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Abstract 

The costly and time-consuming determination of thermophysical properties of nanofluids 

through the experimental analysis leads the current investigations to use the soft computing 

methods like correlating, artificial neural network (ANN) and genetic algorithm. In this study, 

the application of ANN, empirical correlations and genetic algorithm for modeling and multi-

criteria optimization of the thermophysical properties of clove-treated MWCNTs nanofluid 

which has been synthesized through a facile and eco-friendly procedure has been investigated. In 

this contribution, totally 6 structures are assessed: networks including one and two hidden layers 

with 2, 4, and 6 neurons. From assessment of the ANN, it is found that the network including 

two hidden layers with 4 neurons in every layer results in the least difference between the 

network outputs and the experimental data, providing the best performance. It is concluded that 

the optimal ANN model is a more precise and accurate way to predict the thermal conductivity 

and viscosity of environmentally friendly C-MWCNT/water nanofluid compared to empirical 

correlations obtained from non-linear regression method. Moreover, the evolutionary algorithm 

has been implemented for achieving the optimal conditions to maximize the thermal conductivity 

and to minimize the viscosity of nanofluid. In this regard, based on real-world engineering 

experience, the final optimal solutions opted from several distinguished procedures of decision-

making including the Bellman-Zadeh, TOPSIS and LINMAP approaches has been investigated 

in parallel. The results of this study revealed that the obtained outputs using TOPSIS and 

LINMAP procedures are the closest to ideal solution. 

 

Keywords: ANN modeling; Multi-criteria optimization; eco-friendly nanofluid; thermal 

conductivity; viscosity 
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Nomenclature 

gk   current gradient 

xk   vector of current weights and biases 

X  decision variable vector 

J   Jacobian matrix 

H  Hessian matrix 

k   thermal conductivity (W/mK) 

MSE  mean square error 

R2   coefficient of determination 

T   temperature (ºC) 

����  non-dimensionalized objective 

Fij  objectives matrix 

Cli  decision index in TOPSIS method 

di+  deviation or distance of ith solution from ideal solution 

di-  deviation or distance of ith solution from non-ideal solution 

Subscripts 

exp  experimental 

pred  predicted 

Greek symbols 

αk   learning rate 

γ   performance ratio 

�  viscosity (mPa.s) 

�   concentration (%) 
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�, 	   regularization parameter 

�   volume concentration (%) 

�(�)  fuzzy membership function 

Abbreviation 

ANN   Artificial neural network  

EG  Ethylene glycol 

MWCNT Multi-walled carbon nanotube 

SWCNT Single-walled carbon nanotube 

 

1. Introduction 

Currently, intensifying the performance of cooling systems becomes a concern and developments 

of electronic equipment and machinery technology are in a way to enhance heat transfer rate and 

reduce the size. Microfluids and nanofluids are introduced to the industrial and scientific 

community and due to mal-operation of microfluids in the system, nanofluids have currently 

gained significant attention by various researchers. For industrial applications, viscosity and 

thermal conductivity of nanofluids are the most important parameters which have to be measured 

(Żyła et al., 2017a). Soltanimehr and Afrand (2016) studied the variation of thermal conductivity 

of MWCNTs/EG–water (40:60) nanofluids in terms of temperature from 25°C to 50°C and 

nanotubes concentration range of 0–1.0%. They revealed that the thermal conductivity is directly 

proportional to the temperature and concentration. According to their results, the greatest thermal 

conductivity improvement of 34.7% was achieved at T = 50°C and solid volume fraction of 

1.0%. Afrand (2017) evaluated the thermal conductivity of MgO–MWCNTs/EG hybrid 

nanofluid in temperature range of 25–50°C and concentration range of 0–0.6%. Maximum 
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enhancement of thermal conductivity of nanofluid was achieved 21.3%, which occurred at 

volume fraction of 0.6% and temperature of 25°C. Afrand et al. (2016), Eshgarf and Afrand 

(2016) and Dardan et al. (2016) studied the rheological behavior of SiO2–MWCNTs/SAE40, 

MWCNTs–SiO2/EG–water and Al2O3–MWCNTs/SAE40 hybrid nanofluids in the volume 

fraction range of 0–1.0% and temperature range of 25–50°C respectively. The results revealed 

that the viscosity generally increases with an increase in the solid volume fraction and decreases 

with increasing temperature. Toghraie et al. (2016) studied the viscosity of water-based 

magnetite nanofluid in the temperature range of 20–55°C for various samples with volume 

fractions of 0.1–3%. The calculated viscosity ratios showed that the maximum viscosity 

enhancement was 129.7%. Amani et al. (2017a, 2017b) experimentally evaluated the thermal 

conductivity and viscosity of MnFe2O4 nanofluids with the concentration of 0.25–3.0 vol.% 

under magnetic field of 100–400 G at 20–60 °C. It was seen that the thermal conductivity 

enhanced at elevated temperatures in the case of no magnetic field, while it decreased in the 

presence of applied magnetic field with incrementing temperature. On the other hand, the 

viscosity was found a negative function of temperature in the case with and without magnetic 

field. In another studies, Żyła et al. (2017b) and Estellé et al. (2017) investigated the 

thermophysical properties of ethylene glycol based graphite/diamonds mixtures and water-based 

carbon nanotubes nanofluids respectively with special attention of the effect of nanoparticle 

content and size on the thermal conductivity and viscosity of nanofluids. Singh et al. (2017) 

studied the performance of alumina-graphene hybrid nano-cutting fluid and it is revealed that an 

increase of nanoparticle concentration enhances both, the thermal conductivity and viscosity of 

the hybrid nanofluid. Also, Sharma et al. (2016) reviewed the rheological behavior of nanofluids 
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and the effects of particle shape, type, shear rate, concentration, addition of surfactant and 

externally applied magnetic field were discussed. 

An accurate experimental measurement of thermophysical properties of nanofluids is a very 

challenging and time-consuming task. On the other hand, developing a reliable and practical 

correlation to describe a highly nonlinear behavior of thermophysical properties of nanofluids is 

often difficult and sometimes impossible. In order to overcome this challenge, the use of 

intelligent systems such as artificial neural networks (ANNs), which often exhibits accurate 

results, has been proposed by some researchers. ANN is a powerful tool to solve complex 

problems in different applications with a significant reduction in time and cost. In particular, 

various studies have been conducted on the application of ANN to predict the thermophysical 

features of nanofluids due to the simplicity, extensive capacity and high speed processing of 

using ANN. Rostamian et al. (2017) structured an ANN to predict the thermal conductivity of 

CuO–SWCNTs/EG–water hybrid nanofluids and compared the predictive ability of proposed 

correlation and ANN modeling. They revealed that both of these methods can well predict the 

thermal conductivity; however, the ANN method was more precise. Vafaei et al. (2017) 

employed ANN for prediction of thermal conductivity ratio of MgO–MWCNTs/EG hybrid 

nanofluid. They conducted an optimization procedure and showed that the ANN with 12 neurons 

in hidden layer resulted in the most accurate prediction. Using Levenberg–Marquardt training 

algorithm in a feed-forward backpropagation multilayer perceptron network, Heidari et al. 

(2016) tried to model 1490 experimental data points on the viscosity of various nanofluids 

obtained from previous studies. The base fluid viscosity, size, density and concentration of 

nanoparticles and temperature were the model inputs. They indicated the precision of the 

developed neural network in their analysis. Hemmat Esfe et al. (2016b) performed ANN 
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modeling of the thermal conductivity of MWCNT/water nanofluids and revealed that a feed-

forward three-layer neural network was well able to predict the experimental data and was much 

precise than the proposed correlation. Afrand et al. (2016b) structured an optimal ANN to predict 

the relative viscosity of the SiO2–MWCNTs/SAE40 nano-lubricant. It was found that the 

optimal ANN model is more accurate compared to empirical correlation. 

Optimization of data in the field of nanofluids analysis is highly crucial and with the help of that, 

we can select the best conditions for the best nanofluid compounds to achieve the highest 

efficiency and performance. In this regard, very little investigations have been hereunto 

implemented on the optimization of experimental data of nanofluids. Hemmat Esfe et al. (2017, 

2016a) performed the optimization of ND–Co3O4/water and Al2O3/water–EG nanofluids to again 

minimize the viscosity and maximize the thermal conductivity in terms of nanoparticles content 

and temperature. It was achieved that the optimal outcomes can be observed at the maximum 

temperature. Sonawane and Juwar (2016) employed response surface methodology to optimize 

the thermophysical properties of Fe3O4/water nanofluid with 0.2–0.8% of nanoparticles 

concentration at 20-80°C. The optimal condition was found at T = 80°C and concentration of 0.8 

vol.%. 

Nowadays, nontoxic reagents and eco-friendly solvents have extensively been employed to 

develop the green preparation methods for nanoparticles. Several investigators have concerned 

the thermal performance of eco-friendly nanofluids (Mehrali et al., 2016; Sinha et al., 2017; 

Zareh-Desari and Davoodi, 2016). Based on what has been discussed above, this article evaluates 

the applicability of multilayer perceptron ANN and proposing correlation for modeling the 

thermal conductivity and viscosity of clove-treated MWCNTs (C-MWCNTs) nanofluids in 

different temperatures and solid contents, which has been synthesized through a facile and 
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environmentally friendly procedure. Different number of neurons and hidden layers have been 

investigated for achievement of the optimal network structure. Moreover, new correlations are 

proposed for prediction of the thermophysical properties of nanofluids using nonlinear regression 

method. The predictive capacities of proposed correlations and ANN modeling have been 

compared. Next, multi-criteria optimization is conducted to minimize the viscosity and maximize 

the thermal conductivity using genetic algorithm. Afterward, Pareto front diagram for viscosity 

and the thermal conductivity are introduced. 

 

2. Preparation of organic C-MWCNTs nanofluid 

Nanofluids considered in this study were synthesized by Hosseini et al. (2017). Briefly, to 

achieve highly-dispersed MWCNTs in an aqueous medium, these authors introduced a novel 

ecologically friendly method for facile covalent functionalizing MWCNTs with cloves (see Fig. 

1). Accordingly, ascorbic acid and hydrogen peroxide were used as the redox initiator to graft 

eugenol onto the MWCNTs. Ultrasonication with 10 minutes long was performed on the C-

MWCNTs with DI-water to synthesize the C-MWCNT/water nanofluid with 0.075, 0.125, and 

0.175 wt.% concentrations. Characterization of the C-MWCNTs was carried out using Fourier 

transform infrared (FTIR) spectroscopy (Bruker, IFS-66/S, Germany) and thermogravimetric 

analysis (TGA-50, Shimadzu, Japan). Hitachi HT7700 transmission electron microscope (TEM) 

was used to examine the morphological characteristics of the samples. In order to evaluate the 

stability of the nanofluid, UV-vis analysis was performed and the absorbance of the samples at 

pre-defined time intervals over the course of 63 days was measured. It was seen that the stability 

of clove-treated MWCNTs (C-MWCNTs) was very high in aqueous medium. In the same work, 

the authors also reported thermal conductivity and viscosity measurements of the nanofluids. 
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These experimental data are here used for comparison and validation of ANN modeling. Both 

ANN and optimization techniques are detailed in the next section.  

 

Fig.1 Preparation procedure of eco-friendly C-MWCNT/water nanofluids (Hosseini et al., 2017). 

 

3. Artificial neural network 

Recently, ANN methodologies have been widely employed in different scientific and 

engineering applications due to its high speed and precision, and capability of solving 

complicated equations (Aminian, 2017). These techniques are based on the human brain and 

contains layers and neurons. In fact, the ANNs comprises of learning algorithm, transfer 

function, and the architecture. In the learning process, the biases and weights are defined on the 

connections. The input values are converted to output ones by transfer function. Moreover, the 

architecture gives the connections between the layers and neurons. 

To model the thermal conductivity and dynamic viscosity of eco-friendly C-MWCNT/water 

nanofluid (output of the network) as a function of nanofluid temperature and concentration 
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(input of the network), a multilayer perceptron ANN is implemented which is shown in Fig. 2. 

The multilayer perceptron ANN consists of multiple layers with several neurons in each layer. 

The neurons of the layers are related to each other via weight coefficients. The relation between 

output and input variables in the network is determined by updating the biases and weights.  

 

Fig. 2 The structure of employed ANN 

First, for training the network, the required data have to be generated. Next, the optimal 

structure has to be found by evaluating various structures of the neural network. Finally, those 

data which not previously implemented for training the network, have to employ for testing the 

neural network. Also, the linear activation function and sigmoid activation function are 

employed on the output and hidden layers respectively. The coefficient of determination (R2) 

and mean square error (MSE) are calculated for evaluation of ANN performance. The MSE and 

R2 values can be calculated as follows. 

�� = ��∑ ����� − �����������         (1) 

�� = 1 − ∑ � !"#$ #%!&�'()*+∑ � !"#�'()*+          (2) 

where n is the number of data, ���� represents the experimental values, and ����� denotes the 

values predicted by neural network. 
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In the current study, supervised learning has been concerned which involved a set of input-

output data pattern pairs. Thus, training the ANN has to be conducted to produce the actual 

outputs pursuant to the examples. The backpropagation algorithm is chosen as the method of 

the training. In fact, iterative update of the weights is used to correlate a set of input data for 

training ANN and meanwhile, the weights between neurons are optimized by using input 

information and backward propagation of the errors. Minimization of the errors is done across 

various training iterations in order to achieve the desired accuracy in the network. 

The pace of different training methods depends on the error goal, the number of biases and 

weights in the network, the number of data points in the training set, and generally the kind of 

the problem. These factors should be considered to find the fastest training method for a 

particular problem among various types of the backpropagation algorithm. The fastest reduction 

in the performance function can be attained by updating the network weights and biases in the 

direction of the negative gradient. This is the simplest implementation of backpropagation 

training, in which the iterations can be expressed as follows: 

,-.� = ,- − /-0-          (3) 

where αk represents the learning rate, and gk and xk denote the current gradient and a vector of 

current weights and biases. 

Such simple backpropagation training algorithms are not appropriate for practical problems 

because they are usually too slow. There are some other algorithms which enjoy some methods 

such as standard numerical optimization methods (e.g., Levenberg-Marquardt and Quasi-

Newton approaches) or heuristic techniques (e.g., the resilient backpropagation technique). In 

this study, a standard approach Levenberg-Marquardt (LM) approach have been employed to 
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implement second-order training speed without Hessian matrix computation. The Hessian 

matrix can be defined by: 

1 = 232           (4) 

and the gradient is calculated by: 

0 = 234           (5) 

where J and e are the Jacobian matrix and network errors, respectively. The Jacobian matrix is 

consisting of the first derivative of network errors regarding the biases and weights which can 

be figured out by a standard backpropagation technique. The calculation of Jacobian matrix is 

less intricate than that of the Hessian matrix. The estimation of Hessian matrix is employed by 

LM algorithm as follows.  

,-.� = ,- − 5232 + 789$�234         (6) 

where xk denotes is a vector of biases and weights. 

The estimation of Hessian matrix converts to gradient descent with a minor step size by 

considering ξ as a large value. While it becomes Newton's approach when ξ is zero. It is desired 

to shift toward Newton's approach due to the speed and accuracy of this method near an error 

minimum. Therefore, reduction of ξ leads to decrementing the performance function after each 

successful step and when an increment of performance function is needed, ξ is increased. 

One of the problems which the neural network might be subjected is over-fitting. When the test 

data verify the validity of neural network, it might be confronted with notable errors which are 

named over-fitting. To overcome this problem, the network learning method must be 

generalized to new data points. Therefore, a large enough network is employed to generate an 

adequate fit for enhancing network generalization. For this purpose, amendment of the 
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performance function is implemented to enhance network generalization and prevent over-

fitting which is called regularization. 

For calculation of errors during training, performance function is used as the mean sum of 

squares of the errors. This typical type of performance function has been implemented for the 

feed-forward artificial neural network according to Eq. (1). 

To present the new function, another term is appended to the performance function including 

the mean sum of squares of the network weights. 

����: = ;�� + (1 − ;)�<        (7) 

where 

�< = ��∑ �=�������           (8) 

where γ and wj represent the performance ratio and the weights of the network. 

Application of this performance function leads to produce smoother responses and smaller 

biases and weights and hence, augment network generalization. 

Assigning the optimum performance ratio is a challenging problem in regularization. If this 

parameter is considered very small, the accuracy of prediction of trained data by the network 

diminishes, and if the ratio is regarded too large, over-fitting may occur. One procedure for the 

determination of the optimum regularization parameters is the Bayesian framework for training 

the ANN as the optimal method. The random variables with specified distribution are assigned 

for the biases and weights of the network. Then, a statistical technique is implemented for the 

estimation of regularization parameters. 

In this research, Bayesian regularization-based Levenberg-Marquardt training method (LM-BR) 

is applied for training the network. It can be inferred that the LM approach is selected for 
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network training and the Bayesian regularization is implemented for improving network 

generalization. 

The objective function for the network training is defined as follows. 

� = � ×�< + 	 ×��         (9) 

where β and λ denote regularization parameters. If β ≪ λ, the smaller errors are made by the 

training algorithm. While if β ≫	λ, the smoother network responses are produced. The Bayesian 

regularization is comprehensively described by Penny and Roberts (1999) and Mahapatra and 

Sood (2012). 

 

4. Multi-objective optimization with evolutionary algorithms 

4.1. General concepts 

Initially, all objective functions are non-commensurable, of the minimization type, and have no 

priority for a decision-maker. In the followings, the procedure of minimization multi-criteria 

decision problems has been discussed: 

1- Offering a decision variable vector x = {x1, ..., xn} in the problem criterion X. 

2- Detecting a vector x* to minimize a set of k objective functions f(x) = {f1(x
*), ..., fk(x

*)}. 

3- Using constraints including gj(x
*) = bj and bounds on the decision variables to limit the 

solution space X (Konak et al., 2006). 

Totally, objectives disagree with each other in real-world issues by minimizing all the k objective 

functions at once with one problem vector X. Therefore, a uni-objective optimization commonly 

leads to unreasonable outcomes. In this regard, in multi-criteria optimization quandaries, a novel 

concept, namely “Pareto optimum solution”, is implemented. If the only possible solution is the 

practical solution X, it is considered as Pareto optimal. Thus, if and only if, fi(Y) < fi(X) for i = 1, 
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..., k and fj(Y) < fj(X) for j = 1, ..., k, a plausible solution Y is entitled to prevail another feasible 

solution X. In fact, the vector X can be considered as Pareto optimal, only in the absence of any 

other solution to decrement some objective functions without increment leastwise in one other 

objective function. Pareto optimal set can be provided by collecting all possible non-dominated 

solutions in X. Moreover, Pareto optimal frontier are the corresponding objective functions in the 

objective space for a certain Pareto optimal collection (Konak et al., 2006). 

The objective functions space of an optimization study with f1 and f2 objective functions, is 

shown in Fig. 3. Every point in the insight region of curve (feasible area) represents a solution. 

For instance, it can be seen that f1 and f2 functions for point M have lower values compared to 

those of point J, demonstrating the domination of M to J. Accordingly, L and N are better than 

M. On the other hand, neither points K and I nor M overcome the other. Therefore, it can be 

concluded that the points in the left-down side of M dominate M. In Fig. 3, one can see that point 

R is a Pareto optimal since there is no point in the feasible space which places in the left-down 

side of R. As can be seen, the bold curve covering P, A, R, E, T, O points called the Pareto 

Optimal Frontier. The least values of functions f1 and f2 in the feasible space are for points P and 

O, respectively. Therefore, one objective optimization with f1 or f2 can lead to point P or O, 

respectively. It should be noted that a decision-making is required to consider the other points on 

the Pareto frontier as optimal. 
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Fig. 3 Schematic of the objectives space. 

 

4.2. Optimization via evolutionary algorithm 

Genetic Algorithm (GA), which is a class of evolutionary algorithm, has been implemented in 

the current research to achieve the Pareto frontier. GA has been proposed by John Holland in the 

1960s to numerically model the natural adaptation mechanisms. This technique has been 

employed to develop a population of abstract representations of candidate solutions for 

optimizing a situation. It establishes from a stochastically produced exclusives population and 

happens in generations, in which after measurement of each fitness, the current population 

randomly selects multiple individuals to produce new populations. The new group is used in the 

subsequent iteration. As a rule, the procedure terminated when meeting either a desired fitness 

level for the population, or a maximum number of generations. In the latter case, the desired 

solution may have not been achieved. In GA, the chromosome and fitness function are the 

nominated solution and the evolutionary viability of each chromosome, respectively. 

Optimization of nonlinear problems can be conducted by this method. Recently, mathematical 
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investigations on the complex real-world problems have led to the development of multi-criteria 

evolutionary algorithms which have great performance compared to classical methods. Fig. 4 

exhibits the evolutionary algorithm structure used in this research. It should be noted that instead 

of binary coded values of decision parameters, their real values are applied. 

 

Fig. 4 Block diagram for the multi-criteria evolutionary algorithm. 

In this study, the thermal conductivity (k) and the dynamic viscosity (ν) are the two objective 

functions and C-MWCNT/water nanofluid temperature and concentration are considered as two 

decision variables. The following constraints have been used for solving the objective functions: 

B 20 ≤ F(℃) ≤ 500.075 ≤ �(=K.%) ≤ 0.175         (10) 

 

5. Decision-making in the multi-objective optimization 

To opt the optimal solution from existing outcomes in multi-criteria issues, a procedure of 

decision-making is required. Various procedures have been hereunto proposed to opt the optimal 

solution from the Pareto frontier. Regarding the possibility of different objectives’ dimensions, 

scales and dimensions of objectives space have to be unified. On the other hand, before the 



M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT
7239 words 

18 

 

decision making procedure, objectives vectors have to be non-dimensionalized. A number of 

non-dimensionalization methods has been discussed in the followings, where ���� is a non-

dimensionalized objective, Fij represents the objectives matrix at different points of the Pareto 

frontier, and i and j denote the index for points on the Pareto frontier and objectives in objectives 

space, respectively. 

1. Linear non-dimensionalization: 

���� = M)NOPQ�M)N� , For maximizing objective       (11) 

���� = M)NOPQ�� M)N⁄ � , For maximizing objective       (12) 

2. Euclidian non-dimensionalization: 

���� = M)N∑ �M)N�'S)*+  , For maximizing and minimizing objectives     (13) 

3. Fuzzy non-dimensionalization: 

���� = M)N$OTU�M)N�OPQ�M)N�$OTU�M)N� , For maximizing objective      (14) 

���� = OPQ�M)N�$M)NOPQ�M)N�$OTU�M)N� , For maximizing objective      (15) 

In this study, based on real-world engineering experience, the final optimal solutions opted from 

several distinguished procedures of decision-making including the Bellman-Zadeh, TOPSIS and 

LINMAP approaches has been investigated in parallel. It should be noted that a fuzzy non-

dimensionalization is employed in the Bellman-Zadeh method, while a Euclidian non-

dimensionalization is used in TOPSIS and LINMAP.  These algorithms have been described as 

follows: 
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5.1. Bellman-Zadeh method 

In this method, a fuzzy set or a fuzzy objective function is used for replacement of each Fj(X), 

V� = W�, �XN(�)Y ,				� ∈ [, \ = 1,2, … , ^       (16) 

where �XN(�) represents a membership function of Aj. 

In this approach, the intersection of all fuzzy criteria and constraints is considered as a final 

decision which is expressed by its membership function. Establishing the fuzzy sets with a fuzzy 

solution D is considered as a result of the intersection _ =∩���- V� with a membership function, 

as follows: 

�a(�) =∩���- �X�(�) = min���,…,- �XN(,),				� ∈ [      (17) 

According to Eq. (15), the solution which provides the highest degree can be obtained as below: 

max�a(�) = maxg∈hmin���,…,- �XN(,)       

 (18) 

�i = arg∙maxg∈hmin���,…,- �XN(,)        

 (19) 

Building membership functions �XN(�);  j = 1, . . ., k, is required to obtain Eq. (18), representing 

a degree of achievement of own optimal by the relative Fj(X), � ∈ [; j = 1,. . . , k. Depending on 

the problem context, the membership functions of constraints and objectives (i.e., linear or 

nonlinear) can be opted. One of plausible fuzzy convolution methods is given below. After 

selection of initial approximation for X-vector, scalar minimization (maximization) is used to 
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establish minimum (maximum) values for each criterion Fj(X). Results are represented as ideal 

points {��i, j = 1, …, m}. 

Eq. (20) represents the matrix table {T}, in which the diagonal components are ideal points. 

mFn = op
pq��(��i) ��(��i) … ��(��i)��(��i)⋮ ��(��i) …⋮ ��(��i)⋮��(��i) ��(��i) … ��(��i)st

tu       (20) 

Minimum and maximum bounds for the criteria can be expressed as below: 

��v�� = min� �����i�,					w = 1,… , x        (21) 

��vy� = max� �����i�,					w = 1, … , x        (22) 

Moreover, the following assumptions are considered for the membership functions. 

The assumptions of maximized objective functions: 

�M�(�) = z{
|1																											w}	��(�) > ��vy�																										M)$M)S)(M)S�"$M)S)( 										w}	��v�� < ��(�) ≤ ��vy� 											0																											w}	��(�) ≤ ��v��																											    (23)  

The assumptions of minimized objective functions: 

�M�(�) = z{
|0																										w}	��(�) > ��vy�																										M)S�"$M)M)S�"$M)S)( 										w}	��v�� < ��(�) ≤ ��vy� 											1																											w}	��(�) ≤ ��v��																											    (24)  

Fuzzy constraints are defined as: 

��(�) ≤ ��vy� + �� ,					\ = 1,2, … , ^        (25) 
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in which dj denotes a subjective parameter, representing a distance of admissible displacement 

for the bound ��vy� of the jth constraint. Accordingly, membership functions can be expressed as 

follows: 

���(�) = �0																													w}	��(�) > ��vy�																																				1 − �N(�)$�)S�"�N 			w}	��vy� < ��(�) ≤ ��vy� + �� 											1																												w}	��(�) ≤ ��vy�																																					    (26)  

The intersection of all fuzzy criteria and constraints is considered as a final decision which is 

expressed by its membership function. This problem is reduced to the standard nonlinear 

programming issues to find such values of X and k that maximize k subject to: 

	 ≤ �M) ,					w = 1,2, … , x         (27) 

	 ≤ ��) ,					\ = 1,2, … , ^         (28) 

In fact, the solution of a multi-objective issue reveals the nature of the optimality operator, 

depending on problem understanding along with the decision-makers experience. 

 

5.2. LINMAP method 

An ideal point on the Pareto frontier is the point that optimization of each objective is conducted 

regardless to the others satisfaction. For the multi-criteria optimization, keeping all objectives in 

their optimal conditions is not practicable and it only can be observed in single-objective 

optimizations. Accordingly, the ideal point is not located on the Pareto frontier. In this method, 

the distance of each solution on the Pareto frontier from the ideal point (di+) is expressed as 

below (after Euclidian non-dimensionalization of all existing objectives): 
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��. = �∑ ��� − �����y�����          (29) 

where n and Fij represent the number of objectives and each solution on the Pareto frontier (i = 

1,2, ..., m), respectively. Moreover, �����y� represents the ideal value of jth objective obtained in a 

single-criteria optimization. A final desired optimal solution is the solution with minimum 

distance from ideal point. Therefore,  

w���y� = w ∈ min(��.),				w = 1,2, … ,�       (30) 

where ifinal represents i index for a final solution. 

 

5.3. TOPSIS method 

In this approach, a non-ideal point is considered beside the ideal point. The non-ideal point is the 

ordinate in objectives space, where objectives have their least values. The criteria for selection of 

the final solution consist of the solution distance from non-ideal point (di-) and the solution 

distance from ideal point (di+). Therefore,  

��$ = �∑���� − �����$���y���        (31) 

��� = �)��)�.�)�           (32) 

The desired final solution is a solution with least Cli. Thus, we have: 

w���y� = w ∈ max(���),				w = 1,2, … ,�       (33) 

where ifinal represents an index of the final selected solution. 
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6. Results and discussion 

In the current work, multilayer perceptron ANN has been applied on the experimental data 

obtained from the work of Hosseini et al. (2017), to model the thermophysical properties as a 

function of nanofluid temperature and concentration (see Fig. 1). It should be noted that the 

uncertainty of the experimental data of thermal conductivity and viscosity were around 5% and 

4%, respectively (Hosseini et al., 2017). In this regard, 21 data points have been used; among 

which, 15 points are used to train the ANN and the other 6 points are used to test the ANN for 

ensuring its reliability and validity. The viscosity data ranges from 0.47 to 1.64 mPa.s and the 

data of thermal conductivity is between 0.598 and 0.817 W/mK. The relative difference between 

these ranges may pose some problems to train the ANN. Moreover, the input and desired 

variables have different ranges so one should always normalize both the desired and input data 

values within [-1,1]. Therefore, the data is preliminary processed and normalized using max-min 

normalization method. This method performs a linear transformation on the original data as 

follows: 

� = ( S�"$ S)()(�$�S)()�S�"$�S)( + �v��        (34) 

where ymax = 1 and ymin = -1 for the interval [-1,1], x is the current value of the data, xmin and xmax 

are the maximum and minimum thresholds that could have the data, and y is the normalized 

value. 

To determine the most appropriate topology for different problems, there is no general and 

established technique, except some preliminary suggestions for prediction of the layers' and 

neurons' optimal numbers. Therefore, past experiences are employed to determine topology and 

structure using trial and error method. The predictability of the ANN significantly depends on 
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the number of neurons and layers: a spate of them can decrease the generalization capability of 

the ANN, and too few of them delay the training process. In this contribution, totally 6 structures 

are assessed: networks including one and two hidden layers with 2, 4, and 6 neurons. 

The predictive abilities of the viscosity and thermal conductivity using different structures are 

presented in Tables 1 and 2. Although the pivotal results to select the optimal case are those 

including the test data set (the more appropriate network, the proper prediction of unseen data), 

in Tables 1 and 2, the performance parameters of the training and test data parts are provided. 

Table 1. Performance of the ANN with different structures to predict thermal conductivity. 

Number of hidden 
layers 

Number of neurons 
in each layer 

R2 MSE 

Test data 
Training 

data 
Test data 

Training 
data 

1 2 0.971 0.990 3.84E-05 9.72E-06 

1 4 0.983 0.992 3.21E-05 8.81E-06 

1 6 0.991 0.993 2.50E-05 6.55E-06 

2 2 0.993 0.996 2.67E-05 7.91E-06 

2 4 0.996 0.997 1.69E-05 5.40E-06 

2 6 0.996 0.998 1.81E-05 5.91E-06 

 

Table 2. Performance of the ANN with different structures to predict viscosity. 

Number of hidden 
layers 

Number of neurons 
in each layer 

R2 MSE 

Test data 
Training 

data 
Test data 

Training 
data 

1 2 0.975 0.986 2.69E-05 6.80E-06 

1 4 0.980 0.991 2.25E-05 6.17E-06 

1 6 0.992 0.995 1.75E-05 4.59E-06 

2 2 0.993 0.991 1.87E-05 5.54E-06 

2 4 0.994 0.995 1.18E-05 3.78E-06 
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2 6 0.991 0.995 1.27E-05 4.14E-06 

 

From assessment of the ANN, it is found that the network including two hidden layers with 4 

neurons in every layer results in the least difference between the network outputs and the 

experimental data, providing the best performance (highlighted in Tables 1 and 2). The 

corresponding MSE values of 1.69 × 10-5 and 1.18 × 10-5, and R2 values of 0.996 and 0.994 for 

the test data are obtained for thermal conductivity and viscosity prediction, respectively. The 

values of MSE and R2 indicate the great predictive ability of the model within the domain under 

case study. The slight differences between the errors demonstrate the appropriate generalization 

of the network and proper data division into two parts, which can be referred to the application of 

BR feature. 

One of the objectives of this research is also to develop a correlation for the experimental results, 

which are not provided in Hosseini et al. (2017). In this regard, the effects of nanofluid 

temperature and concentration on the thermal conductivity and dynamic viscosity of 

environmentally friendly C-MWCNT/water nanofluid were considered and correlations were 

proposed using nonlinear regression method. MSE and R2 values are employed for selection of 

the best curve fitting equation. The following correlations are thus derived: 

^ = 0.541 + 0.007(1 + �)�.��Fi.�i        (35) 

� = −1.697 + 5.226(1 + �)i.���F$i.���       (36) 

The MSE values are obtained 5.18 × 10-5 and 3.98 × 10-5 for Eqs. (35) and (36) respectively. The 

corresponding R2 values are attained 0.999 for these correlations. 

The comparative results of the experimental results and calculated data are presented in Fig. 5, to 

visualize the predictive ability of Eqs. (35) and (36). It can be seen that the average deviation 

between the experimental and calculated results is about 3-5%. On the other hand, Fig. 6 exhibits 
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the prediction quality of ANN to cover the experimental data. The presence of most of data on 

the bisector and 1-2% deviation indicate the great agreement between the experimental data and 

the ANN outputs. It should be noted that the predictive capability of the proposed correlations 

and ANN modeling depends on the uncertainty of the experimental data and subsequently the 

more accurate and precise experimental data would result in less deviations.  
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Fig. 5 Comparison between the experimental data and the correlation outputs: (a) Thermal 

conductivity, (b) Viscosity 

 

 

 

Fig. 6 Comparison between the experimental data and the correlation outputs: (a) Thermal 

conductivity, (b) Viscosity 

The comparison between the predictive ability of nonlinear regression method and the ANN for 

prediction of the thermal conductivities and viscosities is shown in Fig. 7. It can be concluded 

that the optimal ANN model is a more precise and accurate way to predict the thermal 
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conductivity and viscosity of environmentally friendly C-MWCNT/water nanofluid compared to 

empirical correlations obtained from nonlinear regression method.  

 

Fig. 7 Comparison between the experimental data, correlation and ANN outputs. 

The results show that each of the nanofluid temperature and concentration has their particular 

influences on the thermophysical properties of the nanofluid. For example, it can be seen that 

when the nanofluid concentration is increased, the thermal conductivity as well as viscosity of 

nanofluid would increase, which may be uneconomical due to the increment of the latter 

property as pressure drop and pumping power in energy systems could be increased. Thus, a 
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multi-objective optimization is needed to achieve a combination of parameters with the least 

viscosity µ and highest thermal conductivity k of C-MWCNT/water nanofluid. In this regard, 

evolutionary algorithm has been employed to optimize the model obtained from the ANN. 

Optimal solutions population in 0.62 ≤ k ≤ 0.73 and 0.66 ≤ ν ≤ 1.01 can be seen in Fig. 8 and 

Table 3. 

 

Fig. 8 Pareto frontier diagram including different decision making methods. 

Table 3 Optimal cases obtained from multi-objective optimization. 

No. 
Input variables  Output variables Decision 

making � (vol%) T (°C)  k (W/mK) � (mPa.s) 

1 0.024 50  0.62 0.66  

2 0.035 48  0.62 0.67  

3 0.041 47  0.63 0.70  

4 0.052 49  0.64 0.74  

5 0.064 50  0.65 0.77  

6 0.079 48  0.65 0.79 Fuzzy 

7 0.092 50  0.66 0.81  

8 0.099 49  0.68 0.86 LINMAP 

0.60

0.62

0.64

0.66

0.68

0.70

0.72

0.74

0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00 1.05

T
he

rm
al

 c
o

nd
uc

tiv
ity

 (
W

/m
K

)

Viscosity (mPa.s)

Ideal solution

Non-ideal solution

TOPSIS

LINMAP

Fuzzy



M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT
7239 words 

30 

 

9 0.108 48  0.68 0.90  

10 0.133 48  0.69 0.93 TOPSIS 

11 0.145 50  0.71 0.95  

12 0.152 50  0.72 0.98  

13 0.161 49  0.72 1.00  

14 0.170 50  0.73 1.01  

 

It should be noted that, in multi-objective optimization, there is no preference between the above 

optimum conditions; all of them are potentially an optimum solution and there is no specific 

criterion to select among them. Selection among these optimal points depends on the designer’s 

point of view. Therefore, optimal solutions are possibly in this area and the results of Bellman-

Zadeh, TOPSIS and LINMAP decision-making procedures are in this area. It is found that ideal 

and non-ideal solutions for k and ν are in coordination (0.728, 0.656) and (0.617, 1.011), 

respectively. Moreover, it should be noted that the obtained outputs using TOPSIS and LINMAP 

procedures are the closest to ideal solution. 

 

7. Conclusion 

The predictive ability of proposing correlation and ANN modeling to estimate the thermal 

conductivity and dynamic viscosity of clove-treated MWCNTs nanofluid was evaluated in this 

research. The experimental data used in this research were initially presented by Hosseini et al. 

(2017), in which the covalently functionalized MWCNTs were treated covalently with clove 

buds in one pot using a free radical grafting reaction. The input data of nanofluid temperature 

and concentration are employed to generate the structure of neural network via the experimental 

results of the thermophysical properties of the nanofluid. It is found that the network including 2 
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hidden layers with 4 neurons in every layer results in the least difference between the network 

outputs and the experimental data, providing the best performance. Moreover, new correlations 

are developed to predict the thermal conductivity and viscosity of nanofluid using nonlinear 

regression method. It was concluded that the optimal ANN model is a more precise and accurate 

way to predict the thermal conductivity and viscosity of environmentally friendly C-

MWCNT/water nanofluid compared to empirical correlations obtained from nonlinear regression 

method. Furthermore, optimal cases are concerned in this study. In this regard, multi-objective 

optimization using evolutionary algorithm is implemented on the developed model, resulting in 

the introduction of 14 optimal cases. Accordingly, the optimum conditions with Fuzzy Bellman-

Zadeh, TOPSIS and LINMAP decision-making procedures are also proposed. 

 

8. Future works 

It has been proved that the NNs are better suited for a wide variety of problems and finding 

trends in large quantities of data compared to the traditional methods due to high speed of 

processing, great robustness, possibility of self-learning, low consumption of memory and simple 

incorporation into chips. This approach provides robust representation clue to the fault-tolerant 

nature of NNs. One issue that is highly required to be addressed for improvement of the 

performance of ANN models is to utilize a systematic approach in the development of NNs; such 

that some major factors including the determination of suitable network architecture, sufficient 

model inputs, preprocessing and data division, stopping criteria, model validation and controlling 

the optimization method by careful selection of some internal parameters become addressed. In 

this regard, our future proposal is developing approaches that (i) deal with uncertainty which can 

highly affects the predictive capability of ANN modeling, (ii) improve extrapolation capability, 
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(iii) extend the proposed idea of ANN prediction to systems at extremely high or low 

temperatures or ultrahigh loadings of nanoparticles where conducting of experiments are 

difficult, (iv) increase model transparency and enable knowledge to be extracted from trained 

ANNs, and (v) ensure the development of robust models. 
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