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ABSTRACT 
The goal of this paper is the combined use of two theories, APOS and OSA, for the 
analysis of the university students’ understanding on the graph of the function and its 
derivative. For this, we study the students’ understanding to solve one graphing 
problem in relation to the first derivative and characterize their schemas in terms of 
levels (intra, inter and trans) of development of the schema for sketching 𝑓𝑓′ when given 
the graph 𝑓𝑓. We present a multiple case study in which 14 students of the first course 
of Calculus in one university of Iran participated voluntarily. Results show that most of 
the students in our study had major problems in developing mental constructions and 
doing the practical work needed to solve the problem, particularly those mental 
constructions that have to be made to calculate the derivative at the critical points and 
to determine the speed of the variation of the inclination of the tangent lines to 𝑓𝑓, 
which is why most of them have constructed a schema at the intra level of development 
of the schema for sketching 𝑓𝑓′ when given the graph 𝑓𝑓. We finish with some final 
conclusions. 

Keywords: students’ graphical understanding, the concept of derivative, APOS theory, 
OSA theory, mathematical object 

 

INTRODUCTION 
In Iran, teaching of Calculus in the first courses of university is usually based on textbooks that place the emphasis 
on algebraic representations and disregard graphical representation (Borji & Alamolhodaei, 2016a, 2016b). This is 
a phenomenon that also occurs in other countries (Park, 2015; Sánchez-Matamoros, García & Llinares, 2008). For 
this reason, most of the students can solve a routine differentiation problem easily but have no correct conceptual 
understanding of derivative’s graphical representation and the correlation between the algebraic and graphical 
representation (Baker, Cooley, & Trigueros, 2000). For instance, some of the students or even teachers do not know 
the correlation between the slope of the tangent line and difference quotient limit (lim

𝑥𝑥→𝑎𝑎
𝑓𝑓(𝑥𝑥)−𝑓𝑓(𝑎𝑎)

𝑥𝑥−𝑎𝑎
) (Badillo, Azcárate, 

& Font, 2011; Özmantar, Akkoç, Bingölbali, Demir, & Ergene, 2010; Sahin, Erbas, & Yenmez, 2015; Sánchez-
Matamoros, Fernández, & Llinares, 2015). 

Recent research papers (Badillo et al., 2011; Drijvers, Godino, Font, & Trouche, 2013; Font, Trigueros, Badillo, & 
Rubio, 2016; Fuentealba, Sánchez-Matamoros, Badillo, & Trigueros, 2017; Mackie, & Court, 2002; Pino-Fan, Godino 
& Font, 2011; Pino-Fan, Font, Gordillo, Larios, & Breda, 2017; Robles, Telechea & Font, 2014; Tall, 2013; Tiwari, 2007) 
on learning and teaching of Calculus have revealed the complexity of the fundamental mathematical objects in this 
area of mathematics (derivative, integral, etc.) and the need to teach different partial meanings of these objects and 
connect them to each other for their understanding. In order to do this, the use of different representations and 
translations between them is fundamental (Font, 2000). One of the approaches that try to characterize this 
complexity is the APOS theory. In the APOS (Fuentealba et al., 2017) the type of understanding that allows to relate 
different partial meanings of a mathematical object is characterized in terms of thematization of schema and in 
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terms of levels (intra, inter and trans) of development of this schema. For this reason and given that there is little 
research on this topic at international level, particularly in Iran, our goal is to investigate students’ understanding 
to solve one problem, where the graph of a function includes some critical points and it asks to draw the graph of 
𝑓𝑓′, and we characterize students’ schema in terms of levels (intra, inter and trans) of development of the schema for 
sketching 𝑓𝑓′ when given the graph 𝑓𝑓. To achieve this goal, in this paper the way of understanding APOS 
comprehension is complemented by the use of OSA theoretical tools to better characterize the mathematical activity 
performed by the student and to be able to infer their understanding of the problem. The use of tools of OSA is 
incorporated because we consider, according to Font et al. (2016), that a networking of APOS and OSA provides 
tools to explain the difficulties associated with the learning of specific concepts. 

LITERATURE REVIEW 
Many studies (e. g. Lauten, Graham, & Ferrini-Mundy, 1994; Leinhardt, Zaslavsky, & Stein, 1990; Tall, & Vinner, 

1981) explain that student difficulties in dealing with a function given in graphical form may be a result of 
traditional instructional methods. Some articles (Orton, 1983; Selden, Selden, & Mason, 1994) report how even 
students who performed very well on routine calculus problems found great difficulty and had little or no success 
in dealing with graphical problems. 

Some researchers (Amit, & Vinner, 1990; Asiala, Cotrill, Dubinsky, & Schwingendorf, 1997; Dominguez, Barniol, 
& Zavala, 2017) discuss specific difficulties that students have with the graphical representation of the derivative. 
These authors explain some difficulties students have with basic calculus concepts. They explain that some students 
equate the equation for the line tangent to the graph of a function at a given point with the derivative of the function.  

Ferrini-Mundy and Graham (1994) discuss about students’ desire to find an equation for a function given only 
graphically before attempting to plot the graph of the derivative function. Zandieh (2000) described the relation 
between the derivative and original function as a process of passing through many input values and determining 
an output value for each of them given by the limit of the difference quotient, and found that only a few of the 
students she considered included some explanation of covariance. Oehrtman, Carlson, and Thompson (2008) 
reported that their students were often unable to realize the relation between derivative and original function in 
the graphical form. Nemirovsky and Rubin (1992) investigated students’ understanding about derivative while 
they worked with graphs, and found that many students sketched a graph for the derivative similar to the original 
function graph without appreciating the relation between a function and the derivative over the intervals. 

In some of the investigations cited (Asiala et al., 1997; Borji & Voskoglou, 2016, 2017) APOS is used as a 
theoretical framework. In this approach, many researches use the triad (intra, inter and trans) to investigate 
students’ understanding of different concepts of calculus, in particular the derivative. Badillo et al. (2011) report 
the level of understanding of the relation between 𝑓𝑓’(𝑎𝑎) and 𝑓𝑓’(𝑥𝑥) among some calculus teachers. The teachers 
answered to a questionnaire about their understanding of 𝑓𝑓’(𝑎𝑎) and 𝑓𝑓’(𝑥𝑥). The authors reported how the 
comprehension of 𝑓𝑓’(𝑎𝑎) and 𝑓𝑓’(𝑥𝑥) can be related to the underlying structure of both graphic and algebraic schemes. 
Clark et al. (1997) used the triad to interpret the stages of understanding of the chain rule schema. Baker et al. (2000) 
introduced the interaction of two schemas. The authors used the triad to describe student understanding when 
given a derivative graphing problem. Garcia, Llinares, and Sánchez-Matamoros (2011) reported on different 
structures of the derivative schema of the students that were considered to be at the trans. They explained that there 
are different structures in the schema because of the consciousness in which students use the relations between a 
function and derivative of the function. Fuentealba et al. (2017) used APOS theory and the configuration of the 
derivative concept to focus on the analysis of students’ answers to a sequence of tasks of the derivative. They 
suggested that thematizing the derivative schema is difficult to achieve and observed delicate differences in 
responses given by the students who succeeded, indicating differences in the relations between the successive 
derivatives of a function.  

Contribution of this paper to the literature 

• Our goal in this study is to investigate, in terms of levels (intra, inter and trans) of development of the 
schema, students’ understanding to solve a problem, where the graph of a function includes some critical 
points, and it asks to draw the graph of 𝑓𝑓′. 

• To achieve this goal, the use of APOS is complemented by the OSA theoretical tools to better characterize 
the mathematical activity performed by the student and to be able to infer their understanding of the 
problem. 

• The results show that most of the students in our study had major problems in developing mental 
constructions and performing the practical work needed to calculate the derivative at the critical points. 
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In the framework of OSA, research has been carried out on the emergence of mathematical objects of differential 
and integral calculus. In Font and Contreras (2008) it is argued that in order to understand a definition of derivative 
function, a hypothetical student has to put in operation (plausibly) several semiotic functions. Font (2000, 2005) 
concluded that in the process of calculating 𝑓𝑓′ three phases must be considered: (1) Translations between the 
different forms of representing 𝑓𝑓; (2) the transition from a form of representation of 𝑓𝑓 to a form of representation of 
𝑓𝑓′; and, (3) translations and conversions between the different forms of representing 𝑓𝑓′. In Font (2000) it is analyzed 
the semiotic complexity of three different ways of introducing the derivative function: (1) Definition by limits; (2) 
finding a condition that all tangents meet and, from that, calculating said derivative function; and, (3) calculating 
it by means of the values of the derivative at various points, given in a table. 

Currently in the Didactics of Mathematics there is a tendency to find possible relationships between different 
theories and compare them. In particular, possible connections between the APOS and the OSA are recently on the 
focus of interest. This is related to an apparent need for APOS development with contributions from semiotic 
theories (Badillo et al., 2011; Font, Malaspina, Giménez and Wilhelmi, 2011; Font, Montiel, Vidakovic and Wilhelmi, 
2011; Trigueros & Martínez-Planell, 2010) and the fact that in theories (APOS & OSA) an important cognitive 
component intervenes. 

The starting point to search for connections between the OSA and APOS theory is the inquiry into the use of 
the notion of “mathematical object” in both theories (Font, Badillo, Trigueros, & Rubio, 2012; Font et al., 2016). Two 
relevant aspects to address this issue are: (1) the interest that has had for mathematics education questions about 
the nature of mathematical objects, their various types, the processes of constitution and forms of participation in 
mathematical activity and (2) the fact that OSA and APOS are examples of a group of theories that use the term 
mathematical object as a relevant construct of its theoretical framework. To materialize this dialogue, in Font et al. 
(2016) a Genetic Decomposition (GD) was developed from APOS for the concept of derivative that was later 
analyzed from the point of view of OSA, in order to unravel some aspects that are implicit in the mechanisms of 
APOS related to the emergence of objects, and thus understand better its complexity and the possible relation 
between mental constructions. Results of this networking showed some commonalities and some links between 
these theories and signaled the complementary nature of their constructs. 

In this article, we analyze students’ understanding to solve one graphing problem in relation to the first 
derivative and characterize their schemas in terms of levels (intra, inter and trans) of development of the schema. 
As it has been said in the literature review, many studies have explained that it is hard for students to understand 
the construction of the derivative function in relation to the original function in the graphical representation. With 
the aim of having a better comprehension of the students’s problems, we will use two lens: APOS and OSA that 
have already been used in other investigations (Badillo et al., 2011; Font, Badillo, Trigueros, & Rubio, 2012; Font, 
Malaspina, Giménez, & Wilhelmi, 2011; Font, Montiel, Vidakovic & Wilhelmi, 2011; Font et al., 2016; Font, 
Trigueros, Badillo & Rubio, 2012; Trigueros & Martínez-Planell, 2010). 

THEORETICAL FRAMEWORK 
In this section, we explain the two theoretical frameworks used (APOS and OSA) and the relationship between 

them. 

APOS 
The APOS theory characterizes the mathematical knowledge of a student as their tendency to respond to 

problematic mathematical situations by reflecting on problems and their solutions within a social context and the 
construction or reconstruction of actions, processes and objects, organizing them into schemas to deal with this 
situation (Dubinsky, & McDonald, 2001). APOS is an acronym for these constructs (Action, Process, Object and 
Schema). A concept is first conceived as an Action, that is, as an externally directed transformation of a previously 
conceived Object (or Objects). An action is external in the sense that each step of the transformation needs to be 
performed explicitly and instructed by external guidance; additionally, each step operates the next, that is, the steps 
of the Action cannot be imagined and none can be skipped. When an action is repeated and the student reflects on 
it, this action may be interiorized into a Process. At this conception, the student may imagine taking the action and 
may anticipate its result without having to explicitly do the action. When they need to do transformations on these 
processes, the student encapsulates them into Objects and now can use actions on these newly constructed entities. 
A Schema is constructed as a coherent collection of Actions, Processes, Objects, and other Schemas, and connections 
among these constructs. 

Schemas develop as connections between new and previous actions, processes, objects and other schemas. Their 
development may be explained by three stages that Piaget and García (1983) mentioned as the “triad”: Intra, inter 
and trans. At intra level, the newly constructed object is present, together with other objects and processes, but the 
individual is not aware of the connections that might exist between them. At inter level, actions and processes 
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between objects are constructed so that the recognition of relations between processes and objects, and 
transformations between them are starting to be made. Trans level is identified by being conscious of the complete 
formation and being able to decide whether a special situation can be resolved by this schema (Arnon et al., 2014). 

In APOS, objects emerge as a result of two mechanisms: Encapsulation and Thematization. Encapsulation is a 
mechanism based on reflective abstraction. It refers to the possibility of thinking of a process as something complete 
and being able to characterize it and study its properties. Through encapsulation, abstract notions are conceived as 
objects having properties and various representations. Thematization involves the possibility of thinking the 
schema (or several) as a whole, to act or make transformations about it and study its properties. It also involves the 
possibility of dissecting, analyzing, examining its parts and re-composing it as a whole. The encapsulation of 
processes into objects and especially the thematization of a schema (or several) into an object (as well as its reverse 
mechanism) are related to complexity of the mathematical objects and the necessary articulation of the elements in 
which this complexity bursts. 

APOS theory includes, as part of its application to research and teaching, a general model describing a possible 
way to construct the concept or topic of interest. This hypothetical model is called the Genetic Decomposition (GD) 
which includes a theoretical analysis of the actions, processes, objects, and schemas that a learner may construct in 
order to learn a certain mathematical concept. It is used to design research and instructional methods. The genetic 
decomposition of a mathematical topic is not unique and, in a certain way, it is linked to the instructional context 
for which it is constructed. 

OSA 
The OSA is a theory that describes the mathematical activity from an institutional and personal point of view. 

In this theory, it is important to consider the objects involved in such activity and the semiotic relations between 
them (Breda, Pino-Fan, & Font, 2017; Font, Godino, & Gallardo, 2013; Rondero & Font, 2015). In OSA the 
mathematical activity can be modelled in terms of configuration of primary objects and processes that appear 
during the practice. A mathematical practice is considered in this theory as a sequence of actions, controlled by 
institutionally accepted rules, oriented towards an objective (usually solving a problem). In this theory the word 
‘object’ is used in a big sense to refer to anything which is susceptible to be considered as an entity which is, in some 
way, included in mathematical practice and can be recognized as a unit. E. g., when assessing a problem solving 
practice, we can describe the use of different languages (graphic, symbolic, verbal …). These languages are the 
ostensive part of a set of definitions, procedures and propositions that are involved in argumentation and 
justification of the problem solution. Problems, languages, definitions, procedures, propositions and arguments are 
used as objects, the six mathematical primary objects. Connected together they form configurations of primary 
objects. Configuration of objects in OSA can be seen both from a personal (cognitive) and from an institutional 
(epistemic) view. In the following lines we give more explanations about primary objects. 

Language: Terms, expressions, notations, graphs, etc. in their various registers (written, oral, gestural, etc.). 
Problems: Extra-mathematical applications, tasks, exercises, examples, etc. 
Concepts/definitions: Introduced by means of definitions or descriptions, explicit or otherwise (straight line, 

point, number, mean, function, etc.). 
Propositions: Statements about concepts, etc. 
Procedures: Algorithms, operations, techniques of calculation, etc. 
Arguments: Statements used to validate or explain the propositions and procedures, whether deductive or of 

another kind. 

Relation between APOS-OSA 
A relation between some of the principal aspects of both theories is explained as follows (Font et al., 2016). 

Action versus practice 
The terms of action (in APOS) and practice (in OSA) are complementary. In APOS an action is a transformation 

of mathematical objects that is made by a student based on some explicit algorithms and is observed by the subject 
as externally. In the OSA a practice is considered as a series of mathematical actions controlled by rules. The set of 
these rules forming the practice is categorized into types of primary objects. A difference between action in APOS 
and practice in OSA is that actions are mental constructions in the mind of an individual while practice in OSA is 
a collection of actions based on rules in the community. 
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Process versus procedure 
In APOS when the individual reflects on the action and constructs an internal operation that performs the same 

transformation, then we say that the action has been interiorized to a process. In OSA procedures are assumed to 
be rules about how to use mathematical objects. In OSA a practice is understood as a collection of mathematical 
actions made by rules that can be considered as different types of primary objects. One of these objects is the 
procedure, which is a rule of steps to carry out the practice, or a part of the practice. A procedure can also be 
considered complementary to a process in APOS when an individual shows to have interiorized mental actions 
and is aware of the result of the process. 

Encapsulation versus primary object 
Encapsulation occurs when an individual applies an Action to a Process, that is, sees a dynamic structure 

(Process) as a static structure to which Actions can be applied. The result of encapsulation of a process is a mental 
object. From the perspective of OSA, encapsulation makes a double change in nature. On the one hand, from process 
to object which is a primary object based on OSA. On the other hand, encapsulation produces a change in the nature 
of the mathematical object associated to the cognitive object, since there is often a change from a procedure to a 
definition. 

Cognitive configuration versus schema 
The terms of cognitive configuration in OSA and schema in APOS can be considered as complementary. A schema 

is a coherent set of actions, processes, objects, and other schemas that are related in the student’s mind. A schema 
is coherent in the sense that given a problem situation, the student has an explicit or implicit path of deciding if the 
problem falls within this schema. In OSA the notion of cognitive configuration is a tool for explaining the objects 
involved and emerging from personal practices, and therefore, to explain the subject’s knowledge, understanding 
and skills in the learning process. A cognitive configuration may reveal the complexity of a particular task linked 
to a schema. In fact, schema and cognitive configuration are different but complementary. A cognitive configuration 
is connected to a specific task, whereas a schema is related to types of tasks. 

METHODOLOGY 
This research is a multiple case study in which 14 students participated voluntarily. The freshman students 

were enrolled in Electrical Engineering, Mathematics, and Physics at one of Iran’s universities. All of them had 
completed a Calculus 1 course (single-variable calculus) in the same semester. Their textbook was Stewart Calculus, 
2010. All students participated voluntarily in our research, at the end of which they received rewards of 
appreciation. The time interval between the end of their Calculus course and the interviews was approximately one 
month.  

The methodology consists of the following steps: First, we posed one problem where the graph of a function 
includes some critical points and asked the students to draw the graph of 𝑓𝑓′ function and collected the students’ 
solutions. Second, we analyzed the mathematical activity following the methodology of onto-semiotic analysis 
(Pino-Fan, Godino, & Font, 2018), which consists of the analysis of mathematical practices and then considering the 
mathematical primary objects that were activated during these practices. Third, we made a genetic decomposition 
based on APOS theory. Our genetic decomposition describes the mental constructions that might be needed when 
students use the objects described in the second phase to solve these type of problems (this GD has been 
triangulated by two APOS experts). Fourth, we made the transcripts of the resolution of the task. Fifth, we analyzed 
the transcripts to determine the practices, the objects, and mental constructions of the GD and we assigned a level 
of development (intra, inter or trans) of the schema for sketching 𝑓𝑓′ when given the graph of 𝑓𝑓.  

These steps include an interview with each participating student, in which they were asked about some aspects 
of their written answers. Therefore, two instruments were used for data collection: an interview and a questionnaire 
with a complex task. It is consistent with the methodology required by the theoretical framework of APOS. 

First step: The Problem 
Task: For the function 𝑓𝑓 whose graph is given, 
1. Arrange the following numbers in increasing order and explain your reasoning: 

 𝑓𝑓′(𝑎𝑎), 𝑓𝑓′(𝑏𝑏), 𝑓𝑓′(𝑐𝑐), 𝑓𝑓′(𝑑𝑑)  
2. State, with reasons, where the function 𝑓𝑓 is not differentiable. 
3. Sketch the graph of 𝑓𝑓′. 
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We gave the students a graph of the continuous function 𝑓𝑓 that includes three critical points and asked them to 
answer the three questions. The main focus of our research was on question 3, sketching the graph of 𝑓𝑓′ from the 
graph of 𝑓𝑓, and we only wrote students’ transcriptions of this question in this research. However, whenever it was 
necessary, we have considered students’ responses to questions 1 and 2. It should be noted that in the context of 
the course where this problem was proposed, the second question meant finding the points at which 𝑓𝑓′(𝑥𝑥0) does 
not exist. The data has been collected through worksheets, which contain the problem statement and its resolution 
(usually a graph). Figure 1 is an example of an answer to question 3. 

In what follows, we show more information about the relation between the task and the theoretical framework 
and the way the data was analyzed and how we arrived to the results. The students answered a graphical question 
about sketching the graph 𝑓𝑓′ when given the graph 𝑓𝑓 and after it, each of them explained their thinking processes. 
The interviewers were two of the authors of this article. The interviews were recorded as videos. Afterwards, we 
transcribed the video-files and collected students’ sheets. The question designed in this study is complex because 
it required the student to use actions, processes, objects, and schemas (in the framework of APOS) and also practices 
and primary objects (in the framework of OSA) in order to sketch the graph of 𝑓𝑓′ from seeing the graph of 𝑓𝑓. For 
this reason, we described the primary objects, based on OSA, and the mental constructions, based on APOS, that a 
student might make to develop her or his understanding of the question, which allowed us to determine different 
levels of development of the schema (intra, inter and trans). In our analysis of students’ responses, we used these 
theoretical tools to characterize students’ understanding in terms of the development of their schemas (intra, inter 
and trans). 

Second step: A look from the OSA 
We make an a priori analysis of the mathematical activity to solve the problem in terms of practices performed 

and objects, based on OSA theory. 

Practice 
1) Read the task. 
2) Write a text with one argumentation for the questions 1 and 2. 
3) Sketch a graph of 𝑓𝑓′. 

Epistemic configuration (EC) 
Problems: The task proposed. 
Languages: 
Verbal: point, line, tangent line, function, graph of a function, constant function, slope, order, decreasing, 

increasing, derivative at a point.  
Symbolic: 𝑎𝑎, 𝑏𝑏, 𝑐𝑐,𝑑𝑑,𝑓𝑓′(𝑎𝑎),𝑓𝑓′(𝑏𝑏), 𝑓𝑓′(𝑐𝑐), 𝑓𝑓′(𝑑𝑑), 𝑓𝑓′ 
Graphic: The graphic of 𝑓𝑓 and 𝑓𝑓′ (solution) 
Definitions: 
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Point, line, function, graph of a function, constant function, tangent line, slope, order, decreasing, increasing, 
derivative at a point.  

It is important to emphasize that the slope is understood as the variation of the dependent variable per unit of 
the independent variable, and the derivative at a point as the slope of the tangent line.  

Procedures: 
Pr0:  Sort real numbers. 
Pr1:  Determine a point of the graph by knowing its abscissa (Evaluate the function at x = a graphically). 
Pr2:  Sketch the tangent line at a point. 
Pr3:  Determine the value of the sign of the slope. 
Pr4  Procedure for sketching a graph of 𝑓𝑓′ from 𝑓𝑓: 

Pr4a)  Determine several points on the graph of 𝑓𝑓 and sketch the tangent lines and visually compare the 
slope of tangent lines to determine the order relation between them.  

Pr4b)  Determine the intervals where 𝑓𝑓′ is increasing and decreasing. 
Pr4c)  Determine several points on the graph of 𝑓𝑓 and sketch the tangent lines and visually compare the 

slope of tangent lines to determine the speed of the variation of the inclination of the tangent 
lines. 

Pr4d) Determine the intervals of upward and downward concavity of 𝑓𝑓′. 
Pr4e) Determine graphically the intervals where the function f’ is increasing, decreasing, concave 

upward, concave downward and critical points and make the sketch of the graph of 𝑓𝑓’ using 
information from the previous procedures.  

Propositions: 
1) When the line is parallel to the 𝑥𝑥-axis, the slope is equal to zero. 
2) If a function is increasing at 𝑥𝑥 =  𝑎𝑎, 𝑓𝑓′(𝑎𝑎) >  0 and the slope of the tangent line is positive. 
3) If a function is decreasing at 𝑥𝑥 =  𝑎𝑎, 𝑓𝑓′(𝑎𝑎)  < 0 and the slope of the tangent line is negative. 
4) When the line is parallel to the 𝑦𝑦-axis, slope does not exist (because the value is infinity). 
5) The cut-off points of the graph with the abscissa axis are those in which the second ordinate is zero. 
6) If the tangent at a point is parallel to the 𝑥𝑥-axis, then the derivative is 0 there and the graph of 𝑓𝑓’ crosses the 

𝑥𝑥-axis at that point. 
7) If in an interval the graph of 𝑓𝑓 is increasing/decreasing, the graph of 𝑓𝑓′ is positive/negative in that interval. 
8) If in an interval the graph 𝑓𝑓 is concave upward/downward the graph of 𝑓𝑓′ is increasing/decreasing on that 

interval. 
9) If in an interval, the variation on the values of the slope of the tangent line to a function is constant, then 𝑓𝑓′ is 

a line. If in an interval, the slope of the tangent line decreases and the variation on the values of the slope 
increases/decreases, then 𝑓𝑓′ is concave downward/upward. If in an interval, the slope of the tangent line 
increases and the variation on the values of the slope increases/decreases, then 𝑓𝑓′ is concave 
upward/downward. 

10) If the tangent at a point is parallel to the 𝑦𝑦-axis, there is no slope (because it cannot be divided by zero). 
11) If the graph of 𝑓𝑓 contains a cusp, then the left and right tangents differ and 𝑓𝑓′ does not exist at that point. 
Arguments:  
Answer to the question 1) 
𝑓𝑓 ′(𝑏𝑏) is greater than zero because the tangent line is increasing and its slope is positive . 
𝑓𝑓 ′(𝑎𝑎) is zero because the tangent line is parallel to the 𝑥𝑥-axis. 
𝑓𝑓′(𝑑𝑑) and 𝑓𝑓 ′(𝑐𝑐) are negative because the tangent lines in these points (x = d, c) are decreasing. 
While 𝑓𝑓 ′(𝑑𝑑) has greater slope than 𝑓𝑓′(𝑐𝑐) in absolute value, since both are negative, 𝑓𝑓 ′(𝑑𝑑)  < 𝑓𝑓′ (𝑐𝑐). At the same 

time, 𝑓𝑓′(𝑑𝑑) and 𝑓𝑓′(𝑐𝑐) are smaller than 𝑓𝑓′(𝑎𝑎) because the latter is zero. Finally 𝑓𝑓′(𝑏𝑏) is positive and greater than the 
previous ones. So, 𝑓𝑓′(𝑑𝑑)  <  𝑓𝑓′(𝑐𝑐)  <  𝑓𝑓′(𝑎𝑎)  <  𝑓𝑓′(𝑏𝑏). 

Answer to the question 2) 
There is a point on the graph of the function 𝑓𝑓 in which the tangent line is parallel to the axis of ordinates, and 

in this case there is not slope. 
There is a point where the graph has a pointed shape, in this case there is no tangent line and therefore there is 

not derivative at this point. 
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Answer to the question 3) 
The function 𝑓𝑓′ assigns to each value of the independent variable the derivative of 𝑓𝑓 in this value. The derivative 

is the slope of the tangent line. Graphically, we can visually estimate the slope of the tangent line, which allows us 
to see that in the interval between 𝑑𝑑 and 𝑎𝑎, 𝑓𝑓′ is increasing. In 𝑥𝑥 =  𝑑𝑑 the tangent line has a greater slope in absolute 
value than in the points of the abscissa greater than d and less than a. Therefore, as the slopes are negative, we see 
that these are increasing as we approach 𝑥𝑥 =  𝑎𝑎. At this point the graph intersects the abscissa axis since 𝑓𝑓′(𝑎𝑎)  =  0. 

In 𝑥𝑥 =  𝑏𝑏 the tangent line has a greater slope (in absolute value) than in the points of the abscissa lower than 𝑏𝑏 
and the same happens with any other value between 𝑏𝑏 and the abscissa in which the graph of 𝑓𝑓 is parallel to the 
axis of ordinates and, therefore, being the slopes positive, graph of 𝑓𝑓′ grows towards infinity. 

At the point where the tangent line is parallel to the axis of ordinates there is no slope, then for the values greater 
than the abscissa at this point the tangent line is increasing, with positive slope, but the slope has a smaller increase 
than in the points with lower abscissa. Therefore, since the slopes are positive, we see that these are diminishing as 
we approach the point where the graph has a pointed (corner) shape. At this point there is not derivative, there is 
a discontinuity in the graph of 𝑓𝑓′. In the points with abscissa greater than the corner point, the graph is a straight 
line so the tangent line coincides with it. Then, for all values of abscissa greater than that of the pointed (corner) 
point, the slope is always the same and the graph is constant. 

Third step: A look from the APOS (Genetic Decomposition) 
In order to carry out the practices described in the previous section (in particular for sketching the graph of 𝑓𝑓′) 

according to the OSA, it is necessary for the student to perform the following actions from the point of view of 
APOS. In the following lines, we describe mental constructions that a student might need to construct in order to 
learn or solve this type of problems, sketching the graph of 𝑓𝑓′ when given the graph of 𝑓𝑓.  

Action 1: Determine the points where the derivative exists. For those points where it exists, estimate graphically 
the value of sign of the derivative at the point 𝐴𝐴(𝑎𝑎, 𝑓𝑓(𝑎𝑎)).  

Action 2: Sketch approximately the point 𝐴𝐴’(𝑎𝑎, 𝑓𝑓’(𝑎𝑎)). 
Action 3: Compare and order the slopes of the tangents in two or more points of the graph of the function. 
Process 1: Interiorization and mental repetition of above actions for finding and draw intervals of increment and 

decrement of 𝑓𝑓′(𝑥𝑥). 
Object 1: Encapsulation the process 1 to an object conception (Relation between the graph 𝑓𝑓 and 

increasing/decreasing of the graph 𝑓𝑓′ on the corresponding interval). 
Process 2: Interiorization and mental repetition of above actions for finding and draw intervals of upward and 

downward concavity of the graph 𝑓𝑓’(𝑥𝑥). 
Object 2: Encapsulation the process 2 to an object conception (Relation between the graph 𝑓𝑓 and 

upward/downward concavity of the graph 𝑓𝑓′ on the corresponding interval). 
Process 3: Coordination of the two processes above described into a new process in which the sketch of the graph 

of 𝑓𝑓′ can be obtained from the graph of 𝑓𝑓. 
Schema: Establishing relations between these actions, processes and objects with others (slope, line, tangent line, 

estimations of real numbers, function, derivative, derivative at one point, graph, angle, etc.) to construct a schema 
for the sketch of the graph of 𝑓𝑓′ from a graph of 𝑓𝑓. 

These mental constructions allow the student to make the graph of 𝑓𝑓′ from the graph of 𝑓𝑓 so that the student is 
able to sketch the graph 𝑓𝑓′(𝑥𝑥) as a standard and canonical graph throughout the whole domain. 

Relation between EC, GD and Levels of Development of the Schema 
In the APOS, the GD is a model of the predicted constructions that students should make in the process of 

learning a concept, it does not allow the students to perform anything, since it is a theoretical model it cannot allow 
anything to students. From the point of view of OSA, the EC is activated when the students perform practices. So 
then, from the perspective of OSA, the mental constructions of the GD allow the student to perform the practice 
that solves the problem and activate the EC described in section "Second step: A look from the OSA". The actions 
described in this GD in terms of the OSA would be part of the practice that the student makes to solve the problem. 
These practices are regulated by the primary objects of the EC, especially by the procedures, in some way are 
equivalent to the processes of the GD (process 1 of GD is similar to procedures Pr4a and Pr4b and process 2 is 
similar to procedures Pr4c, Pr4d and pr4e; process 3 is similar to the whole Pr4 procedure). The objects of this GD 
are similar to some propositions of the EC, Object 1 is similar to the proposition 8, and object 2 is similar to 
proposition 9. The schema is similar to all EC. 
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In Table 1, we present some relations between mental construction described in the GD and primary objects 
described in the EC. At the same time, the GD is described in terms of the characteristics of the levels of 
development of the Schema. 

Fourth Step: Example of Transcription with the Description of Actions and Gestures of 
the Student 

Farzaneh: At 𝑥𝑥 = 𝑎𝑎, derivative is zero because tangent is parallel to the x-axis and I plot (𝑎𝑎, 0) on the 
x-axis. From −∞ to 𝑎𝑎 graph 𝑓𝑓 is decreasing then I sketch graph 𝑓𝑓′ below x-axis and connect it to (𝑎𝑎, 0). 
From 𝑎𝑎 to vertical tangent place, graph 𝑓𝑓 is increasing therefore 𝑓𝑓′ on this interval is positive and its 
graph is above x-axis. At vertical tangent place, 𝑓𝑓′ tends to ∞. From vertical tangent place to corner 
point, graph 𝑓𝑓 is increasing and values of slopes on this interval are decreasing (she sketches her graph 
on this interval). For the corner point, I plot a hollow point on the x-axis (she has difficulties in her 
sketching after the corner point). (Figure 2). 

RESULTS 
We analyzed the mathematical activity in the students’ responses and characterized their schemas into three 

groups (Table 2), which can be associated with intra, inter and trans levels of development of a schema, as described 
in Table 1. In our analysis, there were ten students who had constructed their schemas at the intra level, three 
students who had constructed their schemas at the inter level, and only one student who had constructed a schema 
at the trans level. Due to the limitations of the space on the paper, we present only one example of the analysis of 

Table 1. Some relations between GD, EC and levels of development of the schema 
EC (OSA) GD (APOS) Levels of development of the Schema (APOS) 

Procedures: Pr0, Pr1, Pr2 and Pr3  
Propositions: 1, 2, 3, 5 and 6 
Arguments: The student cannot respond to the 
questions 1, 2 and 3 of the task. It is 
remarkable that this student cannot make the 
procedure 4 and for this reason he cannot 
sketch well the graph of 𝑓𝑓′. 

Action 1: Determine the points where 
the derivative exists. For those points 
where it exists, estimate graphically the 
value of sign of the derivative at the 
point 𝐴𝐴(𝑎𝑎, 𝑓𝑓(𝑎𝑎)).  
Action 2: Sketch approximately the 
point 𝐴𝐴’(𝑎𝑎, 𝑓𝑓’(𝑎𝑎)). 
Action 3: Compare and order the slopes 
of the tangents in two or more points 
of the graph of the function. 

Intra level: The student uses only the positive/negative 
value of 𝑓𝑓′ and does not have any notice on 
increasing/decreasing 𝑓𝑓′ on different intervals and does 
not identify the points where the derivative does not 
exist. The student can perform some mental 
constructions of the GD considered as actions, but there 
are some mistakes because some of the propositions of 
the EC are not considered and fails applying some 
procedures. The student cannot sketch well the graph of 
𝑓𝑓′ because he/she has not constructed the necessary 
relations between actions, processes, objects and other 
schemas. 

Procedures Pr4a and Pr4b: Determine several 
points on the graph of 𝑓𝑓 and sketch the 
tangent lines and visually compare the slope of 
tangent lines to determine the order relation 
between them. Determine the intervals where 
𝑓𝑓′ is increasing and decreasing. 
Propositions: 7 and 8 
Arguments: The student can respond to the 
question 1 of the task. In relation to the 
question 2, the student can only find the 
corner point as a point that is not 
differentiable. Concerning question 3, the 
student can sketch correctly the graph 𝑓𝑓′ only 
in some parts of the domain. 
The fact that he/she does not know 
propositions 9, 10 and 11, impedes correct 
drawing of the graph of 𝑓𝑓′. 
 

Process 1 and Object 1: Relation 
between the graph 𝑓𝑓 and 
increasing/decreasing of the graph f′ on 
the corresponding interval. 
Process 2 and Object 2: Relation 
between the graph f and 
upward/downward concavity of the 
graph 𝑓𝑓′ on the corresponding interval. 

Inter level: The student is able to understand and use 
positive/negative property of 𝑓𝑓’ and 
increasing/decreasing property of 𝑓𝑓’, in order to 
determine intervals of increment and decrement of 
𝑓𝑓′(𝑥𝑥), and draw intervals of upward and downward 
concavity of the graph 𝑓𝑓’(𝑥𝑥).  
However, some students perhaps cannot apply these 
two properties to the whole domain because they do 
not completely relate the components of the GD.  
If the graph of 𝑓𝑓 has some critical points (especially 
discontinuous points, corner points or points with 
vertical tangent line) the student cannot sketch the 
graph of 𝑓𝑓’ at these points correctly.  
 

Procedures: Whole Pr4 
Propositions: 9, 10 and 11 
The student can correctly perform the graph of 
the function 𝑓𝑓′ from the graph of 𝑓𝑓 because 
he/she can activate all the primary objects of 
the EC and can use them correctly in the 
problem solving process. 

Process 3: Coordination of the two 
processes above described into a new 
process in which the sketch of the 
graph of 𝑓𝑓′ can be obtained from the 
graph of 𝑓𝑓. 
Schema: Actions, Processes, Objects, 
and other Schemas, and connections 
among these constructs. 

Trans level: The student is able to sketch the graph 𝑓𝑓’ 
based on both the sign property of 𝑓𝑓’ (positive/negative) 
and the monotonic property of 𝑓𝑓’ 
(increasing/decreasing) throughout the domain.  
The student is able to consider the critical points of 𝑓𝑓 
and sketch the graph 𝑓𝑓’ at these points correctly.  
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student’s responses that allows to characterize their schemas in each level of the triad. To relate OSA and APOS, 
we also analyzed the responses of students in each level based on EC of the OSA. 

First Group: Intra Level 
Behnaz was one of the students who constructed a schema at the intra level. We present the transcription of her 

answer. 

Behnaz: The derivative at 𝑥𝑥 = 𝑎𝑎 is zero (she plots the point (𝑎𝑎, 0) on the x-axis). Before 𝑎𝑎, graph 𝑓𝑓 is 
decreasing therefore graph 𝑓𝑓′ is the below x-axis. In a, derivative is zero, from 𝑎𝑎 to 𝑏𝑏 the graph 𝑓𝑓′ is 
above x-axis (she sketches her graph in interval [𝑎𝑎, 𝑏𝑏]). From 𝑏𝑏 to the corner point, the graph of 𝑓𝑓 is 
increasing. At the corner point, there is not derivative (but she cannot sketch it correctly). After corner 
point, the graph 𝑓𝑓 is decreasing therefore graph 𝑓𝑓′ is below x-axis (Figure 1). 

Behnaz is able to understand some properties of the graph of 𝑓𝑓′, she uses only the positive/negative value of 𝑓𝑓′ 
and does not have any notice on increasing/decreasing 𝑓𝑓′ on different intervals and does not identify the points 
where the derivative does not exist. Behnaz can perform some mental constructions of the GD considered as actions. 

Behnaz can do only the procedures: Pr0, Pr1, Pr2 and Pr3, propositions: 1, 2, 3, 5 and 6 of EC. With respect to 
arguments in EC, she cannot respond to the questions 1, 2 and 3 of the task. It should be noted that this student 
cannot make the procedure 4 and for this reason she cannot sketch well the graph of 𝑓𝑓′. 

Second Group: Inter Level 
Farzaneh was one of the students who constructed a schema at the inter level. Her graph is in the Figure 2. 

Farzaneh: At 𝑥𝑥 = 𝑎𝑎, derivative is zero because tangent is parallel to the x-axis and I plot (𝑎𝑎, 0) on the 
x-axis. From −∞ to 𝑎𝑎 graph 𝑓𝑓 is decreasing then I sketch graph 𝑓𝑓′ below x-axis and connect it to (𝑎𝑎, 0). 
From 𝑎𝑎 to vertical tangent place, graph 𝑓𝑓 is increasing therefore 𝑓𝑓′ on this interval is positive and its 
graph is above x-axis. At vertical tangent place, 𝑓𝑓′ tends to +∞. From vertical tangent place to corner 
point, graph 𝑓𝑓 is increasing and values of slopes on this interval are decreasing (she sketches her graph 
on this interval). For the corner point, I plot a hollow point on the x-axis (she has difficulties in her 
sketching after the corner point). 

Table 2. Levels of development of students’ schemas 
Level of triad Intra Inter Trans 

Number of students 10 3 1 
 

 
Figure 1. Behnaz’s graph (Intra level) 
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Farzaneh is able to understand and use the positive/negative property of 𝑓𝑓’ and the increasing/decreasing 
property of 𝑓𝑓’, but she cannot apply these two properties to the whole domain. As the graph of 𝑓𝑓 has some critical 
points (discontinuous points, corner points or points with vertical tangent line) this student cannot sketch the graph 
of 𝑓𝑓’ at some of these points correctly. In relation to the EC in OSA, she understands and can do only procedures: 
Pr0, Pr1, Pr2, Pr3, Pr4a and Pr4b and also uses propositions: 1, 2, 3, 5, 6, 7 and 8 of EC (in some intervals). The fact 
that she does not know propositions 9, 10 and 11 impedes correct drawing of the graph of 𝑓𝑓′. 

With respect to arguments in EC, this student can correctly and completely respond to the question 1 of the 
task. In relation to the arguments needed to solve the question 2, Farzaneh can find the corner point as a point that 
is not differentiable, but she cannot draw the graph of 𝑓𝑓′ correctly around this point in question 3 of the task. She 
answers correctly for the point with vertical tangent. Concerning question 3, she can sketch correctly the graph 𝑓𝑓′ 
only in some parts of the domain. 

Third Group: Trans Level 
Sanaz was the only student who constructed a schema at the trans level (Figure 3).  

Sanaz: I know that at 𝑥𝑥 = 𝑎𝑎, derivative is zero so graph 𝑓𝑓′ crosses x-axis in (𝑎𝑎, 0). From −∞ to 𝑎𝑎, 
slopes are increasing and their values tend to zero, 𝑓𝑓′ is negative (then she sketches the graph of 𝑓𝑓′ on 
this interval). From 𝑎𝑎 to vertical tangent place the slopes are increasing and in vertical tangent place, 
slope value tends to +∞ (then she sketches the graph of 𝑓𝑓′ on this interval). Between vertical tangent 
place and the corner point, the graph of 𝑓𝑓 is increasing therefore 𝑓𝑓′ is positive but in this interval slopes’ 
values change from +∞ to positive number, therefore 𝑓𝑓′ is decreasing and has concavity upward (then 
she sketches the graph of 𝑓𝑓′ on this interval, decreasing with an upward concavity). In corner point, 
there are different values for the slope of the tangent line at each side of it. Therefore, the graph of 𝑓𝑓′ is 

 
Figure 3. Sanaz’s graph (trans level) 

 
Figure 2. Farzaneh’s answer to question 3 
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discontinuous (then she plots a hollow point). After corner point the graph of 𝑓𝑓 is a line, therefore its 
derivative is a constant negative number because the graph of 𝑓𝑓 is decreasing on this interval. 

Sanaz is able to sketch the graph 𝑓𝑓’ based on both the sign property of 𝑓𝑓’ (positive/negative) and the monotonic 
property of 𝑓𝑓’ (increasing/decreasing) throughout the domain. She is able to consider the critical points of 𝑓𝑓 and 
sketch the graph of 𝑓𝑓′ at these points correctly. In relation to the EC of the OSA, this student can correctly draw the 
graph of the function 𝑓𝑓′ from the graph of 𝑓𝑓 because she can activate all the primary objects of the EC and can use 
them correctly in problem solving process. 

CONCLUSION 
We want to emphasize that we used the APOS theory to determine which mental constructions (actions, 

processes, objects and schemas) are involved in the resolution of the task. We used OSA to identify primary objects 
(problems, languages, concepts/definitions, procedures, propositions and arguments) that are present when 
previous mental constructions are made. On the other hand, we related the existence or lack of mental constructions 
and primary objects to the difficulties identified in students’ responses, which enables us to characterize students’ 
schemas in levels intra, inter or trans. 

The results show that most of the students in our study had major problems in developing mental constructions 
and performing the practical work needed to solve the problem, particularly those mental constructions that have 
to be made to calculate the derivative at the critical points and to determine the speed of the variation of the 
inclination of the tangent lines to 𝑓𝑓, which is why most of them (10 students) have constructed a schema at the intra 
level of development of the schema for sketching 𝑓𝑓′ when given the graph 𝑓𝑓.  

Since all students in our research (except one of them) have constructed their schemas at the intra (10 students) 
and inter level (3 students), here we give more details about their problems of understanding, especially at the 
critical points. 

Considering the whole domain of the function, on intervals where 𝑓𝑓 is increasing/decreasing, 𝑓𝑓′ is 
positive/negative and on intervals where 𝑓𝑓 is concave upward/downward, 𝑓𝑓′ is increasing/decreasing. Some 
students sketched a graph for 𝑓𝑓′ similar to the graph 𝑓𝑓 without appreciating the relation between a function and 
the derivative over the intervals. They did not mention in their explanations, that if 𝑓𝑓 is increasing then 𝑓𝑓′ will be 
positive and if 𝑓𝑓 is decreasing then 𝑓𝑓′ will be negative. This phenomena is also reported in Nemirovsky and Rubin 
(1992). The second group of student had a higher level of understanding than the first group; they explained that 
if 𝑓𝑓 is increasing, then 𝑓𝑓′ would be positive and situated above the 𝑥𝑥-axis and vice versa. However, they did not 
notice the relation between the concavity of 𝑓𝑓 and increasing/decreasing value of 𝑓𝑓′.  

The graph of the function 𝑓𝑓 includes three critical points, one at 𝑥𝑥 = 𝑎𝑎 where derivative is zero, another one at 
the vertical tangent where the slope does not exist, and the last one at the corner point. All our students (except one 
of them) had good understanding of the first critical point. At 𝑥𝑥 = 𝑎𝑎, they knew the graph of 𝑓𝑓′ must pass through 
(𝑎𝑎, 0). However, most of the students had difficulties at the vertical tangent and the corner point. A significant 
number of students had problems for sketching 𝑓𝑓′ in the interval between the point with the vertical tangent and 
the corner point and also in the interval between corner point and +∞ (the interval where 𝑓𝑓 is a descending line). 

We obtain many results about students’ problems on the vertical tangent. Some of the students did not know 
that the slope of a vertical line does not exist (for instance, when we asked them what is the slope of the line 𝑥𝑥 = 1, 
some of them answered that the slope of this line is equal to 1) and they simply ignored the vertical tangent and 
counted it as a differentiable point of 𝑓𝑓. Some of the students knew that the slope of a vertical line does not exist, 
but they could not sketch the graph of 𝑓𝑓′ at this point because their graph did not lead to +∞. One group of them 
presented this point as a hole point on the graph 𝑓𝑓′. In other group, their graph went to infinity at the left side of 
the vertical tangent, though they encountered problems plotting 𝑓𝑓′ at the right side of the vertical tangent and did 
not know where they had to begin plotting. 

We also found interesting results concerning the corner point. For example, when we asked students to draw a 
tangent on a corner point, some answered that there are infinite number of tangents at the corner point, some others 
said there is no tangent at the corner point. Most of the students did not know that there are only two tangents at 
the corner point, right and left derivatives are not equal. The graph of 𝑓𝑓’ of most of students in this point was 
continuous. Also, we found that students usually encountered two general problems in the case of corner point. 
The first group explained that the function had no derivative at this point, but totally ignored this statement, and 
they sketched one graph for the function 𝑓𝑓′ that was continuous and differentiable at that point. The second group 
showed this point with a hole point on the graph. The graph of 𝑓𝑓′ of this group had a removable discontinuity, 
meaning 𝑓𝑓′ was not defined at this point but 𝑓𝑓′+ =  𝑓𝑓′ −. 

In the interval between the point with the vertical tangent and the corner point, function 𝑓𝑓 is increasing; 
therefore, 𝑓𝑓′ at this interval is positive, and the graph 𝑓𝑓′ must be above the 𝑥𝑥-axis. Moreover, when we considered 
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this interval, the slope decreases at each point (the concavity is downward). To put it in other words, derivative 
leads from positive infinity towards a certain positive number (the left derivative at the corner point); therefore, the 
graph of 𝑓𝑓′ is decreasing at this interval and is above the 𝑥𝑥-axis. Examining students’ answers on this interval, we 
noticed that most of the students had problems to correlate the concavity of the function with the increase or 
decrease of 𝑓𝑓′.  

After the corner point, the graph of 𝑓𝑓 is a straight decreasing line, so the slope is constant and negative. 
Therefore, the graph of 𝑓𝑓′ at this interval is a straight line below 𝑥𝑥-axis and parallel to it. On students’ answers, we 
found in general three problems that they normally encountered. The first problem was that some students 
sketched a straight decreasing line above 𝑥𝑥-axis for this interval. The second group of students sketched the same 
line similar to the one of the first group but below 𝑥𝑥-axis. The last group sketched a straight line parallel to 𝑥𝑥-axis 
and above it for this interval, and they did not notice that derivative at this interval is negative. One of the students 
plotted a decreasing line with a downward concavity below the 𝑥𝑥-axis, for this interval. This particular student 
stated in her explanation that, since 𝑓𝑓 is decreasing at this interval, 𝑓𝑓′ is positioned below the 𝑥𝑥-axis. What this 
student had not noticed was that the slope on this interval is constant. The difficulties observed with the vertical 
tangent and corner points are consistent with previous studies, for example Baker et al. (2000). 

The future perspectives of this study is to deepen the networking between APOS and OSA and apply it to other 
Calculus’s objects that have been little studied so far. In particular, we are conducting research about students’ 
understanding of implicit differentiation using both frameworks. 
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