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A B S T R A C T

In this study, the mechanical behavior of two-tier Geosynthetic-Reinforced Soil walls is investigated numerically
by using the concept of two-phase systems. Comparison of the results of this approach with those of discrete
numerical models and centrifuge tests indicates that the approach has the ability to consider the interaction
between tiers, predict the reinforcement load and wall-face displacement. Furthermore, it is more cost-effective.
The limitations of this approach pertain to the prediction of the failure surface and the wall deformation regime.
Totally, the two-phase approach can be properly applied in a fast, effective and safe manner.

1. Introduction

Geosynthetic-Reinforced Soil (GRS) walls are now widely used in
civil engineering practice. In some cases, GRS walls are designed and
constructed in tier configurations rather than utilizing them as single
walls due to wall stability, construction constraints, space requirements
for drainage along the height of the wall, and aesthetics. The wall de-
sign with tier configuration is more complicated than a single wall since
the upper and lower tiers mutually interact over wall deformation and
reinforcement loads.

There are generally two approaches for design and analysis of multi-
tier GRS walls. A lateral earth pressure method, which is based on an
empirical extension of single-tier GRS walls, is introduced by the NCMA
[1] and FHWA guidelines [2,3]. This method results in an over-
estimation of design requirements [4–8]. The limit equilibrium (LE)
method whose applicability has been examined and approved in
[4,5,9,10] is another approach. These two approaches are only yield
wall stability and no information about wall deformation and re-
inforcement load distribution can be obtained. Thus, numerical ana-
lyses should be implemented in the design procedure.

Numerical methods have been widely used in order to study the
performance of multi-tier GRS walls as well as the interactions between
the tiers. Yoo and Song [11] performed plane-strain finite element si-
mulation of two-tier GRS segmental retaining walls. The results indicate
that an unexpected yield in the foundation may affect both internal and
external stability of the lower tier owing to the absence of toe re-
sistance. In addition, upper-tier reinforcement length has a significant

influence on lower-tier lateral deformation. Yoo and Kim [12] cali-
brated a three-dimensional finite element (FE) model of a full-scale test
wall to further investigate load carrying capacity and relevant perfor-
mance of the test wall under surcharge load. Stuedlein et al. [9] si-
mulated a four-tier 46-m-tall reinforced wall using the finite difference
code FLAC. Although the overall design in this work was based on the
LE method, they utilized numerical simulations in order to assess wall
performance and predict wall displacements at times of soil liquefac-
tion. Yoo et al. [8] carried out a series of finite element (FE) analyses in
order to investigate internal stability of small-scale two-tier GRS walls
with various offset distances and reinforcement distributions. They
showed that the lower-tier reinforcement length has a greater effect on
overall wall stability than the upper-tier reinforcement length. Re-
cently, Mohamed et al. [6] compared the results of numerical simula-
tions of two-tier GRS walls with those of a centrifuge modeling series
which included different offset distances. They concluded that there is
an excellent agreement for slip surfaces and reinforcement loads be-
tween the LE/FE methods and centrifuge tests. Generally, it can be said
that in comparison with the LE method, numerical methods offer more
comprehensive information about stress, strain, force, and displacement
at any location of interest.

We can consider the reinforced soil medium as a composite which
behaves, at the macroscopic level, as a homogenous but anisotropic
composite material [e.g. 13–16] due to the existence of repeated layers
of soil and reinforcing elements in a periodic manner. For reinforced
soil medium, a new concept called the ‘‘Multiphase Model’’ has been
introduced by de Buhan and Sudret [17] which is an extension of the
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classical homogenization technique. In this technique, the composite is
represented at the macroscopic scale not by a single medium as in the
homogenization methods, but by superposed mutually interacting
media (or ‘‘phases’’). Accordingly, reinforced soil can be regarded as a
two-phase medium such that each geometrical point represents two
coincident particles including matrix phase (representative of soil) and
reinforcement phase (representative of inclusions). In general, it is
possible to dedicate different kinematic fields to each phase relating to
each other through an interaction law. Consequently, the multiphase
model can capture both scale and boundary effects [18] contrary to
classical homogenization methods. The two-phase model has been
utilized in order to investigate the performance of single GRS walls
under static [19–21] and dynamic loads [22].

The mechanical behavior of two-tier GRS walls is investigated by
using the two-phase approach and numerical simulations in the present
study. The numerical finite difference method is used in this work. The
applicability of the two-phase approach to consider tiers interaction
and the influence of gird size are investigated. The results are compared
with those of centrifuge modeling performed by Mohamed et al. [5].
For simplicity, the Mohr-Coulomb model is selected for the soil con-
stitutive model and a linear elastic perfectly-plastic model is considered
for reinforcements. The discrete modeling approach is also utilized in
this study to get a better understanding of the capability of the two-
phase approach.

2. Reinforced soil as a two-phase material

Fig. 1 presents the concept of a two-phase material for reinforced
soil. According to Fig. 1a, reinforced soil is a periodic medium in which
reinforcement layers are placed in a systematic order among the soil
medium. A two-phase system introduces a macroscopic description of a
composite medium as superposition of two individual continuous media
called phases. Each point of the geometry in a two-phase material
consists of matrix phase that represents soil and reinforcement phase
implying axial inclusions as shown in Fig. 1b. The two-phase concept
has also been implemented to simulate the behavior of reinforced soil
structures. In such structures, linear elements such as piles or bolts are
installed in the soil in order to augment the bearing capacity or reduce
the deformations of the soil medium. Examples of two-phase problems
of reinforced soil structures are using bolts in tunneling [23,24], piled
rafts [25–27], and piled embankments [28].

In a two-phase material, each phase has its own specific char-
acteristics similar to what is defined for each constituent in discrete
form. Based on the theory of the virtual work method, the equilibrium
equation for each phase is defined separately as follows [17,29]:

+ + =div ρσ F I 0m m m (1)

for the matrix phase, and

+ − =div ρσ F I 0r r r (2)

for the reinforcement phase. The bold face letters in the equations are
denoted as tensors and vectors. In the above equations, the superscripts
m and r correspond to the matrix and reinforcement phases, respec-
tively. σ denotes the stress tensor of each phase. The term ρF indicates
the external (body) force vector applied to the phases and I represents
the interaction force vector mutually exerted from the phases. These
equilibrium equations will be completed by the corresponding stress
boundary conditions that are prescribed on the boundary surface of
each phase separately.

The summation in Eqs. (1) and (2) gives the global equilibrium
equation of a two-phase material in the following form

∑ + =div ρF 0 (3)

where

∑ = + = +ρ ρ ρσ σ F F F,m r m r (4)

∑ represents the global stress tensor of a two-phase material which
is the sum of partial stresses of both phases. Similarly, ρF indicates the
global body force of the two-phase material.

In a two-phase material, each phase has its own domain of kine-
matics which are defined by strain tensors εm and εr for matrix and
reinforcement phases, respectively. For each phase, the stress-strain
relationship is introduced individually:

= =σ D ε σ D ε,m m m r r r (5)

where orD D( )m r denotes the stiffness tensor of the matrix (or re-
inforcement) phase. The interaction body force I in Eqs. (1) and (2) can
be defined as a function of relative displacement between phases [e.g.
20, 30, 31]. In the case of perfect bonding between phases, the kine-
matics of the phases become identical:

∈ = =ε εm r (6)

where ∈ denotes the strain tensor of the whole medium.
By considering Eqs. (4) and (6), the global stress-strain relationship

of a two-phase material in the case of perfect bonding has the following
tensor form:

= ∈Σ D (7)

where = +D D Dm r and indicates the global stiffness tensor of the two-
phase material.
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Fig. 1. Schematics of a reinforced soil wall: (a) in discrete form; (b) as a two-phase material.
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2.1. Reinforcement phase behavior

In this study, reinforcing inclusions are considered to be planar such
that their mechanical behavior is only governed by stress and strain
components in the inclusion plan (x-y plan). The out-of-plane compo-
nents are ignored here. It is assumed that the planar inclusion only has
tensile behavior and its stress-strain relationship is described by a linear
elastic-perfectly plastic constitutive model. In the case of plane strain
analysis where the strain component perpendicular to the analysis
plane (y-direction) is zero, the incremental form of stress-strain re-
lationship is simplified to a one-directional form in terms of the x-di-
rection stress component (σx

inc) and the corresponding strain direction
(εx). The incremental stress-strain relationship has the following form
[19]:

=σ D ε̇ ̇x
inc inc

x (8)

where Dinc is the axial stiffness and = −D E υ/(1 )inc inc inc2 . Einc and υinc are
the elastic modulus and Poisson’s ratio of the reinforcing inclusion.

Considering the Tresca yield criterion for the reinforcement phase
with the tensile strength σyield

inc , the axial stress σx
inc is limited as follows

[19]:

⩽
−

σ
σ

υ1
x
inc yield

inc

inc2 (9)

In the two-phase approach, the macroscopic characteristics of the
reinforcement phase are introduced by the definition of volumetric
reinforcement fraction (χ ). According to Fig. 1, χ is defined in terms of
inclusion thickness (t) and the distance between inclusions (h):

=χ t
h (10)

As a consequence, the macroscopic characteristics of the reinforce-
ment phase are defined by:

= = =σ χσ E χE σ χσ, ,x
r

x
inc r inc

yield
r

yield
inc

(11)

The unit vector (e) parallel to the reinforcing layer is defined in
terms of its inclination angle with respect to the horizontal (α) as fol-
lows:

= α αe {cos ,sin } (12)

Thus, the stress and stiffness tensors of the reinforcement phase can
be assessed:

= ⊗ = ⊗ ⊗ ⊗σ Dσ e e D e e e e( ), ( )r r r r (13)

where the symbol ⊗ denotes dyadic product of vectors.

2.2. Matrix phase behavior

In the reinforced soil medium, the volumetric portion of the soil
against the inclusions (geosynthetic layers or steel bars for example) is
very large and hence, the stress tensor of the matrix phase is assumed to
be equal to that of the soil itself. Therefore, no modification is needed to
transform the soil stress-strain relationship to that of the matrix phase.

In the present study, the behavior of the soil (and the matrix phase
accordingly) is assumed to be linear elastic- perfectly plastic. The well-
known Mohr-Coulomb failure criterion is adopted as the failure surface
function (f) which is defined in terms of internal friction angle (ϕ) and
cohesion (c) parameters as follows:

= − − + + =f σ σ ϕ σ σ c ϕσ( ) sin ( ) cos 0I II I II (14)

150 mm

H = 160 mm

H = 160 mm2

1 20 mm

L 2

1

290 mm

Reinforcement
Layers

820 mm

490 mm

D

Fig. 2. Presentation of the geometry of the model walls used in the centrifuge tests performed by Mohamed et al. [6].

Table 1
Wall geometrical configurations used in the centrifuge tests.

Wall type Single Compounda Independent

Label S1 C4 C6 C9 C10 I11

D (mm) Zero 30 50 80 90 260
L1 (mm) 224 192 192 192 192 112
L2 (mm) 224 192 192 192 192 112

a According to FHWA: 17mm < D < 176mm (for ϕ=42.3°).
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where σI and σII are major and minor principal stress components. The
incremental stress-strain relationship is defined as:

= −σ D ε ε̇ ( ̇ ̇ )m m m p (15)

The stiffness tensor Dm is defined in terms of the two parameters E
(elastic modulus) and υ (Poisson’s ratio). Based on the non-associated
flow rule of incremental plasticity theory, the plastic strain increment
(ε ̇p) is calculated by virtue of potential surface function (g):

= 〈 〉
∂

∂
λ

g
ε

σ
̇p m

(16)

where λm is the plastic loading multiplier. 〈 〉 =x x for >x 0 and 〈 〉 =x 0,
otherwise. The potential surface function (g) is described by the dila-
tancy angle (ψ) parameter as follows:

= − + +g σ σ ψ σ σσ( ) sin ( )I II I II (17)

3. Numerical simulations

A series of experiential centrifuge tests on two-tier GRS walls are
considered in this paper and the applicability of the two-phase model in
predicting the mechanical behavior of such walls is investigated from
the viewpoint of the interactions of the tiers with each other.

3.1. Centrifuge modeling

Centrifuge modeling is a useful technique in geotechnical en-
gineering with which prototype structures can be studied as reduced
scaled models while conserving the stress and strain states in the actual
situation of the soil. Mohamed et al. [5] conducted a series of centrifuge
modeling tests in order to investigate the performance and failure
mechanisms of two-tier GRS walls. The details of centrifuge testing
program have been reported by Hung [32] and only a brief description
of the wall models and the test procedure are presented in this section.

A global scheme of two-tier GRS walls in centrifuge tests is depicted
in Fig. 2. The heights of the upper (H1) and lower (H2) tiers are identical
and H1=H2=160mm. An additional layer of 20mm of soil is de-
posited on top of the upper tier to cover the topmost reinforcement
layer, which results in a total height of H=340mm for all the walls.
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Each wall is constructed on a 150mm-thick layer of soil as foundation.
The same number of reinforcement layers are used for all physical
models, i.e. eight and nine layers for the lower and upper tiers, re-
spectively with a 20mm vertical spacing. Except for the topmost re-
inforcement layer, each reinforcement layer is folded back at the face of
the wall models forming a wrap-around facing.

The wall models are categorized in three sets based on the offset
distance between the upper and lower tiers as follows: (1) Single walls
(S-series) in which two tiers constitute a single wall with similar upper
(L1) and lower (L2) reinforcement lengths. Based on the FHWA re-
commendations, L1= L2=0.7 and H=224mm was chosen; (2)

Compound walls (C-series) in which the offset distance causes mutual
interaction of the tiers. According to the FWHA design guideline, the
offset distance (D) is in the range of H/20 and −H ϕtan(90 )o

2 , where ϕ
the internal soil friction angle is. In these walls, L1= L2=0.6 and
H=192mm which meets the minimum length requirement
(L1= 0.7H1) according to FWHA in order to prevent instability of the
upper tier; (3) Independent walls (I-series) where two tiers behave in-
dependently and no interaction exists between the tiers. According to
the FHWA guideline, the offset distance (D) should be

> −D H ϕtan(90 )o
2 and L1= L2=0.7H1=112mm. The geometrical

characteristics of the walls considered in this study are depicted in
Table 1.

Centrifuge modeling followed two stages. In the first stage, the wall
model was spun to 40 g to compress any voids between the backfill soil
and the reinforcement layers through increasing self-weight while the
model was supported by a wooden formwork. The centrifuge was then
decelerated to complete stop. In the second stage, the wooden form-
work was removed and the models were loaded by gradually increasing
their self-weight (by increasing the centrifuge acceleration) in 2 g in-
crements. The weight was maintained for 30 s at each level of accel-
eration until the model failed. During the tests, the wall face de-
formation and failure mechanisms were recorded. The walls failed at
elevated g-levels of 16 g (for S1) and 18 g (for C4, C6, C9, C10, I11),
which correspond with the prototype wall heights of 5.5 and 6.1 m,
respectively.

The failure mechanisms of the model walls were visually in-
vestigated at the end of the tests by focusing on the location of the torn
reinforcement layers. The nearly-horizontal breakage pattern in the
reinforcement layers showed that the plane strain condition was gov-
erning in the centrifuge tests. The location of the critical failure surface
was determined based on the observed ruptures in each reinforcement
layer.

3.2. Material properties

The soil used in the centrifuge tests was clean and uniform Fulung
beach sand classified as poorly graded sand (SP) in the Unified Soil
Classification System. The effective size (D10) and average particle (D50)
size of the sand were 0.17 and 0.28mm, respectively. The coefficient of
uniformity and curvature of the sand were calculated to be 1.05 and
1.78, respectively. The backfill unit weight was obtained in the la-
boratory to be equal to =γ 15 kN/m3. Triaxial compression tests were
performed on the soil samples under three confining pressures of
σ3= 50, 100, and 200 kPa in order to find the mechanical properties of
the sandy soil.

The well-known Mohr-Coulomb (MC) model is adopted with the
non-associated flow rule for the soil material as stated before.
Application of the MC model provides a balance between simplicity,
applicability, and prediction accuracy when used for simulating re-
inforced soil structures [33–36]. Fig. 3 shows the laboratory behavior of
soil samples [6] in terms of variations of deviatoric stress and volu-
metric strain versus axial strain. The mechanical soil parameters of the
MC constitutive model can be derived based on the simplified soil be-
havior using the MC model shown in Fig. 3a. The peak friction angle of
the sand was obtained to be =ϕ 39.5tx degrees. Regarding the elastic
modulus (E) of the soil, the average secant slope corresponding to the

Backfill soil

(a)

Reinforcement layers
(wraped-around face)

reinforcement layers
Longitudinal

(b)

(c)

Reinforcement layers
(wraped-around face)

Two-phase material Backfill soil

No. of nodes: 1848 
No. of zones: 1718

No. of Reinforcement elements: 241 

No. of nodes: 623 
No. of zones: 544 

No. of Reinforcement elements: 224 

No. of nodes: 303 
No. of zones: 248 

No. of Reinforcement elements: 11 

Fig. 5. Different grids used for the wall C6 in the numerical simulations: (a) fine
grid for discrete model; (b) medium-sized grid for both discrete and two-phase
model; (c) coarse grid for two-phase model. Dimensions are in accordance with
the centrifuge models.

Table 2
Soil parameters of MC model used in the numerical simulations.

Density Friction
angle

Cohesion Dilatancy
angle

Elastic
modulus

Poisson's ratio

γ ϕ c ψ E ν
(kN/m3) (degree) (kPa) (degree) (MPa) (–)

15 42.3 1 12 66 0.25

Table 3
Parameters of reinforcing layers and reinforcement phases used in the numer-
ical simulations.

Approach Yield stress Elastic modulus Yield axial strain Poisson's ratio
(kPa) (kPa) (%) (–)

Discrete 120 660 18 0
Two-phase 6 33 18 0
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50% deviatoric stress - axial strain curve was derived to be E=60MPa.
The Poisson’s ratio (υ) of the sand was back calculated to be =υ 0.25
from the initial slope of the volumetric strain versus axial strain. The
dilation angle of the soil was estimated to be =ψ 10o from two ap-
proaches including an empirical equation proposed by Bolton [37]

= −ψ ϕ( 30 )o and the slope of the volumetric strain versus the axial
strain at large strain level, as shown in Fig. 3a. The simulated me-
chanical behavior of the soil samples is sketched in Fig. 3b together
with the experimental results.

The geotextile material used in the centrifuge tests was nonwoven
polyester rayon fabric. A series of unconfined wide-width tensile tests
[38] and zero-span tests [39] (under high confinement) were performed
to evaluate the strength properties of the geotextile material. The
average ultimate tensile load (Tult) of the geotextile material was
measured to be 0.05 kN/m from wide-width tests and 0.12 kN/m from
zero-span tests. According to Mohamed et al. [5], the tensile behavior
of the reinforcement layers are affected by soil confinement, and the
response of the geotextile layer under zero span tensile test should be
considered in the simulations.

Fig. 4 indicates the variations of axial load against axial strain of the
nonwoven geotextile reinforcement under zero span test. The predicted
load-strain curve is shown in the same Figure simulated by using the
linear elastic perfectly-plastic model as explained in Section 2.1. The
tensile stiffness of the reinforcement (J= 0.66 kN/m) is considered to
be equal to the secant slope at 50% ultimate tensile strength
(Tult = 0.12 kN/m).

3.3. Numerical implementation

In order to numerically simulate the behavior of two-tier GRS walls,
the commercial two-dimensional finite difference code FLAC is utilized
in this study. In this study, the GRS two-tier walls are simulated by
using discrete modeling approach as well as the two-tier approach. In
the discrete modeling approach, the soil and reinforcement layers are
individually considered in the numerical models.

The implementation of the two-phase formulation in the FLAC code
was carried out by using the built-in language FISH. FLAC uses the
explicit Lagrangian form of the finite difference method and the mixed-
discretization zoning technique. Hence, the definition of stiffness or
compliance matrices is not needed in the calculation scheme. The in-
cremental form of stress – strain components of a two-phase material
can be determined by using FISH. As a global scheme, incremental
stress components are initially computed based on incremental total
strain components by assuming elastic behavior for a two-phase ma-
terial. Then, the stress components of each phase are evaluated. If they
violate the corresponding yield criteria (Eqs. (9) and (14) for re-
inforcement and matrix phases, respectively), the stress components are
corrected such that the stress point lies on the yield function of the
corresponding phase. For the reinforcement phase, the one-component
stress is simply controlled by using Eq. (9), while the correction of the
stress components of the matrix phase is achievable by using its flow
rule. In this case, only the elastic part of the strain increment compo-
nents can contribute to the stress increment components (Eq. (15)). The
elastic part is calculated by subtracting the plastic part from the total

Location of Reinforcement tears from centrifuge tests (Mohamed et al., 2014)
Predicted failure surface from reinforcement phase stress

Reinforcement 
phase stress 

(Intervals of 0.5kPa)

(a)
Fig. 6. Distribution of mobilized tensile loads for the wall C4 at the moment of failure (corresponding to the acceleration of 18 g) in terms of: (a) reinforcement phase
stress; (b) axial loads along the reinforcement layers.
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strain increment components. The plastic part is determined from the
corresponding flow rule of the matrix phase (Eq. (16)).

For each wall configuration (refer to Table 1), a grid size study has
been performed in order to find the effect of grid size on the accuracy of
the results. For instance, three grid sizes as well as boundary conditions
of wall C6 are depicted in Fig. 5. The same gird size has been taken into
consideration for the other walls. The model dimensions are in ac-
cordance with those of the (centrifuge) model tests. Two fine and

medium-sized grids were used for the numerical discrete approach,
while the medium-sized and coarse grids were applied for the two-
phase approach. The grid size of the reinforced soil in the two-phase
model was intentionally chosen to be larger and almost equal to the
backfill soil in order to examine the ability of the two-phase model to
predict wall behavior. In the discrete models, the horizontal re-
inforcement layers on the back face of the wall as well as the vertical
reinforcement layers are considered. In the two-phase models, only the
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vertical reinforcement layers are considered in order to model the
wrapped-around wall face. The horizontal displacement of the sides of
the models are fixed while the movement of both horizontal and ver-
tical directions is fixed at the model’s base.

The results of numerical simulations are compared with each other
in terms of wall face deformation and reinforcement loads for all wall
configurations. It is seen that for the discrete and two-phase ap-
proaches, medium-sized and coarse grids are, respectively, suitable for
the analyses since they yield results similar to finer grids. Hence, the
results presented in this study correspond to coarse and medium-sized
grids for the two-phase and discrete models, respectively.

The physical models were made in centrifuge tests and physical tests
were carried out under plane strain condition. Thus, soil parameters in
the same conditions are required for plane strain numerical simulations.
The peak plane strain friction angle of the soil is estimated using the

correlation between triaxial compression friction angle ϕ( )ts and plane
strain friction angle ϕ( )ps proposed by Lade [40] as = −ϕ ϕ1.5 17ps ts

o. The
dilation angle is corrected accordingly. The elastic modulus is modified
by multiplying it by the ratio of tangent of plane strain friction angle to
tangent of triaxial test friction angle =ϕ ϕ(tan /tan 1.1)ps ts as suggested
by Mohamed et al. [6]. Since Poisson’s ratio has a minor effect on the
behavior, it is assumed not to be changed. The modified soil parameters
are in accordance with Table 2 as used in the numerical simulations. It
is also noted that in the numerical simulations, a small value was
considered for soil cohesion (c= 1 kPa) in order to avoid soil instability
in low confining pressures. It is reminded that these parameters are
used for both the discrete and two-phase modeling approaches.

By considering a t= 1mm thickness for the geotextile layer, the
mechanical parameters of the numerical model are calculated. The
elastic modulus is obtained from =E J t/inc and yield stress is

Wall S1 Wall C4

Wall C6 Wall I11

FHWA
Discrete model
Two-phase model

Centrifuge Tests
FHWA
Discrete model
Two-phase model

Centrifuge Tests

FHWA
Discrete model
Two-phase model

Centrifuge Tests
FHWA
Discrete model
Two-phase model

Centrifuge Tests

Fig. 7. Critical failure surface obtained from centrifuge tests and numerical simulations using discrete and two-phase models (based on maximum plastic strain
increment).
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=σ T t/yield
inc

ult . According to Eq. (10), the volumetric reinforcement
fraction is =χ 0.05 and hence, the parameters of the reinforcement
phase can be calculated by using Eq. (11). The parameters used in the
numerical simulations are shown in Table 3.

In the numerical simulations, it is assumed that displacement
compatibility exists between the soil and the reinforcement layers. This
assumption is supported by the observations in the corresponding
centrifuge tests [5] at the failure moment and in other experiments
[41–45]. The same approach has been adopted in numerical studies
where the soil in the corresponding experiment had a high degree of
compaction and reinforcement pull out could not happen in the re-
inforced soil region [6,11,12,46,47]. Mohamed et al. [6] also reported
that the primary failure of the models was because of reinforcement
breakage rather than pullout. Accordingly, no interface is considered
for the reinforcement layers in the discrete walls and the elements are
attached to the soil grid. In the two-phase models, strain compatibility
is assumed between the two phases which indicates perfect bonding
condition as explained before in Section 2. It is clear that the applica-
tion of the two-phase model in the form of perfect bonding should be
prohibited for cases in which reinforcement layers are suspected to fail
due to the pullout mechanism.

Numerical simulations of both groups (discrete and two-phase
models) consist of two stages. In the first stage, the generated grids are
brought into equilibrium under the gravity of 1 g where g= 10m/s2. In
this stage, geostatic stresses are generated inside the backfill soil. At the
end, the grid displacements and strains are reset to zero since they are
unreal in the model. In the second stage, the gravity magnitude in the
models is increased by 2 g increments similar to the centrifuge tests.
Then, the model is solved to reach the equilibrium state that corre-
sponds to the condition when the maximum ratio of magnitude of un-
balanced mechanical force divided by magnitude of applied mechanical
force drops below 0.001 for all of the grid points in the model. The

displacement of the wall face and axial stress/strains of the reinforce-
ment layers are recorded at the end of each computational run. The
increase in vertical acceleration continues until the measured failure g-
level is reached.

4. Results and discussion

4.1. Failure surface

In conventional design approaches, the extent of failure surface in
GRS walls is the determining factor in selecting an efficient length for
reinforcement layers. In a safe design, the failure surface should pass
through reinforcement layers indicating that the failure mechanism is
governed by the reinforced soil region rather than the unimproved soil
region. In the centrifuge tests, Mohammed et al. [6] determined the
location of the critical failure surface based on visual inspection of tears
in reinforcement layers. In numerical simulations, the failure surface
can be found from the location of maximum mobilized tensile loads in
reinforcement layers. Fig. 6 demonstrates the critical failure surface
generated in wall C4 based on experiments and numerical simulations.
Fig. 6a shows the distribution of axial stress in the reinforcement phase
of the two-phase model. By considering the line passing through the
maximum mobilized axial stress, the failure surface can be assessed.
The highlighted triangles represent the location of the reinforcement
tiers observed in the centrifuge test. By comparing the experimental and
numerical results, it can be found that the critical failure surface from
the two-phase model is predicted slightly in front of the actual failure
surface (observed in the centrifuge test). Fig. 6b shows the predicted
mobilized tensile loads along the length of the reinforcement layers for
wall C4 based on both discrete and two-phase numerical models. In the
discrete model, the mobilized axial force along the reinforcements is
obtained directly. However, the distribution of axial force in the re-
inforced zone in the two-phase model can be obtained from the re-
inforcement phase stress distribution as already depicted in Fig. 6a. In
this model, the axial tensile load of the reinforcement layers can be
obtained by recording the value of the reinforcement phase stress along
the lines passing from the location of the layers. Comparison of axial
loads of the reinforcements from the two models shows a good agree-
ment both in trend and value. The location of rupture of each re-
inforcement that is observed in the centrifuge test is also depicted in the
same Figure. In addition to the coincidence of the loci of predicted
failure surfaces, it can be seen that, the failure surfaces from numerical
analyses are generated in front of the failure surface observed in the test
similar to Fig. 6a.

In numerical simulations, the critical failure surface can also be
recognized by finding the loci of maximum shear strain increments in
the medium. In Fig. 7, the failure surface of four GRS walls including
walls S1 (single), C4, C6 (compound two-tier) and I11 (independent
two-tier) are depicted based on the experiment, conventional approach
according to the FHWA guideline, and the two numerical simulation
approaches (discrete and two-phase models). In all parts of Fig. 7, it can
be seen that the maximum tension line (dash line) suggested by the
FHWA guideline passes through the wall toe while no rupture was
found in the first reinforcement layer in the centrifuge tests. Therefore,
the actual failure surface was created at the upper layer. According to
Mohammed et al. [6], the FHWA failure surface can predict the actual
failure surface of single wall (S1) and independent tier walls (I11) well.
However, it would give overestimation of required reinforcement
lengths for compound walls. Considering the results of numerical si-
mulations, there is an overall good agreement between the predicted
failure surface obtained from the discrete model and that of the cen-
trifuge tests. The failure surface assessed from the two-phase model is
generated slightly in front of that of the discrete model. It is noteworthy
that the results reported here are related to the coarse grid. An extra
investigation on grid size indicates that the predicted surface from the
two-phase model coincides with that of the discrete model if the same
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grid size is applied in the numerical model.
Generally, there is a good agreement between the failure surfaces

obtained from simulations and those from centrifuge tests. The simi-
larity is much better in the upper parts of the walls. However, it reduces
in deeper layers especially around the wall toe where the failure surface
crosses the wall face. This non-coincidence might be attributed to the
limitation of the soil constitutive model since the soil parameters like

stiffness in the MC model are not sensitive to stress variations with
depth. Thus, a good distribution of plastic strains in the soil medium is
not considered well. It is noted that the failure surfaces of the walls
derived based on the numerical finite element (FE) simulations per-
formed by Mohamed et al. [6] show a better agreement since a hard-
ening soil model was implemented in the simulations in which soil
stiffness increased with increased depth. It should be noted that the
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Fig. 9. Distribution of maximum tensile load with normalized wall height obtained from different approaches.

E. Seyedi Hosseininia, A. Ashjaee Computers and Geotechnics 100 (2018) 15–29

24



main objective of application of numerical modeling is not to find the
critical failure surface. Rather, the main objective of using numerical
simulations is to find the distribution of reinforcement loads and wall
deformation.

4.2. Reinforcement loads

In order to investigate the applicability of numerical simulations in
predicting reinforcement loads, the maximum tensile loads mobilized in

the reinforcements of the walls are compared. A comparison of results
from the centrifuge tests (back-calculated from LE method) and those
obtained from both discrete and two-phase numerical models are
shown in Fig. 8. The values of the maximum tensile load in each wall
and the summation of all maximum tensile loads mobilized in all of the
walls are depicted in Fig. 8a and b, respectively. A good agreement
exists between the results of the experimental tests and those of nu-
merical simulations in general. The predicted values obtained from the
simulations are slightly smaller than those of the experiment, and this

Discrete Approach 

(a) Wall S1: Contour range: 0 to 30 mm with intervals of 6 mm 

Two-phase Approach Discrete Approach Two-phase Approach 

(b) Wall C4: Contour range: 0 to 25 mm with intervals of 5 mm 

Discrete Approach Two-phase Approach 

(c) Wall C10: Contour range: 0 to 15 mm with intervals of 3 mm 

Discrete Approach Two-phase Approach 

(d) Wall I11: Contour range: 0 to 7 mm with intervals of 1 mm 

Fig. 10. Contours of walls horizontal deformation as well as displacement vectors obtained from numerical simulations using discrete and two-phase approaches at
the failure moment (failure acceleration levels).
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Fig. 11. Presentation of horizontal displacement of the wall C6 face along wall height from different approaches.
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difference is negligible. The general trend observed in the magnitude of
loads indicates that the maximum load is the highest in the single wall
(S1), but it decreases as the offset distance between the two tiers in-
creases. In this Figure, the value of the maximum loads mobilized in the
upper and lower tiers of the wall I11 are shown separately. This in-
dicates a big reduction in reinforcement loads. The reason for this is the
large distance between the tiers such that two walls with smaller height
have the least interaction and thus behave independently.

In order to investigate the ability of the two-phase model in simu-
lating the reinforcement load distribution along the wall height, the
variation of maximum reinforcement loads from numerical simulations
for the four S1, C4, C6, and I11 walls are presented in Fig. 9 along with
the FE results performed by Mohamed et al. [6], validated based on the
centrifuge tests results. Comparison of the graphs indicates that the
numerical results of this study agree well with that of the experiment
except for the lower tier close to the wall toe, where the predicted
tensile load from the two-phase model is smaller. This imperfection
corresponds with the weak prediction of the failure surface around the
toe which was generated slightly in front of the actual surface as dis-
cussed before. Nevertheless, this discrepancy only exists in less than
10% of the total height and does not seems to be of concern.

4.3. Wall face displacement

The performance of a GRS wall is determined by wall deformation
under loading conditions. Thus, a good prediction of wall displacement
is an important parameter that indicates the efficiency of numerical
analyses. The deformation patterns of walls S1, C4, C10, and I11 are
plotted in Fig. 10 from the numerical simulations using both discrete
and two-phase approaches. The results correspond to the acceleration
levels where wall failure had occurred, i.e., at 16 g for wall S1 and 18 g
for the rest of the walls. Moreover, the total displacement vectors are
depicted for a better perception. By comparing the results for each
couple, it can be seen that the global deformation patterns are very
similar. The extent of deformation behind the walls is found to be
slightly larger for the discrete model due to the finer grid used for the
discrete model. Furthermore, by comparing the wall types, it can be
seen that the magnitude of wall deformation is attenuated as the offset
distance increases. No data about the deformational pattern behind the
wall face is reported in the reference paper. In this section, the results of
numerical simulations are compared with experimental results in terms
of wall face displacement which was also measured in different loading
stages.

Fig. 11 presents the horizontal displacement of the face of wall C6
under several levels of accelerations, i.e. 12 g, 14 g, 16 g, and 18 g. It
can be seen that the results of using the discrete model agree well with
the predictions of Mohamed et al. [6] for all acceleration levels while
wall face displacement is slightly overestimated for small and middle g-
levels (12 g and 14 g) when using the two-phase model. However, this
discrepancy disappears as acceleration level increases and the results
agree with each other.

The horizontal face displacement of walls S1, C4, C9, C10, and I11
along the wall height at the corresponding failure acceleration levels is
depicted in Fig. 12 in order to investigate the efficiency of numerical
simulations for different wall configurations. Although the wall face is
slightly under-predicted by the discrete model for compound walls C9
and C10 for lower tiers, it can be generally seen that the results of both
discrete and two-phase models agree well with the results reported by
Mohamed et al. [6].

4.4. The effect of offset distance

The offset distance between the two tiers plays an important role in
the mechanical behavior of two-tier walls. In order for to investigate the
effect of offset distance on walls deformation, the horizontal displace-
ment of all of the walls are sketched altogether in Fig. 13 for both
discrete and two-phase models. Totally, the same trend in wall face
deformation can be seen with respect to the effect of offset distance in
both groups of simulations. Wall deformation is the largest for a single
wall and it decreases as offset distance increases. For an independent
wall (I11), deformation at the toe of the upper tier gets zero. Therefore,
the lower tier has no effect on the deformation of the upper one. Al-
though both groups of simulations can efficiently consider the effects of
offset distance, it can be found that the wall face deformation pattern
for the upper tier is somehow different in the two-phase model in
comparison with the discrete model. A cantilever-type pattern is re-
cognized for wall face deformation when the discrete approach is ap-
plied, but in the two-phase model, the lateral movement at the top of
the upper tier is found to be slightly smaller with respect to the lower
levels. As a result, the deformational pattern of the wall face seems to be
nearly of the bulge-like type. A grid size study shows that the de-
formational pattern is not changed even when a finer grid size is con-
sidered in the two-phase model. Nevertheless, by referring to Fig. 12, it
can be seen that the difference in the magnitude of the lateral move-
ment between the two approaches is negligible.

It is now obvious that the offset distance between the two tiers can

Mohamed et al. (2014) Discrete Model (this study) Two-Phase Model (this study)

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0.00 0.04 0.08 0.12

N
or

m
al

iz
ed

 W
al

l H
ei

gh
t

Horizontal Wall Face Displacement 
(normalized to wall height)

16 g 

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0.00 0.02 0.04 0.06 0.08 0.10

N
or

m
al

iz
ed

 W
al

l H
ei

gh
t

Horizontal Wall Face Displacement 
(normalized to wall height)

18 g

tier Level

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0.00 0.02 0.04 0.06

N
or

m
al

iz
ed

 W
al

l H
ei

gh
t

Horizontal Wall Face Displacement 
(normalized to wall height)

18 g

Tier Level

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0.00 0.02 0.04 0.06

N
or

m
al

iz
ed

 W
al

l H
ei

gh
t

Horizontal Wall Face Displacement 
(normalized to wall height)

18g

Tier Level

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0.00 0.01 0.02 0.03

N
or

m
al

iz
ed

 W
al

l H
ei

gh
t

Horizontal Wall Face Displacement 
(normalized to wall height)

18 g

Tier Level

S1 C4 C9 C10 I11 

Fig. 12. Variation of horizontal wall face displacement along the wall height for different walls at the moment of failure.
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influence the mechanical behavior of two-tier GRS walls including the
deformational regime as well as the distribution of reinforcement loads.
The interaction between the tiers is due to the equivalent surcharge of
the upper tier over the lower one. The critical offset distance (Dcr) is
defined as the offset distance at which the two tiers have no mutual
effects. In the literature, the critical offset distance has been determined
based on the impressionability of either reinforcement loads by using
LE/numerical analyses [4,5] or lateral displacement of the wall face
[6,8] at the moment of failure by applying numerical simulations.

Fig. 14 presents the scattering of the maximum tensile load mobi-
lized in the reinforcement layers and the maximum lateral displacement
against the normalized offset distance with respect to the upper tier
height (D H/ 2) at the moment of wall failure. The results are separately

shown for the upper and lower tiers of the walls. As seen, the values of
reinforcement and lateral displacement decrease as the offset distance
increases. The trends observed in the results obtained from both groups
of two-phase and discrete models are similar. In addition, the same
similarity exists between the graphs based on reinforcement loads and
wall lateral displacement. It can be seen that for the individual upper
and lower tiers, there is almost a linear relationship for the results of
single and compound walls and this decreasing trend can be approxi-
mated by a line. Since the tiers of the wall I11 have independent be-
haviors, one horizontal line is considered passing through the point.
The critical offset distance is estimated by intersecting these two lines
and choosing the biggest intersection value between the upper and
lower tiers, Application of discrete numerical analysis yields

=D H0.80cr 2 based on the maximum reinforcement load analysis and
=D H0.77cr 2 if the wall face displacement is considered. By using the

two-phase approach, =D H0.71cr 2 and =D H0.80cr 2 are extracted based
on the maximum reinforcement load and the wall face lateral move-
ment criteria, respectively.

The normalized values of critical offset distance with respect to the
lower tier height (D H/cr 2) obtained from different approaches are re-
ported in Table 4. The results are categorized on either the basis of
reinforcement load or wall face displacement. Other studies that have
been done using the LE/FE methods have reported the ratio of D H/cr 2 to
be in the range of 0.7–0.8 and the results of this study are in good
agreement with this. Meanwhile, the Dcr value gives =D H1.1cr 2 by
assuming ϕ=42.3° based on the FHWA guideline design method. This
value is estimated to be higher than the results reported in other studies
since the upper tier is considered to be a single wall and its interaction
with the lower tier has been ignored in the empirical method suggested
by FHWA.

5. Concluding remarks

The numerical simulations of a series of centrifuge modeling of two-
tier Geosynthetic Reinforced Soil (GRS) walls are presented in this
study. For the numerical analyses, two different approaches including
the discrete and two-phase modeling techniques were implemented and
the applicability of the two-phase approach was investigated in com-
parison with the discrete modeling approach. In the discrete model, the
soil and the reinforcement layers are separately considered in the nu-
merical model. In the two-phase model, the reinforced soil region is
replaced by a two-phase material. Comparison of the results of nu-
merical and experimental models indicates the following:

• The grid size used in the numerical two-phase model can be coarser
than that of the discrete model giving the same results in terms of
wall deformation and reinforcement load distribution. It is clear that
the expense of numerical modeling would reduce as the grid size
increases.

• The critical failure surface obtained from the discrete model agrees
well with the experiment. The grid size used for the two-phase
model can influence the predicted failure surface. In the case of
coarser grid size in the two-phase model compared with the discrete
model, the failure surface is predicted slightly in front of the actual
failure surface. The grid size equal to the discrete model would yield
the same results.

• The failure surface obtained from the numerical simulation can be
determined from the loci of either maximum plastic strain increment
or maximum mobilized reinforcement load. The latter can be more
easily recognized from the distribution of axial stress in the re-
inforcement phase when using the two-phase model.

• Contrary to the failure surface, the wall face displacement and the
mobilized reinforcement load are not sensitive to grid size when
using the two-phase model. It is noted that in the design of GRS
walls, performance is evaluated by the wall face deformation and
the reinforcement loads rather than the failure surface.
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Fig. 13. Schematics of wall face deformation patterns for different offset dis-
tances.
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• A good agreement exists between the discrete and two-phase models
for variations of maximum mobilized tensile load in the reinforce-
ment layers along the height of the wall.

• The deformational pattern of the wall face for the upper tier was

predicted to be cantilever-type in the discrete model while a bulging
pattern was observed in the two-phase model.

• The two-phase model can consider the mutual interaction of the
tiers. Based on the reinforcement load and the wall face deforma-
tion, the critical offset distance beyond which the two tiers behave
independently is estimated to be in the range of Dcr=0.7–0.8H2,
that agrees well with the results of other research reports based on
LE and numerical analyses.

Based on the results mentioned above, it can be concluded that the
two-phase model can be applied in the design and analysis of two-tier
walls especially when it is desired to assess reinforcement load dis-
tribution and mobilized magnitudes. The wall face deformation can
give a good estimation. However, the deformation pattern might not be
accurately predicted. Furthermore, the mutual interaction between the
tiers can be studied with an acceptable degree of accuracy. The two-
phase model may not be reliable for finding the failure surface at the
moment of wall failure since it would be generated slightly in front of
the actual failure surface.

The present work only focused on the predictions of the two-tier
GRS walls by applying simple constitutive models of the soil and
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Fig. 14. Determination of critical offset distance (Dcr) from numerical simulations performed in this study.

Table 4
Comparison of D H/cr 2 values obtained from different approaches.

Approach Criterion based on Reference

Reinforcement
loads

Wall
displacement

Experimental tan(90°−ϕ)= 1.1 FHWA (Berg et al.
[2]; Elias et al. [3])

Limit equilibrium 0.8 – Leshchinsky and
Han [4]

0.7 – Mohamed et al. [5]
Numerical

simulation
– 0.8 Yoo et al. [8]
0.73 0.82 Mohamed et al. [6]
0.8 0.77 This study (Discrete

model)
0.77 0.8 This study (Two-

phase model)
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reinforcement layer materials in the framework of two-phase approach.
In order to improve the accuracy of predictions, advanced constitutive
models can be implemented in the numerical simulations which is also
applicable in the framework of the two-phase approach. It is also noted
that the present form of the two-phase model (with perfect bonding
condition) is only applicable to the analysis of reinforced soil walls
where the pullout of the layers is not dominant and does not occur.
Otherwise, the analysis would lead to aberrant results.
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