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Abstract Thresholding and compressed sensing in combination with both wavelet and
shearlet transforms have been very successful in inpainting tasks. Recent results have
demonstrated that shearlets outperform wavelets in the problem of image inpainting. In this
paper, we provide a general framework for universal shearlet systems in high dimensions.
This theoretical framework is used to analyze the recovery of missing data via £' mini-
mization in an abstract model situation. In addition, we set up a particular model inspired
by seismic data and a box mask to model missing data. Finally, the results of numerical
experiments comparing various inpainting methods are presented.
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Shearlets
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1 Introduction

Reconstructing missing data is a popular challenge in both analog and digital fields. Also
known as inpainting, this activity is the process of filling in a missing region or for making
undetectable modifications to images, modifying the corrupted regions which are not con-
sistent with the original images. Applications of inpainting range from restoring of missing
blocks in video data to removal of occlusions such as text from images and repairing of
scratched photos [1, 2, 13, 14].
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Due to the vast interest on this topic, there exist several excellent works on inpainting
via compressed sensing which is a fundamental method to recover sparsified data by £!
minimization [7, 16]. Previous works have focused on the concept of clustered sparsity
which have led to theoretical bounds and results. In this setting, directional representation
systems such as shearlets have been shown to outperform not only wavelets, but also other
directional systems [5, 6, 18, 23]. In addition, the superiority of shearlets over wavelets for
a basic thresholding algorithm and geometric separation was shown in [12, 16].

In [9], Genzel and Kutyniok introduced the more flexible universal shearlet systems,
which are associated with an arbitrary scaling sequence. The performance for inpainting of
this novel construction shearlet system in two dimensions was also analyzed. In this paper,
we extend the framework of asymptotic analysis of inpainting by Genzel and Kutyniok to
the higher-dimensional setting by generalizing the concept of universal shearlet systems.
Using a method based on the original construction of Guo and Labate in [11], it is possible
to provide a general framework for a signal in high dimensions, covering various challenges
from the fields of image and video inpainting. A practical implementation of such a gener-
alization in the three dimensions is applied to video inpainting in [18] which benefits from
an optimally sparse approximation of three-dimensional data with C? surface singularities.

We continue this line of research by assuming that the missing area is known and has
a different structure. Although the general strategy of our work is the same as in [9], the
technical details are dependent on the chosen model for this area. The recovery errors of
inpainting in Theorems 3 and 4 are the main results of this paper and formally justify the
success of inpainting via universal shearlet frames. In this regard, we suggest conditions
to relate the degree of anisotropic scaling to the admissible gap size. By considering the
gap size as asymptotically smaller than the length of the corresponding shearlet elements,
perfect inpainting results are achieved. These achievements are based on a recent work by
Genzel and Kutyniok [9].

Finally, we consider inpainting as a task to assess the performance of different trans-
formations in different types of images in the discrete domain. Our experiments show that
shearlet transforms in general achieve a better trade off between computational efforts and
reconstruction quality.

This review is organized as follows. Section 2 provides background of inpainting via a
combination of applied harmonic analysis and compressed sensing. Section 3 contains the
results of D-dimensional universal shearlet systems as sparsifying systems and the analysis
of the performance for inpainting of this class of systems. In Sect. 4, we present a new
model and investigate a recovery problem when using £'-analysis minimization algorithm
for reconstruction. Section 5 is devoted to the results of numerical experiments, comparing
various approaches.

2 Abstract Model and Inpainting via ¢! Minimization

We start by analyzing the abstract Hilbert space, which is considered later on. Let x° be a
signal in separable Hilbert Space 7. We assume that H can be decomposed into a direct
sum of two closed subspaces, namely, a subspace H, which is associated with the missing
part of x° and a subspace Hx which is related to the known part of the signal. Hence,

H=Hx ®Hy=PxH D PyH,

where Py, and Pg denote the orthogonal projections onto those subspaces, respectively.
Note that, we will try to find the missing part Pyx°, so the problem of data recovery can

@ Springer
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Algorithm 1: Inpainting via £' minimization

Input:

— Incomplete signal Pgxo € Hg.

— Parseval frame @ = (¢;);c;.

Compute:

(€'-INP)  x*=argmin,, | Tox|l;1;) subjectto Pxx®= Pgx

where Ty is analysis operator respect @ (Tp : H — £2(I), x — ((x, ¢:))ic1)-
Output:

recovered signal x* € H.

be formulated as follows: Given a corrupt signal Pxx®, recover the missing part Py x°.
Depending on the dimension of the given model, we consider H = L>(R”), D € N. If the
measurable subset 9t C R” is the missing area of the image, we may set H, = L>(IN).
We recall that a sequence @ = (¢;);¢; in a separable Hilbert space  is a frame if A|x||*> <
s didllezary < B||x|?> forall x € H.If A= B =1, it is called a Parseval frame. We assume
that x° can be represented by a certain Parseval frame @ = (¢;);c; for 7, which can be
selected non-adaptively or adaptively.

Now, we present the methods for recovering a signal which will be useful in the sequel.
In fact, one of the fundamental methodologies for sparse recovery is £! minimization [3, 8],
which recovers the original signal by the recovery Algorithm 1 [15].

Since Parseval frames are not bases in general, there are many solutions such as ¢ where
x = Tyjc, only the specific solution Tpx produces the desired numerical stabilities. The
assumption of the sparsity signal x° by @ provides a good recovery which is expected to
occur.

Another reconstruction method from compressed sensing to achieve recovery is one-
step thresholding which was introduced in [17] and is adapted from [16]. Note that, this
minimization problem can also be regarded as a relaxation of the co-sparsity problem

x* =argmin,, | Toxll,0, subject to Pix’ = Pyx,

where [|Tox |00y = 8{(x, ¢:i) | {x, ;) # 0}. Theoretical results associated to co-sparsity
may be found in [21, 22].

In order to analyze the optimization problem using the inpainting algorithm, we need to
introduce two important notions, §-clustered sparsity and cluster coherence. These notions
were applied to study the geometric separation problem and sparsity [4].

Definition 1 ([16]) Fix § > 0. A signal x € H is called §-clustered sparse in a Parseval
frame @ (with respectto A C 1) if

TacTopx|lp <9. 1))
In this case, A is said to be §-cluster for x in @.

The §-clustered sparsity elucidates that coefficients outside of A are small. In fact, the
cluster sparsity depends on the chosen set of indices A, enlarging A leads to smaller 6 in (1).

Cluster coherence was introduced in [4] to investigate the missing part of signal x° on
H s and is defined as follows:
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Definition 2 ([16]) Let A C I. The cluster coherence u.(A, Py ®) of Parseval frame &
with respect to H,, and A is defined by

(A, Py®) = njlg;sZ|<PM¢i, Pud;)

ieA

’

where Py ® = (Py¢i)ier-

By presenting these analysis tools (cluster sparsity and cluster coherence) we are able to
state a main theorem that estimates the recovery error of the algorithm on the Hilbert space

Hio={x eH|lxllie=Toxln},

where @ is a Parseval frame for Hilbert space . Details of the following theorem can be
found in [9, 16].

Theorem 1 Fix 8 > 0. Let A C I be §-cluster for x° in Parseval frame & and pu.(A, Py ®)
< % Ifx° e Hi o, then

- 26
DT = pe(A, Pu®)

|

A heuristic explanation of the theorem is as follows: If @ sparsifies x° then there is a
small set of analysis coefficients which contain most of the information of x° and those
elements of @ which capture that information do not fall too much into the hole of missing
data. Indeed, we would like to select a cluster A such that x° becomes §-cluster for small §
and cluster coherence p. shall not exceed the bound of % While, both clustered sparsity and
cluster coherence depend on the chosen set of indices A. Therefore, Theorem 1 provides a
suitable cluster.

x* —xOH

3 Inpainting via Universal Shearlet Systems
3.1 The Construction of D-dimensional Universal Shearlet Systems

In order to clarify the significance of universal shearlet systems, let us recall the main idea of
classical shearlet systems in dimension D = 2 [10, 19]. For generator ¥ € L?(R?), a system
of shearlets is defined by:

(=23 y(S'AIL1—K): jeZleZker?),

22 0 11
A=<0 2)’ S=<o J

denote the parabolic scaling matrix and shearing matrix, respectively. Using an appropriate
cone-adapted construction and an appropriate generator, one can prove the optimally sparse
approximation of cartoon-like functions, as shown in [10]. The tiling of the frequency do-
main of such shearlet systems is illustrated in Fig. 1. Finally, universal shearlet systems were
introduced with associated scaling matrix

. 220
-
A“/ - (0 29 )

where
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Fig.1 (A) Frequency tiling of a & ¢,

classical shearlet system.

(B) Frequency tiling of a \ /

cone-adapted shearlet system \ /
:\ A—1— él >\ e él
—— MN—— " —— — 1

where («;); C (—00, 2) to produce more flexibility in each scale [9]. The construction of
such systems might be interesting for sparse-frequency localization and smoothness. The
construction of universal shearlets can be generalized to higher dimensions. The following
structures are based on the construction of smooth Parseval shearlet frames in [11] and 2-D
universal shearlets in [9].

To start the construction of a D-dimensional universal shearlet, let us use the compact
notation (|x|) = (1 + |x|2)% and recall that the Schwartz functions (the rapidly decreasing
functions),

S(RP) = {f € Cx(RP) [VK, N e No: sup(ixl)™ 3 [ £ < oo}.

reRD ll<K

Asin the 2D case, let ¢ € S(R) such that 0 < (;3 < 1,(;3(5) =loné e [—1—16, 11—6] and suppqg C
11
!
8’8
For &€ = (&1,...,&p) € RP, j € Ny, a smooth low pass function @ (§) and corona scaling

functions are defined by

D(E)=PENGE) ... P,

W) = /82(22%) - (). @
W) =W(27%).

The functions satisfy this,

PAE)+ Y WHE)=1, £eR”. 3)

j=0
Note that, by the definition of ¢, the sequence of functions W; are compactly supported in
Hj=[=2Y71, 25710\ (<250 e, )
Next, we consider function v € C*(R) which satisfies suppv C [—1, 1] and
lw@—D + v + v+ D)P =1, uel-1,1], )
moreover, we will presume that

v(0)=1 and v"(0)=0, n=>1. 6)
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A function with these properties was shown in [10]. In order to define the D-dimension of
universal shearlet systems, we need to introduce the scaling matrices,

o
22 0 ... 0 2 02 0 ... 0
0 2 o ... 0
0o 2 ... 0 0 0 o 0
Aa.(1)= . s Aa,(2)= s
0 0 2 0O 0 O 2¢
20 ... O
0o 2* ... 0
Aery=1|. . . .|
0o o .. 22
where « € (—00, 2) is the scaling parameter and for / = (/;,...,Ip_;), the shear matrices
1 L ... Ip, 1 0 ... 0
, o 1 ... 0 . L 1 ... Ip_
S(])— . . s S(2)= . s s
0 0 1 0 0 1
1 0 0
) 0 1 0
Sy = :
L b 1

In order to define the universal shearlet systems in D-dimension, we need to combine a set

of coarse scaling functions, a set of interior shearlets and boundary shearlets. In particular,
the coarse scaling functions are defined

Vi) =@(x —k), xeR’ keZP.
The interior shearlets are the elements
(v jeNol ez, || <207,
keZP.d=1,....D,i=1,...,D—1},
where

-~ j . : e A=) -1
P (©) = det Au | EW (278 Viay (AL 1 S e etk

and

Vay&i,....8p) = 1_[ U(%).

m=1,....D

Note that, the index d is associated with the D-dimensional pyramid

é <1},

d

&
&

<1

=1,...,

Pd:[g:eRD:
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Fig. 2 Decomposition of the . AL
frequency plane by corona
functions W; and & in D =2, 3. Ha
Note that the corona shapes 7
could slightly overlap

¥4

K0
0 &
i

I
A

Py

Py
Py

~ %0 ;o

20 35~ a0

Fig.3 Symmetric frequency decomposition by cones in D = 2,3

and % i k ) has compact support in region

leer? gy e[ 2] (2,2,

2—1,»2‘(2‘“”' <27CJ fori=1,...,d -1, 7
&4

i—1 (2@ | < p=Cme) fori=d+1,...,D}.

d

Inspired by the cases D =2 and D =3 in [9, 11], we can define the boundary universal
shearlets in D-dimension. For D = 2, there are 2 pyramidal regions and one set of boundary
shearlets. In the case D = 3, there are 3 pyramidal regions and 2 sets of boundary universal
shearlets. One set corresponding to 2 different pyramidal regions intersect and other set
related to 3 different pyramidal regions intersect. In fact, for D-dimensional there are D
pyramidal regions and D — 1 sets of boundary shearlets. Therefore, we need to introduce
several set of boundary universal shearlets. The boundary shearlets associate with 2 different
pyramidal regions intersect, are defined for I, = F2@~% | |L,|, ..., |Ip_| < 2?~%/ and have
the form

17;;[[ () = 2=(D-DB  H—((D-Da+2]

riga—(D=1) .
[W(z OVl €A, @ <q>) e Ot(q)S(q)k itger, ®

WQR2E)W i (EA S22 P70 4 'k ifeeP,,

a.(q") (q) ot(q) (q)

for all combinations of pyramidal regions P, and P, . Note that, there are 2C(D,2) =
Zﬁ hyperplanes. The boundary shearlets corresponding to 3 different pyramidal re-

gions intersect, are defined for /| =, = F2%9/ || <...|lp_i| < 2?79/ and have the
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form
—~ R ..
wﬁl,k b(S) =2-P-D37 2*((D71)aj+2)%

WQ@E)Vi) EAL L SN VAL Sk ifEe P,

a.(q) o.(9)~(q) 9)
-2j —j =l 2mig2= DD 4—j o=l .
WQR2E)WVi (EALL S AL Sk ifEe Py
-2j - —1 N 2mig2= DD 4 —j ol
W(2 2]5)V(q”)(SAa.j(q//)S(q//))ez §2 Aa,j(q)S(q)k lff (S P ",y

for all combinations of pyramidal regions P,, P, and P,. The number of them is
22C(D,3). We can say that for the boundary universal shearlets associate with L differ-
ent pyramidal regions intersect, there are 2~V C(D, L) hyperplanes, for L =2,..., D.
Similarly, we proceed for the boundary universal shearlets corresponding to L different
pyramidal regions intersect, where L =4, ..., D.

Before introducing the D-dimensional universal shearlet systems, it is useful to remark
that due to the gluing of the boundary shearlets, scaling sequence was defined in [9] as
follows:

A sequence (@;) jen, € R is called a scaling sequence if

’

m . -2
OleAj: —mEZ,I’Vl§2]—1 =N, —
J J

for j > 1 and oy =0.

Definition 3 Let (o) jen, be a scaling sequence. Then universal-scaling shearlet system or
universal shearlet system is defined by

SH(¢, v, (@));) = SHiow(#) U SHin (¢, v, (@));) U SHpouna (¢, v, (@) ),
where
SHyow(¢) = {¥_1.4lk € Z"},
SHiu (¢, v, (@));)
= {1 =0, o] <207 ke ZP,d=1,..., D},
SHgound (#, v, (@) ;)

= Y1 oli 2 0,1l =207 b . Jlp | <2270 ke 27,

Ut i 2 001 | = |l =27 |I5] . |Ipy | < 2%7 k e ZP},

ULYSt,sli 2 0l = bl = - = |lp_| = 2% k e ZP).

The next Theorem shows that universal shearlet systems are a smooth Parseval frame for
L*(RP). Notice that the following proof is an adaption of the one in [9, 11].

Theorem 2 With notations as above, the universal shearlet system is a Parseval frame for

L>(RP). Moreover, the elements of this system are Schwartz functions and compactly sup-
ported in the Fourier domain.
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Proof The smoothness of SHy . and SHy,, are concluded by the their smooth defining func-
tions ¢ and v. It remains to discuss the smoothness of the boundary shearlet elements. We
need to analyze the boundary line of the cones which are given by |&;| = |&|=--- = |&p].
Let us consider the function 17/\% «.b» given by (8). Similarly to the 2D argument, we observe

that the two terms of definition function 1}\7; «.p are differed by

(2<2 ) <§2 1)>U(2<27%>1§_3 - b) " u<2<2*“f>f i—” - I,H>
1 1 1

(2(2 aj)j <§1 — l))u(2(270‘f)/§—3 — lz> ...U(2(27QJ)J§—D —Ip_ 1)
2 2 2

Since v™(0) = 0 for all n > 1, it follows that all derivatives of these functions are equal
when §; =& =---=§p.

Now, it only remains to prove Parseval frame property. For this, let f € L>(RP), we will
first consider the boundary shearlets (8). In the following, we will just investigate the case
of g =1, ¢’ = 2. The arguments for any ¢, ¢’ are similar. By Plancherel’s theorem, we
obtain

and

2 2wl

Jz0 kezl
]lkl
/>0k€ZD
— -1 —(D=Daj+2 ] fogy 2mig2=P=D 4 —j
=X S| [ o et e Al sl
jz0 kezP

X |:XP1 <W(2’2jé)v< 20 ”(? - 1)>u<2(2*“.f)f§—3 —12>
1
x u(zaﬂvﬁsﬂ - zD,l)) + xp, (W(zfzfs)u(zafaﬂf (E—‘ - 1))
& &
2
x u(2<2 @i ? 12> ...u(2<2*“f>f§—’; —zD,1>)]

To apply Parseval’s identity, we will use the change of variable n = £2-(P~D A (1§ S and
hence

£=20"1(2% 0, 2%y + 2%y, 2% Loy + 2% 3, .., 2% Ip iy + 2% np).

By using of this variable we have:
-j o= M 3 N4 b
V EA J“‘S ) :U<_>U<_> ( > ..U<_>’
(l)( .25 (1)) M n m m
Vo (EAGL, Si)) = U(Z(Z_“f)j (5—‘ - 1)) o u(za—“ﬂfs—” - zD_l),
OETRI £ )
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- —1 v 207eDiny — L, v 2074Ding —lp_ym
- m+ 2@j=2)j m 2(2*01_;')],71 +m T 2(2*"‘./')/',71 + 1 ’

W(2’2f§) =wQRPVy, ... 207D n L ).

By the condition on the support of v and W, the mapping
(771, N2y evvs 77D) g W(Z(D_l)nh (R 2<2_aj)j+(D_l)(nD + lD—lnl))a

is supported inside the region |7,| < ZLD Since suppv C [—1, 1], we can conclude that the
functions

N ) = WPy, ., 2@ 20D +lD_1m))u(@>v<@) . u(”—”>,
m

m L1

are supported inside Q =[—1, 1]”. Now consider the functions

Do) = WP Dy, .. 220D 4 ip )

—M 2079)Iny — L, 2C074Ding —lp_ym
X U @57 vl —a=ar; .U pEry
m+2%7n, 2579 4+ mp 2579+
We will show that the support of I; ; is contained inside Q. The support condition of v
implies that

# <]l = n 1+2(Olj—2)j <1+2(aj—2)J 2
771+2<0tf*2)1,72 — m m m
mlo Lo,
nm| T~ 1=2w=2i~

where the last estimate is due to or; <2 — 5 This show that, if || < 2%’ then || <2[n| <

ﬁ. Again, by the support condition on v, we have

(aj=2)jp.
2= ny — by 1 3 _ o= 12 1_‘,_2(0(]_2)/ <1+2(a1_2)] n2
2@j=2)j = 2 :
N+ m m m n
Thus
7}3 < 1+2(a/—2)] 2 +2(aj—2)j|12| E 547
m m m

since j > 1, |Z—f| <2.If y] < 2%, then |n;| < 2([,'—,2) By the same strategies, we can ob-
tain

1
4l < PIGETRREEN snpl = o

Hence, also I3 j(n) is supported inside Q, for each j > 1. With this, we have that, for
j=>1
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| AAQJ
,11<1

kezD

=2

kezD

/2((D_l)aj+2)j 2" 1)Zf(Z(D Y S(I)Aa )

2

X (XP| mI,;(m) + xp, (U)F2.j(77))€2”i"kdn

:/ 9((D—D)ar;
D— -1
P2 ( >Am S<])

A(Z(D_I)USG)MUH

x| W (22D, ... 20D gy 11)71771))’2

2 2 2
m m m

+/ 9((D=D)aj+2)j+D(D~1)

Py2—(D=D4 N

—j g
(D.a;°(1)

x| W@PDy,, .. 20D, +lD—1771))|2
vl — -2 ’ v 207«Dinp —lp_1m .
m 422, J| T 2074y + 1,
A2 N & g &p 2
= [ 1F@f e ) u<z<2-af>f(—_1)> ...‘U(z@—am——z,;_l)
Py gl 51

2
+ / NGIRLZS zu(zaw(é_l)) \(zf_ _zD_l)
Py 52 52

For j =0, observing that supp W C Q, hence

S vorn)

kezD

-, PEE)-ME)
. WM

So for any f e L*(RP), we conclude that for [} = 2297 |L|...|Ip_| < 2@7%)7, we
have

Sl

kezZD

- [ lFerweer

X

A i 2
f(z(D 1)’75(1) (’1))’

X

3

2

dk.

2

dg§

2

dg.

3

2 & 2
‘u<2<2*“f>f—’) —lD_1>
&1
2 2
. ‘U<2(27a-7.)j %-—D — lDfl)
&
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A similar computation, for [; =1, =227 |I5] ... |lp_i| < 2@/ yields

S Al

kezZD
)
&

=/P @[ W)’
2 2
. ‘v<2(2’°‘-")"§—D — 1071> d§

U<2(2*Otj)1<5_3 — 1))
&1 1
2 2
[ Forweeo(am e (1) ) o (e )
P, .‘3&2 52
2 2
2 U(z(z_aj)j(g_; _ 1)) U(z(Z—a,‘).fi_[; _lD—l>

By using the same argument we obtain other boundary regions. Using the change of variable
n= SA(_d'gS&l) whered =1,...D, for |I}]...|lp_i] < 2%~%)7 follows that

Y X X ety

d={1,...,D} jeNy m<2(2 oj )J

/lf(s)| S wE e

2

dg§

dE.

A 2 —
+ [ Ferve

JjeNg
2 '52 2 ) é,:D 2
X ( Z U<2( w,-)/é_ —l|) U<2( wj)jg_ —lp |> 2 )
Uil lip_y | <27 1 1
+
£ 2 " ,
+ Z U<2(2—01j)1%_—1 — ll) U<2(2—aj)l% — 11)71) XpPp (§)>d;:_
1] llp_g | <2@ 7% p D

Since supp ® C O, we have

Z ‘(f’ 1/f—1,1<)‘2 -

kezZP kezP

f F&)d@e

f 1F@©F| @ de.

Summarizing, we conclude that

o)

Y eSH(¢,a;.d)

= Y e+ Y (el Y )

¥ ESHLow (¢ .d) ¥ eSHIn(9.a;.,d) ¥ €SHpound (¢, d)
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a4

\M

h

Fig. 4 Sketch of the corrupted modeling image in D =2,3

= [ JFer Siwe ol + [ |fe e a

j=0

/ /&) (ZW ) +\<z>(s>|)=||f||2. O

j=0
3.2 Shearlet Inpainting

In this section an image model which is compactly supported along the (xi, ..., xp_1)-axes
will be analyzed and the mask for missing part of the original image will be introduced.

Let w : RP~! — [0, 1] be a smooth function that is supported in [—py, p1] X ...[—pp-1,
pp—1], for some fixed p; >0,i =1,..., D — 1. The distribution wL acting on Schwartz
functions ¢ € S(RP) is given by

Pl PD—1
(wﬁ,go):/ f w(xy,...,Xp_)@X1, ..., xp_1,0)dxp_;...dx;.

PD—1

Note that this distribution is supported on [—py, p1] X ...[—pp—1, pp—1] X {0}. The Fourier
transform on w £ can be computed as follows:

(w£ 0)=(wL,

@)
PD-1 )
/ / w(xy, ~~~,XD71)</ 90(S)6_27”(XIEH'“""XD’I‘ED")dé)dx
Pl —pPD-1 RP

= AD Ib(é):lv EERE) SD—])(p(éjlngv EERE) SD)dS

Let now F; € S(RP) be a frequency filter, which is defined to be
F©=w;®=w((27¢), £eR”j>0,

where W; is the corona function from the shearlet construction (2). So we obtain the filtered
version 0f wL which we denote by wZ; i.e.,

wL;j(x) =wL % F;(x) :/ wL(- — 1) F;(1)dt.
RD
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AT x3

2¢7

ve

—9¢j

Fig. 5 Some shearlet elements associated with cluster A; in D =2,3

By computing the Fourier transform w.;,

wLj(E)=wL() - F;(§)=w(&,....ep )W, ....Ep), &€RP,

we can conclude that, the w£; is band-limited Schwartz function. To distinguish the de-
stroyed regions of image model, inspired by the missing sensor scenario in seismic data, we
need to define the mask of the missing piece of the image

My ={(x1,....xp) eRP :|xq| <A™, o] B2, ..., [xp_g| < B}

The gap space and the orthogonal projection on this space, are now defined by Hy =
L*(M,), and Py f = xm, f» f € L*(RP). For investigating the Fourier support proper-
ties of the model function, we use the notation v, = wﬁ{:;d) fory =(j,l,k,a;,d) € I' in
which the index set I” satisfies

L vy = SHiu(¢. v. (@));) U SHpoua (¢ v. (@),).

yell

Set I'; ={(j',l,k,aj,d) € I'|j = j}, j = 0, note that, the support of EZj is contained in
(4) and region .%; overlaps with JZ;_; and %" j + 1, but is disjointed from all the other ones.
Therefore, for j > 1, we have that

(WL, Y_1x)=0, keZP’

Otjv(d))

<w£.fs‘/fj’,1,k 0, (jlLkejd) el |j'=jl>1

Hence, we may conclude that all non-zero coefficients are contained in sets Fjil =TI U
F]’UIjj_H fOI'jZO
Now, we fix some ¢ > 0, we choose the set of significant shearlet coefficients to be

Aj={(.L.ka;,D):|l|...\lp-1| < L|hky 4+ +Ip_tkp_y —kp| <27 .k € ZP,j > 0}
cr,. (10)

Since suppwZL is covered by every A;, we conclude that (10) is an appropriate choice.
More precisely, ¢ controls the behavior between clustered sparsity and cluster coherence in
Theorem 1. We put

87 = 1rpa, Towlpl,= Y [wLpw)|, i =11 —jl<1, 1)

yEFj/\Aj/
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and then sum up

Si=87" 48048 = [1re Mowlpl= D0 (wejv)]. j=1.  (12)

vy

where Ail =A;_1 UA; UAj,. By definition, wL; is §;-clustered sparse in ¥ =

SH(¢, v, (Ol ;7);) with respect to the cluster Ail

It might be helpful to mention that the goal is to show that §; is small. Then the abstract
Theorem 1 implies a good inpainting result.

The following lemma is needed for estimating the decay coefficients of the shearlet with
the singularities. We use of simple notation for the transformed translations,

N B _
td:(tl,...,tD)._Aaj{(d)S(d)k, d=1,...,D.

Lemma 1 Let (j,1,k,a;,d) € I'; with j > 1. If a; > 0, then the following estimates hold
for arbitrary integer Ny, ..., Np, N > 0:

(). Ifd=D,and |l;| > 1 fori=1,...,D — 1, we have

(lwes w7 < empompunltn 140 1ip 1™

x 27NO[/j(|li| — 1)7N « 2@=(D=Dap)§ ( y—Npajj

2). Ifd=1,...,D — 1, we have

|<w£j, 1//7?;?1)” <cnpvpnlti TN TN

5 272N ([Lp_y |+ 1) x 22 PV 5 5 o =Npetjj,
(3). For boundary shearlets we have
<|w£,71ﬁjlkb)‘ <ewn, o npnlti TN e TP
5 272N ([Lp_y| 4 1) x 22 PV s 5 o =Npeyij,

@. Ifd=Dand|l;| <1fori=1,..., D — 1 we have

D—1

(wee, w5 P)| < en2P-D6-ah /R (berl)™ . {eo )™
X Wy, (27 (x + ki), 27 (xpoy 4+ kp-i))
X <|11x1 +hki+---— ku|)7Ndx
where Wy ; = |w| * (|2%[.]))~V
Proof (1). By the definition of universal shearlets and Plancherel’s Theorem we have

(we, i) = we 07”)

=a;.(D)

= [, Bt so W2 )T e
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_ / it ( / B ... E0 W2 E) T E)
R RD-1

X 62711'(”51+~“+1D—1€D—1)d§| . -d5071>d50~

We differentiate the function & — W (&, ..., Ep- )W 26" (€), Ni-times for i =

1, ..., D. With partial integration we obtain
aj,(D)
‘<w£1" Vil )!
<ecwny ol TNtV

x / / DNV (e, Ep )W (22 E) W) dE . dEp_ dEp,
R JRD-I ’

hny..Np_; 6D)

where the boundary terms vanish because of the compact support of &€ — w(&y,...,Ep_1) X
W@ 25y (§). With (4) obtain 2% < [£p] < 2%~ and

(In]=1)20727 < 5_;' < (1] +1)26@-2
(1] — 12727 = | 22| < ((ly] 4+ 1)201-2
D
(1p11 = 1)205721 < | L) < (1, + 1)265-2,
D

We can conclude that
g el =247 (1 + 1), =224 (1] = DU 294 (111 = 1), 2% (1] + 1) ],

fori =1,..., D — 1. The next step is to estimate the term hy, _ n, ,(ép). Now, the Leibniz
rule and Holder’s Inequality yield

N1 N Np-1

5500

np-1

j.(D)

x / |w(}11,..,,rlI),l)(§_~D717 ~~~;SI)DN1_’” ,,,,, ND,I—HD,I(W(z—zjé),(/,j‘lo (é))ds
RD-1 >

Np-1

Ny
N Np_1
~ny,..., np_1)
=Y .Y <n1>...<n071 B2V 1 et

n1=0 np_1=0

j.(D)

x |[prrme e w (27 )5 O ey

By the support and rapid decay of w, it can be estimated as
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Inpainting via High-dimensional Universal Shearlet Systems

“S(ny,...np_1) ”
||w LIy xxIp_1)

2/ / W tD-D (L Ep_y)dE L. dEp_
Ip— I

257 ip 1= 2577 - N
ECN/ / (1ED77 ... (lp1l)” 2 d&r ... dép,
2

5 po1-1) 2% 1y -1y

=

< enpg 27V (1 = 1)V

Last estimate concludes because

=

2% (g -1y
f (I&1)"2 <cy, k=1,....D—1,k#i.
2

54 (1)
So, we can obtain

[ Y=o (W (2795757 O) | o)

n=0  np_1=0

« 2—((D=Daj+D% o p=(Ni=n)ejj  9—Npajj

“Na;j -N —((D-Da; i _ i
CNy. Np.N X 2 Na~’j(|li| _ 1) x 2 (D—Daj+2) 5 x 2 Npajj

X i <N1)(27Q’j)wlfnl) .. i (ND—I)(T&,/)(ND_.W_I)

n np_
n1=0 1 n1=0 D—1

IA

—(1+27%7yN1 <oMN1 =142 %/ yND—1 <xND—1
;>0 ;>0

_Na:i —N —UD-Da: I _ L
<cn,,..Np,N2 Nafj(|li| - 1) x 27 {P=DejD g 5 p=Noajj,

Combining this estimate with [supp iy, ..y, | < 2% ¢ concludes

a;j,(D)

’(WE_/G Vilk >’ <cCny..., ND,N|I1|_N1 7

X 2‘N°‘1‘f(|l,-| — 1)_N X 2(2_(D_1)°‘f')% x 2 Npejj,
(2). Similarly the proof of part (1), ford =1,..., D — 1, we have

}(wﬁj, ‘/f;!flid))} <cnonpnltl ™MLtV

: —(D=Da i - i
x 27N (|lp_y | 4 1) x 207 P7De)2 ¢ a7 Npes),

(3). The boundary shearlets can be estimated by part (1) and (2).
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(4). By the definition wL;, it follow that

lwL; ()| = |(wL* F)(x)| = VRD_I w()F;(x — (v,0))dy

< [ w2 @ (s = 00y

= en22P{| 2% |\ [lwl * 2710 )iy xp)

Wy j (X1, XD—1)

= 222y

- D
wy,j(x1,...,xp1), x=(x1,...,xXxp_1,xp) €R”.

Furthermore,

aj.(D)

[ @] < en2 P05 AL e =kl

< CNZ((D_I)aj+2)%<’2aij1 - kl |>_N e (|2°‘fjxD_1 - kD—l ’>_N
-N

X <|112"‘fjx1 +1,2% xy - +22jkaD|>

Now, we can estimate the analysis coefficients.

[(we, W_iffzim)’

< 26-ap(>-D} / Wy, (2797 (x1 4+ k1), ., 2797 (xpoy +kpo1))
RD
N N N
X (lxp) ™" oo (el DT X +liky + - -+ p_1xpo1 + xp — kpl) " dx.

Letk=lx;+ Lk +---+Ip_1xp_1+Ip_1kp_1 — kp. It is clear that one of the two factor
(Ixpl)~"(lxp + k|)~" has to be smaller than (|%|)~". Hence

A<|xp|>*N<|xD+k|>*Nde

= /RmaX{(IXDI)fN, {lep + k)™ fmin{(lxp)) ™, (ep + k)M }dxp  (13)

<(lxpl) =N +(lxp+kl)~N <(5n-v

<en{KD) N =cenlllixy + ik + - —kpl) ™V,

finally, we obtain

j.(D)

(wej vriii )
<260t /D | W, (27 (1 4 ki), 27 (xpoy +kpo1))
RD-

x (Jxp_1 )™V )N (hxy + Lk + -+ lpoixpor — kpl) Vdx. O
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Proposition 1 With the notations as above if liminf;_, . a; > 0, then
8j € 0(27Nj), Jj — oo,
for every N € N.

That is what we call rapid decay, adapted from the behavior of Schwartz functions.

Proof We need to estimate 8']’:/_'7 whichis definedin (11). Ifk =1,k + Lk, +---+Ip_1kp_1,
then

g o, (D) o (D)
=i _ ) j . J
& = Z ’(wﬁ./’wj’,l,k )+ Z (we;, Lk )
keZP |1y .. llp_11<1 kezD
Ketp o257 1> 11kl <1
a..(D) a..(D)
; J . J
+ 2 : |(w£,, ans >|+ + § : |(w£], ans >|
kezD kezD
121> L1 1,131, I p—11=1 [Ip-11>1LIl1,..[lp—2]=1
D-1 @
o, (d o
J J
+Z Z |<w£j’ Lk >|+ Z |(w£jv j’,l,k,h>|'
d=1 7D )
iy kezD =2
! L
[l dlp—11<2™ 77 lylolip | <2®)

We will compute for j' = j, the computation for j' = j F 1 are exactly the same. We apply
Lemma 1 for N > 2, hence

> Jwey, W;ﬁfzimﬂ

keZP Jiy|..l1p_11<1
|k—kp|>2°

< cy26-eP-D3 Z / Wy, j (2_ajj(xl + ki), 27% (xpoy + kp-1))
kezD RO
1] llp-11<1
x (Lt )™V o (lxpo )V (k — kpl) Vdx

= cy26-(P-D} / iy (2797 Gy k) 27 (xpoy +
cN Z oo Wy, (x1+ k1) (xp-1 +kp-1))

keZD Jkp1>2°)
11l lp-11<1

x ()N o lxpoa )TN (hxy + bxo + -+ Ip_ixpoy — kpl) Vdx
_ CNZ(Gfa,-)(D—I)%
x Yy f OO0 w27 G k). 27 (e k)
1l p_q1<1 RO k1 €Z
keZD | |kp|>257

x (| )N o xpot )TN (Gxy 4+ by 4 -+ Ip_ixpoy — kpl)Ndx.

We have the following argumentation:

Z W, (2797 (x4 ki), o, 2799 (xpoy + kpo1))
kl.,.,,kD,IEZ
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S S I e [ e e
[,

kl,.“,kD,IGZ

N
2

(|27 (ky 3y — 290 ) [ F (|22 (kpy + xpy — 29 yp 1) |} Fdy

20 W N
= / ’w()’1,-~-,}’D—1)|Z(|k1+x1—2’]y1’> :
RD-1
ki €Z
=CNy
ajj -5 o -5
X Z(|k2 +x3—2 ”)’ZD L Z (|kD—1 +xp_1—2 ’]}’D—1’> *dy
ko €Z kp—1€Z
=N =CNp_i
<cn.
We repeatedly apply a similar computation as in (13), hence
a;j,(D)
> lwegvin)
keZP, |iy]..llp_1I<1
|k—kp|>2¢
< cy2P-DE-e% / )7V (xp )N
<cy > [ ™o

lfyl--lp—yl=t
kp€Z |kp|>2¢7

x (|lhxy + -+ +Ip_ixp_1 —kpl)Ndxy...dxp_,

_ PR ) _ _
<ey2P Vet Y f Gl ™ . (o)™
RD—Z

il llp—11=1
kpeZ lkp|>2¢i

x (|lxy 4+ -+ 1Ip_1xp_1 —kpl) Ndxs...dxp_;.

Finally, we obtain

S fwey vl

keZP, |iy]..lip_1I<1
|k—kp[>2¢

<cy2PVer Y / (-1l (llp-1xp-1 = kpl) N dxp_,
R

lp—l<1
lkp|>2¢8/, kpeZ

<ey2P Vs N ()Y

kpeZ, |kp|>2¢i
_ o _
< ey 2P D6 / (ol dxp
|xp|>2¢

< ch(Dfl)(ﬁfotj)% x 2~ (N=Dej
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For N > 2, we apply Lemma 1, and conclude the following result

a;j,(D)
Z |(w£j, Vilk >|
1<ty 12?79 | kezD
2] llp—11=1

— — — ] -M —(D— NiA— i
<cvw Y, a2 (] — 1) 2@ (P hepig ey,

kezD, 1<jiy1<2?79))
12]...llp—11=1

For some index (j,/, k, a;, D) € I';, we have

Yool

kezD
1 #0,..., tp#0

i —N —aij
= » |27 ke | |27 ko
keZP k| #0....kp_1#0
kp#liki+-+lp-_1kp—1

D=1)Naj+2N) j -N NMikpl™
= (PN 2T Ny |7V Jkpa |V

kezP
ki,....kp#0

Sz((D—l)Naj+2N)j/ =N xpl~Vdx
[xi[=1...lxp|=1

M2 ey — ik - = Ipikp )|

< ch((D—l)Notj-%—ZN)j-

Similarly, for 7, =0 (or/fand t; =0,i = 1,..., D — 1) we obtain
Z 017N . ep 7Y < ey 2((P=DNa+2N)]
kezZP

Finally, we have

> (wL;, Wi’fffimﬂ

1<l 1<2C=)I pezD

2] llp—11=1
_ YA _Ma:i . i -M
ECN,MZ(G (D+Daj) 5 x 2 Majj x 22N_, X 2DNa]j(|ll| _ 1)
——
<l
< CN’M2(6—(D+1)o¢j)%ZN(Daj+2)j « 2~ Mejj

Using liminf;_, o o; > 0 and choosing M sufficiently large, we obtain desired decay. An
analogous argument holds for other interior regions and the boundary elements. ]

Now, we investigate the cluster coherence MC(A_TI, X, ¥) and show that, it converges

to zero as j — oo when (h); € 0(2*((D*1)Otj+s)j).
Lemma2 [fh; = (h';l N h;D—l)j € 0(2~(P=De+0]) then

;LC(A;?', X, ¥)—>0, j— oo
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Proof We have
pe(AT' Xmy, V) < pe(Ajoy, X, W)+ (A Ko, ) + e(A it X, 9.
By the definition of the cluster coherence and considering the main-scale-term, we obtain

e(Ajs Xy, V) =X D 1wy, Vs Vi) SMaX D 1ty Vi V)|

VI€A; d DV15/\
=Tp
+max Z I XMy, Yo V) |+H121X Z I{ XMy, Vs Ui -
d#D VIEA) b VIEA;
=Ty =T)

We use the rapid decay properties of the universal shearlets to obtain desired result. Set
=, lLkoaj,D)yedj, e (jl'k,a;, D)eTI; wehave (N >2)

[, ¥k v
h; ot nP
<wﬂ”wﬂﬁ/ /MI/r@aaﬂ )0, 4% oy = K1)V

/’tl th

S R ST

GO (2 T O T

—N

) |29y 4+ Dy — K|y 2OV i, i,

2% J 1 _p%jJ D=1
J J _N _N
<cn S . (lxr = ki)™ ... Alxp—1 —kp-1l)
—2%7 ! —2”/’%’/‘.”*‘ R

s (x4 xp —kpl) ™ (e =KV (o =K 1)
N—— —_——

<1 <1

X (|li)€1 +léX2 + .- +Z/D_1XD—1 — k’D|>7Nd.XD .. .dxl.

We may presume that the maximum of T}, is attained for some y» € I';. Thus

Tp = max D 0, ¥ V)|

d DVIEA

j (D) i»(D)
= (j,l’«g}?g)el“/ Z Z |(XM*'_,- ¢7,?,k w;ajlk )

hl-lp-11=1 kezP

29 d 1 %) D=1
/ / / 7 \™N
<cy  max y o _ (x4 —Kp|)
(' K o j,v)ET; _zaj/h’]fl _2°‘jfh;D*1 R

1] lp-11=1
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X Z (e = ki)™ oo xpot —kpi )™M (Ilxy + - —kpl) N dxp...dx

kezP

<éy

2"‘/‘»"},’;‘ 72rx_,-jh);u—1 N
max / _ / ' /(|1§X1+-~-—k/D|) dxp...dx,
R

N
UK ajv)ely J oyt _2"/‘1;[;.[’*1

IA

IA

cN2(D71)“/jh;‘ X - X h;D" -0, j— oo.

For the factor 7; where d # D, let use y; = (j,l,k,a;,D) € A; and y, =
(j,U',k ,aj,d) e I';. For N > 2, we have

s W 0 50)

SINET I

'l
< ey 2PV ) / f (25, — k)™ . A2 xpy — kpa )
K R

th

dXD ...a’x1

s

2+ = ko)™ (250 = Kl (2 — Ky

<1

th

h X1
<cy 2(D Daj j / f yzajjxl —k1|>_N B .(|2ajjxD—l _kD—ID_N
XD 1

X </<|2”fjl|x1 +---+xp —kD|>7N de)de,| ..dxy.
R

<cy
Finally, we obtain
aj, (D) | aj,(d)
T, < max E E |(XMh.1/f:1k ’w'l’k’)
Gl K s d)er ;s o
U0 lipoy <1 kezD _
[lky+Ip_1kp_1—kp|<2%i
< CN2(D—1)Dtjj2€j
i : N h;Dil j N
[l =l M [P {2 — ko o
—hi ez 7 kp_jez
<y =ty

< CN2((D”)“-7'+£)jh‘;1 X eoe X h;D" -0, j— 0.

For the boundary shearlet elements, it is easy to display that there exists a constant ¢ > 0
such that T}, < ¢(T; + Tp). So the aim obtain from the first two cases. O
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Now, we apply the abstract error estimate of Theorem 1 to obtain the fallowing theorem,
which is one of the main results of this paper and proves the success of image inpainting via
a high-dimensional universal shearlet. Theorem 3 relates the degree of anisotropic scaling
to the admissible gap sizes: When «; becomes smaller, the asymptotical condition (h;); €
0(2~((P=Dej+e)Jy ig satisfied for larger h;.

We choose («;); as large possible, namely «; := 2 — % for j > 1, then we have
2% e @(2%). This particularly concludes that the element of SH(¢, v, (« 7)) scale in an
isotropic manner and can be viewed as a special kind of wavelet frame. Therefore, in terms of
inpainting, shearlet frames are superior to isotropic wavelet systems, increasing the degree
of anisotropy improving the recovery error of inpainting. Indeed, the necessary condition
provides a deep insight into the relation between the degree of anisotropy of the underlying
system and the admissible gap size and it shows the structural difference between wavelets
and shearlets.

Theorem 3 Let («;); be a scaling sequence and ¥ = SH(¢, v, («;) ;) be a universal shear-
let system. We assume that the following conditions are satisfied:

(INPI) There exist § > 0 and jo € N such that aj > 6 for all j > jo, i.e.,

lim inf «; > 0.
j—oo

(INP2) For a fixed ¢ > 0, the sequence of gap widths satisfies
X Xp— —((D-1 . i
hy= (5 % - x BP) € 027D+,

Then
(||w£j~ —wlijllw

€ o(27M), as j — oo
lwllh,e )j ( )

for every N € Ny. Here, the recovery provided by Algorithm 1 is denoted by wﬁj.

Proof A similar computations as in the proof the Lemma 1 show that there exists an N > 0
such that ||wZ;|l;¢ € 0(2¥) as j — co. In addition, it is easy to obtain a lower bound
for this term. Now we apply the abstract error estimate of Theorem 1, Proposition 1 and
Lemma 2 to obtain the desired result. ]

We would like to remark at this point that the condition (INP2) on the gap width in The-
orem 3 is only the sufficient conditions for asymptotically perfect inpainting, for instance,
the superiority of shearlets over wavelets also need a necessary condition. To tackle this
problem one could use another inpainting which was analyzed in [16].

Also, we believe that a weaker version of (h;); € o(27((P=D@T¥)J) is necessary to
achieve asymptotically perfect inpainting. In order to give an argument for this conjec-
ture, we observe that wj[’,kD is concentrated inside of M;,j provided that |k;| < 2%/ h’] for
i=1,..., D — 1. Therefore the missing part might be estimated by

| Pywlillie =Y [(PywL; )| 2 > (we v

Yew k@, DYEA, 1y..dp=0

~ zejzajjhiz(D—l)%—aj)% — 9((D=D6+2e)§ n(D=D)atj % h;

This display that enlarging 4 ; produces a lack of information and will cause inappropriate
error for recovery by £'-minimization.
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Fig. 6 Sketch of the corrupted
modeling image A
-
g1
N 2h™
_:.< ________ —
1
1
1 \
¥ My

4 Inpainting with Specific Image Model on L?(R?)

The general approach in this section is the same as in the previous one. We investigate the
inpainting results of ¢! minimization by chosen proper index set A; and estimate the relative
sparsity and cluster coherence respect to this set.

At first, we would like to analyze a specific mathematical model which is the model
of corrupted line segments. Let w € C*®(R?) be a function that is supported in [—p, p] x
[—n, n] where p, n > 0. A whole sequence of models (w;) ;> is given by

w;(x) =wx* Fj(x) =(w, Fj(x = [])), xeR’

where filters F; are defined by the inverse Fourier transform of the corona functions (2).

Now, we deﬁne the mask of a missing part of image as follows. The mask M, is the
intersection of a small vertical strip around the x,-axis and a small horizontal strip around
the x;-axis which is given by

My = {1, 1) € R xy] < B, xo] < 2]
For fix some ¢ > 0, we define the clusters
Aj={G. Lk, d): |l <1, k| <29 keZ?d=1,2}, j=0.

We may determine the relative sparsity of the shearlet coefficient with respect to the clus-
ter AE!
J

Lemma 3 Assuming that liminf;_, ., ot; > O (vecall that «; is scaling parameter), then
8j € 0(2_Nj), Jj— o0,
forevery N € N.

Proof By the definition, we have

_ aj, (l) a, 1)
(Sj_ Z |(w1’ jlk |+Z|wja julLk |
kez2 11K 1 kez?
Ik |>2°7 l[]>1
@ (2) a, (2) aj,(b)
+ X Mo v Xl w0+ X o)
keZ2,)1<1 kez? ez?
\k2|>22j |l]|>1 \l\:Z(zfaI‘)j

T+ 1T +T;+ T4+ Ts.
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Leta; > o0 and |I| > 1. By Plancherel’s Theorem, we obtain

(w5, vy ) = /R ePring: /R BE) W2 2E) 7 (€ e dg de,
=0 ()

We repeatedly apply integration by parts, hence

aj(l) —Ly, -M
|(wj,wj,j[$]( )|§CL,M|f1| [l hemll L ®2),

where hy (&1, &) = [po IDEMW(E, &)0;,(51, &) |dE dE,. By a similar argumentation as
proof Lemma 1 in part (1), we can estimate the term %, (&, &) as of the of following

e &1, 8 < 0y 2R3 (20| (22 ) e,
The final estimate gives
[(w;. llf;le(kl)>| <cLmnlt |_L|t2|_M2_(2+aj)%<|2aj'i (22 ) e,
Now we can estimate 7». For fix j > o and some index (j,l,k,a;, 1) € I';, we have
(N =>=2)

D Il il ™M < ey2ter s,
kez?

Now, we can compute 75:

To<cowun 3. |0l Hlnl M2 @rend{|ae |y (|22 ) Vo e

keZ?
1<|1]<2@?~%

< cu2 e e |7 22

The assumption liminf;_, ., &; > 0 and choice N sufficiently large, imply the desired result.
Note that, the strategy for 7, and 75 are analogous, therefore we remove at this point. In the
following, we estimate 75 and T} are done similarly.

To estimate T3, we benefit of rapid decay of shearlet elements and model w;. Let a; > 0
and |I| <1,

aj(l) a) i - — — -
[(wj, ¥y ) < en2® f>%f2<|x1|> N e l) N (lxy — k)N (e 42 — ko) Vdlx,
R
with this, we have
T < 2(2+Dtj)% / —N —N —k —N l —k _Nd
s <oy > (D™ ) D = ki) N (s + x0 — k)Nl

koeZ,l|<1 k1€Z
lkp|>2%

=cN
<cy2@tnt 3o <|x1|>*N/<|xz|>*N<|lx1+x2—kz|>*”dx.
R R

kyeZ,|1|<1
lkp|>2%
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The factors of the integral can be compute by (13), so we obtain

Tz eyt 30 [ e~ kel

kyeZ 1< R
|kp|>2%]
Q+a)k -N
< 2@t (lkal)
ko€l
lky|>2°)

< cy2@tepN s~ (N=Dej

Choosing N arbitrary large proving the claim. ]

Next we estimate the cluster coherence and show that the size of the gaps which can be
filled by the geometric shape of clusters Aj*l.

Lemma 4 Presume that (hj‘ X h;z) ; €027 @TEAI) we have
/ch(Afls XM"_;‘ '1/) — 0, ] — 0.
Proof We will investigate the main-scale-term:

He(4js Yo, V) < max D 10, ¥ ) |+ max D 10, Vi )|

d 1 v1€4;

o ey
d=1 =3
=T =T
+max Z I Ay, Yyys ¥yy) |+max Z I{ XMy, Vs ¥
ol ey ol ried;
d=1 =7
=:T3 =Ty
+ max D 1w, ¥ ¥l
b V1€A
=Ty

Lety) = (j.l,k,aj, 1) € Aj, ya € (juI', K aj, 1) € T'j. We obtain (N > 2)

aj () ()

‘(XM;,j Vitk Vi)

271 PLE | fflﬂ
-N
SCN/ / (Ix1 +Ixp — ki)
21h 2 /' x2

X (lxs — kal) N (|x1 10— K1) M1 — K1) N dxadix .
—_— —
<1
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Hence, we have

th rfh
T, <cy max |x2 — k! |>
Gl K I)EI‘, =1 2jh 1) iy ’c2

x> (lxr g — ki)™ (1 — ko) ™Y dxadiy

kez?
<cn
2’h PN J’h
<ecy  max (lx2 — k/|> dx,dx,
Gol' K o j 1)el 2,h zjjhxz

<l

< c,\,2("f'+2”h’;1 X h;z -0, j— oo

For the factor T, let y, = (j, L, k,«a;,2) € Aj, v, € (j,I', k', a;,1) € I';. For N > 2, we can
compute as following:

e, Vi1 ¥

Y
) . j J . _N
< CN2(0¢/+2)J (|2a’JX1 _ k1|)
it Jn?
j J

X <‘12°‘f-fx1 + 22j.X2 — k2|>7N<

2% x5 + 2%y — k| N[22 00 — )N k.

<1

Finally, we obtain

h] h2
T ECN2(¢>tj+2)j Z / / 20!jjx2_k |>
(/l’k o(j l)E

T <t
ko] <2¢j

X Z(}Tlﬂxl - k1 |>7N d)Czdxl
k]EZ

<cy

IA

it a2
o j j y -N
cn2@itDipe max / / <|2°‘11x2 - k§|> dx
B2 —
J

(j,l/,k/,olj JDer;

IA

CNZ("‘I'+2+5)jh’;1 X h’;z -0, j— oo.

Not that, the estimate for 75 and T, are done similar to 7 and 75, respectively. By the
definition of the boundary shearlets, it can estimate easily. O

Now, we can apply the error estimate of Theorem 1 to show the success of image inpaint-
ing with special image model. By considering the gap size as asymptotically smaller than the
length of the corresponding shearlet elements, asymptotically perfect inpainting is achieved.
Inpainting result for shearlets and wavelets in special cases can be found in [9, 16].
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il !!HHl\IllW”iv

(c) shearlet (PSNR=29.52) (d) wavelet (PSNR=26.01)
Fig.7 (a) Original image. (b) Missing data. (¢) Masked image inpainted with shearlets using iterative thresh-

olding. (d) Masked image inpainted with wavelets using iterative thresholding

Theorem 4 Let («;); be a scaling sequence and ¥ = SH(¢, v, () ;) be a universal shear-
let system. If

(INPI) lim inf a; > 0.
j—oo
(INP2) Forafixede>0,h; = (h}' x h}?), €o(2”*Fito).

Then
lwi — w1, :
(# € 0(2_N’), as j — oo
hwille /),

*

for every N € Ny, where the recover provided by Algorithm 1 is denoted by w i

Proof The claim follows from the abstract error estimate of Theorem 1, Lemma 3 and
Lemma 4. O

Note that our goal was to show that results make sense and provide insight. In Theo-
rem 4, we focused on the recovery of anisotropic fashion. However, one might ask about
isotropic method such as wavelet which may lead to improve error estimate. This certainly
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i ||in| It

l- ‘w H" e
Ilml \IHHIIFIM“IHHM'“
i

b

1| |
n|||| I | |
[

Cloea il

(c) 3DSHEAR (d) 2DSHEAR

Fig. 8 Video inpainting of mobile video sequence. Starting from the top left: original frame, missing data,
inpainted frame using 3DSHEAR (PSNR = 27.32) and 2DSHEAR (PSNR = 24.12)

requires a careful adaption of the argument which is being investigated in our current re-
search.

5 Numerical Experiments

This section is devoted to a set of numerical experiments. We focus on the inpainting prob-
lem and present a number of examples comparing various inpainting methods. In Fig. 7,
vertical lines were removed from a grayscale Barbara image. The lines were inpainted using
the methods from [15]. When using iterative thresholding to inpaint an image which consists
almost completely of curvilinear features, shearlets outperform wavelets.

In Fig. 8 we compare the performance of the various video inpainting on a typical frame
extracted from the inpainted video sequence. Although more subjective in nature, the figures
show that the visual quality of the 3D shearlet frame is superior [18].

Our results are also of interest in the case considering the algorithm developed in [20]
together with shearlet transforms (SIRL1 + TGV). We give a precise description of the
crucial multiscale transform we used and the parameters. For shearlets, we have used the
shearlet transform available at www.ShearLab.org. The discrete shearlet system is generated
by using 4 scales and [1 1 2 2] for directional parameters. The chosen parameters for the
proposed algorithm are:
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‘M |\

,\" ‘\H‘ ‘
it

(d) 5 iter, SSIM=0.92 (e) 25 iter, SSIM=0.95

(F) 10 iter, SSIM=0.74 (g) 20 iter, SSIM=0.89 (h) 400 iter, SSIM=0.93

Fig. 9 Comparison of iterative thresholding (IT) algorithm as used in the ShearLab package and proposed
method. Both methods use the same shearlet system with 4 scales. Image (a) shows the original test image
“Lena” and (b) displays the image distorted image. Second row shows intermediate results of the proposed al-
gorithm combining iterative thresholding and TGV. Last row shows intermediate results of different iterations
of the IT algorithm

- p=10°
- a=|1, 2]

- w=1[10, 10, 20],
—e=5x107°.

We have compared the results and parameters provided in the ShearLab package, based
on iterative thresholding (IT) [18] with shearlets and total generalized variation (SIRL1 +
TGV) [20]. To visualize the difference between the two methods, we demonstrate results of
various number of iterations in Figs. 9 and 10. While both methods in total yield a similarly
good performance, differences are clearly visible. The IT method smooths the signal more
than the method of SIRL1 + TGV. There are still shadows of inpainting gaps visible in
the results of SIRL1 + TGV, but the texture and sharp edges are preserved in a better way,
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(d) 5 iter, SSIM=0.84

(£) 5 iter, SSIM=0.76 (g) 10 iter, SSTM=0.96 (h) 25 iter, SSIM=0.97

Fig. 10 Comparison of iterative thresholding (IT) algorithm as used in the ShearLab package and proposed
method. Both methods use the same shearlet system with 4 scales. Image (a) shows the original test image
and (b) displays the image distorted image. Second row shows intermediate results of the proposed algorithm
combining iterative thresholding and TGV. Last row shows intermediate results of different iterations of the
IT algorithm

which is in particular due to the additional TGV regularizer. Although proposed method is
not optimized at all, it takes 440 s, for 25 iterations, while the lean method of IT needs 462 s,
for computing the final result after 400 iterations.

Acknowledgements The first author would like to thank Professor Gitta Kutyniok for stimulating dis-

cussions and pointing out various references. She is grateful to the department of Mathematics, Technische
Universitit Berlin for hospitality and Martin Genzel for proofreading the paper.

References
1. Bertalmio, M., Bertozzi, A., Sapiro, G.: Navier-Stokes, fluid dynamics, and image and video inpaint-

ing. In: Proceedings of the 2001 IEEE Computer Society Conference on Computer Vision and Pattern
Recognition, CVPR 2001, pp. 1355-1362 (2001)

@ Springer



Inpainting via High-dimensional Universal Shearlet Systems

10.

11.

12.

15.

16.

17.

19.

20.

21.

22.

23.

. Cai, J.-F,, Chan, R.H., Shen, Z.: Simultaneous cartoon and texture inpainting. Inverse Probl. Imaging 4,

379-395 (2010)

. Davenport, M., Duarte, M., Eldar, Y., Kutyniok, G.: Introduction to compressed sensing. In: Compressed

Sensing: Theory and Applications, pp. 1-68. Cambridge University Press, Cambridge (2012)

. Donoho, D., Kutyniok, G.: Microlocal analysis of the geometric separation problem. Commun. Pure

Appl. Math. 66, 1-47 (2013)

. Easley, G., Labate, D., Lim, W.: Sparse directional image representations using the discrete shearlet

transform. Appl. Comput. Harmon. Anal. 25, 2546 (2008)

. Easley, G.R., Labate, D., Colonna, F.: Shearlet based total variation for denoising. IEEE Trans. Image

Process. 18(2), 260-268 (2009)

. Elad, M., Starck, J.-L., Querre, P., Donoho, D.L.: Simultaneous cartoon and texture image inpainting

using morphological component analysis (MCA). Appl. Comput. Harmon. Anal. 19, 340-358 (2005)

. Foucart, S., Rauhut, H.: A Mathematical Introduction to Compressive Sensing. Birkhduser, Basel (2013)
. Genzel, M., Kutyniok, G.: Symptotic analysis of inpainting via universal shearlet systems. SIAM J.

Imaging Sci. 7, 2301-2339 (2014)

Guo, K., Labate, D.: Optimally sparse multidimensional representation using shearlets. SIAM J. Math.
Anal. 39, 298-318 (2007)

Guo, K., Labate, D.: The construction of smooth Parseval frames of shearlets. Math. Model. Nat. Phe-
nom. 8, 82-105 (2013)

Guo, K., Labate, D.: Geometric separation of singularities using combined multiscale dictionaries.
J. Fourier Anal. Appl. 21(4), 667-693 (2015)

. Hennenfent, G., Fenelon, L., Herrmann, F.J.: Nonequispaced curvelet transform for seismic data recon-

struction: a sparsity-promoting approach. Geophysics 75(6), WB203-WB210 (2010)

. Herrmann, F.J., Hennenfent, G.: Non-parametric seismic data recovery with curvelet frames. Geophys.

J. Int. 173(1), 233-248 (2008)

King, E.J., Kutyniok, G., Zhuang, X.: Analysis of data separation and recovery problems using clustered
sparsity. In: Wavelets and Sparsity XIV. Proceedings of the SPIE, vol. 8138, p. 813818 (2011)

King, E.J., Kutyniok, G., Zhuang, X.: Analysis of inpainting via clustered sparsity and microlocal anal-
ysis. J. Math. Imaging Vis. 48, 205-234 (2014)

Kutyniok, G.: Geometric separation by single-pass alternating thresholding. Appl. Comput. Harmon.
Anal. 36, 23-50 (2014)

. Kutyniok, G., Lim, W.-Q., Reisenhofer, R.: Shearlab 3D: faithful digital shearlet transforms based on

compactly supported shearlets. ACM Trans. Math. Softw. 42(1), 5 (2015)

Labate, D., Lim, W.-Q., Kutyniok, G., Weiss, G.: Sparse multidimensional representation using shearlets.
In: Papadakis, M., Laine, A.F., Unser, M.A. (eds.) Wavelets XI. SPIE Proc., vol. 5914, pp. 254-262.
SPIE, Bellingham (2005)

Ma, J., Mirz, M.: A multilevel based reweighting algorithm with joint regularizers for sparse recovery.
Preprint

Nam, S., Davies, M.E., Elad, M., Gribonval, R.: Cosparse analysis modeling-uniqueness and algo-
rithms. In: 2011 IEEE International Conference on Acoustics, Speech and Signal Processing, ICASSP,
pp- 5804-5807. IEEE Press, New York (2011)

Nam, S., Davies, M.E., Elad, M., Gribonval, R.: The cosparse analysis model and algorithms. Appl.
Comput. Harmon. Anal. 34, 30-56 (2013)

Negi, P.S., Labate, D.: 3D discrete shearlet transform and video processing. IEEE Trans. Image Process.
21(6), 2944-2954 (2012)

@ Springer



	Inpainting via High-dimensional Universal Shearlet Systems
	Abstract
	Introduction
	Abstract Model and Inpainting via l1 Minimization
	Inpainting via Universal Shearlet Systems
	The Construction of D-dimensional Universal Shearlet Systems
	Shearlet Inpainting

	Inpainting with Speciﬁc Image Model on  L2 (R2)
	Numerical Experiments
	Acknowledgements
	References


