figure 14 depicts the variation of heat flux values resulted from the LCT model 
comparing with NTC results of Rader et al [19] for dierent numbers of cells and par-
ticles at time steps of (a) ∆t = 0.01Tλ, (b) ∆t = 0.1Tλ, and (c) ∆t = Tλ. It is seen that 
at all numbers of cells and particles, LCT scheme under predicts heat flux at low time 
steps and over predicts heat flux in the Fourier flow. Similarly to the NTC solution, 
as the numbers of particles and cells decrease heat flux increases. Figure 15 shows the 

Figure 7. Distributions for number of collisions obtained by CCT model under 
dierent values of Tchar.

Table 4. Collision frequency ratio for NTC, NN, and MNN models.

Model NTC NN MNN (cosθ > 0)
CFratio 0.999 0.999 0.995

https://doi.org/10.1088/1742-5468/aa8c38
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heat flux values obtained by the LCT scheme using equation (2). Comparing figures 14 
and 15 indicates that using equation (2) instead equation (1) has negligible eects on 
the results of the LCT model. The eect of avoiding repetitive collisions on the LCT 
scheme is shown in figure 16. It reduces the obtained heat flux by the LCT scheme. 
This eect is more significant at higher time steps, i.e. see the right frames in figures 14 
and 16. It could also be concluded from figures 14–16 that contrary to the NN model, 
LCT shows a better performance at higher time steps.

Figure 17 reports the heat flux values obtained by the LCT model comparing with 
the NTC results of Rader et al [19] for dierent numbers of cell and particles at time 
steps of (a) ∆t = 0.01Tλ, (b) ∆t = 0.1Tλ, and (c) ∆t = Tλ. According to presented 
investigations in section 3.2, the magnitude of Tchar in equation (7) is set at 0.02Tλ. 
Contrary to the NTC, NN, and LCT models, as the number of cells increases, heat flux 

Figure 8. Distribution functions for different collisional parameters, i.e. mean 
collision separation (a), mean collision time (b), relative velocity (c) and cosine 
of the angle between direction motions of two colliding particles (d) obtained by 
NTC, NN and MNN schemes.
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Figure 9. Velocity distributions functions NTC, NN, and MNN schemes; 
componental thermal velocity (a) and thermal velocity magnitude (b).
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Figure 10. Geometry of Fourier flow.
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Figure 11. Heat flux values obtained by NN scheme using equation (1) for dierent 
number of particles, cell numbers of 50 (□), 100 (Δ), 400 (○), and time steps of  
(a) ∆t = 0.01Tλ, (b) ∆t = 0.1Tλ.
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Figure 12. Heat flux values obtained by NN scheme using equation (2) for dierent 
number of particles, cell numbers of 50 (□), 100 (Δ), 400 (○), and time steps of  
(a) ∆t = 0.01Tλ, (b) ∆t = 0.1Tλ.
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Figure 13. Heat flux values obtained by NN scheme avoiding successively repeated 
collisions for dierent number of particles, cell numbers of 50 (□), 100 (Δ),  
400 (○), and time steps of (a) ∆t = 0.01Tλ, (b) ∆t = 0.1Tλ.
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Figure 14. Heat flux values obtained by LCT scheme using equation (1) for 
dierent numbers of particles, cell numbers of 50 (□), 100 (Δ), 400 (○), and time 
steps of (a) ∆t = 0.01Tλ, (b) ∆t = 0.1Tλ, and (c) ∆t = Tλ.
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Figure 15. Heat flux values obtained by LCT scheme using equation (2) for 
dierent numbers of particles, cell numbers of 50 (□), 100 (Δ), 400 (○), and time 
steps of (a) ∆t = 0.01Tλ, (b) ∆t = 0.1Tλ, and (c) ∆t = Tλ.
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Figure 16. Heat flux values obtained by LCT scheme avoiding from successively 
repeated collisions for dierent numbers of particles, cell numbers of 50 (□), 100 
(Δ), 400 (○), and time steps of (a) ∆t = 0.01Tλ, (b) ∆t = 0.1Tλ, and (c) ∆t = Tλ.
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Figure 17. Heat flux values obtained by CCT scheme using equation (1) for 
dierent numbers of particles, cell numbers of 50 (□), 100 (Δ), 400 (○), and time 
steps of (a) ∆t = 0.01Tλ, (b) ∆t = 0.1Tλ, and (c) ∆t = Tλ.
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Figure 18. Heat flux values obtained by CCT scheme using equation (2) for 
dierent numbers of particles, cell numbers of 50 (□), 100 (Δ), 400 (○), and time 
steps of (a) ∆t = 0.01Tλ, (b) ∆t = 0.1Tλ, and (c) ∆t = Tλ.
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Figure 19. Heat flux values obtained by CCT scheme avoiding from successively 
repeated collisions for dierent numbers of particles, cell numbers of 50 (□), 100 
(Δ), 400 (○), and time steps of (a) ∆t = 0.01Tλ, (b) ∆t = 0.1Tλ, and (c) ∆t = Tλ.
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Figure 20. Heat flux values obtained by MNN scheme using equation (1) for 
dierent numbers of particles, cell numbers of 50 (□), 100 (Δ), 400 (○), and time 
steps of (a) ∆t = 0.01Tλ, (b) ∆t = 0.1Tλ.
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increases in the CCT scheme. Also, heat flux decreases with a decrease in the number 
of particles. For all numbers of cells and particles, CCT over predicts the heat flux in 
comparison with the NTC results of [19]. Figures 18 and 19 investigate the eect of 
using equation (2) and avoiding the repetitive collisions in CCT scheme, respectively. 
It is detected that these changes have negligible eects on the computed heat flux by 
the CCT model.

Figure 20 shows the obtained heat fluxes by the MNN model for dierent time 
steps of (a) ∆t = 0.01Tλ and (b) ∆t = 0.1Tλ. The limiting value in equation (8) is set 
to be cosθ > 0. For time step of ∆t = t0, the obtained results from MNN scheme are 
overestimated which is not reported here. It should be remembered that using such a 
large time step is not recommended in the DSMC simulations. Comparing figures 11 
and 20 shows that MNN scheme over predicts heat flux compared to the NN model. 
In the MNN model, as numbers of cells and particles increase, the computed heat flux 
decreases. Figure 21 shows the heat flux values obtained by the MNN scheme using 
equation (2) instead equation (1). Comparing figures 20 and 21 denotes that using equa-
tion (2) instead equation (1) has negligible eects in the computed heat flux values by 
the MNN scheme. The eect of avoiding repetitive collisions on the MMN scheme is 
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Figure 21. Heat flux values obtained by MNN scheme using equation (2) for 
dierent numbers of particles, cell numbers of 50 (□), 100 (Δ), 400 (○), and time 
steps of (a) ∆t = 0.01Tλ, (b) ∆t = 0.1Tλ.
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Figure 22. Heat flux values obtained by MNN scheme avoiding from successively 
repeated collisions for dierent numbers of particles, cell numbers of 50 (□), 100 
(Δ), 400 (○), and time steps of (a) ∆t = 0.01Tλ, (b) ∆t = 0.1Tλ.
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demonstrated in figure 22. This change has significant eect and leads to decreases over 
the prediction of the heat flux by this model. The eect of avoiding repetitive collisions 
is more obvious at lower numbers of cells and particles.

4. Concluding remarks

In this work, we developed and implemented the collision pair selection procedures 
based on new concepts of time spacing and consideration of the direction of movement 
of particles. For this, we introduced the LCT model based on the lowest time spacing 
of the particles in comparison with the lowest distance spacing in the nearest neigh-
bour (NN) model. The simulation results indicated that LCT leads to correct distribu-
tions for velocity components under equilibrium condition as well as the numbers of 
col lisions and particles in the cell. In the case of Fourier flow problem, LCT showed a 
better performance compared to the NN scheme if a higher value of time step is used. 
CCT scheme could lead to accurate results if the characteristic time spacing value is 
selected properly. The value of characteristic time spacing was suggested to be 0.02 of 
the local mean free time. MNN model satisfied the correct prediction of distributions at 
the equilibrium condition. But the scheme over predicted heat flux in the Fourier flow 
problem with respect to the NN model, especially at lower cell numbers and lower num-
bers of particles. Lower numbers of cells and particles and higher time steps lead to an 
increase in the heat flux estimated by all collision models. It was detected that avoiding 
from repetitive collisions and determination of the number of collision-pair selections 
by a new formula, which does not depend on the average number of particles, could 
reduce over prediction of the heat flux by all collisional models. However, the eect of 
using this new formula for the number of selections was negligible in the estimation of 
heat flux on LCT, CCT, and MNN models.
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