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A detailed study on thermally driven °ows through divergent micro/nanochannels is pre-

sented. Rare¯ed gas °ow behavior and thermal mass °ow rate were investigated with dif-

ferent divergence angles ranging between 0� and 7� at two aspect ratios (AR ¼ L=Hin ¼ 6; 20)
using particle-based direct simulation Monte-Carlo (DSMC) method. We compare our

DSMC solutions for normalized thermal mass °ow rate with the numerical solution of the

Boltzmann–Krook–Walender (BKW) model and Bhatnagar–Gross–Krook (BGK) model and

asymptotic theory over a wide range of Knudsen number in the transition regime. The °ow
¯eld properties including Mach number, pressure, overall temperature and magnitude of

shear stress are examined in detail. Based on our analysis, we observed an approximately

constant velocity and pressure distribution at a microchannel with a small opening angle.

Our results also demonstrate that the heat lines from weakly nonlinear form of Sone con-
stitutive law and DSMC show good agreement at low Knudsen numbers. Moreover, we show

that the e®ect of divergence angle is in°uential in increasing normalized thermal mass °ow

rate at early transition regime.

Keywords: Divergent micro/nanochannel; thermally-driven °ows; rare¯ed gas °ow; direct

simulation Monte Carlo (DSMC).

PACS Nos.: 47.61.–k, 47.45.–n, 05.70.–a, 02.70.–c.

1. Introduction

There is a renewed interest in development of thermally driven °ow in micro/nano-

electro-mechanical systems (MEMS/NEMS). It is crucial to understand the gas °ow

behavior through geometry with sudden or gradual expansion. These geometries

could ¯nd applications in microscale systems such as microactuators, microturbines,

gas chromatographs, micro air vehicles, MEMS devices and micromolecular
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compressors.1–4 Most of the earlier studies focused on microchannels with nonuni-

form cross-sections conducting liquid °ows.5–8 To review works on gas °ows, one

could note work of Varade et al.9 who performed an experimental and numerical

study on gaseous °ow at slip regime through divergent microchannels. They showed

that the pressure drop, centerline velocity, and wall shear decrease with an increase

in divergence angle for their range of study. Hemadri et al.10 studied rare¯ed gas °ow

in converging and diverging cross-sections. They observed Knudsen minimum for the

¯rst time in a microchannel of varying cross-section. They investigated the e®ect of

geometrical cross-section and °uid properties on the Knudsen minimum. They also

found that the values of Knudsen number and the minimum mass °ow rate are the

same for both converging and diverging cross-sections at the location of Knudsen

minimum. They indicated the absence of any °ow preference at high Knudsen

numbers when the °ow is subjected to converging and diverging orientations of the

microchannel.11

In addition to the pressure gradient, temperature could induce °ow in micro/

nanoscale geometries. Due to a nonuniform wall temperature distribution applied to

the channel walls, °ow could start creeping from the cold region toward the hot one.

This °ow is called thermal creep/transpiration °ow.12 A traditional application of

thermally-driven °ow is Knudsen compressor/pump which works without any

moving part under rare¯ed condition. Knudsen built a thermally-driven pump op-

erating according to the thermal creep/transpiration phenomenon.13 Knudsen pump

could ¯nd applications in MEMS/NEMS such as gas sensors, fuel cells, and lab on a

chip.14–16 Thermal creep/transpiration problems were studied by several researchers

during the past17–19 and recent years.15,20,21 Alexeenko et al.15 investigated the

e®ects of wall temperature distribution applied to a two-dimensional ¯nite length

microchannel. They examined three wall temperature distributions: linear, stepwise,

and a nonmonotonic pro¯le typical for a radiantly heated Knudsen compressor's

membrane and compared BGK and ES and DSMC solutions. Akhlaghi et al.20

considered °ow between two parallel plates with a linear wall temperature gradient

applied to their surfaces at isobaric inlet/outlet condition. They reported mass °ow

rate dependency on the wall temperature and derived analytical expressions for the

mass °ux. Tatsios et al.21 considered the associated pumping e®ects through ex-

tended channels with linearly diverging or converging cross-sections. They param-

etrized mass °ow rate and the induced pressure di®erence between the channel inlet

and outlet in terms of geometrical and operational data including the channel in-

clination and the inlet pressure.

The impetus for this work is to investigate thermal creep e®ect on °uid °ow

behavior and the mass °ow rate of the rare¯ed gas °ow through micro/nanoscale

channels over a wide range of Knudsen numbers. We used DSMC method as our

simulation method to accurately simulate rare¯ed gas. The e®ect of geometrical

parameters such as wall divergence angle and aspect ratio are considered in detail.

For the ¯rst time, we will describe mass °ow rate dependence on the divergence angle

under thermal creep conditions.
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2. DSMC Solver

Based on the continuum approximation, the Navier–Stokes–Fourier (NSF) equa-

tions break down when the mean free path (�) of the molecule becomes comparable

to the characteristic length (L) of the geometry conducting the gas. The nondi-

mensional parameter, Knudsen number (Kn ¼ �=L) is usually considered to classify

the gas °ow rarefaction regimes, including continuum regime (Kn < 0:001), slip °ow

regime (0:001 � Kn < 0:1), transition °ow regime (0:1 � Kn < 10) and free molec-

ular regime (Kn � 10). Direct simulation Monte-Carlo (DSMC) is widely employed

to accurately and e±ciently model °ow ¯elds in all rarefaction regimes. This method,

developed by Bird,22 is based on the molecular simulation of dilute gas °ows. The

DSMC procedure consists of the movement of particles, indexing of particles in cells,

particles collision and sampling. In this method, every simulator particle represents a

large number of real gas molecules. The number of particles must be large enough to

represent the velocity distribution of real gas molecules. Here, our employed mo-

lecular collision model is variable hard sphere (VHS). VHS model, introduced by

Bird, is based on a variable cross-section relation with relative velocities for the

colliding pairs.23,24 There are di®erent collision schemes in DSMC, i.e. time counter

(TC), Null collision, Ballot box, Modi¯ed Nanbu, Majorarant frequency scheme

(MFS), No time counter (NTC), Bernoulli Trials, Simpli¯ed and Generalized

Bernoulli Trials, for more details see Refs. 25–28. In this paper, the collision pairs are

selected based on the standard NTC collision method. Di®use re°ection model is

chosen for all solid surfaces. An improved version of the DSMC solver of open source

Cþþ CFD toolbox OpenFOAM, dsmcFoam, is employed.29–31 There are several

possible ways to check the convergence of the DSMC simulations, here we considered

convergence of mass °ow rate at various sections of the channel, i.e. mass °ow rate is

calculated and once it becomes equal at various sections of the channel, the solution

is considered as converged. However, the simulations were continued for a much

longer time to suppress statistical scatters in the DSMC results.

3. Divergent Channel Geometry

The micro divergent channel with isobaric inlet/outlet condition is depicted in

Fig. 1. Nitrogen gas with properties listed in Table 1, is considered at various

Knudsen numbers ranging between 0.1 and 10. The inlet gas temperature (Tin)

value was kept at 300K and the inlet gas pressure (pin) was prescribed for each case

based on the corresponding Knudsen number and the ideal gas law, see Table 2.

Temperature-driven °ow is produced via applying a linear wall temperature dis-

tribution as �Twall=Tin ¼ ðTout � TinÞ=Tin implemented over walls. The height of

inlet channel is 0.4�m and aspect ratios (AR ¼ L=Hin) 6 and 20 is considered.

Lower Kn cases considered in this work correspond to microscale channels

(H ¼ 75�m) but higher Kn cases (Kn > 1) correspond to nanoscale geometries with

an inlet height of 75 nm.
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4. DSMC Simulation Accuracy

4.1. Cell size

When the cell size in physical space is large, macroscopic gradients are typically

underpredicted. According to past studies, in an area with large gradients, the ratio

of cell dimension to local mean free path should not be higher than 1/3 in the

gradient direction.32 Figure 2 shows the results of grid study test using four grids. We

investigated Mach number (Ma), normalized pressure (P=Pin), normalized overall

temperature (T=Tin) and normalized magnitude of the shear stress (�� ¼ j¿ j=Pin), in

the centerline of the channel. For nitrogen, overall temperature is de¯ned as:

T ¼ 3Ttrþ2Trot

5 , where Ttr and Trot are translational and rotational temperatures, re-

spectively.22 Magnitude of the shear stress is de¯ned as: j¿ j ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
2¿ : ¿

p
, where double

Table 1. Nitrogen gas properties.22

Gas Mass (kg) Viscosity index Diameter (m) Degree of freedom

N2 46.5� 10�27 0.74 4.17� 10�10 5

Fig. 1. Micro/nanochannel geometry and imposed boundary condition.

Table 2. Inlet pressure at each

inlet Knudsen number.

Kn Inlet pressure (kPa)

0.1 134.031

0.2 67.015

1 13.403

5 2.680
10 1.340
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dot means component by component product and ¿ ¼ h�cicji, and h i means

averaged value.

According to Fig. 2, the °ow ¯eld is mainly a®ected by the cell dimension in the

normal direction. Accordingly, we selected the grid using cell size of (�=3; �=12)

which seems suitable to simulate the divergent channel accurately.

4.2. PPC e®ect

To ensure that the DSMC results do not su®er from by the shortage of simulators, we

considered various numbers of particle per cell (PPC). Shu et al.32 indicated that the

(a) (b)

(c) (d)

Fig. 2. E®ect of cell dimension in properties at the center line of divergent micro/nanochannels. (a) Mach

number, (b) nondimensional pressure, (c) nondimensional overall temperature, (d) nondimensional
magnitude of the shear stress (AR ¼ 20; � ¼ 3:5;Kn ¼ 0:2;�Twall=Tin ¼ 1).
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proper number of PPC should be as large as 20 for slip °ow and 10 for transition

regime. There are other values reported for the minimum required PPC, i.e. see

Refs. 33 and 34. However, the required PPC value should be obtained for each test

case independently. The results of PPC independence for a typical case is depicted in

Fig. 3. It is observed that the results for PPC ¼ 32 and 50 are almost similar while

PPC ¼ 32 provides a su±cient accuracy with a reduced computational cost.

Therefore, we will follow the rest of this work using PPC ¼ 32.

4.3. Time step

Due to the time splitting of the molecular motion and collisions in DSMC, the

maximum allowable time step should be smaller than the mean molecular collision

(a) (b)

(c) (d)

Fig. 3. E®ect of PPC number in properties at the center line of divergent micro/nanochannels. (a) Mach

number, (b) nondimensional pressure, (c) nondimensional overall temperature, (d) nondimensional

magnitude of shear stress (AR ¼ 20; � ¼ 3:5;Kn ¼ 0:2;�Twall=Tin ¼ 1).
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time de¯ned as

�tc ¼
�

Vmp

; ð1Þ

where � and Vmp are mean free path of molecules and most probable molecular speed,

respectively. For DSMC, the CFL number is not a stability constraint, but rather a

physical requirement. Violation of this condition may produce solutions that are not

physically realistic.35 Borrowing from the traditional computational °uid dynamics

(CFD), the time step due to Courant–Friedrichs–Lewy (CFL) number (�tCFL) is

(a) (b)

(c) (d)

Fig. 4. E®ect of time step in properties at center line of divergence microchannels. (a) Mach number,

(b) nondimensional pressure, (c) nondimensional overall temperature, (d) nondimensional magnitude of
shear stress (AR ¼ 20; � ¼ 3:5;Kn ¼ 0:2;�Twall=Tin ¼ 1).
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given as follows:

�tCFL ¼ CFL ��X

Vmp

; ð2Þ

where �X and Vmp are cell dimension and most probable molecular speed, respec-

tively. We de¯ned the accurate time step as minimum of �TCFL and �Tc with a

coe±cient of (�) as

�t ¼ � �minð�tCFL=�tcÞ: ð3Þ
In order to check the solution independence from the time step, the values of � were

considered 0.1, 0.6, 0.9 and 1.5. The e®ect of � on the Mach number (Ma), nor-

malized pressure, overall temperature, and magnitude of shear stress are depicted in

Fig. 4. According to this ¯gure, a time step coe±cient of � ¼ 0:6 is recommended.

5. Results and Discussions

5.1. Pressure distribution

First, we report normalized pressure behavior in the channel. The static pressure is

nondimensionalized with the inlet pressure magnitude. The nondimensional static

pressure variations along the centerline of the micro/nanochannel are shown in

Fig. 5 for four divergence angles (0�; 1�; 3:5�; 7�). Figure 5(a) indicates that pres-

sure experiences an increase followed by a decrease. The reason of increase could

be temperature increase along the channel, that pressure follows it according to

the equation of state; while the pressure decrease is due to pre-speci¯ed pressure at

the outlet; i.e. the interior pressure decreases to match the speci¯ed magnitude

at the outlet. On the other hand, the point of maximum pressure moves toward

the outlet as divergence angle increases, i.e. the slope of pressure curve reduces

as the divergence angle increases, i.e. compressibility e®ect attenuates. Even the

concavity of pressure curve changes at � ¼ 7� and pressure falls below the inlet

pressure and then increases along the channel before its ¯nal decrease as the °ow

approaches the channel outlet. Figures 5(b) and 5(c) show that pressure experi-

ences a relatively constant distribution at (� ¼ 1�). It could be argued that a

balance between the parameter which increases the pressure, i.e. wall temperature

gradient, and the parameters which decrease the pressure, i.e. area increase, vis-

cous forces, and requirement to match the outlet pressure, results in such a be-

havior. As the divergence angle increases, the e®ective length (Lside � cos �, where

Lside is the length of the side wall) of the channel reduces and decelerating con-

tributions of area increase and viscous force decrease the pressure more. Once

comparing Figs. 5(a)–5(c), it is observed that maximum pressure magnitude at

� ¼ 0� and minimum pressure magnitude at � ¼ 7� increases as inlet Kn increases.

The reason for the former is that thermal creep strengthens at higher Kn condi-

tions, while the reason for the latter is stronger expansion (area e®ects) which

reduces gas compressibility more.
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5.2. Mach number distribution

The variations of Mach number along the centerline of divergent micro/nanochannel

at di®erent Knudsen numbers are depicted in Fig. 6. Figure 6(a) shows that for

straight channels Mach number increases and reaches its peak at the end of the

geometry. This acceleration is due to thermal creep e®ects overcoming wall shear

stress forces. The magnitude of °ow Mach number increases as inlet Kn goes up

because of enhanced thermal creep e®ects at higher Kn, i.e. thermal creep velocity

linearly depends on Knudsen number.16,36 From kinetic theory, thermal creep ve-

locity linearly depends on the Knudsen number.

(a) (b)

(c)

Fig. 5. Static pressure pro¯les (normalized with inlet pressure) along the centerline of diverging channels

with di®erent divergence angles (a) Kn ¼ 0:1, (b) Kn ¼ 1, (c) Kn ¼ 10 (AR ¼ 20;�Twall=Tin ¼ 1).
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Uc � Kn
@T

@x� : ð4Þ

More speci¯cally, thermal creep is proportional to Kn, temperature gradient and

Knudsen layer contributions, i.e.36

Uc ¼ � �RT0

2

� �
1=2 Kn

T0

dT

dx� K1 þ
1

2
Y1

2X2ffiffiffi
�

p
l0

� �� �
; ð5Þ

where the terms in bracket stand for Knudsen layer e®ects. As there are contribu-

tions from other terms in the thermal-creep driven velocity slip, e.g. Kn layer, in our

(a) (b)

(c)

Fig. 6. Mach number distributions along the centerline of diverging channels with di®erent divergence

angles (a) Kn ¼ 0:1, (b) Kn ¼ 1, (c) Kn ¼ 10 (AR ¼ 20;�Twall=Tin ¼ 1).
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case induced Mach number was increased with more than a linear dependency once

Kn increased. At (� ¼ 1�), Mach number distribution is decreasing due to enhanced

area expansion e®ects compared to straight channel; therefore, even a small diver-

gence angle could substantially alter the °ow behavior. The Mach number decreases

more along the centerline of the geometry with an increase in the divergence angle of

the micro/nanochannel (� ¼ 3:5�; 7�). For Kn � 1, the Mach number distribution at

� ¼ 1� shows a slight decrease because of the relative balance of the viscous forces

and expansion e®ects with the temperature gradient, see Fig. 6(b). It should be

reminded that inlet Mach number also increases with an increase in the Knudsen

number due to the thermal creep increase.

5.3. Temperature distribution

Figure 7 shows nondimensional overall temperature variation along the centerline of

the micro/nanochannel at di®erent Knudsen numbers. These ¯gures indicate that

the overall temperature increases almost linearly through the centerline and

decreases near channel exit due to expansion cooling.9,37 The level of expansion

cooling decreases as divergence angle increases due to stronger area e®ect. This

expansion cooling is the reason for pressure decrease at the end of the channel

observed in Fig. 5. At lower Kn cases, divergence angle does not a®ect overall

temperature distribution except at the expansion cooling region while at higher

Kn conditions overall temperature distribution slightly di®ers at various divergence

angles.

5.4. Shear stress distribution

From a molecular point of view, shear stress tensor (� ij) is proportional to hcicji,
where ci and cj are peculiar velocities of the molecules and h i stands for averaged

values. The hcicji term indicates the transport of i-momentum per unit mass by

the j-component of the velocity.22 Here, the magnitude of shear stress tensor, j¿ j,
normalized with the inlet pressure (�� ¼ j¿ j=Pin) is depicted in Fig. 8. Note that

normalized magnitude contains contribution of all components of the shear stress

tensor. Figure 8(a) indicates that at low Knudsen number (Kn ¼ 0:1) shear stress

magnitude is almost constant with an increase near the terminal point of the di-

vergent microchannel. At Kn ¼ 0:1, the increase of the divergence angle reduces

shear stress magnitude. This is because of a decrease in the e®ective length of the

channel with the increase of �. As the Knudsen number increases, shear stress

magnitude initially decreases until a minimum value � �
min is attained and then

increases to a maximum value � �
max. This behavior is similar to the pressure distri-

bution for cases with higher divergence angle. Moreover, normalized magnitude of

the shear stress increases with an increase in Kn. As the particle-particle interactions

and associated relaxation of molecular velocities decrease with an increase in the

Knudsen number, a more substantial number of molecules come directly from
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the walls with less sharing of the gained i-momentum by other particles; as a result,

the net amount of hcicji increases as Kn increases.

As a summary, three parameters a®ect °uid °ow: dA=dx that is area expansion

e®ects, dT=dx, which is speci¯ed wall temperature gradient and d�=dx which is

viscous e®ects. At � ¼ 0, expansion e®ects are absent, thus temperature gradient

dominates viscous e®ects and this leads to velocity (Mach number) increases along

the micro/nanochannel. At � ¼ 1, expansion e®ects start to in°uence the °uid be-

havior and almost balance other parameters, thus the pressure and velocity may

have a very slight variation along the micro/nanochannel. For � � 3:5, expansion

(a) (b)

(c)

Fig. 7. Overall temperature distributions (normalized with inlet temperature) along the centreline
of diverging channels with di®erent divergence angles. (a) Kn ¼ 0:1, (b) Kn ¼ 1, (c) Kn ¼ 10

(AR ¼ 20;�Twall=Tin ¼ 1).
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e®ects have in°uential contribution on the °uid behavior, as a result, the pressure

and velocity decrease along divergent microchannels, see Table 3.

5.5. Velocity pro¯le

The velocity pro¯le at the mid-section of the channel is shown in Fig. 9. It shows that

the °ow is not developed at Kn ¼ 0:1 and � � 3:5, see Fig. 9(a). The velocity

increases with Knudsen number due to enhanced thermal creep e®ects. The maxi-

mum velocity occurs at the centerline of the micro/nanochannel and it depends on

(a) (b)

(c)

Fig. 8. Magnitude of shear stress distributions (normalized with inlet static pressure) along the centreline

of diverging channels (a) Kn ¼ 0:1, (b) Kn ¼ 1, (c) Kn ¼ 10 (AR ¼ 20;�Twall=Tin ¼ 1).
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the divergence angle. The °atness of velocity pro¯le increases with the divergence

angle at higher Kn cases.

Momentum di®usivity, °uid kinetic energy, area increase, and velocity slip are

parameters that in°uence the gas °ow through the divergent channel. There is no

Table 3. Balances with terms in°uence in °uid °ow behavior.

Divergence angle (�) dA=dx Behavior

0 �0 dT
dx dominates d�

dx results in dP
dx ;

du
dx

� �
> 0

1 Moderate dT
dx balances with dA

dx and d�
dx result in dP

dx ;
du
dx

� � ’ 0

3.5, 7 Strong dA
dx dominates dT

dx and d�
dx and results in dP

dx ;
du
dx

� �
< 0

(a) (b)

(c)

Fig. 9. Velocity pro¯le at x=L ¼ 0:5. (a) Kn ¼ 0:1, (b) Kn ¼ 1, (c) Kn ¼ 10 (AR ¼ 20;�Twall=Tin ¼ 1).
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reverse °ow in all cases, see Fig. 10, which depicts Mach number contour lines.

Variation in cross-section may lead to reverse °ow, but the e®ects of the velocity slip

due to the thermal creep could eliminate the e®ect of kinetic energy.

5.6. Slip Mach number

Figure 11 shows the variations of the slip Mach number on the divergent micro-

channel wall for di®erent divergence angles and Knudsen numbers. The slip velocity

is de¯ned as the velocity di®erence between the wall and the gas adjacent to the wall.

It is found that the slip velocity on the channel walls increases with an increase in the

divergence angle of the channel or Knudsen number. Also, we could expect that a

similar pattern occurs for the slip velocity distribution. This occurs due to the in-

tensi¯cation of the nonequilibrium e®ects with Kn. The rate of the collisions between

the gas molecules and the solid walls reduces under the rare¯ed condition which

results in an increased slip velocity at higher Kn conditions.22

5.7. Heat lines

We turn to compare heat °ux lines, i.e. curves that are instantaneously tangent to

the heat °ux vector predicted by DSMC solution with the solution of the asymptotic

theory of the Boltzmann equation for weakly nonlinear °ow (Sone's equation).36

Fig. 10. (Color online) Mach number distribution for case with (AR ¼ 20;Kn ¼ 1;�Twall=Tin ¼ 1) at

various divergence angles.
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In these equations, the heat °ow vector QiS is given as follows:

QiS ¼ Kn��QiS1 þKn��2QiS2 þKn��3QiS3; ð6Þ
QiS1 ¼ 0; ð7Þ

QiS2 ¼ � 5

4
�2

@� ��
s

@xi

; ð8Þ

QiS3 ¼ � 5

4
�2

@� ��
s

@xi

� 5

4
�5�

��
s

@� ��
s

@xi

þ 1

2
�3

@2u��
iS1

@x2
j

: ð9Þ

(a) Kn ¼ 0:1 (b) Kn ¼ 1

(c) Kn ¼ 10

Fig. 11. Slip velocity distributions along the surfaces of diverging channels with di®erent divergence
angles (AR ¼ 20;�Twall=Tin ¼ 1).
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The modi¯ed Knudsen number and normalized parameters are de¯ned as follows:

Kn�� ¼ Kn

ffiffiffi
�

p
2

; ð10Þ

��� ¼ T

T0

; u�� ¼ uffiffiffiffiffiffiffiffiffiffi
2RT

p ; x ¼ �x

L
: ð11Þ

The transport coe±cients employed in Eq. (9) depend on gas-molecular models are

set to �2 ¼ 1:9222; �3 ¼ 1:9479, and �5 ¼ 0:9611:17.36 We compared DSMC and

(a) DSMC heat lines (Kn ¼ 0:1) (b) Heat lines from Eq. (6) (Kn ¼ 0:1)

(c) DSMC heat lines (Kn ¼ 1) (d) Heat lines from Eq. (6) (Kn ¼ 1)

Fig. 12. (Color online) Overall temperature contour with heat lines for (AR ¼ 20;�Twall=Tin ¼ 1).
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Sone's predictions at two Knudsen numbers, i.e. Kn ¼ 0:1 and 1, see Fig. 12. The

¯gure indicates that prediction of Sone equations is in good agreement with

DSMC solution at Kn ¼ 0:1, however, as Kn approached 1, Sone prediction di®ered

from DSMC's. This is expected because the constitutive relation from the Sone

asymptotic theory is for the bulk of the °ow and is not expected to predict the gas

behavior in the Knudsen layer while at Kn ¼ 1, Knudsen layer occupies almost the

entire channel.

5.8. E®ect of divergence angle and AR on normalized thermal

mass °ow rate

Thermal creep leads to an induced °ow from the cold region to the hot one. Mass °ow

rate through micro/nanochannels created due to the imposed wall temperature

gradient is de¯ned as thermal mass °ow rate (M :
th). Variation of the normalized mass

°ow rate with the Knudsen number for various wall temperature distributions, as-

pect ratio, and divergence angle are reported in Figs. 13(a)–13(c). The analytical

solution from the asymptotic theory of the Boltzmann equation derived by Ohwada

et al. and Sone38,39 and BGK18 and BKW solution models40 for straight channel °ow

are also reported in frames of Fig. 13. The thermal mass °ow rate is normalized (MT )

as follows20:

MT ¼ m :
th

�in	H
ffiffiffiffiffiffiffiffiffiffiffiffi
2RTin

p : ð12Þ

In Eq. (11), 	 is the normalized temperature gradient multiplied by the channel

aspect ratio:

	 ¼ �T

Tin

� �
H

L

� �
;

�Twall ¼ Tout � Tin:

ð13Þ

The modi¯ed inlet Knudsen (Kin) is de¯ned as follows:

kin ¼
ffiffiffi
�

p
2

Knin ¼
ffiffiffi
�

p
2

�

H
: ð14Þ

The DSMC results are obtained for channels with AR values of 6 and 20 at

di®erent divergence angles. As Fig. 13(a) shows, there is a suitable agreement be-

tween the DSMC results and other solutions (asymptotic-BGK-BKW) obtained for

small nondimensional temperature gradients (�Twall=Tin ¼ 0:02) while the agree-

ment is not held for higher temperature gradients due to failure of the assumptions

behind the derivation of these solutions. On the other hand, our results show that the

normalized thermal mass °ow rate increases with an increase in the divergence angle

and the aspect ratio does not impact mass °ow behavior at the bottom border of the
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(a) �Twall=Tin ¼ 0:02 (b) �Twall=Tin ¼ 0:2

(c) �Twall=Tin ¼ 1

Fig. 13. The nondimensional mass °ow rate versus kin.

Table 4. E®ect of thermal creep on mass

°ow rate and nondimensional mass °ow rate

in divergent micro/nanochannel with � ¼ 3:5,

Kn ¼ 1, AR ¼ 20.

�Twall=Tin m :
th � 10�7 MT � 10�1

0.02 0.129746 5.10556
0.2 1.23072 4.84294

1 5.00715 3.94068
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transition regime (Kn ¼ 0:1). However, aspect ratio in°uences more on the mass °ow

rate with an increase in the Knudsen number (kn ¼ 1) and for (Kn > 1), its impact is

stronger in comparison with the divergence angle on increasing the normalized mass

°ow rate.

The e®ect of temperature gradient on the thermal creep mass °ow rate (m :
th) and

normalized thermal mass °ow rate (MT ) is reported in Table 4. The thermal creep

mass °ow increases with an increase in the nondimensional temperature due to

stronger thermal creep e®ects while the normalized thermal mass °ow rate decreases

due to presence of the 	 term in Eq. (12)

6. Concluding Remarks

In this paper, we investigated thermal creep °ow in divergent micro and nano-

channels using the particle-based DSMC method. The channel divergence angle

changed between 0� and 7� and two aspect ratios (AR ¼ L=Hin ¼ 6; 20) were con-

sidered. Pressure, Mach number, and magnitude of shear stress distributions were

considered at various Knudsen numbers in detail. Our results showed that area

expansion e®ects, speci¯ed wall temperature gradient and viscous forces are the

parameters in°uencing the gas °uid behavior in divergent channels. The competition

between these parameters could result in a constant Mach number distribution along

the channel centerline. Moreover, our results showed the heat °ux lines from Sone

constitutive equation and the DSMC results are in good agreement at low Knudsen

number, i.e. Kn ¼ 0:1. We found that divergence angle could play a signi¯cant role in

increasing normalized thermal mass °ow rate at early transition regime, whereas

aspect ratio is more in°uential on the mass °ow rate in comparison with divergence

angle at the end of the transition regime.
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