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Abstract This paper addresses the state estimation problem of linear discrete-time
time-varying stochastic systems with unknown inputs (UIs). It is shown that the glob-
ally optimal unbiased minimum-variance filters may not satisfy the minimum-variance
property, and hence they cannot eliminate noises appropriately. If this is the case, the
well-known Kalman filter may give a better solution, which however may also not
be the best one due to that the imbedded unknown input model may not be practical.
To remedy the filtering degradation problem, a robust filter named as the KFLMS,
which has good noise rejection property for such systems, is developed in this paper,
where the Ul estimates are obtained by using least mean square algorithm and the state
estimation is achieved via the previous proposed two-stage Kalman filtering approach.
Numerical examples are provided to show the effectiveness of the proposed results.
Specifically, simulation results illustrate the goodness of the new method in the sense
of lower root mean square error and better noise rejection property.
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1 Introduction

It is well-known that if a known state space model (SSM) of a linear stochastic time-
varying system is available, the Kalman filter (KF) gives the optimal solution to the
state estimation of the system [9]. On the other hand, adaptive filtering, e.g., the least
mean square (LMS) algorithm [10], or the weighted least-squares (WLS) [7,8] do
not need to know the SSM in order to achieve the optimal state estimation, where
the unmodeled state estimates are mainly obtained from the outputs. Note that, the
LMS algorithm is an instantaneous gradient-based optimization technique, which can
achieve a minimization of a certain cost function. As shown in [19], the LMS algorithm
serves as an optimal solution to the unmodeled state estimation problem under the H*°
criterion.

In many applications, e.g., fault detection and isolation [1], a model with some
uncertainties may exist. These uncertainties often arise from linearization errors,
parameter uncertainties, faults, and unmeasurable disturbances [11]. To remedy these
uncertainties, many methods have been used such as recursive least squares, stochas-
tic gradient algorithm, iterative algorithm and variational Bayes methods [2,3,21]. As
mentioned in [18], the model uncertainties can be considered as an unknown input
which affects known model of the system; in such cases, the KF usually gives a
biased state estimation. In order to fix this biased estimation, unknown input filter-
ing (UIF) techniques are often used to obtain unbiased minimum-variance (UMV)
state estimates, and the obtained filters are named as the UMV estimators (UMVEs)
[1,4,5,7,8,11,12,18], which makes a great evolution in incomplete model-based state
estimation problems due to achieving globally optimal state estimation for uncertain
SSMs with Uls [14]. However, the UMVE is restricted to have some assumptions on
known matrices of the SSM to satisfy the unbiasedness condition, which although are
completely determined [15] but are sometimes too restrictive to be applied. This is
mainly due to the fact that the UMVE is in one of its degeneration forms, which are
formed either by that the filter’s unbiasedness condition not being satisfied [4,6,20]
or the gain matrix is not fully connected to the Kalman gain [17]. A possible approach
to alleviate the above-mentioned first degenerated case is by applying time-delayed
state estimators [6,20]. Nevertheless, few literature results are focused on the second
degenerated case. In [17], a hybrid minimum-variance filter named parameterized aug-
mented robust two-stage Kalman filters (PARTSKF), which compromises between the
unbiasedness and the minimum-variance estimation, has been proposed to remedy this
filtering degradation problem. Although the PARTSKF has a promising improvement
on the filtering performance, it may also fail to yield a satisfactory estimation due to
that the assumed UI model may not work well.

In this paper, a new and innovative filtering structure is proposed to alleviate the
deterioration problem of the UMVE and to relax the heuristic Ul model in the PART-
SKF. The obtained filter will be named as the Kalman filter reinforced by least mean
square (KFLMS), which signifies that the main difference between this new filter and
the Kalman Filter is that the Ul is estimated by the LMS algorithm in the former.
Note that, there are other adaptive filters which are also applicable to this new filtering
structure, e.g., the recursive least-square (RLS) algorithm. However, for the sake of
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simplicity, computational complexity, and numerical stability [10], in this paper we
only consider the LMS algorithm.

The rest of the paper is organized as follows. In Sect. 2, the statement of the problem
is addressed. Section 3 recalls some preliminaries concerning the derivation of the
KFLMS. Then, the proposed KFLMS is derived in Sect. 4. Two compact versions of
the KFLMS are also presented to reduce the filters computational complexity. Some
illustrative examples are given in Sect. 5 to show the effectiveness of the proposed
methods. Finally, Sect. 6 has the conclusion.

2 Problem Formulation

Consider the following linear discrete-time time-varying stochastic system:

Xp+1 = Apxg+Brug+Grdi+owk (1)
Yk = Crxg+Hydp+ug 2)

where xzeR" is the state vector, ux€R’ is the known input vector, dyeR? is an
unknown input vector, and y,€R™ is the measurement vector. The process noise wy
and the measurement noise vy are assumed to be mutually uncorrelated, zero-mean,
white random signals with known covariance matrices, Qx > 0 and Ry > 0, respec-
tively. The matrices Ag, Bk, Gk, Cr and Hy are known and it is assumed that (A, Ci)
is observable and that xq is independent of vy and wy, for all k. Moreover, an unbiased
estimate Xq of the initial state x( is available with covariance matrix Py . The prob-
lem of interest is to design an optimal linear estimator of x; without any information
concerning the Ul vector (dy) given the measurements up to time k.

One of the UMVE that solves the addressed problem is given by the refined optimal
unbiased minimum-variance filter (ROUMVF) [15], which is slightly rewritten as
follows:

Xk = Xk + L (yk—CirXx) 3
P = (I — LkC) Pr(I — Ly Co)" + Ly ReLi " )
Ly = Gk + (Kx — G Wi 5
X1 = Axky + Brug + Gidy (6)

— T
Pis1 = AcPeAT + Ak PG + Gr(APEY) + G PEGET + 0 (D)

where (_}k, K, and Wy are named as the unbiasedness gain, the Kalman gain, and the
gain weighting matrix, respectively, which are given as follows:

Ge =10 U1 18", Uk = Gr(I — Hi" Hy) ®)

Ky = f_’kaTIék_l, Ry = CPCiT + R ®
~ - N -

We = RIF(TRAT) T To= (1= Si5c) (10)
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in which Sy = [Hr CxUk_11, A,j denotes any generalized inverse of matrix A, and
the matrix parameter o must be chosen so that Ty is of full-row rank. Here, c?k, P,f
and P,fd are the Ul estimates and their corresponding covariances:

~ ~ + ~

A = Mi(STRT ) TSR e — G an
Pe = M (SER 'S Tm)t (12)
P = ([0 Up— 11— KiSO)(SFR S M (13)

where M, = [HkJr H; 0]. Note that the gain matrix L by (5) can also be expressed
as follows:

Ly = Ge(I — W) + K Wy

which clearly illustrates that the gain matrix of the ROUMVF is determined through a
compromise between the unbiasedness gain and the Kalman gain, via a suitable gain
weighting matrix. It should be stressed that the unbiasedness gain will promise that
the obtained state estimates are unbiased, i.e., satisfying the unbiasedness condition
G Sk = [0 Uy_1], and the Kalman gain will promise that the obtained error covariance
of the state estimate at each time instant is a minimum-variance one, which can be
verified by checking the optimality condition: Wy Ry W,:r K kT = Wi Cy Py In the special
case that Uls do not enter into the system, i.e., Wy = I, the gain L will be reduced
to the Kalman gain K.

Based on the above argument, a special case illustrating the deterioration of the
UMVE, i.e., Ty = 0, was first observed in the previous study [13]. Recently, more
general cases are highlighted by reducing the gain matrix Ly to the following form
[17]:

Ly = G+ (I — GG P (14)

where @y is the only matrix in L that could contain the information of Qy and R.
Thus, using (3) and (14), one has:

G & = Gl xe + G Gy — Criv) (15)

Then, if there exists a matrix Y} satisfying the following condition: Y GZ‘ = diag{/, 0}
then left-multiplying (15) by Y} yields:

diag{/, 0}3x = diag{Z, 0}(Xx + G (yx — CrXx))

which indicates that part of the state estimates will be completely irrelevant to the
assumed noise covariances, and hence the obtained state estimates could not reject
noises appropriately and may even just return the related measurements [17].

To the best of the authors knowledge, there is no feasible approach in the literature
to solve the above-mentioned performance degradation problem of the UMVE. Hence,
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the main focus of this paper is to propose a new robust filtering framework in order to
alleviate the filtering performance degradation problem.

3 Preliminaries
3.1 The Augmented State Kalman Filter

If the UI dynamics can be represented by a random walk process as below:

di1 = di + o (16)
where w,‘f is a zero-mean white Gaussian random process with covariance QZ and
is independent of both the process noise wy and the measurement noise v, then the
augmented state Kalman filter (ASKF) is the optimal solution for the joint state and
UI estimation. The ASKF runs two KFs on system (1), (2), and (16) simultaneously,
where the first KF (UI filter) estimates the UI and the second one (state filter) estimates
the states. The two filters are given, respectively, as follows:

(1) UI filter:

dv = di—1 + K (i — Cek; — Hidi—1) (17
P =P+ 0f (18)
P = A P+ Gl P (19)
K = (CePE )T+ P HDR! (20)
P = (I - K{H)P' — K{Ci P 1)

where
Ry = CkPY CF + Hi(Cr )T + Co PEY HY + HyPE HY 4+ Ry (22)

(2) State filter:

% = Ag—1fk—1 + Bi—1uk—1 + Gr_1di— (23)

Re= R + KOk + Cufy — Hedy-1) 24)
P{ = At Py Afy + Gt B Gy + Qi

+ A PP G+ G (A PEDT (25)

Ki = (P{ ¢+ P HOHR! (26)

Pl = — K{Co) P — K{Hp(PF )T (27)

Pi = (1 - KfCOP — K{He P (28)
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Fig.1 Flowchart for augmented
state Kalman filter (ASKF) L

1t KF for Ul
estimation

25t KF for state
estimation

]

So, the ASKF run two Kalman filters on system (1-2) and (16) simultaneously,
the first Kalman filter estimate the unknown input, and the second one is for state

estimation. So, we can draw ASKF flowchart as Fig. 1:

3.2 The Optimal Two-Stage Kalman Filter

It is known that the ASKF may not be feasible to be applied in practical applications
due to that its computational cost increases with the UI vector dimension. If this is the
case, the optimal two-stage Kalman filter (OTSKF) [16] can be used alternatively to
maintain the computational complexity at a lower level while the filtering performance
still be preserved. The OTSKF comprises two quasi-parallel filters, which are named
as the modified bias-free filter and the bias filter, and are listed, respectively, as follows:

(1) Modified bias-free filter:

X, = Aj—1Xk—1 + Br—1up—1 + itk—
X=X + KFOn + Crxp)
P = M PEAT |+ Qi1 + 0F
Ki = P ClCPy CF + Ri)™!
Pi(I — KfCoPF
where

ity = (Gr — Ugs1)dx
0f = (Gk — Urt) PLUL, | + Ukt — GO PEGY

in which

U = U1 = 0f_ (B H™h
Ur = Ak—1Vi—1 + Gi—

Birkhauser
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@)

3

Bias filter:
P& =P+ 01, (39)
K = P ST (S P ST+ R~ (40)
Pl = —KIS)P (41)
where
Sy = CrUy + Hy, (42)

Then, based on the above two filters, the state estimate X in (24) can be recon-
structed as follows:
State filter:

Bk =X+ Vidy, PF =P+ ViPIVE 43)
where
Vi =U; — I?,fSk (44)

Comparing the OTSKF with the ASKEF, it is clear that the former is more compact
than the latter because the coupling terms P,fd_ and P,fd in the latter are not
used. Moreover, this compactness may help to derive a robust version of the KF,
in which the dedicated UI model is not needed. An illustrative case showing this
will be given in Sect. 3.

Remark 1 The above modified bias-free filter and bias filter can be viewed as standard
KFs for the following respective subsystems:

e))

2

Bias-free subsystem:

Xpp1 = Apxi + Brug + ul + wy
i = Crxp + vg

where uz is viewed as a known external signal, independent of x; and uy, with

the following statistics:

E[uf] = (AVi + Gk — Uy1)dy
cov(u) = A Vi PE(A V)T + O

UI subsystem

diy1 = dk + a),‘f

Birkhauser
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Vi = Skdi + Vg

where yi = yr — x; and cov(Vy) = Ry.

3.3 The Least Mean Square Algorithm

Because the random walk assumption in (16) may not hold in practical applications,
and hence the ASKF/OTSKF may not work well. In this subsection, we highlight the
idea how to identify the Ul estimates without resorting to the random walk assumption
by applying the adaptive LMS algorithm, which is inspired by [19] as below.

First, we assume that measurement equation (2) can be expressed as follows:

Dy = X} Wi + Ex (45)
where Dy € R™ is the desired output vector, Xy € RP*™ is the input matrix, Ex € R™

is the error vector, and Wy € R? is the weight vector to be determined to minimize
the following cost function:

minwer = (|We = Well7g,_, + 1Dk — X{ Wil 1)

where Wy is the initial guess of Wy, || X||g = v X7 IT~1X, I[Ty_1 = ool ,and || X||2 =
X7

Second, assuming that e, Dy and X are statistically stationary and [ X kX,f] # 0,
the optimal solution to identify the vector Wy from (45) is given as the following
recursive least-squares (RLS) solution:

Wi = Wi + (X X)) ™' X (D — XEWp). (46)

More practically, i.e., to further reduce the computational complexity of the RLS
solution, we have the following more compact LMS solution:

W = Wi 4 Xl — xL W) @7)

where W,? = Wi, 1 < i < m, uy is a proper step-size parameter, which will be
determined later, and matrices Dy, Xy and Ej are denoted, respectively, as follows:

1 77T 1

Dy X Ey

D2 2T E2

Di=| k| xe=| X Eg=|
Dy xpT EY

Based on the recursive weight update (47), we have the weight estimate as Wy = Wk(m)

Birkhauser
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Third, we note that, although the LMS solution is not a minimizer of the usual H 2
norm it builds itself as an optimal solution under the following H criterion:
i—1yiT i T (i—1
e IX W= xp WU

1 = i—1 | -
i W = Wil 13+ 0 a1 X1

(48)

where a; € (0, 1) is a weighting factor. To see this, we intend to verify the following
inequality:

— A (i—1 _ A (i .
wi W = WEVNB — e NIWe = W13 + | ELP
. i
> [IXHBWe — W13 (49)

Applying the LMS solution, we have
Wi = WG < iwe = WP+ 1w - w13 <¢ (50)
where
¢ = 1IWe — W13 + il XLIBEL? + i1 X3 W — W D113
Using (50) in (49) yields

B _ i ‘ _
(1= app" = apmel | XE3) x Wi = W13+ (1= agp | XLIBIELP > 0
(51)

It is clear from (51) that if 14 is chosen to satisfy the inequality:

_ \/—_ _ \/—_
Osukgmin< L+ VTHaa(T—a) 1\ _ -1+ VT+dad—a)

2arll " ayll 2ayl}

(52)
where 1 <i < m and l,i = (X;;)TX,’;, inequality (49) will hold, which also promises
the inequality:

s MW = W13 = agp 1IWe — W13 + |EL?
> (X)W — (XDTWIDP2 (53)

Thus, summing (53) over i, eliminating the terms of ay /Lk_l || Wy — Wk(i) | |%, and using
Wk(o) = Wy, we obtain the claim in (48). Note that, the inequality in (52) will facilitate
the determination of the step-size parameter. This is addressed in Sect. 5.

Finally, we conclude from the above results that the robust behavior of the LMS
algorithm is shown by guaranteeing that the energy of the weighted prediction error is

) Birkhduser
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Fig. 2 Flowchart for KFLMS L

LMS for Ul
estimation

KF for state
estimation

:

always bounded by the energy of the initial uncertainty and the weighted disturbances,
ie., (48).

4 KFLMS Filters Design
4.1 Derivation of the KFLMS

The basic ideas to derive the KFLMS are ) 1) to develop a robust version of the modified
bias-free filter of the OTSKF, which intends to be robust against the Ul model, (2)
to develop a modified bias filter of the OTSKF, which intends to compensate for the
robust bias-free filter in order to obtain a robust state estimator, and (3) to replace the
Ul filter of the ASKF with the LMS algorithm, which intends to relax the imbedded
random walk assumption in the UI subsystem. We can draw a flowchart for KFLMS
by using the flowchart of ASKF (Fig. 1) as Fig. 2.
First, we modify Eqs. (29) and (31) as follows [12]:

X = Ag—1Xk—1 + Br—1up—1 (54)
ﬁlf_ = Ak—lpléc_lAzfl + Qk—l (55)

which is achieved by choosing the following blending matrix:
Ui+1 = Gy (56)

and ignoring the covariance of UL, i.e., Qz =0.
Second, using (54)—(56), the state filter of the OTSKF is given as follows:

X =X+ Vidy, P =P+ ViPIVE (57)

where x; and l_’,f are given by (30) and (33), respectively, Jk is the modified bias filter,
given as follows:

Birkhauser
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dp = di—1 + Ie}?(}’k — Crx, — Fidi—1) (58)
Pl = —-KIF)PL, (59)
Fr = CyGy—1 + Hy (60)
K¢ = P& FL(F P Ff 4+ Ry)™! (61)

In which c?k_ 1 is the previous estimate of Ul and P,f’_ | its error covariance, both of
them are to be determined later, and the blending matrix Vi is given as follows:

Vi = Gk—1 — K} Fi (62)

Note that the state filter in (57) can be viewed as a special implementation of that of
the ASKEF, as shown in the following theorem.

Theorem 1 [f the following setting is used:
Pf=0, 0! =0 (63)
the state subfilter of the ASKF is equivalent to that of the KFLMS, i.e., (57)—(62).

Proof Using (63), we obtain that Egs. (25)—(27) of the state subfilter of the ASKF are
rewritten, respectively, as follows:

Py = Akt PR AL + Grt PGy + Qi (64)
Kff = (P} CF +Gi1 P HDR,! (65)
PY = —K{COPE — KfHe(P )T (66)

where

I;’k = CkP]f_C;{r + Hk(Cka_lplg_l)T + Cka—IP]?_ng + HkP]?_ng + Ry
(67)

Using (32), (60)—(62), (65), and the following relationship:
Pl =P + G P GL, (68)
we have
Re = R + Fr PE T

Kf = P CIR;" + Gi1 K{ = K§f — K FkK{ + Gr1K{! = Kf + Vi K{
(69)
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Using (24), (30), (58), (60), (62), (69), and the following relationship:
X =% + Grodio (70)
we have the state estimates as:
=X+ Vadio1 + Vkle;(l(yk = Crxy — Frdi—1) = % + Vidy (71)
Using (59) and (61), we have
KR, = — KIF)PL Ff = PAFT

by which and using (32)—(33), (59)-(62), (66), and (68)—(69), we have the state esti-
mation error covariance as:

Pl = P + Vi PG| — ViR R (KT = PF + Vi VT (72)

From (71) and (72), the theorem is proved.
Third, it remains to determine the UI estimates. Rewrite the innovation of the
modified bias-free filter as follows:

Dy = yx — Ckx;. = Frdy + Ey (73)

where

Eyx = Cr(Ag—1%k—1 + Gr—1€k—1 + 0k—1) + vk (74)
in which €;_1 = dy_1 — d. Using the following substitutions in the LMS algorithm:
FkT — Xy, dp —> Wi
we can obtain the Ul estimates as follows:

(i T N . RN
d” = @™V + w(F) Of - ¢G5 — Fld ™) -

~

de=d™. 30 =g,
where py is determined by (52). From (58) and (59), we have the following heuristic
estimation error covariance of d:

m
P =T1d = m(EDTFHPL, (76)
i=1
Finally, the KFLMS is given as follows:

(1) Ul filter: (75)—(76).
(2) State filter: (30), (32)—(33), and (54)—(62). O
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Remark 2 From Theorem 1, the state filter of the KFLMS can also be expressed as
follows:

B =& + K O — Gy — Fede—1) (77
Ki = (PF CT+ G P FD x (P CT + FePe (FT+ RO~ (78)
P =P — K{(CPY + FePL\Gi_)) (79)

where x;, £, P} ,and P} are given by (54), (70), (55), and (68), respectively.

Remark 3 Comparing (75)—(79) with (17)—(28), it is clear that the proposed KFLMS
is in fact a special implementation of the ASKF that is obtained by using the specific
setting in (63) and relaxing the random walk Ul model via the adaptive LMS algorithm.

Remark 4 The Ul filter (75)—(76) can be implemented more compactly if the following
conditions hold:

Fi{F7HT =0, 2<i<m
Then, the simplified filter is given as follows:

di = di1 + i FY (v — Crx, — Frdy—1)
Pl = — mFIFOPE .

4.2 Compact Versions of the KFLMS

As shown in Sect. 4.1, the KFLMS is composed of three subfilters: the modified
bias-free filter x;, the modified bias filter c?k and the UI filter c?k; all of which can
be integrated in a certain way to yield the simultaneous input and state estimates.
Although the modified bias filter and the UI filter have similar estimator structures,
the design methods embedded in them are different: the gain matrix of the former is
derived by assuming a heuristic UI model, i.e., the random walk process (16), while
that of the latter is obtained by using no UI model. In the conventional filter design
for systems with unknown inputs, Ul estimates are usually obtained by the modified
bias filter instead of the UI filter; however, in this paper we intend to achieve the Ul
estimation by the latter.

Based on the above arguments, there are two ways to simplify the computational
complexity of the KFLMS: one is to replace the modified bias filter by the UI filter,
denoted by CKFLMS', and the other is to replace the UI filter by the modified bias
filter, denoted by CKFLMS?. The filtering performance of the above CKFLMSs is
illustrated in Sect. 5.

5 Ilustrative Examples

To illustrate the effectiveness of the proposed KFLMS filters, in this section we con-
sider two numerical examples, where the first one satisfies the degenerated case (14)
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with @ # 0 and the other satisfies the specific condition Ty = 0, i.e., the degen-
erated case (14) with @; = 0. In the simulations, the ASKF (17)—(28), the OTSKF
(29)-(44), the KFLMS (75)~(79), the CKFLMS!/KFLMS (d; — dp, Pkd — 13,;1),
the CKFLMS?/KFLMS (dy — di, P — P{), and the ROUMVF (3)—(13) were
considered. The simulation time is 1000 time steps with a Monte Carlo simulation of
50 runs. Note that in setting 1t we use the upper bound in (52) by choosing a proper
ay that is determined via a tradeoff between the small upper bound and the rapid
convergent rate. Moreover, the covariance Qz used in the filter designs is given as
Qz = diag{0.025, 0.016} and all the filters are initialized with xo = 0 and Py = I53x3.

The first case For the first system, the numerical example given by [1] was consid-
ered, which satisfies the condition in Eq. (14). The parameters of system (1)—(2) are
given as follows:

0.9944 —0.1203 —0.4302 0.4252 100
A =] 0.0017 09902 —0.0747 |, Brx=| —0.0082 |, Gi= |:0 1 0i| ,
0 0.8187 0 0.1813

C =1DIy3, Hi=03.

The covariance matrices are given as Qy = diag{O.lz, 0.12,0.01%} and Ry = I3x3).
In simulation, we set ux = 10, xo = [1 1 11T, Py = 0.1213x3), ax = 0.98 which
yield puy = 0.02 and

de = Aayy Aaypp Aars X4 Abq "
k= Aap; Aaxy Aaxs k Aby k

where Aa;; = —0.5a;; and Ab; = 0.5b;. a;; and b; are elements of matrix Ay and
vector By, respectively.

The obtained rmses of the considered filters are given in Table 1, by which we have
the following observations: (1) the ROUMVF has the worst filtering performance,
which illustrates the possible shortcoming of the UMVE, (2) the ASKF and the OTSKF
have the same filtering performance; both of them are superior to the ROUMVF, (3) the
KFLMS has the best filtering performance, (4) the CKFLMS! has comparable filtering
performance with the KFLMS, (5) the CKFLMS? is slightly worse than the ASKF.

Table 1 Performance of the ASKF, OTSKF, KFLMS, CKFLMS, and ROUMVF in the first case

Filter rmse(x /! ) rmse(xl%) rmse(xg) rmse(d kl ) rmse(d ]%)
ASKF 0.6356 0.4680 0.3212 0.5778 0.1385
OTSKF 0.6356 0.4680 0.3212 0.5778 0.1385
KFLMS 0.5986 0.3076 0.2323 0.6756 0.0794
CKFLMS! 0.6793 0.2929 0.2310 0.6477 0.0797
CKFLMS? 0.7567 0.7100 0.4096 0.7112 0.4789
ROUMVF 0.9959 0.9998 0.6358 3.5210 0.1799
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Fig. 4 Ul (d]g) estimation errors of the ASKF and the KFLMS in the first case

The above observations illustrate the usefulness of the proposed results. Moreover,
from the observations (3) and (4), it is shown that the UI filter is more effective than
the modified bias filter in obtaining the Ul estimates. Note that, in this simulation case
the ROUMVF cannot yield the UI estimates due to H;, = 0.

To further show why the KFLMS is superior to the ASKF, we illustrate the estima-
tion errors of the Ul estimates of the ASKF and the KFLMS in Figs. 3 and 4. From
the figures, it is clear that the UI estimates obtained by the adaptive LMS algorithm
are more accurate than those obtained by using the random walk model.

The second case In this subsection, we consider the numerical system that satisfies
T = 0 and the unknown inputs affect both the state and the measurement equations.
The parameters of system (1)—(2) are as follows:

~0.09 —0.05 0.952
A = [0.017 0.06 ] B =02x1. G = [ -1 3]
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Table 2 Performance of the

. 1 2 1 2

ASKE, OTSKF, KFLMS, Filter rmse(x k) rmse(xk ) rmse(dk ) rmse(dk )
CKFLMS, and ROUMVF in the - g 0.1937 0.4061 0.1819 0.0974
second case

OTSKF 0.1937 0.4061 0.1819 0.0974

KFLMS 0.1546 0.3930 0.1177 0.0550

CKFLMS! 0.1329 0.3794 0.1176 0.0550

CKFLMS? 0.3343 0.5229 0.3559 0.1531

ROUMVF 3.6336 3.6466 2.4870 1.7476

10 10.7 0.0036 0.0342 051 0
Ci = [1 1]‘ i = [0 0 ] Qr = [0.03420.3249] R = [ 0 0.26]

In the simulation, we set xo = [1 1]T and a; = 0.85 which yield pur = 0.0054. The
unknown input is considered as follows:

J [ 0.5U5 00 — 0.5U3_s00 }
k =
—0.4U} 00 + 0.4U3 59

where Uj is the unit-step function.

The obtained rmses of the considered filters are given in Table 2, by which it is
clear that, same as casel, the ROUMVF has the worst performance owing to that its
gain matrix Ly is in the degeneration form, i.e., Wy = 0, because the matrix Sy is of
full-row rank, which yields Ty = 0. Also, it is shown that the filtering performance
of the ASKF is satisfactory, which indicates that the assumed UI model (16) works
well for this simulation example. Nevertheless, it is also noticed that the performance
of the proposed KFLMS is comparable and slightly better than that of the ASKF. The
rationale behind this fact is due to that the UI estimates of the former are more accurate
than those of the latter, which can also be justified by the simulation results that the
CKFLMS! is slightly better than the KFLMS and the CKFLMS? is slightly worse
than the ASKF. The simulation results show that the unknown system identification
character of the KFLMS, a robust property inherited from the adaptive LMS algorithm,
may be superior to those solely obtained from model-based filtering approaches, e.g.,
the conventional Kalman filtering approach, when state estimation is applied to systems
with arbitrary Uls in the system dynamics. Furthermore, the estimation errors of the
Ul estimates of the ASKF and the KFLMS are depicted in Figs. 5 and 6, by which it
once again shows that the UI estimates obtained by the adaptive LMS algorithm are
more accurate than those obtained by using the random walk model.

6 Conclusion
This paper highlights some disadvantages of using unbiased minimum-variance fil-

tering for systems with Uls, and further proposes a Kalman filter reinforced by least
mean square method to remedy the problem. This is achieved by using the adaptive
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Fig. 6 Ul (dlf) estimation errors of the ASKF and the KFLMS in the second case

LMS algorithm to estimate the Uls. In the sequel, a new filter named KFLMS is pro-
posed to simultaneously estimate the state and Uls. It is shown by numerical examples
that this new obtained robust filter is superior to the well-known Kalman filter. This
research also shows that the UI estimates obtained by the adaptive LMS algorithm
may be more accurate than those obtained by the conventionally used random walk
model. To reduce computational complexity, a useful compact version of the KFLMS
named CKFLMS is also proposed. It is shown by simulation results that this compact

version is comparable with the KFLMS.
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