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We explicitly calculate the disk-level S-matrix element of two closed string R-R and one open string NS
vertex operators in RNS formalism. We show that the amplitude satisfies various duality Ward identities. In
particular, when one of the R-R is zero form, the other one is two form, and the NS state is a gauge boson, the
amplitude transforms under an S-duality Ward identity to the amplitude of one dilaton, one B-field, and one
gauge boson, which has recently been calculated explicitly. We have also proposed a soft theorem for the
disk-level scattering amplitude of an ar bitrary number of hard closed strings and one soft open string at the
leading order of soft momentum, and we have shown that the above amplitude satisfies the soft theorem.
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I. INTRODUCTION

Theperturbative spectrumof type II closed superstrings in
flat spacetime consists of a tower of bosonic states in the
NS-NS and R-R sectors and their corresponding fermionic
states in the R-NS and NS-R sectors (see, e.g., [1]). The
nonperturbative spectrum of the type II superstring theory
includes dynamical Dp-brane objects [2]. The perturbative
excitations of the Dp-branes are given by the open string
spectrum, which consists of bosonic states in the NS sector
and their corresponding fermionic states in the R sector. In
perturbative theory, the leading interaction of excited
Dp-branes with the closed string states is given by the
S-matrix elements of the corresponding closed and open
string vertex operators on the diskworld sheet [3,4]. The type
II theory has various dualities [5,6] that appear in theS-matrix
elements through the corresponding Ward identities [7,8].
A duality of type II theory is T-duality, which appears

when one considers the theory on a compact manifold. In
the simplest case that the compact manifold is a circle, the
closed string spectrum of type IIA theory on the circle with
radius ρ transforms under T-duality to the closed string
spectrum of type IIB on a circle with radius α0=ρ. Moreover,
the Dp-brane along the circle in type IIA theory transforms
to a Dp−1-brane orthogonal to the dual circle in the type IIB
theory. The T-duality Ward identity indicates that the
disk-level S-matrix elements on the world volume of the
Dp-brane in type IIA theory on a circle transform under
linear T-duality to the corresponding disk-level S-matrix
elements on the world volume of a Dp−1-brane. The T-
duality Ward identity has been used in [9–11] to generate
various disk-level S-matrix elements.
The type IIB theory also enjoys S-duality, which indicates

that the spectrum of type IIB in flat spacetime transforms

covariantly under SLð2; RÞ transformation. In particular, the
D3-brane is invariant under the SLð2; RÞ transformation, the
NS-NS antisymmetric B-field, and the R-R two-form trans-
forms as a doublet under the SLð2; RÞ transformation. The
S-dualityWard identity indicates that the disk-level S-matrix
elements on the world volume of the D3-brane in type IIB
transforms under linear SLð2; RÞ transformation to the
corresponding disk-level S-matrix elements on the world
volume of the D3-brane. This Ward identity may be used to
generate the complicated S-matrix elements of R-R vertex
operators that involve the spin operator [12] from the
corresponding S-matrix elements of NS-NS vertex opera-
tors, which are straightforward to calculate.
As an example of the S-matrix elements of the R-R

vertex operators, in this paper, we explicitly calculate the
disk-level S-matrix element of two R-R and one NS vertex
operators in RNS formalism. Such amplitude has recently
been predicted by the S-duality Ward identity [13]. We
observe that the explicit calculations produce exactly the
amplitude predicted by the S-duality. The S-duality Ward
identity indicates that apart from the overall dilaton factor
of a background dilaton, the disk-level S-matrix elements
must combine into S-dual multiplets which are invariant
under the linear SLð2; RÞ transformation [13]. This indi-
cates that the amplitudes involving two R-R and one NS
states, which cannot be written in the S-dual multiplet, must
be zero. We observe that the amplitudes that are predicted
by S-duality to be zero, e.g., the Cð0ÞCð0ÞF-amplitude, are
in fact zero by explicit calculation.
A consistency check of the S-matrix elements in string

theory is that they must satisfy the soft graviton/photon
theorems [14–27] inwhich one graviton/photon is soft. In the
soft theorems [14–27], however, the external states are all
either closed string states or all open string states, which we
are not interested in for this paper. When one string state is
soft open string and all the other states are hard closed string
states, one can easily find the corresponding soft therm at the
leading order of the soft open string momentum.
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The Ward identity corresponding to the gauge boson
transformation indicates that the disk-level S-matrix element
of n closed strings and one open string gauge field must be in
the following form1:

Anþ1 ¼ fab½Anðk; p1; p1 ·D;p2; p2 ·D;…; pnÞ�ab;
where fab is the gauge field strength inmomentum space and
ðAnÞ½ab� is the factor which does not involve the open string
gauge field polarization.2 In general, this factor is a compli-
cated function of the momentum of the gauge field ka.
However, using the fact that there is only one open string
state, one observes that there is no pole 1=k · k in the ampli-
tude.As a result,when thegauge field is soft, i.e.,ka → 0, one
finds that the above amplitude defines a soft theorem, which
involves the soft factor fab at the leading order, and the hard
factor ½An�ab, which involves only polarizations and the
momenta of the n closed string states, i.e.,

Anþ1 ¼ fab½Anðp1; p1 ·D;p2; p2 ·D;…; pnÞ�ab: ð1Þ
The trace of ½An�ab is the disk-level scattering amplitude of n
closed strings,which is zero because ½An�ab is antisymmetric.
The above relation exists at any order of α0, so one expects the
disk-level S-matrix elements to satisfy this theorem for the
soft gauge field.
There is a similar theorem when the open string state is a

transverse scalar field. To find such a theorem at the leading
order of the scalar momentum, we consider the observation
that the closed string fields in effective world-volume
action must be the Taylor expansion of the transverse
scalar fields [28], i.e., CðΦiÞ ¼ CþΦi∂iCþ � � �, where C
is a closed string field. Using the coupling Φi∂iC, one can
easily write the S-matrix element of n closed strings and
one transverse scalar field at the leading order of ka and at
the leading order of α0 to be

Anþ1 ¼ ζiðp1 þ p2 þ � � � þ pnÞiAn; ð2Þ
where ζi is the polarization of the scalar fields andAn is the
scattering amplitude of n closed string states at low energy.
The above relation must be valid for any order of α0. As a
result, the disk-level S-matrix element of one transverse
scalar and n closed string states must satisfy the above soft
theorem. We will show that the scattering amplitude of two
R-R and one NS states satisfies the above soft theorems.
An outline of the paper is as follows: We begin Sec. II by

explicitly calculating the disk-level scattering amplitude of
two R-R and one NS vertex operators in RNS formalism.

We use the ð−1=2;−1=2Þ-picture for the R-R vertex
operators. In this picture, the field strengths of the R-R
fields appear in the vertex operators; as a result, the
amplitude satisfies the R-R gauge symmetry Ward identity
from the onset. We show that the final amplitude satisfies
the open string gauge symmetry Ward identity as well. In
Sec. III, we show that the amplitude satisfies the S-duality
Ward identity. In particular, the amplitude of one R-R zero-
form, one R-R two-form, and one NS gauge field trans-
forms under the S-duality Ward identity to the amplitude of
one NS-NS dilaton, one B-field, and one NS gauge field
that has recently been calculated explicitly. In this section,
we also show that the amplitudes that are predicted by the
S-duality Ward identity to be zero are in fact zero. In
Sec. IV, we explicitly write the Dp-brane amplitudes that
are nonzero for p ¼ 0, 1, 2, 3. In Sec. V, we show that these
amplitudes satisfy the T-duality Ward identity. In Sec. VI,
we show that the amplitudes that we have found in Sec. IV
satisfy the soft scalar theorem (2). In Sec. VII, we show that
the amplitudes satisfy the soft-photon theorem and find the
kinematic factors in ½A2�ab.

II. EXPLICIT CALCULATION
OF THE AMPLITUDE

The tree-level scattering amplitude of two R-R closed
string and one NS open string states on the world volume of
a Dp-brane is given by the correlation function of their
corresponding vertex operators on the disk (see, e.g., [8]).
Since the background charge of the world sheet with the
topology of a disk is Qϕ ¼ 2, one has to choose the vertex
operators in the appropriate pictures to produce the com-
pensating charge Qϕ ¼ −2. The scattering amplitude may
then be given by the following correlation function:

Aðε1; p1; ε2; p2; ζ3; k3Þ
∼ hVð−1=2;−1=2Þ

RR ðε1; p1ÞVð−1=2;−1=2Þ
RR ðε2; p2ÞVð0Þ

NSðζ3; k3Þi;
ð3Þ

where the vertex operators, after using the doubling trick
[3], are

Vð−1=2;−1=2Þ
RR ¼ðP−Γ1ðnÞMpÞAB

Z
d2z1

∶e−ϕðz1Þ=2SAðz1Þeip1·X

∶e−ϕðz̄1Þ=2SBðz̄1Þeip1·D·X∶

Vð−1=2;−1=2Þ
RR ¼ðP−Γ2ðmÞMpÞCD

Z
d2z2

∶e−ϕðz2Þ=2SCðz2Þeip2·X

∶e−ϕðz̄2Þ=2SDðz̄2Þeip2·D·X∶

Vð0Þ
NS¼ðζ3Þμ

Z
dz3∶ð∂Xμþ2ik3 ·ψψμÞe2ik3·X; ð4Þ

1Using conservation of momentum along the D-brane, i.e.,
2kþ p1 þ p1 ·Dþ p2 þ p2 ·Dþ � � � þ pn þ pn ·D ¼ 0, one
may write pn ·D in terms of other momenta.

2Our index convention is that the greek letters ðμ; ν;…Þ are the
indices of the space-time coordinates; the latin letters ða; d; c;…Þ
are the world-volume indices; and the letters ði; j; k;…Þ are the
normal bundle indices.
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where z3 is along the real axis and z1, z2 are in upper-half
z-plane. The index μ is the world volume index a when the
NS state is a gauge boson and is the transverse index iwhen
the NS state is the transverse scalar fields. The indices
A;B;… are the Dirac spinor indices and P− ¼ 1

2
ð1 − γ11Þ is

the chiral projection operator so our calculations are always
done with the full 32 × 32 Dirac matrices of the ten
dimensions. The R-R polarization appears in ΓðnÞ and
the world-volume Levi-Cività tensor appears in Mp, i.e.,

ΓðnÞ ¼
1

n!
Fμ1…μnγ

μ1…γμn

Mp ¼ �1

ðpþ 1Þ! ϵa0…apγ
a0…γap ; ð5Þ

where FðnÞ is the linearized field strength of the R-R
potential Cðn−1Þ. The matrixDμν is a diagonal matrix which
is the world-volume flat metric when the indices are the
world-volume indices, and is minus the flat metric of the
transverse space when the indices are the transverse
indices. We have used the integral form for all vertex
operators; as a result, the integrand of the amplitude must
be invariant under the conformal transformation of the
upper-half plane, which is the SLð2; RÞ transformation.
Using the standard upper-half z-plane propagators

hXμðxÞXνðyÞi ¼ −ημν logðx − yÞ
hϕðxÞϕðyÞi ¼ − logðx − yÞ; ð6Þ

one can easily calculate the ghost ϕ and Xμ correlators in
(3). To calculate the correlation functions between the spin
operators and the world-sheet field ψμ, we use the follow-
ing operator product expansion:

∶SAðz1Þ∶ψμψνðz2Þ ≔ −
ðΓμνÞAE
2z21

∶SEðz1Þ∶ ð7Þ

where zij ¼ zi − zj and Γμν is 1
2
ðγμγν − γνγμÞ, to reduce the

correlators to the following known correlation function
[12]:

h∶SAðz1Þ∶SBðz2Þ∶SCðz3Þ∶SDðz4Þ∶i ¼ IABCD; ð8Þ

where

IABCD ¼ z14z23ðγμÞABðγμÞCD − z12z34ðγμÞADðγμÞBC
2ðz12z13z14z23z24z34Þ34

: ð9Þ

This calculation produces the following 14 terms,

Aðε1; p1; ε2; p2; ζ3; k3Þ ∼
Z

d2z1d2z2dz3K
X14
i¼1

Ai; ð10Þ

where A1;…; A14 in the integrand are the following:

A1 ¼
iðP−Γ1ðnÞMpÞABðγμÞABðP−Γ2ðmÞMpÞCDðγμÞCDðζ3Þχp2 ·Dχ

z12z11̄z22̄z31̄z32̄

A2 ¼ −
iðP−Γ1ðnÞMpÞABðγμÞBCðP−Γ2ðmÞMpÞCDðγμÞADðζ3Þχp2 ·Dχ

z12z12̄z31̄z32̄z1̄2

A3 ¼ −
iðP−Γ1ðnÞMpÞABðΓbχÞAEðγμÞEBðk3Þbðζ3ÞχðP−Γ2ðmÞMpÞCDðγμÞCD

z12z11̄z22̄z31z1̄ 2̄

A4 ¼ −
iðP−Γ1ðnÞMpÞABðγμÞABðk3Þbðζ3ÞχðP−Γ2ðmÞMpÞCDðΓbχÞCEðγμÞED

z12z11̄z22̄z32z1̄ 2̄

A5 ¼ −
iðP−Γ1ðnÞMpÞABðΓbχÞBEðγμÞAEðk3Þbðζ3ÞχðP−Γ2ðmÞMpÞCDðγμÞCD

z12z11̄z22̄z31̄z3̄ 2̄

A6 ¼ −
iðP−Γ1ðnÞMpÞABðγμÞABðP−Γ2ðmÞMpÞCDðγμÞCDðζ3Þχp1χ

z12z22̄z31z31̄z1̄ 2̄

A7 ¼ −
iðP−Γ1ðnÞMpÞABðγμÞBCðP−Γ2ðmÞMpÞCDðγμÞADðζ3Þχp2χ

z12z12̄z32z31̄z1̄ 2̄

A8 ¼ −
iðP−Γ1ðnÞMpÞABðγμÞABðP−Γ2ðmÞMpÞCDðk3ÞbðγμÞCEðΓbχÞDEðζ3Þχ

z12z11̄z22̄z32̄z1̄ 2̄

A9 ¼
iðP−Γ1ðnÞMpÞABðΓaχÞAEðγμÞEDðk3Þaðζ3ÞχðP−Γ2ðmÞMpÞCDðγμÞBC

z12z12̄z31z1̄2z1̄ 2̄
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A10 ¼
iðP−Γ1ðnÞMpÞABðΓaχÞCEðγμÞADðk3Þaðζ3ÞχðP−Γ2ðmÞMpÞCDðγμÞBE

z12z12̄z32z1̄2z1̄ 2̄

A11 ¼
iðP−Γ1ðnÞMpÞABðΓaχÞBEðγμÞADðk3Þaðζ3ÞχðP−Γ2ðmÞMpÞCDðγμÞEC

z12z12̄z31̄z1̄2z1̄ 2̄

A12 ¼
iz11̄ðP−Γ1ðnÞMpÞABðγμÞBCðP−Γ2ðmÞMpÞCDðγμÞADðζ3Þχp1χ

z12z12̄z31z31̄z1̄2z1̄ 2̄

A13 ¼
iðP−Γ1ðnÞMpÞABðΓaχÞDEðγμÞAEðk3Þaðζ3ÞχðP−Γ2ðmÞMpÞCDðγμÞBC

z12z12̄z32̄z1̄2z1̄ 2̄

A14 ¼
iz1̄2ðP−Γ1ðnÞMpÞABðγμÞABðP−Γ2ðmÞMpÞCDðγμÞCDðζ3Þχp2χ

z12z11̄z22̄z32z31̄z1̄ 2̄
; ð11Þ

and the overall kinematic factor K is

K¼ zp1:D:p1

11̄
jz12j2p1:p2 jz12̄j2p1:D:p2 jz13j4p1:k3zp2:D:p2

22̄
jz23j4p2:k3 :

ð12Þ

One can easily verify that each integrand is invariant under
SLð2; RÞ transformation.
For subsequent discussions, we rewrite the amplitude as

Aðε1; p1; ε2; p2; ζ3; k3Þ ∼
X14
i¼1

aiqi; ð13Þ

where qi’s are integrals of some function of zi ’s and
momenta, e.g.,

q1 ¼
Z

d2z1d2z2dz3
K

z12z11̄z22̄z31̄z32̄
; ð14Þ

and ai’s are the remaining terms in Ai’s, e.g.,

a1¼ iðP−Γ1ðnÞMpÞABðγμÞABðP−Γ2ðmÞMpÞCDðγμÞCDðζ3Þχp2

·Dχ : ð15Þ

Contracting the Dirac indices, one finds each of a2, a7, a9,
a10, a11, a12, a13 produces one trace over the gamma
matrices, i.e.,

a2 ¼ ib2ðζ3Þχp2 ·Dχ ; a7 ¼ ib2ðζ3Þχp2χ ;

a12 ¼ ib2ðζ3Þχp1χ a9 ¼ ibaχ9 ðk3Þaðζ3Þχ ;
a10 ¼ a9ð1 ↔ 2Þ a13 ¼ −ibaχ13ðk3Þaðζ3Þχ ;
a11 ¼ a13ð1 ↔ 2Þ; ð16Þ

where b2, b9, b13 are the following one-trace terms:

b2 ¼ TrðP−Γ1ðnÞMpγμΓ2ðmÞMpγ
μÞ ð17Þ

baχ9 ¼ TrðP−Γ1ðnÞMpγμΓ2ðmÞMpγ
μΓaχÞ ð18Þ

baχ13 ¼ TrðP−Γ1ðnÞMpγμΓ2ðmÞMpΓaχγμÞ: ð19Þ

One also finds that each of a1, a3, a4, a5, a6, a8, a14
produces two traces over the gamma matrices, i.e.,

a1 ¼ ib1ðζ3Þχp2 ·Dχ ; a6 ¼ ib1ðζ3Þχp1χ ;

a14 ¼ ib1ðζ3Þχp2χ a3 ¼ ibbχ3 ðk3Þbðζ3Þχ ;
a4 ¼ a3ð1 ↔ 2Þ a5 ¼ −ibbχ5 ðk3Þaðζ3Þχ ;
a8 ¼ b5ð1 ↔ 2Þ;

where b1, b3, b5 are the following two-trace terms:

b1 ¼ TrðP−Γ1ðnÞMpγ
μÞTrðP−Γ2ðmÞMpγμÞ

bbχ3 ¼ TrðP−Γ1ðnÞMpγ
μΓbχÞTrðP−Γ2ðmÞMpγμÞ

bbχ5 ¼ TrðP−Γ1ðnÞMpΓbχγμÞTrðP−Γ2ðmÞMpγμÞ: ð20Þ

Each trace in b1, b
bχ
3 ; bbχ5 has one factor of Mp, whereas in

b2, b
aχ
9 ; baχ13 each trace has two factors of Mp. This makes

the calculation of the traces in b2, b
aχ
9 ; baχ13 difficult for a

general Dp-brane. Using the GAMMA package [29], we have
found the following relations,

b2 ¼ c2 − b1

baχ9 ¼ caχ9 − baχ3

baχ13 ¼ caχ13 − baχ5 ; ð21Þ

where c2, c
aχ
9 ; caχ11 are the following one-trace terms,
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c2 ≡ TrðP−Γ1ðnÞDμ
νγνMpC−1MT

pΓT
2ðmÞCγ

μÞ
caχ9 ≡ TrðP−Γ1ðnÞDμ

νγνMpC−1MT
pΓT

2ðmÞCγ
μΓaχÞ

caχ13 ≡ TrðP−Γ1ðnÞDμ
νγνMpC−1MT

pΓT
2ðmÞCΓ

aχγμÞ: ð22Þ

The first relation in (21) has been found in [30] by using
the Kawai-Lewellen-Tye relation that maps the amplitude
of four open string fermions to the amplitude of two
closed string R-R bosons. This relation has been found by
using two different amplitudes for four fermions that are
produced by different ways of fixing the SLð2; RÞ sym-
metry of the disk amplitude. Now using the relation
MpC−1MT

pC ¼ 1 [3], one finds the traces in c2, c
aχ
9 ; caχ13

have in fact no factor of Mp, i.e.,

c2 ¼ TrðP−Γ1ðnÞDμ
νγνΓ2ðmÞγμÞð−1Þ12mðmþ1Þ

caχ9 ¼ TrðP−Γ1ðnÞDμ
νγνΓ2ðmÞγμΓaχÞð−1Þ12mðmþ1Þ

caχ13 ¼ TrðP−Γ1ðnÞDμ
νγνΓ2ðmÞΓaχγμÞð−1Þ12mðmþ1Þ: ð23Þ

So c2, c
aχ
9 ; caχ13 are independent of the dimension of the

Dp-brane. One has to perform the traces in (20) and (23)
to find the amplitude (13) in terms of momenta and
polarizations of the external states.
Before performing the traces, we show that the amplitude

(13) satisfies the Ward identity corresponding to the gauge
boson. To this end, we have to replace the gauge boson
polarization tensor ζa3 with its momentum ika3 and show that
the result vanishes. Using the antisymmetric property of the
function Γab, one easily observes that a3, a4, a5, a8, a9, a10,
a11, a13 become zero after replacing ζa3 with ika3 . Using the
on-shell relation p1 · k3 ¼ −p2 · k3, one finds the remain-
ing terms to be

A ∼ −ib1p1 · k3½−q1 þ q6 − q14�
þ ib2p1 · k3½−q2 − q7 þ q12�: ð24Þ

Since b1, b2 are not zero generally, we should prove that the
integrals in each bracket are zero, i.e.,

M1 ≡ −q1 þ q6 − q14

¼
Z

Kðz11̄z32z32̄ þ z31z32̄z1̄2 þ z31z32z1̄ 2̄Þ
z12z11̄z22̄z31z32z31̄z32̄z1̄ 2̄

× d2z1d2z2dx3 ¼ 0

M2 ≡ −q2 − q7 þ q12

¼
Z

Kðz11̄z32z32̄ þ z31z32̄z1̄2 þ z31z32z1̄ 2̄Þ
z12z12̄z31z32z31̄z32̄z1̄2z1̄ 2̄

× d2z1d2z2dx3 ¼ 0: ð25Þ

Using the fact that the integrands are invariant under the
SLð2; RÞ transformation, one may map the integrands to the
unit disk by the following transformations:

zi → −i
zi − 1

zi þ 1

z̄i → i
z̄i − 1

z̄i þ 1
: ð26Þ

To fix the SLð2; RÞ symmetry, we use the Faddeev-Popov
gauge-fixing mechanism to fix z1 ¼ z̄1 ¼ 0 and x3 ¼ 1.
The Jacobian of this transformation is 2i. Writing z2 ¼ reiθ

and z̄2 ¼ re−iθ, one finds

M1 ¼
Z

1

0

rdr
Z

2π

0

dθ
4 sinðθÞðr2Þp1:p2ð1 − r2Þp2:D:p2−1

rðr2 − 2r cosðθÞ þ 1Þ2p1:k3þ1

M2 ¼
Z

1

0

rdr
Z

2π

0

dθ
4 sinðθÞðr2Þp1:p2ð1 − r2Þp2:D:p2

rðr2 − 2r cosðθÞ þ 1Þ2p1:k3þ1
:

ð27Þ

The θ integration then gives zero result. So the amplitude
(13) satisfies the Ward identity corresponding to the gauge
boson transformation, as expected.

A. Performing the traces

We now calculate the traces in (20) and (23). Defining
the one-trace terms dμ1; d

μbχ
3 ; dμbχ5 as

dμ1ðnÞ≡ TrðP−ΓðnÞMpγ
μÞ

dμbχ3 ðnÞ≡ TrðP−Γ1ðnÞMpγ
μΓbχÞ

dμbχ5 ðnÞ≡ TrðP−Γ1ðnÞMpΓbχγμÞ; ð28Þ

the two-trace terms in (20) can be written as

b1 ¼ dμ1ðnÞd1μðmÞ; bbχ3 ¼ dμbχ3 ðnÞd1μðmÞ;
bbχ5 ¼ dμbχ5 ðnÞd1μðmÞ: ð29Þ

The explicit calculation of the traces in dμ1; d
μbχ
3 ; dμbχ3 gives

the following result:
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dμ1ðnÞ ¼
16

n!
ð−1Þ12nðnþ1Þϵa0…ap ½δnpδa0μ Fa1…ap þ nδn;pþ2Fa0…apμ� þ ðn → n0; F → �FÞ

dμbχ3 ðnÞ ¼ −ð−1Þ12nðn−1Þ 16
n!

fδn;p−2Fa0a1…ap−3ε
a0…ap−3μbχ þ δnp½nFa0a1…ap−2

χεa0…ap−2bμ

− nFa0…ap−2
μεa0a1a2…bχ þ Fa0…ap−1ε

a0…ap−1χδbμ − nFa0…ap−2
bεa0…ap−2χμ

− Fa1…apε
a1…apbδχμ� − δn;pþ2n½ðn − 1Þεχa0a1…ap−1F

ba0…ap−1μ

− ðn − 1Þεa0…ap−1
μFa0…ap−1bχ − εa0…apF

a0…apχδbμ

− ðn − 1Þεa0…ap−1
bFa0…ap−1χμ þ εa0…apF

a0…apbδχμ�g þ ðn → n0; F → �FÞ

dμbχ5 ðnÞ ¼ −ð−1Þ12nðn−1Þ 16
n!

fδn;p−2Fa0a1…ap−3ε
a0…ap−3μbχ þ δn;p½nFa0a1…ap−2

χεa0…ap−2bμ

− nFa0…ap−2
μεa0a1a2…bχ − Fa0…ap−1ε

a0…ap−1χδbμ − nFa0…ap−2
bεa0…ap−2χμ

þ Fa1…apε
a1…apbδχμ� − nδn;pþ2½ðn − 1Þεa0a1…ap−1

χFa0…ap−1bμ

− ðn − 1Þεa0…ap−1
μFa0…ap−1bχ þ εa0…apF

a0…apχδbμ

− ðn − 1Þεa0…ap−1
bFa0…ap−1χμ − εa0…apF

a0…apbδχμ�g þ ðn → n0; F → �FÞ; ð30Þ

where n0 ¼ 10 − n and F is the R-R field strength. When we replace them in (29), one of the R-R field strengths is F1 and
the other one is F2. Replacing the above one-trace terms in (29), one finds b1, b

bχ
3 ; bbχ3 in terms of momenta and

polarizations of the external states. With the replacement of the resulting b1, b
bχ
3 ; bbχ3 in (19), one then finds a1, a3, a4, a5,

a6, a8, a14.

The explicit calculation of the one-trace terms c2, c
bχ
9 ; cbχ13 gives the following result:

c2 ¼
16

n!
δn;m½TrðDÞFðnÞ

1 :FðnÞ
2 − 2nDλ

ρF1λμ2…μnF
ρμ2…μn
2 � þ ðn→ n0;F1 → �F1Þ

cbχ9 ¼ 16

n!
δm;nþ2½TrðDÞFμ1…μn

1ðnÞ Fbχ
2ðmÞμ1…μn

þ 2DbμFμ1…μn
1 F2

χ
μμ1…μn − 2DμχFμ1…μn

1 Fb
2μ;μ1;…;μn

− 2nDμ
νFμ;μ2;…;μn

1 F2ν;a;χ;μ2;…;μn �

þ 16

ðn− 1Þ!δmn½TrðDÞFb
1μ2…μn

Fχμ2…μn
2 −TrðDÞFχμ2…;μn

1 Fb
2μ2…μn

− 2DbμF1μμ2…μnF
χμ2…μn
2 þ 2Dχ

μF
μμ2…μn
1 Fb

2μ2…μn

þ 2ðn− 1ÞDμ
νðFb

1μμ3…μn
Fχνμ3…μn
2 −Fχνμ2…μn

1 Fb
2μμ3…μn

Þ� þ ðn→ n0;F1 → �F1Þ

cbχ13 ¼
16

n!
δm;nþ2½TrðDÞFμ1…μn

1 Faχ
2 μ1…μn

− 2DbμFμ1…μn
1 Fχ

2μμ1…μn
þ 2DμχFμ1…μn

1 Fb
2μμ1…μn

− 2nDμ
νFμμ2…μn

1 Fbχ
2 νμ2…μn

�

þ 16

ðn− 1Þ!δmn½TrðDÞFb
1μ2…μn

Fχμ2…μn
2 −TrðDÞFχμ2…μn

1 Fb
2μ2…μn

þ 2DbμF1μμ2…μnF
χμ2…μn
2 − 2Dχ

μF
μμ2…μn
1 Fb

2μ2…μn

þ 2ðn− 1ÞDμ
νðFb

1μμ3…μn
Fχνμ3…μn
2 −Fχνμ3…μn

1 Fb
2μμ3…μn

Þ� þ ðn→ n0;F1 → �F1Þ: ð31Þ

Replacing the above results for c2, c
bχ
9 ; cbχ13 and b1, b

bχ
3 ; bbχ5

in (21), one finds b2, b
bχ
9 ; bbχ13 and hence one finds a2, a7,

a9, a10, a11, a12, a13 upon replacing them in (16). Having
performed the traces in (13), one now has the amplitude
(13) in terms of momenta and polarization of the external
states. To check our results, in the next section, we study the
S-duality Ward identity of the amplitude.

III. S-DUALITY WARD IDENTITY

The Dp-brane S-matrix element in the previous section is
valid for any p. It is known that the D3-brane is invariant
under S-duality transformation, so the S-matrix elements of

the D3-brane should satisfy the Ward identity correspond-
ing to the SLð2; RÞ transformation, which is a linear
transformation on quantum fluctuations and a nonlinear
transformation on the background fields [13]. The B-field
and RR two-form transform as a doublet, i.e.,

B≡
�

B

Cð2Þ

�
→ ðΛ−1ÞT

�
B

Cð2Þ

�
;

Λ ¼
�
p q

r s

�
∈ SLð2; RÞ: ð32Þ

The gauge boson field strength Fab and its magnetic dual
ð�FÞab ¼ ϵabcdFcd=2 also transform as a doublet, i.e.,
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F ≡
� ð�fÞ
e−ϕ0f − C0ð�fÞ

�
→ ðΛ−1ÞT

� ð�fÞ
e−ϕ0f − C0ð�fÞ

�
;

where ϕ0 and C0 are the background dilaton and R-R
scalar, respectively. The transformation of the background
dilaton and R-R scalar is [31–33]

M0 → ΛM0ΛT; ð33Þ
where the matrix M0 is

M0 ¼ eϕ0

� jτ0j2 C0

C0 1

�
ð34Þ

where τ0 ¼ C0 þ ie−ϕ0 . Quantum fluctuations of the dila-
ton and the R-R scalar appear in δM, i.e.,

δM¼
�
−ðe−ϕ0−C2

0e
ϕ0Þδϕþ2C0eϕ0δCC0eϕ0δϕþeϕ0δC

C0eϕ0δϕþeϕ0δC eϕ0δϕ

�
:

ð35Þ

It also transforms as

δM → ΛδMΛT: ð36Þ
The transverse scalar fields, the graviton in the Einstein
frame, and the R-R four-form are invariant under the
S-duality.
Using the above transformations, one should be able to

construct a set of S-matrix elements in terms of the product
of the above SLð2; RÞ tensors such that they make an
invariant under the SLð2; RÞ transformations. For example,
ð�F ÞTδMB is invariant under the linear SLð2; RÞ trans-
formations. It has the following six elements [13]:

ð�F ÞTδMB ¼ e−ϕ0δϕfBþ δϕð�fÞCð2Þ þ C0δϕð�fÞB
þ δCð�fÞB − eϕ0C0δCfB − eϕ0δCfCð2Þ:

ð37Þ

As a result, the S-matrix of the above six terms should have
the same structure. For flat spacetime with no R-R back-
ground field, the above S-dual multiplet simplifies to

ð�F ÞTδMB ¼ e−ϕ0δϕfBþ δϕð�fÞCð2Þ

þ δCð�fÞB − eϕ0δCfCð2Þ: ð38Þ
By explicit calculation, it has been shown in [13] that the
S-matrix elements of the first three terms in the above
multiplet have identical structure. We shall show that the
S-matrix element of the last term also has the same
structure. On the other hand, if an S-matrix element could
not be combined with some other S-matrix element to be
written in terms of an SLð2; RÞ invariant, that S-matrix
element should be zero. In the following subsections, we
fix p ¼ 3 and examine the S-duality Ward identity of the
amplitude (13) for various R-R fields.

A. Cð0ÞCð2Þf

When n ¼ 1 and m ¼ 3, the trace parts of a1, a2, a4, a6,
a7, a8, a12, and a14 are zero. The nonzero terms yield

a3 ¼ 128Cð0Þp1:V:F
ð3Þ
ba f

ab

a5 ¼ −128Cð0Þp1:V:F
ð3Þ
ba f

ab

a9 ¼ −64Cð0Þp1:V:F
ð3Þ
ba f

ab þ 32Cð0Þp1:N:Fð3Þ
ba f

ab

a10 ¼ 32Cð0Þp1:V:F
ð3Þ
ba f

ab

a11 ¼ 64Cð0Þp1:V:F
ð3Þ
ba f

ab − 32Cð0Þp1:N:Fð3Þ
ba f

ab

a13 ¼ 32Cð0Þp1:V:F
ð3Þ
ba f

ab; ð39Þ
where fab ¼ iðka3ζb3 − kb3ζ

a
3Þ is the gauge boson field

strength in momentum space, Fð3Þ
μνα is the R-R two-form

field strength, and Cð0 is the polarization of the R-R scalar.
The matrix V is the world-volume metric and N is the
transverse space metric, i.e., ημν ¼ Vμν þ Nμν; Dμν ¼
Vμν − Nμν. Replacing them in (13), one finds

ACð0ÞCð2ÞF ∼
Z

d2z1d2z2dz3e−3ϕ0=2Cð0ÞKfab
�
p1:N:Fð3Þ

ba
z1̄1

z12z13z21̄z31̄z12̄z1̄ 2̄
þ p1:V:F

ð3Þ
ba

×
ð−2z3z1̄ þ z2ðz32̄ þ z1̄ 2̄Þ þ ðz3 þ z1̄Þz2̄Þðz2ðz3 − 2z2̄Þ þ z3z2̄ þ z1ðz23 þ z2̄3ÞÞ

z12z13z23z21̄z31̄z12̄z22̄z32̄z1̄ 2̄

�
; ð40Þ

where we have also transformed the amplitude to the Einstein frame. This amplitude should have the same structure as the
amplitude of the first three terms in (38).
The amplitude of one dilaton, one B-field, and one gauge boson in the Einstein frame has been calculated in [13] to be

AϕBF ∼
Z

d2z1d2z2dz3ϕ1e−3ϕ0=2fab
�
I11

�
p1:D:p1

p1:p2

p1:V:Hba þ
p1:k3p1:D:p1

ðp1:p2Þ2
p1:Hba

�

−I2
�
4p1:V:Hba þ

p2:D:p2

p1:p2

ð2p1:Hba − p1:N:HbaÞ þ
p1:k3p2:D:p2

ðp1:p2Þ2
p1:Hba

��
; ð41Þ
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where ϕ1 is the polarization of the dilaton, H is the B-field strength, and

I2 ¼
K

z31z21̄z31̄z12̄z22̄
I11 ¼

K
z32z11̄z21̄z12̄z32̄

: ð42Þ

These integrals satisfy the following two relations:

4I2k3:p1 þ ð2I2 þ I3Þp1:p2 þ ðI2 − I11Þp1:D:p1 ¼ 0;

2I3k3:p1 þ ð−2I1 þ I3Þp1:p2 − ðI2 þ I11Þp1:D:p1 ¼ 0; ð43Þ
where

I1 ¼
K

z12z31z31̄z22̄z1̄ 2̄
I3 ¼

K
z12z32z11̄z31̄z12̄

−
2K

z12z31z21̄z31̄z22̄
þ K
z12z31z21̄z31̄z32̄

þ K
z31z32z11̄z21̄z1̄ 2̄

: ð44Þ

To compare the amplitude (41) with (40), we solve the above two relations to find

p1:D:p1

p1:p2

¼ ð2I2 þ I3Þ × 2I3 − ð−2I1 þ I3Þ × 4I2
−ðI2 þ I11Þ × 4I2 − ðI2 − I11Þ × 2I3

p1:k3
p1:p2

¼ ð−2I1 þ I3ÞðI2 − I11Þ þ ð2I2 þ I3ÞðI2 þ I11Þ
−ðI2 þ I11Þ × 4I2 − ðI2 − I11Þ × 2I3

: ð45Þ

Now using the on-shell relation

p2:D:p2 ¼ p1:D:p1 þ 4p1:k3 ð46Þ
to write p2:D:p2 in (41) in terms of p1:D:p1 and p1:k3, and then using the relations in (45), one can simplify the amplitude
(41) as

AϕBF ∼
Z

d2z1d2z2dz3ϕ1e−3ϕ0=2fab½p1:V:HbaðI1 − I2 þ I3Þ þ p1:N:HbaðI1 þ I2Þ�:

Using (42) and (44), one finds exactly the structure in (40).
The extra factor of e2ϕ0 in the last term in (38) compared to
the first term is that in the study of the S-duality the R-R
fields should be rescaled as C → eϕC.

B. Cð0ÞCð0Þf

Since the R-R scalar transforms as (36) and the gauge
boson field strength transforms as a doublet, it is impossible
to construct an SLð2; RÞ invariant combination from two
δM’s and one gauge boson. As a result, the amplitude of
two R-R scalars and one gauge boson must be zero. Using
the identity (25), one finds that the contribution of A1, A2,
A6, A7, A12, and A14 to (10) is zero. The trace d

μ
1 is zero, so

b1, b
bχ
3 ; bbχ5 are zero. So the contributions of A1, A3, A4, A6,

A8, and A14 are zero. Moreover, using the identity (25), one
finds that the contributions of A2, A7, A12 to (10) are also
zero. The traces in the remaining four terms produce
pa
1p

b
2fab, which is zero using momentum conservation

pa
2 ¼ −ðpa

1 þ kaÞ and the on-shell relation ka3fab ¼ 0.

C. Cð2ÞCð2Þf

One cannot construct an SLð2; RÞ invariant from three
doublets, so the amplitude of two R-R two-forms and one
gauge boson must be zero. Using the identity (25), one
finds zero contribution from A1, A2, A6, A7, A12, and A14.
The nonzero terms are

A3 ¼ 128fabFð3Þ
1 acdF

ð3Þ
2 b

cdq3

A4 ¼ −128fabFð3Þ
1 acdF

ð3Þ
2 b

cdq4

A5 ¼ 128fabFð3Þ
1 acdF

ð3Þ
2 b

cdq5

A8 ¼ −128fabFð3Þ
1 acdF

ð3Þ
2 b

cdq8

A9 ¼ 64fabFð3Þ
1 acμF

ð3Þ
2 b

cμq9

A10 ¼ −64fabFð3Þ
1 acμF

ð3Þ
2 b

cμq10

A11 ¼ 64fabFð3Þ
1 acμF

ð3Þ
2 b

cμq11

A13 ¼ −64fabFð3Þ
1 acμF

ð3Þ
2 b

cμq13: ð47Þ

The amplitude (13) simplifies to

A ∼ 128fabFð3Þ
1 acdF

ð3Þ
2 b

cdM3 þ 64fabFð3Þ
1 acμF

ð3Þ
2 b

cμM4;

ð48Þ

where
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M3 ≡ q3 − q4 þ q5 − q8

¼
Z

K½z32z31̄z32̄ − z31ðz32ðz31̄ − z32̄Þ þ z31̄z32̄Þ�
z12z11̄z22̄z31z32z31̄z32̄z1̄ 2̄

× d2z1d2z2dx3

M4 ≡ q9 − q10 þ q11 − q13

¼
Z

K½z32z31̄z32̄ − z31ðz32ðz31̄ − z32̄Þ þ z31̄z32̄Þ�
z12z12̄z31z32z31̄z32̄z1̄2z1̄ 2̄

× d2z1d2z2dx3: ð49Þ

Using the same step that we have done for M1 and M2

integrals, one finds

M3 ¼
Z

1

0

rdr
Z

2π

0

dθ
2 sinðθÞðr2Þp1:p2ð1 − r2Þp2:D:p2−1

rðr2 − 2r cosðθÞ þ 1Þ2p1:k3þ1

M4 ¼
Z

1

0

rdr
Z

2π

0

dθ
2 sinðθÞðr2Þp1:p2ð1 − r2Þp2:D:p2

rðr2 − 2r cosðθÞ þ 1Þ2p1:k3þ1
:

ð50Þ

The θ integration again gives zero result. Therefore, as the
gauge symmetry Ward identity predicts the constraint (25)
between the qi’s, the above S-duality Ward identity
produces the following constraints:

q3 − q4 þ q5 − q8 ¼ 0

q9 − q10 þ q11 − q13 ¼ 0: ð51Þ

One may use the above constraints and the constraints in
(25) to simplify the amplitude (13).

D. Cð4ÞCð4Þf

The R-R four-form is invariant under the S-duality and f
transforms as a doublet, so the amplitude of two R-R four-
forms and one gauge field cannot be combined with any
S-matrix element to be invariant under the SLð2; RÞ
transformation. As a result, this amplitude must be zero
for a D3-brane. The explicit calculations produce the
following nonzero terms for Ai’s:

A3 ¼
128

3
fabFð5Þ

1 acdeμF
ð5Þ
2 b

cdeμq3 A4 ¼ −
128

3
fabFð5Þ

1 acdeμF
ð5Þ
2 b

cdeμq4 A5 ¼
128

3
fabFð5Þ

1 acdeμF
ð5Þ
2 b

cdeμq5

A8 ¼ −
128

3
fabFð5Þ

1 acdeμF
ð5Þ
2 b

cdeμq8 A9 ¼ −
16

6
fab½Fð5Þ

1 aμνρσF
ð5Þ
2 b

μνρσ þ 2DμνFð5Þ
1 aμρσδF

ð5Þ
2 bν

ρσδ�q9

A10 ¼
16

6
fab½Fð5Þ

1 aμνρσF
ð5Þ
2 b

μνρσ þ 2DμνFð5Þ
1 aμρσδF

ð5Þ
2 bν

ρσδ�q10

A11 ¼ −
16

6
fab½Fð5Þ

1 aμνρσF
ð5Þ
2 b

μνρσ þ 2DμνFð5Þ
1 aμρσδF

ð5Þ
2 bν

ρσδ�q11

A13 ¼
16

6
fab½Fð5Þ

1 aμνρσF
ð5Þ
2 b

μνρσ þ 2DμνFð5Þ
1 aμρσδF

ð5Þ
2 bν

ρσδ�q13: ð52Þ

Replacing them in (13), one finds

A ∼
128

3
fabFð5Þ

1 acdeμF
ð5Þ
2 b

cdeμM3

þ 16

6
fab½Fð5Þ

1 aμνρσF
ð5Þ
2 b

μνρσ

þ 2DμνFð5Þ
1 aμρσδF

ð5Þ
2 bν

ρσδ�M4;

where M3, M4 are given in (49). Since they are zero, i.e.,
(51), the above amplitude is zero, as expected from the S-
duality Ward identity.

E. Cð0ÞCð2ÞΦ
The amplitude of one R-R scalar, one R-R two-form, and

one transverse scalar must be zero because Cð0Þ transforms
as a modular, Cð2Þ transforms as a doublet, and Φ trans-
forms as a scalar under S-duality transformations. The only
nonzero Ai’s are the following:

A9 ¼ −128iFð1ÞμFð3Þ
μaikaζiq9

A10 ¼ 64iFð1ÞμFð3Þ
μaikaζiq10

A11 ¼ −128iFð1ÞμFð3Þ
μaikaζiq11

A13 ¼ 64iFð1ÞμFð3Þ
μaikaζiq13: ð53Þ

The amplitude (13) then becomes

A ∼ 64iFð1ÞμFð3Þ
μaikaζiM5; ð54Þ

where

M5 ≡−2q9 þ q10 − 2q11 þ q13

¼
Z

K½z31z32z31̄ − 2z31z32z32̄ þ z31z31̄z32̄ − 2z32z31̄z32̄�
z12z12̄z31z32z31̄z32̄z1̄2z1̄ 2̄

× d2z1d2z2dx3: ð55Þ

Transforming it to the unit disk and fixing the position of
one closed string state and the open string states, one finds
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M5 ¼
Z

1

0

rdr
Z

2π

0

dθ
4 sinðθÞðr2Þp1:p2ð1 − r2Þp2:D:p2

rðr2 − 2r cosðθÞ þ 1Þ2p1:k3þ1
:

ð56Þ

Again the θ integration gives zero result. So the above
S-duality Ward identity produces the following constraint,

−2q9 þ q10 − 2q11 þ q13 ¼ 0; ð57Þ

which is verified explicitly.

F. Cð0ÞCð4ÞΦ
Since Cð0Þ transforms as a modular and Cð4Þ and Φ

transform as scalars under the S-duality transformation, the
S-duality Ward identity predicts that the amplitude of one
R-R scalar, one R-R four-form, and one transverse scalar
must be zero. In this case, all trace parts of the amplitude
are in fact zero.

G. Cð2ÞCð4ÞΦ
The S-duality Ward identity also predicts that the

amplitude of one R-R scalar, one R-R two-form, and
one transverse scalar is zero. Cð4Þ and Φ transform as a
scalar but Cð2Þ transform as a doublet under S-duality
transformation. The nonzero Ai’s are the following:

A3 ¼ −
128i
3

Fð3ÞbcdFð5Þ
abcdik

aζiq3

A4 ¼ −
128i
3

Fð3ÞbcdFð5Þ
abcdik

aζiq4

A5 ¼ −
128i
3

Fð3ÞbcdFð5Þ
abcdik

aζiq5

A8 ¼ −
128i
3

Fð3ÞbcdFð5Þ
abcdik

aζiq8

A9 ¼ ikaζi½32Fð3ÞμνρFð5Þ
μνρai þ 96Fð3ÞbμjFð5Þ

bμjai�q9
A10 ¼ −

2i
3
kaζi½32Fð3ÞμνρFð5Þ

μνρai þ 96Fð3ÞbμjFð5Þ
bμjai�q10

A11 ¼ ikaζi½32Fð3ÞμνρFð5Þ
μνρai þ 96Fð3ÞbμjFð5Þ

bμjai�q11
A13 ¼ −

2i
3
kaζi½32Fð3ÞμνρFð5Þ

μνρai þ 96Fð3ÞbμjFð5Þ
bμjai�q13:

ð58Þ

Using the constraints (51) and (57), one finds that the
amplitude simplifies to

A ∼
128

3
iFð3ÞbcdFð5Þ

abcdik
aζiM6; ð59Þ

where

M9 ≡ q3 þ q4 þ q5 þ q8

¼
Z

−
K½z31ðz32ðz31̄ þ z32̄Þ þ z31̄z32̄Þ þ z32z31̄z32̄�

z12z11̄z22̄z31z32z31̄z32̄z1̄ 2̄
× d2z1d2z2dx3

→
Z

1

0

rdr
Z

2π

0

dθ
4 sinðθÞðr2Þp1:p2ð1 − r2Þp2:D:p2−1

rðr2 − 2r cosðθÞ þ 1Þ2p1:k3þ1
;

ð60Þ

which is zero upon integrating over the θ variable. So the
Ward identity predicts another constraint, i.e.,

q3 þ q4 þ q5 þ q8 ¼ 0; ð61Þ

which is verified by the explicit calculation.
We have seen that the amplitudes that are constrained by

the S-duality Ward identity to be zero are in fact zero by
explicit calculations. However, there are other amplitudes
in the D3-brane that the Ward identity does not predict to be
zero. They are either invariant under the SLð2; RÞ trans-
formations or they are related to the other amplitudes that
involve NS-NS closed string states. In the next section we
are going to write the explicit form of these amplitudes and
the amplitudes for p ≠ 3.

IV. NONZERO AMPLITUDES

The Ward identities predict the six constraints (25), (51),
(57), and (61) between the integrals that appear in (13).
Examining the integrals, we have also found the following
four relations between them:

q1 þ q5 − q8 ¼ 0

q4 − q5 − q14 ¼ 0

q6 þ 2q5 ¼ 0

q12 þ 2q11 ¼ 0: ð62Þ

Using these ten constraints, one can express all integrals in
(13) in terms of the following four integrals:

Q1≡q6→
Z

1

0

2rdr
Z

2π

0

dθ
ðr2Þp1:p2−1ð1−r2Þp2:D:p2−1

ðr2−2rcosðθÞþ1Þ2p1:k3

Q2≡q14−q1→
Z

1

0

2rdr
Z

2π

0

dθ
ðr2Þp1:p2−1ð1−r2Þp2:D:p2

ðr2−2rcosðθÞþ1Þ2p1:k3þ1

Q3≡q12→
Z

1

0

2rdr
Z

2π

0

dθ
ðr2Þp1:p2−1ð1−r2Þp2:D:p2

ðr2−2rcosðθÞþ1Þ2p1:k3

Q4≡q7−q2→
Z

1

0

2rdr
Z

2π

0

dθ
ðr2Þp1:p2−1ð1−r2Þp2:D:p2þ1

ðr2−2rcosðθÞþ1Þ2p1:k3þ1
:

The θ-integral can be evaluated using the following
formula [34]:
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Z
2π

0

dθ
cosðnθÞ

ð1þ x2 − 2x cosðθÞÞb ¼ 2πxn
Γðbþ nÞ
n!ΓðbÞ 2F1

�
b; nþ b

nþ 1
; x2

�
; ð63Þ

where jxj < 1. The r-integral can be evaluated using the following formula [34]:

Z
1

0

dxxað1 − xÞb2F1

�
a1; a2

b1
; x

�
¼ 3F2

�
1þ a; a1; a2
2þ aþ b; b1

; 1

�
Bð1þ a; 1þ bÞ:

Then the Qi’s become

Q1 ¼ 2πBðp1:p2; p2:D:p2Þ3F2

�
p1:p2; 2p1:k3; 2p1:k3
p1:p2 þ p2:D:p2; 1

; 1

�

Q2 ¼ 2πBðp1:p2; p2:D:p2 þ 1Þ3F2

�
p1:p2; 2p1:k3 þ 1; 2p1:k3 þ 1

p1:p2 þ p2:D:p2 þ 1; 1
; 1

�

Q3 ¼ 2πBðp1:p2; p2:D:p2 þ 1Þ3F2

�
p1:p2; 2p1:k3; 2p1:k3
p1:p2 þ p2:D:p2 þ 1; 1

; 1

�

Q4 ¼ 2πBðp1:p2; p2:D:p2 þ 2Þ3F2

�
p1:p2; 2p1:k3 þ 1; 2p1:k3 þ 1

p1:p2 þ p2:D:p2 þ 2; 1
; 1

�
: ð64Þ

Using the package [35], one may expand the integrals at low energy, i.e.,

Q1 ¼
1

p1:p2

þ 1

p2:D:p2

þ π2

6

�
−p1:p2 þ

4ðp2:k3Þ2
p2:D:p2

− p2:D:p2

�
þ � � �

Q2 ¼
1

p1:p2

þ 1

p1:D:p1

þ π2

6

�
−p1:p2 þ

4ðp1:k3Þ2
p1:D:p1

− p1:D:p1

�
þ � � �

Q3 ¼
1

p1:p2

þ π2

6
p2:D:p2 þ � � � Q4 ¼

1

p1:p2

þ π2

6
p1:D:p1 þ � � � ;

where we have also used the on-shell relation (46). One may use the above expansions to find four-derivative couplings of
two R-R and one NS states, which we are not interested in for this paper. By studying the above low energy expansions, we
have observed that the integrals Q1, Q2 interchange under the changing of the R-R labels, i.e., Q1ðp1; p2Þ ↔ Q2ðp2; p1Þ.
Similarly, Q3ðp1; p2Þ ↔ Q4ðp2; p1Þ.
Since the results of the traces in (30) depend on p, it is convenient to write the nonzero amplitudes for explicit p. In the

next subsections, we write the amplitudes for p ¼ 0, 1, 2, 3.

A. p= 0

When p ¼ 0, the nonzero amplitudes are

ACð1ÞCð1ÞΦ ∼
256

1!
½p1:N:ζðQ1 −Q3Þ þ p2:N:ζðQ2 −Q4Þ�Fð2Þ

1
iaFð2Þ

2 ia þ
16

2!
½p1:N:ζQ3 þ p2:N:ζQ4�ð−8Fð2Þ

1
μνFð2Þ

2 μν

− 4Dλ
ρF

ð2Þ
1

ρνFð2Þ
2 λνÞ þ ½64ð4Q1 − 2Q3 −Q4ÞFð2Þ

1
ijFð2Þ

2 aj þ 64ð4Q2 −Q3 − 2Q4ÞFð2Þ
1 ajF

ð2Þ
2

ij�kaζi
ACð3ÞCð3ÞΦ ∼

16

4!
½p1:N:ζQ3 þ p2:N:ζQ4�ð−8Fð4Þ

1
μνσδFð4Þ

2 μνσδ − 8Dλ
ρF

ð4Þ
1

ρνσδFð4Þ
2 λνσδÞ

−
�
32

3
Q3F

ð4Þ
1 i

jklFð4Þ
2 ajkl þ

32

3
Q4F

ð4Þ
1 ajklF

ð4Þ
2 i

jkl
�
kaζi: ð65Þ

The amplitudes are symmetric under interchanging the particle labels 1,2, as expected.
There is no nonzero amplitude when the open string is the gauge field, which is consistent with the gauge transformation

Ward identity because the world-volume indices can take only one value. As a result, fab is zero.
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B. p= 1

When p ¼ 1, the nonzero amplitudes are

ACð0ÞCð0ÞΦ∼
256

1!
½p1:N:ζðQ1−Q3Þþp2:N:ζðQ2−Q4Þ�Fð1Þ

1
aFð1Þ

2 a

þ16

1!
½p1:N:ζQ3þp2:N:ζQ4�ð−6Fð1Þ

1
μFð1Þ

2 μ−2Dλ
ρF

ð1Þ
1

ρFð1Þ
2 λÞþ½64ð4Q1−2Q3−Q4ÞFð1Þ

1
iFð1Þ

2
a

þ64ð4Q2−Q3−2Q4ÞFð1Þ
1

aFð1Þ
2

i�kaζi
ACð2ÞCð2ÞΦ ∼

256

2!
½p1:N:ζðQ1−Q3Þþp2:N:ζðQ2−Q4Þ�Fð3Þ

1
iabFð3Þ

2 iab

þ16

3!
½p1:N:ζQ3þp2:N:ζQ4�ð−6Fð3Þ

1
μνρFð3Þ

2 μνρ−6Dλ
ρF

ð3Þ
1

ρμνFð3Þ
2 λμνÞ

þ½64ð4Q1−2Q3−Q4ÞFð3Þ
1

bijFð3Þ
2 abjþ64ð4Q2−Q3−2Q4ÞFð3Þ

1 abjF
ð3Þ
2

bij�kaζi
− ½32Q3F

ð3Þ
1

ijkFð3Þ
2 ajkþ32Q4F

ð3Þ
1 ajkF

ð3Þ
2

ijk�kaζi
ACð4ÞCð4ÞΦ ∼−

16

5!
½p1:N:ζQ3þp2:N:ζQ4�ð6Fð5Þ

1
μνρσδFð5Þ

2 μνρσδþ10Dλ
ρF

ð5Þ
1

ρμνσδFð5Þ
2 λμνσδÞ

−
�
32

3
Q3F

ð5Þ
1

b
i
jklFð5Þ

2 abjklþ
32

3
Q4F

ð5Þ
1 a

bjklFð5Þ
2 bijkl

�
kaζi−

�
8

3
Q4F

ð5Þ
1 i

jklmFð5Þ
2 ajklmþ

8

3
Q3F

ð5Þ
1 a

jklmFð5Þ
2 ijklm

�
kaζi

ACð0ÞCð2Þf ∼−32ið4Q1−2Q3−Q4ÞFð1Þ
1

iFð3Þ
2 iabf

ab

ACð2ÞCð4Þf ∼
16i
3
Q3F

ð3Þ
1 ijkF

ð5Þ
2 ab

ijkfab: ð66Þ

The first three amplitudes in which the degrees of the R-R fields are identical are symmetric under the interchange of the
particle labels 1,2. The last two amplitudes, in which the degrees of the R-R fields are not identical, are not symmetric.
When the particle labels are changed, the amplitudes become

ACð2ÞCð0Þf ∼ −32ið4Q2 − 2Q4 −Q3ÞFð1Þ
2

iFð3Þ
1 iabf

ab ACð4ÞCð2Þf ∼
16i
3

Q4F
ð3Þ
2 ijkF

ð5Þ
1 ab

ijkfab: ð67Þ

C. p= 2

For the case that p ¼ 2, the nonzero amplitudes are

ACð1ÞCð1ÞΦ ∼
256

2!
½p1:N:ζðQ1 −Q3Þ þ p2:N:ζðQ2 −Q4Þ�Fð2Þ

1
abFð2Þ

2 ab

þ 16

2!
½p1:N:ζQ3 þ p2:N:ζQ4�ð−4Fð2Þ

1
μνFð2Þ

2 μν − 4Dλ
ρF

ð2Þ
1

ρνFð2Þ
2 λνÞ

þ ½64ð4Q1 − 2Q3 −Q4ÞFð2Þ
1

ibFð2Þ
2 ab þ 1 ↔ 2�kaζi − ½32Q3F

ð2Þ
1

ijFð2Þ
2 aj þ 32Q4F

ð2Þ
1 ajF

ð2Þ
2

ij�kaζi
ACð3ÞCð3ÞΦ ∼

256

3!
½p1:N:ζðQ1 −Q3Þ þ p2:N:ζðQ2 −Q4Þ�Fð4Þ

1
iabcFð4Þ

2 iabc

−
64

4!
½p1:N:ζQ3 þ p2:N:ζQ4�ðFð4Þ

1
μνσδFð4Þ

2 μνσδ þ 2Dλ
ρF

ð4Þ
1

ρνσδFð4Þ
2 λνσδÞ

þ ½32ð4Q1 − 2Q3 −Q4ÞFð4Þ
1

bc
i
jFð4Þ

2 abcj þ 1 ↔ 2�kaζi − ½32Q3F
ð4Þ
1

b
i
jkFð4Þ

2 abjk þ 32Q4F
ð4Þ
1 a

bjkFð4Þ
2 bijk�kaζi

− ½32
3
Q3F

ð4Þ
1 a

jklFð4Þ
2 ijkl þ

32

3
Q4F

ð4Þ
1 i

jklFð4Þ
2 ajkl�kaζi

ACð1ÞCð3Þf ∼ −32ið4Q1 − 2Q3 −Q4ÞFð2Þ ciFð4Þ
abcifab þ 16iQ3Fð2Þ ijFð4Þ

abijfab: ð68Þ

Here also the first two amplitudes are symmetric under an interchange of the particle labels 1,2, as expected.
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D. p= 3

Finally, for p ¼ 3 the amplitudes are

ACð0ÞCð0ÞΦ ∼
16

1!
½p1:N:ζQ3 þ p2:N:ζQ4�ð−2Fð1Þ

1
μFð1Þ

2 μ − 2Dλ
ρF

ð1Þ
1

ρFð1Þ
2 λÞ

− ½64Q3F
ð1Þ
1 iF

ð1Þ
2 a þ 64Q4F

ð1Þ
1 aF

ð1Þ
2 i�kaζi

ACð2ÞCð2ÞΦ ∼
256

3!
½p1:N:ζðQ1 −Q3Þ þ p2:N:ζðQ2 −Q4Þ�Fð3Þ

1
abcFð3Þ

2 abc

þ 16

3!
½p1:N:ζQ3 þ p2:N:ζQ4�ð−2Fð3Þ

1
μνρFð3Þ

2 μνρ − 6Dλ
ρF

ð3Þ
1

ρμνFð3Þ
2 λμνÞ

þ ½32ð4Q1 − 2Q3 −Q4ÞFð3Þ
1

ibcFð3Þ
2 abc þ 1 ↔ 2�kaζi

ACð4ÞCð4ÞΦ ∼
256

4!
½p1:N:ζðQ1 −Q3Þ þ p2:N:ζðQ2 −Q4Þ�Fð5Þ

1
iabcdFð5Þ

2 iabcd

−
32

5!
½p1:N:ζQ3 þ p2:N:ζQ4�ðFð5Þ

1
μνρσδFð5Þ

2 μνρσδ þ 5Dλ
ρF

ð5Þ
1

ρμνσδFð5Þ
2 λμνσδÞ

þ
�
32

3
ð4Q1 − 2Q3 −Q4ÞFð5Þ

1
bcd

i
jFð5Þ

2 abcdj þ 1 ↔ 2

�
kaζi

− ½16Q3F
ð5Þ
1

bc
i
jkFð5Þ

2 abcjk þ 16Q4F
ð5Þ
1 a

bcjkFð5Þ
2 bcijk�kaζi

−
�
32

3
Q3F

ð5Þ
1 a

bjklFð5Þ
2 bijkl þ

32

3
Q4F

ð5Þ
1 bi

jklFð5Þ
2 abjkl�kaζi

ACð0ÞCð2Þf ∼ −32ið4Q1 − 2Q3 −Q4ÞFð1Þ
1

aFð3Þ
2 abcf

bc þ 32iQ3F
ð1Þ
1

iFð3Þ
2 ibcf

bc

ACð2ÞCð4Þf ∼ −16ið4Q1 − 2Q3 −Q4ÞFð3Þ
1

cdiFð5Þ
2 abcdif

ab þ 16iQ3F
ð3Þ
1

cijFð5Þ
2 abcijf

ab þ 16i
3

Q4F
ð3Þ
1

ijkFð5Þ
2 abijkf

ab: ð69Þ

We have already shown in the previous section that the
S-duality Ward identity transforms the amplitude ACð0ÞCð2Þf

to three other amplitudes, e.g., the amplitude of one dilaton,
one B-field and one gauge boson, which are consistent with
explicit calculations. The amplitude ACð4ÞCð4ÞΦ is invariant
under the S-duality Ward identity; the amplitude ACð0ÞCð0ÞΦ
transforms to the amplitude of two dilatons and one
transverse scalar; the amplitude ACð2ÞCð2ÞΦ transforms to
the amplitude of two B-fields and one transverse scalar; and
the amplitude ACð2ÞCð4Þf transforms to the amplitude of
one B-field, one R-R four-form, and one gauge boson. It
would be interesting to calculate these amplitudes explicitly
and compare them with the S-duality Ward identity
predictions.

V. T-DUALITY WARD IDENTITY

The S-matrix elements in string theory must satisfy the
T-duality Ward identity. We now verify that the amplitudes
that we have found in the previous subsections satisfy the
T-duality Ward identity. If one reduces the theory on a
circle with coordinate y and if the Dp-brane is alone on the
circle, then after T-duality the brane transforms to the
reduction of the Dp−1-brane on the dual circle. The Dp−1-
brane is also orthogonal to the dual circle. The y index in
the Dp-brane, which is a world-volume index, becomes a
transverse index in the T-dual Dp−1-brane.
For example, consider the reduction of the amplitude

ACð1ÞCð1ÞΦ in (65) when it is orthogonal to the circle; i.e., the
y index is a transverse coordinate,

ACð1ÞCð1ÞΦ ∼
256

1!
½p1:N:ζðQ1 −Q3Þ þ p2:N:ζðQ2 −Q4Þ�Fð2Þ

1
~iaFð2Þ

2 ~ia

þ 16

2!
½p1:N:ζQ3 þ p2:N:ζQ4�ð−16Fð2Þ

1
~iaFð2Þ

2 ~ia − 4Fð2Þ
1

~i ~jFð2Þ
2 ~i ~jÞ

þ ½64ð4Q1 − 2Q3 −Q4ÞFð2Þ
1

~i ~jFð2Þ
2 a~j þ 64ð4Q2 −Q3 − 2Q4ÞFð2Þ

1 a~jF
ð2Þ
2

~i ~j�kaζ~i

S-MATRIX ELEMENT OF TWO R-R AND ONE NS STATES PHYSICAL REVIEW D 96, 066018 (2017)

066018-13



þ 256

1!
½p1:N:ζðQ1 −Q3Þ þ p2:N:ζðQ2 −Q4Þ�ðFð2Þ

1
yaFð2Þ

2 yaÞ

þ 16

2!
½p1:N:ζQ3 þ p2:N:ζQ4�ð−16Fð2Þ

1
yaFð2Þ

2 ya − 8Fð2Þ
1

~iyFð2Þ
2 ~iyÞ

þ ½64ð4Q1 − 2Q3 −Q4ÞFð2Þ
1

~iyFð2Þ
2 ay þ 64ð4Q2 −Q3 − 2Q4ÞFð2Þ

1 ayF
ð2Þ
2

~iy�kaζ~i
þ ½64ð4Q1 − 2Q3 −Q4ÞFð2Þ

1
y~jFð2Þ

2 a~j þ 64ð4Q2 −Q3 − 2Q4ÞFð2Þ
1 a~jF

ð2Þ
2

y~j�kaζy; ð70Þ

where ~i, ~j are the transverse indices which do not include the y-index and ζy is the polarization of the transverse scalar fields
along the y-direction. In the above, we have used the implicit assumption in the reduction that fields do not depend on the
y-direction. The above reduction of the D0-brane amplitude should be reproduced by the linear T-duality of the reduction of
the D1-brane amplitude when it is along the circle. So consider the reduction of the D1-brane amplitudes ACð0ÞCð0ÞΦ,
ACð2ÞCð2ÞΦ, ACð0ÞCð2Þf, and ACð2ÞCð0Þf, i.e.,

ACð0ÞCð0ÞΦ ∼
256

1!
½p1:N:ζðQ1 −Q3Þ þ p2:N:ζðQ2 −Q4Þ�Fð1Þ

1
~aFð1Þ

2 ~a

þ 16

1!
½p1:N:ζQ3 þ p2:N:ζQ4�ð−8Fð1Þ

1
~aFð1Þ

2 ~a − 4Fð1Þ
1

iFð1Þ
2 iÞ

þ ½64ð4Q1 − 2Q3 −Q4ÞFð1Þ
1

iFð1Þ
2

~a þ 64ð4Q2 −Q3 − 2Q4ÞFð1Þ
1

~aFð1Þ
2

i�k ~aζi
ACð2ÞCð2ÞΦ ∼

256

2!
½p1:N:ζðQ1 −Q3Þ þ p2:N:ζðQ2 −Q4Þ�ð2Fð3Þ

1
iy ~aFð3Þ

2 iy ~aÞ

− 32½p1:N:ζQ3 þ p2:N:ζQ4�ðFð3Þ
1

ijyFð3Þ
2 ijy þ 4Fð3Þ

1
iy ~aFð3Þ

2 iy ~a þ 3Fð3Þ
1

y ~a ~bFð3Þ
2 y ~a ~bÞ

þ ½64ð4Q1 − 2Q3 −Q4ÞFð3Þ
1

yijFð3Þ
2 ~ayj þ 64ð4Q2 −Q3 − 2Q4ÞFð3Þ

1 ~ayjF
ð3Þ
2

yij�k ~aζi
ACð0ÞCð2Þf ∼ 64ð4Q1 − 2Q3 −Q4ÞFð1Þ

1
iFð3Þ

2 i ~ayk
~aζy

ACð2ÞCð0Þf ∼ 64ð4Q2 − 2Q4 −Q3ÞFð1Þ
2

iFð3Þ
1 i ~ayk

~aζy; ð71Þ

where ~a, ~b are the world-volume indices that do not include the y-index and ζy is the polarization of the gauge field along
the y-direction. In above reduction, we have discarded the Fð3Þ-terms that have no y-index because they are transformed
under T-duality to Fð4Þ-terms that are not included in (70). Using the linear T-duality for the R-R fields, i.e.,

CðnÞ
μν…y → Cðn−1Þ

μν… ; Cðn−1Þ
μν… → CðnÞ

μν…y; ð72Þ

and the T-duality for the gauge field along the
circle, i.e.,

Ay → Φy; ð73Þ

one finds that the T-duality of the amplitudes in
(71) are exactly that of the amplitude in (70). We
have done similar calculations for all other amplitudes
and found exact agreement with the T-duality Ward
identity.

VI. SOFT SCALAR THEOREM

The S-matrix elements should satisfy the corresponding
soft theorems as well. We have proposed in the Introduction
a soft theorem for the scattering amplitude of n closed
strings and one soft open string transverse scalar field, i.e.,
Eq. (2). We now check this theorem explicitly for the
scattering amplitude of two closed string R-R states and
one scalar field.
When the open string vertex operator is the transverse

scalar, the amplitudes that we have found can be written as

A2þ1 ∼ ½p1:N:ζðQ1 −Q3Þ þ p2:N:ζðQ2 −Q4Þ�d2 þ ½p1:N:ζQ3 þ p2:N:ζQ4�d1 þ terms proportional to k3; ð74Þ

where d1, d2 are
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d1 ¼
16

n!
½TrðDÞFðnÞ

1 · FðnÞ
2 − 2nDλ

ρF
ðnÞ
1

ρμ…νFðnÞ
2 λμ…ν�

d2 ¼
256

n!
½δn;pFðnÞ

1 · V · FðnÞ
2 þ δn;pþ2F

ðnÞ
1

a0a1…apiFðnÞ
2 a0a1…api

�: ð75Þ

When the scalar field is soft, i.e., k3 → 0, at the leading order of k3, the terms in the second line of (74) vanish and the
integrals in the first line become

Q1 −Q3 ¼ 2πBð1þ p1:p2; p2:D:p2Þ3F2

"
1þ p1:p2; 0; 0

1þ p1:p2 þ p2:D:p2; 1
; 1

#

Q2 −Q4 ¼ 2πBð1þ p1:p2; p2:D:p2 þ 1Þ3F2

"
1þ p1:p2; 1; 1

1þ p1:p2 þ p2:D:p2 þ 1; 1
; 1

#

Q3 ¼ 2πBðp1:p2; p2:D:p2 þ 1Þ3F2

"
p1:p2; 0; 0

p1:p2 þ p2:D:p2 þ 1; 1
; 1

#

Q4 ¼ 2πBðp1:p2; p2:D:p2 þ 2Þ3F2

"
p1:p2; 1; 1

p1:p2 þ p2:D:p2 þ 2; 1
; 1

#
: ð76Þ

Using the following identities,

3F2

�
a; 0; 0

b; c
; 1

�
¼ 1

3F2

�
a; 1; 1

b; c
; 1

�
¼ ΓðcÞΓðc − a − bÞ

Γðc − aÞΓðc − bÞ ; ð77Þ

one finds

Q1 −Q3 ¼ Q2 −Q4 ¼ 2πBð1þ p1:p2; p2:D:p2Þ
Q3 ¼ Q4 ¼ 2πBðp1:p2; p2:D:p2 þ 1Þ: ð78Þ

Replacing them in (74), one finds that the amplitude at the
leading order of k3 becomes

A2þ1 ¼ ζiðp1 þ p2ÞiA2; ð79Þ

where

A2 ∼ Kð1; 2Þ Γðp1:p2ÞΓðp2:D:p2Þ
Γð1þ p1:p2 þ p2:D:p2Þ

ð80Þ

and the kinematic factor Kð1; 2Þ is

Kð1; 2Þ ¼ ðp2:D:p2d1 þ p1:p2d2Þ: ð81Þ

The amplitude (80) is exactly the disk-level scattering
amplitude of two R-R vertex operators [36]. So the
amplitude that we have found satisfies the soft theorem
at the leading order, when the transverse scalar field is soft.
It would be interesting to find the subleading terms in the
soft theorem (2) and check them by explicit calculations.

VII. SOFT PHOTON THEOREM

We have proposed in the Introduction a soft theorem for
the scattering amplitude of n closed strings and one soft
open string gauge field, i.e., Eq. (1). This relation can be
used to find for the antisymmetric matrix ½An�ab that its
trace is the scattering amplitude of n closed string vertex
operators, which is zero. Using this theorem, one can find
½An�ab explicitly.
Using the soft limit of the integrals (78), one finds that

the matrix ½A2�ab has the same structure as the scattering
amplitude of the two closed strings from the D-brane, i.e.,
(80), with the following kinematic factors:

½Kp¼1ðCð0Þ; Cð2ÞÞ�ab ∼ p1 · N · p2F
ð1Þ
1

iFð3Þ
2 iab

½Kp¼1ðCð2Þ; Cð4ÞÞ�ab ∼
1

3!
p1 · V · p2F

ð3Þ
1 ijkF

ð5Þ
2 ab

ijk

½Kp¼2ðCð1Þ; Cð3ÞÞ�ab ∼ p1 · N · p2Fð2Þ ciFð4Þ
abci

þ 1

2!
p1 · V · p2Fð2Þ ijFð4Þ

abij

½Kp¼3ðCð0Þ; Cð2ÞÞ�ab ∼ p1 · N · p2F
ð1Þ
1

cFð3Þ
2 cab

þ p1 · V · p2F
ð1Þ
1

iFð3Þ
2 iab

½Kp¼3ðCð2Þ; Cð4ÞÞ�ab ∼
1

2!
p1 · N · p2F

ð3Þ
1

cdiFð5Þ
2 abcdi

þ 1

2!
p1 · V · p2F

ð3Þ
1

cijFð5Þ
2 abcij

þ 1

3!
p1 · V · p2F

ð3Þ
1

ijkFð5Þ
2 abijk:

ð82Þ
The trace of the above matrices is zero. One may
use a stringy recursion relation similar to the
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Britto-Cachazo-Feng-Witten field theory recursion relation
[37] to construct the amplitude of four R-R states, i.e.,
ACðnÞCðnÞCðnþ2ÞCðnþ2Þ , from the above two-point functions.
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