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In this study, the Pareto optimal design of COOH-MWCNTs nanofluid was investigated to reduce pressure
drop and increase the relative heat transfer coefficient. Objective function modeling was based on empir-
ical data, the solid volume fraction, and Reynolds number and then simulated with the response surface
method in Design Expert software. After the objective function approximation, the regression coefficient
of more than 0.9 for this study indicated the high accuracy of modeling through the RSM. To implement
the optimization process, the powerful multi-objective particle swarm optimization algorithm was used.
To show the correct optimization process, the results of the first and last generations of optimization are
presented at the Pareto front, with all parts of it being non-dominant and optimized. Optimal results
showed that to achieve a minimum pressure drop, the relative solid volume fraction should be at the
minimum interval, and to achieve the maximum heat transfer coefficient, the relative solid volume frac-
tion should be at the maximum interval. In addition, all optimal parts have the Reynolds number in the
maximum range. At last, the optimum locations are presented, and the designer can select from these
optimal points.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Increasing heat transfer and heat transfer fluids has been the
subject of much research in recent decades. Heat transfer fluids
provide conditions for energy exchange in a system, and their
effects depend on physical properties, such as thermal conductiv-
ity, viscosity, density, and heat capacity. Low thermal conductivity
is often the most important limitation of heat transfer fluids.
Among the studies conducted to overcome this limitation, Choi’s
proposed approach for the distribution of nanoparticles in a base
fluid and for making nanofluids can be described as the best solu-
tion [1]. The impact of nanoparticles on the thermal conductivity of
fluids can have a direct effect on heat transfer performance, thus
increasing the heat transfer coefficient of fluids [2–8].

According to studies, the increasing temperature and solid vol-
ume fraction of nanoparticles in fluids can be called two important
factors increasing the thermal conductivity of nanofluids [9–19]. In
a study that Hemmat Esfe and Saedodin [3] carried out, the heat
transfer characteristics of MgO/water nanofluids were tested in a
heat exchanger. The results showed that a nanofluid with a
higher-volume fraction and with a lower diameter of its nanopar-
ticles has a higher Nusselt number and therefore, the higher the
heat transfer coefficient. To predict the behavior of the heat trans-
fer coefficient, pressure drop, and thermodynamic properties, such
as thermal conductivity and the viscosity of nanofluids that various
factors influence, mathematical relationships can be used. How-
ever, recently, software techniques, such as neural networks, have
been used for this purpose. In Table 1, some of the studies in the
field of modeling neural networks can be seen (Refs. [20–28]).

In a study, Hemmat Esfe et al. [29] Investigated the viscosity
of TiO2/water nanofluids using a neural network design. The
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Nomenclature

T temperature (�C)
w weight (gr)
k thermal conductivity (W m�1 �C�1)
Re Reynolds number
ANOVA analysis of variance
MWCNT Multi-Walled Carbon Nanotube
MOPSO Multiple Objective Particle Swarm Optimization
MOO multi-objective optimization
GA Genetic algorithm
NSGA-II non-dominated sorting genetic algorithm-II
RSM Response surface methodology

DOE Design of experiments

Greeks symbols
q density (kg m�3)
u particle solid volume fraction

Subscripts
Nf nanofluid
bf base fluid
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algorithm used was a multilayer perceptron, which contains a hid-
den layer and four neurons. The results showed the high power of
neural networks in predicting the experimental data, with the cal-
culated regression coefficient being equal to 0.9998. Optimization
between different parameters that sometimes conflict with one
another has become an important issue in engineering problems
in the past decade. The process that optimizes the collection of
functions is called multi-objective optimization (MOO). Contrary
to single-objective modeling, in MO problems, the objective is a
set of points. All of these points apply the Pareto optimality defini-
tion for an optimal result at the Pareto front [30]. In recent years,
studies on the algorithms of development (EAs) increased to
expand MOO methods. Among famous algorithms, the genetic
algorithm (GA) and non-dominated sorting genetic algorithm-II
algorithm (NSGA-II) can be named [24,31–34].

Response surface methodology (RSM) is a set of mathematical
methods that determine the relationship between one or more
response variables with several independent variables (studied).
In engineering, many phenomena can be modeled based on their
related theories. In the case of the ineffectiveness of other model-
ing, the use of empirical modeling may work, with one of the most
important of them being RSM [35–37]. For instance, Hussein et al.
[38] designed a test for two nanofluids’ heat transfer—SiO2/water
and TiO2/water—in the radiator of a car. The results showed an
increase in heat transfer by increasing the volumetric flow rate,
inlet temperature, and solid volume fraction of the nanoparticles.
Finally, they considered temperature variables, the volumetric flow
rate, and the solid volume fraction as inputs and the Nusselt num-
ber as the response and designed a model. Besides MOO and
Table 1
A summary of the studies in the field of modeling a neural network of nanofluid properti

Author(s) Nanofluid Target(s)

Hemmat Esfe et al. [20] Fe/EG Thermal conductivity
Dynamic viscosity

Hemmat Esfe et al. [21] Al2O3/water Thermal conductivity
Adham et al. [22] SiC/water Thermal resistance & pum

TiO2/water
Zhao et al. [23] Al2O3/water Dynamic viscosity

CuO/water
Mehrabi et al. [24] TiO2/water Nusselt number & Pressur

Ziaei-Rad et al. [25] Al2O3/water Friction factor
Nusselt number

Meybodi et al. [26] Al2O3/water Dynamic viscosity
TiO2/water
SiO2/water
CuO/water

Santra et al. [27] CuO/water Nusselt number

Sharifpur et al. [28] Al2O3/glycerol Dynamic viscosity
response surface methods, some other methods may be used to
analysis the heat exchangers which are based on entropy genera-
tion method [39,40].

In this study, to increase the relative heat transfer coefficient,
and the relative pressure drop reduction of the COOH_MWCNTs
nanofluid, a powerful optimization algorithm called swarm
multi-objective particle was used. The objective functions were
approximated using experimental data and the RSM and as the
output were provided functions as polynomial objective functions.

To implement process optimization, the obtained model for
objective functions connected to the multi-objective particle
swarm algorithm (birds), and at each assessment, objective func-
tions were used. After the implementation of the optimization pro-
cess, to observe the optimization process, the results of the
optimization of two main objectives in the first and last genera-
tions were presented in the form of Pareto front.

In this study, to increase the relative heat transfer coefficient
and to reduce the relative pressure drop of COOH_MWCNTs nano-
fluid, the powerful multi-objective particle swarm optimization
(MOPSO) algorithm was used. The objective functions were
approximated using the experimental data and the RSM, and poly-
nomial functions are presented for objective functions as the out-
puts. To implement the optimization process, the obtained
models for objective functions were put into the multi-objective
particle swarm (birds) algorithm, and at each assessment, these
objective functions were used. After running the optimization pro-
cess, to observe it, the results of the two objective functions’ opti-
mization in the first and last generations were presented in the
form of the Pareto front.
es.

Regression quality Algorithm

MSE = 0.00016 MLP
MSE = 0.00026
MSE = 2.42E�6 MLP

ping power NSGA-II

R-squared = 0.9962 RBF
R-squared = 0.9998

e drop MAE = 0.835 GA-PNN & GMDH & NSGA-II
MRE = 8.9%
RMSE = 1.01
MRE = 0.19% MLP
MRE = 0.36%
R-squared = 0.998 LSSVM

MRE = 2.54 RPROP
STDR = 2.46%
R-squared = 0.9905 GMDH



Fig. 1. Input data for relative heat transfer coefficient in terms of (a) concentration
(b) Reynolds number.
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2. Simulation of the objective functions with RSM

In this study, to achieve an appropriate objective function for
the experimental results, the RSM and Design Expert software
were used.

2.1. Estimation of objective functions

2.1.1. DOE
DoE is the design of experiments which is an essential aspect of

the RSM [41]. Initially, these schemes were established to fit the
physical experiments, but now, it is also appropriate for numerical
experiments. Choosing the points where the response should be
assessed is the target of the DOE.

The mathematical model of the process is the prominent crite-
rion for the optimal DOE. Because polynomials form these mathe-
matical models with an indefinite structure, for a very particular
problem, special experiments are designed. The choice of the
DOE influences the precision of the approximation and the cost
of creating the response surface.

Among books many researchers explained the detailed DOE
theory [41–43]. Schoofs [42] studied the use of experimental
design for fundamental optimization. In addition, Unal et al. [43]
discussed the usage of several designs for the RSM and multidisci-
plinary design optimization. An experimental design was estab-
lished via an individual combination of runs as shown in
Section 3.1. The level for each independent variable is a setting
in the N-dimensional space. In the next section, several method-
ologies are compared.

The RSM explores the optimum operating situations through
experimental data. To provide the path in the next step, many
experiments were conducted using the results of one experiment.

2.1.2. RSM
The RSM is a method for optimizing processes with great math-

ematical and statistical methods. The RSM can be used in a special
situation where different inputs influence a measurement and in
the assessment of a process based on quality characteristics. In a
measurement process, the measured value is called the response,
and the input variables are the independent variables that the
engineers control. In this study, to enhance the proper estimation
model for the measurement process, the statistical modeling
aspect of the RSM was used. One statistical skill is multiple regres-
sions, which can be used to build experimental models with the
RSM. In relation (1), the first-order multiple regression model with
two independent inputs is represented.

y ¼ b0 þ b1x1 þ b2x2 þ e ð1Þ
In the above equation, the b0, b1, and b2 are unknown parameters.
x1 and x2 are the independent inputs, which are called the predictor
or regressor, and y is the target value. The unknown parameters are
found with the least squares method to estimate predator coeffi-
cients b in the multiple linear regression model in Eq. (1).

The matrix form of the regression model is as follows.

Y ¼ Xbþ e ð2Þ
In this equation, Y is the target values in an n � 1 vector; X is the
independent parameters in an n � p matrix; b is a regression coef-
ficient in a p � 1 vector; and e is a random error in an n � 1 vector.

Least squares estimators are a technique used to evaluate the
accuracy of the linear regression model. In this model, the least
squares method produces an unbiased estimation of b. The sum
of the residuals is the prominent parameters represented below.

SSE ¼
Xn

i¼1

ðyi � ŷiÞ2 ¼
Xn

i¼1

e2i ¼ eTe ð3Þ
The residual is the difference of measured value yi from fitted
value ŷi, which is defined as follows:

ei ¼ yi � ŷi ð4Þ
Due to XTXb ¼ XTy, a computational equation for SSE can be

deduced as follows:

SSE ¼ yTy� bTXTy ð5Þ
The error or residual sum of squares is called Eq. (5).
r2 as the unbiased estimator is drawn as follows:

r2 ¼ SSE
n� p

ð6Þ

where n is the measurement number and p is the regression coeffi-
cient. The total sum of squares is as follows:

SST ¼ yTy� ðPn
i¼1yiÞ

2

n
¼

Xn

i¼1

y2i �
ðPn

i¼1yiÞ
2

n
ð7Þ

Then, the multiple determination coefficients R^2 is defined as
follows:



Fig. 2. Input data for relative pressure drop in terms of (a) concentration (b)
Reynolds number.
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R2 ¼ 1� SSE
SST

ð8Þ

R2 represents the reduction of y extracted with regressor variable Xk

in the model. Investigating the Eq. (8) shows that 0 � R2 � 1. On the
other hand, the large value of R2 does not infer the accuracy of the
Table 2
Analysis of variance (ANOVA) for Relative heat transfer coefficient.

Source DF Adj SS

Model 7 4.73
A-u 1 0.20
B-Re 1 9.268E�03
AB 1 2.761E�03
A2 1 0.028
B2 1 9.815E�04
A3 1 0.047
B3 1 0.020
Residual error 70 0.047
Total 77 4.78

Standard deviation = 0.026.
Predicted residual error of sum of squares (PRESS) = 0.059.
R2 (Adequate) = 93.908% R2 (Predicted) = 98.76% R2 (Adjusted) = 99.02%.
regression model. To increase R2, a variable can be added to the
model, whether or not this variable is necessary statistically. Usu-
ally, much larger values of R2 do not indicate the strength prediction
of a new measurement or the estimation of the mean response.

Due to the malfunctioning of R2, the researchers preferred to
use an adjusted statistic version of R2 as follows:

R2
adj ¼ 1� SSE=ðn� pÞ

SST=ðn� 1Þ ¼ 1� n� 1
n� p

ð1� R2Þ ð9Þ

In fact, the adjusted R2 statistic does not change by adding vari-
ables to the model. In addition, R2

adj will often decrease by adding
excessive parameters. This is the best way in which to add unnec-
essary variables in the model without changing the R2 significantly
[40].

The regression sum of squares always increases, and the error
sum of squares decreases due to adding more variables to the
regression model. Adding an external variable to the model contin-
ues until one decides that the result will feature good accuracy.
Actually, the effectiveness of the model will decrease with adding
further insignificant variables because this increases the mean
square error [41,42].

Then, the cubic regression was used to analyze the response
variables, and the best fitting mathematical models were deter-
mined. Furthermore, the regression model was compared with
analysis of variance (ANOVA) to be sure about the adequacy of
the model.

To approximate the functions using Design Expert software, the
relative heat transfer coefficient and relative pressure drop of
nanofluids were determined by testing them based on various
quantities of the solid volume fraction of nanoparticles and the
Reynolds number. The values of the heat transfer coefficient and
the relative pressure drop in terms of the solid volume fraction
and Reynolds numbers in different tests are presented in
Figs. 1(-a, -b) and 2(-a, -b) respectively.

After modeling with RSM, relations (9) and (10) represent the
functions of the heat transfer coefficient and the relative pressure
drop of nanofluids based on the solid volume fraction of the
nanoparticle and Reynolds number:

Relative heat transfer coefficient
¼ 0:98544þ 1:204uþ 1:493E� 05Re� 4:41E� 06uRe

� 2:04194u2 � 1:33E� 09Re2 þ 1:125u3 þ 3:136E� 14Re3

ð10Þ

Relative pressure drop ¼ 1:233þ 1:215u� 5:052E� 05Re

� 2:548E� 06uRe� 1:592u2

þ 3:568E� 09Re2 þ 1:166u3

� 7:55E� 14Re3 ð11Þ
Adj MS F P

0.68 1010.60 <.0001
0.20 300.65 <.0001
9.268E�003 13.85 .0004
2.761E�003 4.13 .0460
0.028 42.00 <.0001
9.815E�004 1.47 .2299
0.047 70.05 <.0001
0.020 29.51 <.0001
6.692E�004



Table 3
Analysis of variance (ANOVA) for Relative pressure drop.

Source DF Adj SS Adj MS F P

Model 7 0.33 0.048 57.56 <.0001
A-u 1 5.681E�003 5.681E�003 6.84 .0109
B-Re 1 0.041 0.041 48.90 <.0001
AB 1 0.012 0.012 14.86 .0003
A2 1 0.034 0.034 40.87 <.0001
B2 1 3.415E�003 3.415E�003 4.11 .0463
A3 1 0.044 0.044 52.60 <.0001
B3 1 0.016 0.016 19.21 <.0001
Residual error 70 0.058 8.301E�004
Total 77 0.39

Standard deviation = 0.029.
Predicted residual error of sum of squares (PRESS) = 0.076.
R2 (Adequate) = 87.766% R2 (Predicted) = 90.62% R2 (Adjusted) = 95.20%.

Fig. 3. Comparison of the experimental results and predicted values (a) Relative
heat transfer coefficient (b) Relative pressure drop.
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After the modeling process with experimental data, the ANOVA
results via the RSM in Design Expert software are provided for the
heat transfer coefficient and relative pressure drop functions in
Tables 2 and 3 respectively. The experimental data of the solid vol-
ume fraction of nanoparticles are in the range of 1–5%, and the
experimental data of Reynolds are defined in the range of 26,680–
4875.

2.1.3. ANOVA
The cubic models were examined with ANOVA statistically.

Some results of ANOVA for the cubic model of the heat transfer
coefficient are shown in Table 2. The importance of the regression
model can be derived from the large F value of 1010.60. P-values
infer the statistical aspect of the model, where values of less than
.05 denote the significance of this aspect, and it should be less
important for P-values of more than .05. Thus, the unimportant
parts of the model are omitted.

The standarddeviation of expenditure in the cubicmodel is listed
in Table 3. No relation really exists between the expenditure func-
tion and Re. The expenditure model is shown with u and dp. The
large value of R2, about 0.952, indicates the effectiveness of the
expenditure regression model. This means the cubic model cannot
estimate just 0.48% of the total variance with proper accuracy.

The R2
adj value for efficiency and the cost of nanofluids in the

above relations are 0.9902 and 0.9520 respectively. It should be
noted that R2

adj indicates the quality of the output function; the clo-
ser to 1, the greater the accuracy of these relations.

After modeling objective functions with the RSM, to assess the
quality of these model functions, the regression graph of Design
Expert software results based on experimental results for the heat
transfer coefficient and relative pressure drop functions is pre-
sented in Fig. 3(-a) and (-b) respectively.

The above graphs compare the results of experimental data and
predicted results via the RSM. According to the above diagrams,
coincidence of modeling results on the actual value (line bisect),
show the accuracy of the software.

The normal probability graphs of the residuals for thermal con-
ductivity and viscosity have been displayed in Fig. 4(-a) and (-b)
respectively.

A three-dimensional graph of the response surface of the heat
transfer coefficient and relative pressure drop in terms of designing
the Reynolds number and solid volume fraction of nanoparticles is
shown in Fig. 5(-a) and (-b) respectively.

Then, to continue the optimization process, the multi-objective
particle swarm algorithms, one of the most powerful methods for
MOO, was used.

3. Optimization of nanofluid using MOPSO

MOPSO is an innovative search method that simulates the
movements of a batch of birds looking for food.
3.1. MOPSO optimization method

The particle swarm optimizationmethod is a smart direct search
method. Like other smart methods, this method generates an initial
population randomly; the members of this population are called



Fig. 4. Normal probability plot residuals. (a) Relative heat transfer coefficient (b)
Relative pressure drop.

Fig. 5. Three-dimensional response surface graphs of (a) Relative heat transfer
coefficient (b) Relative pressure drop.
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particles. In this algorithm, for each particle, a velocity vector is
defined. Particles move to a better area during this process in the
search space at velocities that dynamically adjust to their previous
behavior. In the particle swarm optimization method, particles
move across the multi-dimensional search space. The location of
each particle is changed in accordance with its experience and its
neighbors’, too.

Suppose x!ðtÞ shows the position of particle I at time t. The next
position is determined by adding speed to the position of particle I
at time t. So Eq. (12) shows the next position.

x!iðt þ 1Þ ¼ x!iðtÞ þ v!iðt þ 1Þ ð12Þ
In MOPSO, usually non-dominant responses are stored in a dif-

ferent location from the generation, called an external archive. This
process is different in the NSGA-II. Thus, the external archive is a
repository of non-dominant responses.

3.2. General trend of MOPSO algorithms

First, the initial population takes shape in the algorithm. In the
first iteration, a set of best practices is defined with regard to the
non-dominant group of some particles to other particles in the
population, and this set creates external archives. Then, the best
group experience is chosen by using some qualitative measure-
ment methods for each particle. In this paper, the networking
method was used. At each iteration the best group experience for
every practice is chosen and moves according to Eq. (12) that
shows the next position. Then, in the new position of the particle,
the objective function value is calculated, and the best personal
experience is updated. If the new position of the particle is better
than the best personal experience of it, or if both of them are the
same, the new position is determined as the best personal experi-
ence. After updating the particles, the archive will be updated, and
best practices will be determined. This process is repeated to sat-
isfy the completed condition. Fig. 6 shows the structure of the
MOPSO algorithm.

4. Results and discussion

In this study, the heat transfer coefficient and relative pressure
drop functions were like objective functions and solid volume frac-
tions and were used as design variables along with the Reynolds
number. The objective functions were approximated using experi-
mental data and via the RSM with the regression coefficient of
above 0.9. To implement optimization, the powerful MOPSO algo-
rithm with an initial population of 30 was used, and the archive
member numbers of 30 and 50 repetitions were used. Modeled
functions were attached to the particle swarm algorithm and were



Fig. 6. Structure of MOPSO.
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Fig. 7. Pareto Front of Optimization by MOPSO.

Table 4
Optimum points of the multi-objective optimization By MOPSO.

u Re Relative heat transfer
coefficient

Relative pressure
drop

0.9185 19745.43 1.667 1.1722
0.9032 20355.91 1.6496 1.168
0.8024 22154.69 1.5447 1.1596
0.9852 19938.3 1.7536 1.1899
0.8351 22123.57 1.573 1.1602
0.9215 19081.02 1.671 1.1746
0.9874 19939.73 1.7566 1.1907
1 18321.31 1.7739 1.2006
0.0712 16626.51 1.10519 1.0841
0.127 16434.22 1.1545 1.126
0.1569 17876.11 1.1845 1.141
0.05 16295.57 1.0822 1.0657
0.061 16158.29 1.0935 1.076
0.091 17138.16 1.126 1.0994
0.186 19303.34 1.2103 1.1549
0.0785 16414.78 1.1109 1.0902
0.095 16943.68 1.1295 1.103
0.0928 17168.76 1.1281 1.1007
0.0695 16126.43 1.1007 1.083
0.187 19349.26 1.211 1.1557
0.967 18442.8 1.728 1.1887
0.1515 17567.49 1.1789 1.139
0.1329 16542.72 1.1593 1.1292
0.8768 20904.42 1.6198 1.1638
0.9718 18723.92 1.734 1.1890
0.993 18338.92 1.7639 1.1979
0.8166 21460.34 1.5603 1.1598
0.8802 20191.16 1.6247 1.1652
0.1128 17735.92 1.1483 1.1146
0.8599 20571.93 1.603 1.1626
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called in any evaluation of objective functions. After running the
two-target optimization process, a set of non-dominant results at
the Pareto front were obtained and are provided in Fig. 7. It should
be noted that all of the results were optimized and non-dominant.
In addition, in this figure, the results of the first front and final Par-
eto front of optimization are provided to compare the optimization
process.

The above graph shows that the results of the last generation
are more efficient and beat the results of the first generation, indi-
cating the accuracy of the optimization process. It can be deduced
from the Pareto front of the last generation that some part of the
Pareto front shown between the dotted lines is not an optimum
point. In this part, the relative heat transfer coefficient is in the
range of 1:21 to 1:54, and the relative pressure drop is about
1.16. The experimental data extracted from Figs. 1 and 2 show that
the input data for simulating the objective functions for the rela-
tive heat transfer coefficient values in the range of 1:21–1:54 con-
tain a relative pressure drop higher than 1.2. These points are
placed at the top of the Pareto front, which means the optimized
Pareto front points have been defeated. Thus, these points have
been removed in the optimization process, and no optimal points
are present in this section.

It should be mentioned that all parts at the Pareto front end are
non-dominant, and designers can choose each of them according to
their needs. In MOO, usually one of the Pareto points is chosen as a
compromise point. In fact, the compromise point is a balance
between the values of objective functions, and a designer can
choose one of the Pareto front points in accordance with design
requirements and the value of the objective function for targets.
Thus, the characteristics and values of the Pareto front end points
from the two-target optimization process specified in Fig. 6 are
presented in Table 4. The final choice depends on the importance
of each of the functions.

As it is clear from the results of the Table 4, to achieve the min-
imum relative pressure drop, the solid volume fraction should be in
the minimum range (i.e., 0.05), and to achieve the maximum rela-
tive heat transfer coefficient, the solid volume fraction should be in
the maximum range (close to 1). In addition, to reach the optimal
points, the values of the Reynolds number should be near its max-
imum range (between 16,100 and 22,200).
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5. Conclusion

The aim of this work was the two-target optimization of
COOH_MWCNTs nanofluids to increase the relative heat transfer
coefficient and to decrease the relative pressure drop. The simula-
tion of the target functions was done using experimental data and
the RSM via Design Expert software. The obtained relation had high
precision, and its regression coefficient was more than 0.9. MOPSO,
the powerful multi-objective algorithm, was used for optimization.
To implement an optimization process, the functions modeled with
the RSM were connected to the MOPSO algorithm, and in each
assessment, the objective functions were called. The results of
the optimization were provided as Pareto fronts, where all points
on it were optimized, and designers can choose between them
according to their needs. Assessing the optimal Pareto front results
showed that to achieve the minimum relative pressure drop, the
solid volume fraction should be in the minimum range, and the
maximum relative heat transfer coefficient was achieved in the
maximum range of the solid volume fraction. In addition, all of
the optimal points had Reynolds numbers in the range of 16,100
to 22,200 (close to the maximum Reynolds number).
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