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Abstract. In this paper a H generalized Cauchy equation

[S(t+ s) + S(t− s)]C = H(S(s), S(t))

will be considered, where {S(t)} is a one parameter family of
bounded operators and H : B(X) × B(X) → B(X) is a function.
For the special case, when H(S(s), S(t)) = 2S(s)S(t) + 2D(S(s)−
T (s))(S(t) − T (t)) with D ∈ B(X), solutions of H generalized
Cauchy equation will be studied, where {T (t)} is a C-cosine fam-
ily of operators.

1. Introduction and preliminaries

Suppose that X is a Banach space, {S(t); t ∈ R} is a strongly con-
tinuous C-cosine operator function on X if it is a family of operators
in B(X) satisfying
(a) S(0) = C;
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(b) [S(t+ s) + S(t− s)]C = 2S(t)S(s)) for t, s ∈ R;
(c) the function S(.)x is continuous on R for every x ∈ X.
(see [1])

The associated sine operator function S(.) is defined by the formula

S(t) =
∫ t
0
S(s)ds, t ∈ R. The second infinitesimal generator(or simply

the generator) A of S(.) is defined as Ax = C−1 limt→0
2
t2
(S(t) − C)x,

with natural domain. A C-cosine operator function gives the solution
of a well-posed Cauchy problem

CP (A;x; y)

{
d2u(t)
dt2

= Au(t), t ∈ R,
u(0) = x, u

′
(0) = y

For the theory of cosine operator function we refer to [1, 2, 4, 3].

2. Main results

Let X be a Banach space and C be an injective operator in B(X).
A family {S(t)}t∈ℜ ⊆ B(X) is said to satisfy a H-C-cosine Cauchy
equation if

[S(s+ t) + S(s− t)]C = H(S(s), S(t)), (2.1)

where H : B(X) × B(X) → B(X) is a function. If H(S(s), S(t)) =
2S(s)S(t), then {S(t)}t∈ℜ satisfy in the first condition of C-cosine fam-
ily of operators.

In this section we consider a special case when

H(S(s), S(t)) = 2S(s)S(t) + 2D(S(s)− T (s))(S(t)− T (t)), (2.2)

where {T (t)}t∈ℜ is a C-cosine family of operators and D ∈ B(X).
Trivially D = 0 is a the C-cosine condition.

Now consider the equation (2.1) with H as in (2.2). Let A : D(A) ⊆
X → X be defined as A(x) = C−1 limh→0

2
h2
[S(h)x − Cx], where

D(A) = {x ∈ X : limh→0
2
h2
[S(s)x − Cx] exists in the range of C}.

We shall think of A as the infinitesimal generator of {S(t)}t∈ℜ.

Lemma 2.1. Let {S(t)} ⊆ B(X) be a strongly continuous family, with
S(0) = C and it satisfies (2.1) with H as (2.2). Then

(1) S(s) = S(−s) and S(s)C = CS(s) for all s.
(2) If I+D is injective and for any s, t, T (s)S(t) = S(t)T (s), then

S(s)S(t) = S(t)S(s) for all s, t.
(3) If D is injective and S(s)S(t) = S(t)S(s) for all s, t, then for

any s, t, T (s)S(t) = S(t)T (s).
(4) If {S(t)}t∈ℜ is a commuting family and x ∈ D(A) then for any

t, S(t)x ∈ D(A) and AS(t)x = S(t)Ax.
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Theorem 2.2. Suppose that {S(t)} ⊆ B(X) is a commuting strongly
continuous family with S(0) = C and it satisfies (2.1) with H as (2.2).
Let T1(t)x := (1 + D)S(t)x − DT (t)x, x ∈ X, then {T1(t)} is a C-
cosine family. Furthermore if A0 is the infinitesimal generator of the
C-cosine family {T (t)}, then an extension of A1 := (1 + D)A − DA0

is the generator of {T1(t)}.

The previous theorem implies that if (I + D) is invertible then the
solution S(t) of (2.1) with H as (2.2) is of the form

S(t)x = D(D + I)−1T (t)x+ (1 +D)−1T1(t)x, x ∈ X.

For D = −I, the equation (2.1) reduces to

[S(t+s)+S(t−s)]C = 2S(t)S(s)+2(T (t)−S(t))(S(s)−T (s)). (2.3)

Also in this case with A0 and A as before, so we have for x ∈ X,
T

′
(t)x = A0

∫ t
0
T (s)xds and,

Theorem 2.3. Let {S(t)} be a strongly continuous family satisfying
(2.3). Then

(1) For any x ∈ D(A), d2

dt2
S(t)x = A0S(t)x+ (A− A0)T (t)x.

(2) The solution of (2.3) in the uniform operator topology is of the
form S”(t) = A0S(t)x+ (A− A0)T (t)x.

The associated sine operator function S(.) is defined by the formula

S(t) :=
∫ t
0
S(s)ds, t ∈ R. We consider sine of C-cosine family {T (t)}

by ℑ(t) =
∫ t
0
T (m)dm.

Proposition 2.4. Suppose that {S(t)} ⊆ B(X) is a commuting strongly
continuous family with S(0) = C and it satisfies (2.1) with H as (2.2).
The following asertions hold

S(t) = S(−t) for all t ∈ ℜ; (2.4)

S(−t) = −S(t) for all t ∈ ℜ. (2.5)

S(s),S(s), S(t), and S(t) commute for all t, s ∈ ℜ. (2.6)

[S(s+t)+S(s−t)]C = 2S(t)S(s)+2D(S(t)−T (t))(S(s)−ℑ(s)). (2.7)

S(t+ s)C = S(t)S(s) + S(s)S(t)

+D[(S(t)− T (t))(S(s)−ℑ(s)) + (S(s)− T (s))(S(t)−ℑ(t))]. (2.8)
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