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Abstract- Solving PDEs in particular elliptic equations on closed and bounded regions is of great importance. In this article
the spectral elements method for second order partial differential equations with dirichlet boundary conditions on regular
region is considered. Although the main goal is to solve elliptic problems with this kind of boundary conditions, however,
we present the method on general closed and bounded regions. At the end we compare the results of proposed method with
the finite element methods. The numerical results shows the efficiency of our method.

Index terms- Spectral Element Method, elliptic PDEs, Dirichlet boundary conditions, regular domains.

I. INTRODUCTION

The spectral element method is actually an extension
of spectral method inspired by the concepts used in
finite element method. In this way, by using discrete
primary region of study to a set of simpler sub-region,
we try to make spectral method applicable for large
regions as well as more complex, in terms of
geometry, and convert coefficients matrix to a sparse
matrix by using primer discrete. Spectral methods
have been applied since 80s of last century in solving
the ordinary and partial differential equations and
nowadays, these methods are completely well-known.
However, Spectral element method has been taken
into consideration in this decade.

In this article, we present spectral element method for
solving second order partial differential equations
including two linear independent variable on square-
rectangular regions on the base of works such as
Taoli and Chuanju, 2005, Fischer, 1997, Fischer,
1996, Samson et all, 2012, Hussain, 2011.

Il. THE SPECTRAL ELEMENT METHOD FOR
NUMERICAL SOLUTION OF ELLIPTIC
SECOND ORDER PARTIAL DIFFERENTIAL
EQUATIONS

We consider linear second order partial differential
equations with Dirichlet boundary conditions
problem with the form of below, in which A, B, C, D,
E, F, G and ¢ are definite and continues functions on
Q, and also assume that u€eC2(Q).

Auyy + Byy + Cyy + Duy + Euy + Fu+ 6 =0,
(x,y) €L,
u(x,y) =¢(x,y), (x,y)€dQ,
We consider area Q a square-rectangular area as
follows:
Q = [a,b] x[c.d].

Then. we divides each of the intervals [a. b] and
[c. d] as follows;

a=£l<£2 <“.<£n+1=b,
C — }Il < yz < TN} < }"?H_I_l - d}
Now, we consider the sets below:
{;;= [£5, %] X [}""‘JJ’;‘H]J b= 1,

j=12,..,m,
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Figurel: Regular square-rectangular region and the sub-
regions Qij
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Now, on each of the intervals

[%;,X;4,] and [ﬁj,jijﬂj, we consider the following
collocation network:

It is obvious that

mn
o=UJ

i=1

Ry = xyy <xpp <o <Xy = Ay
B=1 % 9 3
V=91 <Y < <Yim =1
i=12,..m,
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So that
K1 — 5 X+ Xigg .
Xig = + , i=12,..,n,
LS 2 €S 2
s=12,..,N,
Viv1 — i Vi + Vi
Vit = 5 Ny + 5 , =12,..,m,
t=172,..,N,
Where N > 1 and
~ (s —L)m
$s COSNi.. o T 1o
=i ‘(t Lm L =1,2 N
He = LUbf, = 1,2, «au IV,

Now, a network from points is obtained, which
generates the discrete set bellow:
n=nN-1)+1, m=mN-1)+1
N* — n* xm'.
K = x5 =y Ut = ?(.[xi,s-' }'j,r)-
k=(G-1)(N-1)+s,
l=(G-1)(N-1)+t¢,
i=12,.,n,  j=12,...m. st=12,...N,
So (*can also be expressed as follows, which are
arranged on the base of the principle of counting grid
points.
QO = {(X YDk =12,,n, 1= 12,..,m"}
In fact, to be more precise, we count grid points
Q" with the following rule:

P =(X,Y)= (xl,l’yl,l) = (%Y1,
P, =(X,Y) = (1’1.213’1,1)

Py =Xy Y1) = (xl.l\"yl.l) e (:xz.l’ }’1,1:] = (-‘22’3‘?1).-
2t = (Xn.* Y) = (}/n}\’ yl :L) = (§11.+:LJ i}1:)
Pr"’+1 = Xp-41, ¥3) = (111 /L,-, = \3‘51’}’2)

‘D.'V" = {Xn‘J};‘n*) Tz (xn,NJ .ym,N) = (.ini-lJ jjm+lj'l
Now. we count all elements of Q. the Q, ;. like
following figure on the base of the principle of
counfing,
W=, A = Qo1 5800 = Qg
ﬂ":nl == 91,2- == H:LK!H = ﬂu,u.,'
Now, we write the partial differential equation stated
in each points of (XY) for k=1.2....n* and
=12, m*
Ao, V1)U (Xiey Y1) + B(Xie, YUy (X, Y1)
+'C(inﬂ)uyy(kaK)
+D (Xk, }/I)u-.t‘(XkJ YL"
- E(XRJ Yl)u_v (XR:J YE:'
+ F(X, Yu(X,, ¥) + G(X, 1)
—, ( )

In each of the partiel regions (), ; as a forming

elements of O, we apply Chebyshev collocation
method. For this purpose, we consider chebyshev
derivative matrix D as follows:

D=(d;)

WIJNxN'

For this speeified element. we determine the first
and second order derivative matrices with respect to x
and y as follows:

pld) = %D, pr=_° p
Lipr — 4 Hivr =V
D{Q.l) e 4 L)(LI
(Frer — %)
piz2) — 4 25{2)

(9j41—97)
In which, upper right hand side index with the value
of 1 shows derivative with respect to x and with the
value of 2 shows derivative with respect to y. Upper
left hand side index shows order of derivative and
D@ =p2=0.0=(d};) .

For (X ¥;) C £y it 1s necessary to
calculate partial derivative of u, (X, V). uy(X,. Y.
Uiy (Xio, Y1), Uane(Xi, Y1) and g, (X, V1), Therelore,
we need to determine that (X, Y;) is dependent to
which of each elements of Q; ;. In (X, Y:). k and 1
indexes are assumed as follows:

k=0G—-1DN—-1)+s, i=12,..1
s=12,..,N,
I=(-DWN-D+t  j=12.,m
t—12,...N.

We use lagrangian two-variables interpolation
for two-variables function of f. So we have:

N N
Gy = Y Ll 0)f (o).
h=1g=1
Where
N
P, &t 7
I,(x) = .. h=12..N
Fiy Xp — )CJ.
j=h
N
. Y=V
I L}r) = E— 9 = 1i2J LLLN] NJ
: le=1 Yo — Yk
k2g

Obtain the fo]lowing approximate relations:
N N

LGy = D O (onr i)

h=1g=1
flmad =3 Z GOl G (3. ¥).
h= lg
Fent,y) = Z Zz Gl OIF (onr ¥,
h— 1g 1
fuy . ¥) = Z Z LGl O f (e 7).
K{l awl
Ly o) = D> LGOI O (a3
.h: g=1
\Vhere
lh(x) = !'hfx) E"h(i)
Loy = a
L) = I g () = ——1,01) ay
And
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: Ly iy ) — 4L2)

b (s) — g’ (}jfl dig”)

(7.1) v 22

Pla)=03"% Uly)=422
By applving chebyshev derivative matrices in the
region of Qg ; as well as above relations. 1t can be

written:
U-y(}&k: 1) “"x()(!a "’} t) = Z d l}h,tl

h=1
N

- - - 4(1.2),
u-y(’{i SJ/j f) - Z dt,g Vs,g;

1\’

Uy (Xppy V) = “'xr LSJJ)‘E) ~ Z d Unor

. (K5, Yu = “xy(xi,s» y_r‘,t)

ZZ (ll)d(lz’u, »
n=1g=1

; element,

u-y [:Xip YE’) =

uyy(Xk!YI) = u 15!3"}5

In that, vy, is local values of 11 in Q
which specify as follows
Ij’s,t = u(XkrYI) = u(xi,SJ yj.t) = U)c
k 1s the number of point in the principle of
counting grid points:
K =p(s,t)
=((-DWN-D+t—1)(n(N—-1)+1)
+G—DWN -1 +s
={-1DnNWN-1)+1)
+ K, (%)
i = 1,2, ... ;m, J=42, ...m syt = 1,2, N
We can rewrite partial derivative according to

(1,1)
Z ds I ('F?-,f') ?
{l 2)
y— (Xk; J') Z d Up(.ﬁ',g):
N
: - 2,1
u.xx(.Xkr l‘.) == Z‘ dg h Jl’p(h t) -
h=
(? 2)
Z de Upis.g)

N
oy (K B = D Z DG,

h=1 g=1

Up(s,ty:

ux(X!cJ Yt) =

uy (Xk_-; }/j',

We coulract:
Aip — A(Xp, 1), By, — B(Xy, Y1),
Cer = LX),
Dy g = D(Xe, YY), Epp = E(X, YY),
g = ', 1),
Gy = 6(X, 1), Pr = DX, 1),
g = U(Xy, V) = U = Upspy-

By inserting these values in equation (¥) for
mterior ponts of {); ;, lincar cquations system will be
obtained according to U,.

(1.1) 5(1.2)
A ZI Wy + B szmdgg Uyhig)

—-1g-1

+ Ca Z dr{.:& )Un:s.g)
g-1
N
(1.1)
+Dk,'z Ao o)

+ Eri Z g Upig) T Flpne
a=1
+ ey o
(X, ¥1) € 0y, (X, Y1) € 09,

k—({—1)N—-1)+s5, = 1,21,

5= 2,350 Nl

I=G—L(N-1)+t, j=12,...m,

b=y =1

For boundary conditions we have the following
relations:

Ue — Prs =0, (X, Y1) € 0Q.

Now by forming equations, we use spectral
element order and in each element. on the base of the
principle of counting grid points, we perform
counting. For passives, however, we use the same
total order grid points.

If the point (X}, Y;) for
k=({—-1N+s, i=12..,n,

s=12,..,N,
I=(G—1N+t, j=12,..,m
t=12,..,N,

Is a boundary point of Q. k =1 ork =n'or [ =
1 or I=m". then we define the following
H, cquations in which x is achicved from relation
(™

He(Uy, Uz, e Uy) = Uy — g =2,

In non-boundary points of element (), and
boundary points of region (1. we insert:
H (U, Uy, oy )

N
= A Z dg,z};l)Up(_h,tJ
h=1
NN
+ By, Z Z dg.lﬁl)dfg,l;)Up(h,g)

h 1g=1

st CH Z d( ZJUp(s,gﬁ}

+ Dy, Z d;,lﬁl)Up(h,t)

h=1
N

1,2
+Ey, z L
g=1
+ Grp =o.

niu

In spectral element method oftered spectral
method independently used on each element of (), ;.
However, for the boundary points of Q; ;, It should be
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noted that there is not the local boundary conditions
which specifies the relation between this element
with its adjacent elements. To establish a connection
between the spectral points of adjacent elements to
each other, theoretically application of the equation
on the boundary points of sub-regions of Q, means
the sightly element can be sufficient. However,
regarding that in these points, only directional and
one-sided derivatives, in one direction vertically or
horizontally, are used. Therefore, because of the lack
of use of the adjacent element, coefficient matrix
system of linear equations obtained is usually ill-
conditioned (condition number of coefficient matrix
is too large). So, to avoid this mentioned cases on the
boundary points according to smoothing answer of
the condition of the equality of right and left
derivative for the derivative with respect to x as well
as derivatives with respect to y by using the
information related to the adjacent elements. Unless
these points are its main boundary points of dQ, for
which the boundary conditions are available and
applicable. These relations are stated as follows:

H (U, Uy o, Upe ) = i (X010, ¥ t) . ux(x{-'_,v, .Vj,r)
Z ':J p(h L
Zd Uping) o ; =0
h=1
i=12,....,n 1, j=12..,m,
t =1,2; ey IV,
(U Uz, e, Up) = uxl X1 sy)j+-.1) = “_v("'z.s:ij)
_ plLazy,
Z(*lg —p(f:g} 05
1,12) —
Zd\ Uy ay)lnuﬂ -
i — 1.2 ,n, j—12,...,m—1,
s= L2 .. N
Now, we solve the obtained linear equations
systems from relations mentioned as well as

boundary conditions by a suitable numerical method

[9]-
I1l. THE NUMERICAL RESULTS

In this section, the results obtained from the proposed
method is compared with the results of finite element
method.

The differential equation has been considered under
Dirichlet boundary conditions:

Alyy + By + Cuyy + Dy + Euy + Fu+ G = o,

(x,y) € 0,
ux,y) = o(xy), (xy) € dQ,
For the first problem, coefficient functions
have been considered constant as follows:
A=C=1, B=D=E=F=o
For the second problem. coefficient functions have
been considered non-constant as follows:
A= x2, B =o, c=y?
E=y, F=1

D =x,

G and ¢ functions are given separatly in
each issue. In the first two problem, we have:
Uy Aty = VEIL= M= =}
(x,y) eQ CR?
ulx,y) = ¢(x,y), (xy)€an
Problem 1.
=4, (xy)¢
u(x,y) = x2 +y?
Problem 2.
XUy + YUy + AUy + Yy + U=
(x,y) EQCR?,
u(x,y) = —xt—vy%  (x,y) 0N
That u(x.v) are exact solutions of the problem. The
numerical results are presented in the following
tahles.

2 cR?
(x,y) € 81

Tablel. The results of spectral element method on Q
= [-2,2] X [-2,2] to solve the problem 1, the number of grid
oints: 169 and the maximum error: 1.8652x10™

*

x y u u e
-1.75 2 7063 | 7063 0

-1 2 5 5 o

. -1 1 1 —-6.439 x 1071
0,75 -1 1.563 1.563 —6.439 x 10715
125 -1 2,563 2563 —4.441 x 10715

-2 o 4 4 [

0 —0.25 | 00625 | 00625 | —7.716 x 10715
075 | =025 | ©.625 0,625 | —5.551 x 10715
125 —025 | 1625 | 1.625 | -3.997 x10715

2 0.75 4.563 | 4.563 B

0 0.25 00625 | 00625 | —5579 x 10715
0.75 0.25 0,625 0,625 -4.108 x 10715
1.25 0,25 1.625 1.625 —-3.997 x 10715

2 1.25 5.563 | 5.563 o

o 1 1 1 —4.885 x 10715
0,75 1 1.563 | 1.563 -9.97 x10715
1.25 1 2.563 2.563 —1066 x 10714

Table 2. The results of finite element method on Q =
[-2,2] X [2,2] to solve the problem 1, the number of grid
oints: 169 and the maximum error: 0027912

X y u u' e
) ) 8 8 o
) o 4 4 o
-2 -102 5.44 5.44 0
05239 | -0.9761 | 1.236 | 1227 | —0008317
Lool 1.67 3792 | 379 | -0002393
-1.678 1434 | 4.874 | 4.872 | -0001496
-05903 | -1.678 | 3.168 | 3.166 | —o0002575
0.6295 1.683 | 3.234 | 323 | —0004503
-0,8729 1.15 2089 | 2083 | —0005562
-1.7117 0.6726 | 3.417 | 3.401 | =-001553
1.433 -1.827 | 5416 | 5.39 - 002643
04794 | -0.1496 | 02645 | 02522 | —001235
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Figure 2: The results of spectral element
method (upper) and finite element method (lower)
to solve the problem 1

Table 3. The results of spectral element
method on Q = [-2,2] X [-2,2] to solve the
problem 2, the number of grid points: 169 and the
maximum error: 1/0172x103

X v u u e
-1.75 B) 7,063 ~7063 —5.329 x 10715
-1 B) -5 3 o
0 -1 -1 -1 —4.441 x 10716
0,75 -1 -1.563 -1.563 1332 x1o°155
1.25 -1 -2.563 -2.563 2.665 x 10715
=) o -4 -4 o
0 —025 | —00625 | —00625 -7.827 x 10715
0,75 —025 | —0625 —0,625 —5.44 x1o°1
125 -025 | -1,625 -1.625 —1.776 x 1055
B) 075 —4.563 —4.563 2487 x10°14
° 0,25 —00625 | —00625 9159 x 10716
0,75 0,25 - 0,625 - 0,625 —2.554 x 10715
1,25 0,25 -1.625 -1.625 7105 x1o°15
2 1,25 -5.563 -5.563 0
0 1 -1 -1 8.438 x 1015
0.75 1 -1,563 -1,563 —1.599 x 1.7t
1.25 1 -2.563 -2.563 —2.442 x 1o

z 15 1 05 0 05 1 15 2

Figure 3: The results of spectral element
method to solve the problem

CONCLUSION

In this paper the spectral elements method for solving
second order PDEs with two independent variables
was used. The spectral method on a discretized region
in the form of sub-regions consist of element and
spectral points was used. Forming equations on sub-
regions was led to a system of algebraic equations
where by solving a system by a suitable numerical
method, the solution was obtained. To investigate the
efficiency of the method, various

test problems were considered and the results were

compared with the exact solu.
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