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Abstract- Solving PDEs in particular elliptic equations on closed and bounded regions is of great importance. In this article 
the spectral elements method for second order partial differential equations with dirichlet boundary conditions on regular 
region is considered. Although the main goal is to solve elliptic problems with this kind of boundary conditions, however, 
we present the method on general closed and bounded regions. At the end we compare the results of proposed method with 
the finite element methods. The numerical results shows the efficiency of our method.  
 
Index terms- Spectral Element Method, elliptic PDEs, Dirichlet boundary conditions, regular domains. 
 
I. INTRODUCTION 
 
The spectral element method is actually an extension 
of spectral method inspired by the concepts used in 
finite element method. In this way, by using discrete 
primary region of study to a set of simpler sub-region, 
we try to make spectral method applicable for large 
regions as well as more complex, in terms of 
geometry, and convert coefficients matrix to a sparse 
matrix by using primer discrete. Spectral methods 
have been applied since 80s of last century in solving 
the ordinary and partial differential equations and 
nowadays, these methods are completely well-known. 
However, Spectral element method has been taken 
into consideration in this decade.  
In this article, we present spectral element method for 
solving second order partial differential equations 
including two linear independent variable on square-
rectangular regions on the base of works such as 
Taoli and Chuanju, 2005, Fischer, 1997, Fischer, 
1996, Samson et all, 2012, Hussain, 2011.  
 
II. THE SPECTRAL ELEMENT METHOD FOR 
NUMERICAL SOLUTION OF ELLIPTIC 
SECOND ORDER PARTIAL DIFFERENTIAL 
EQUATIONS  
 
We consider linear second order partial differential 
equations with Dirichlet boundary conditions 
problem with the form of below, in which A, B, C, D, 
E, F, G and φ are definite and continues functions on 
Ω, and also assume that 푢∈퐶2(Ω). 

 

 

 

 
Figure1: Regular square-rectangular region and the sub-

regions ષ 
It is obvious that 
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In which, upper right hand side index with the value 
of 1 shows derivative with respect to x and with the 
value of 2 shows derivative with respect to y. Upper 
left hand side index shows order of derivative and 
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noted that there is not the local boundary conditions 
which specifies the relation between this element 
with its adjacent elements. To establish a connection 
between the spectral points of adjacent elements to 
each other, theoretically application of the equation 
on the boundary points of sub-regions of Ω, means 
the sightly element can be sufficient. However, 
regarding that in these points, only directional and 
one-sided derivatives, in one direction vertically or 
horizontally, are used. Therefore, because of the lack 
of use of the adjacent element, coefficient matrix 
system of linear equations obtained is usually ill-
conditioned (condition number of coefficient matrix 
is too large). So, to avoid this mentioned cases on the 
boundary points according to smoothing answer of 
the condition of the equality of right and left 
derivative for the derivative with respect to x as well 
as derivatives with respect to y by using the 
information related to the adjacent elements. Unless 
these points are its main boundary points of 휕Ω, for 
which the boundary conditions are available and 
applicable. These relations are stated as follows: 

 

 
 
III. THE NUMERICAL RESULTS 
 
In this section, the results obtained from the proposed 
method is compared with the results of finite element 
method.  
The differential equation has been considered under 
Dirichlet boundary conditions: 
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CONCLUSION 
 
In this paper the spectral elements method for solving 
second order PDEs with two independent variables 
was used. The spectral method on a discretized region 
in the form of sub-regions consist of element and 
spectral points was used. Forming equations on sub-
regions was led to a system of algebraic equations 
where by solving a system by a suitable numerical 
method, the solution was obtained. To investigate the 
efficiency of the method, various 

test problems were considered and the results were 
compared with the exact solu.  
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