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It has been speculated in the literature that the effective actions of string theories at any order of α0 should
be invariant under the Buscher rules plus their higher covariant-derivative corrections. This may be used as
a constraint to find effective actions at any order of α0, in particular, the metric, the B-field, and the dilaton
couplings in supergravities at order α03 up to an overall factor. For the simple case of zero B-field and
diagonal metric in which we have done the calculations explicitly, we have found that the constraint fixes
almost all of the seven independent Riemann curvature couplings. There is only one term which is not
fixed, because when metric is diagonal, the reduction of two R4 terms becomes identical. The Riemann
curvature couplings that the T-duality constraint produces for both type II and heterotic theories are fully
consistent with the existing couplings in the literature which have been found by the S-matrix and by the
sigma-model approaches.
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I. INTRODUCTION

String theory is a candidate for the quantum gravity which
produces the classical supergravity at low energy. The stringy
signature of the quantum gravity appears in the higher-
derivative corrections to the supergravity. There are various
techniques in string theory for extracting these higher-
derivative corrections, including the scattering amplitude
approach [1,2], sigma-model approach [3–5], supersym-
metry approach [6–9], Double Field Theory (DFT) approach
[10–12], and duality approach [13–15]. In the duality
approach, the consistency of the effective actionswith duality
transformations is imposed to find the higher-derivative
couplings [15]. In particular, it has been speculated that
the consistency of the effective actions at any order of α0 with
the T-duality transformations may fix both the effective
actions and the T-duality transformations [16].
The T-duality in string theory is realized by studying the

spectrum of the closed string on a tours. The spectrum is
invariant under the transformation in which the Kaluza-
Kelin modes and the winding modes are interchanged, and
at the same time, the set of scalar fields parametrizing the
tours transforms to another set of scalar fields parametriz-
ing the dual tours. The transformations on the scalar fields

have been extended to curved spacetime with background
fields by Buscher [17,18]. It has been observed that the
effective actions at the leading order of α0 are invariant
under the Buscher rules [19,20]. The effective actions at the
higher order of α0 are also expected to be invariant under the
T-duality transformations which are the Buscher rules and
their appropriate α0 corrections. These corrections at order
α0 have been found in Refs. [21,22].
In type II superstring theory, the higher-derivative

corrections to the supergravity begin at order α03. As a
result, the corrections to the Buscher rules also begin at
order α03. Hence, one expects the effective actions of the
O-plane in the type II superstring theory at order α02 to be
invariant under the Buscher rules. This may be used as a
constraint to find the O-plane effective actions. The Neveu
Schwarz-Neveu Schwarz (NS-NS) couplings on the world
volume of the O-plane at order α02 have been found in
Refs. [23,24] by this constraint.
The T-duality constraint has been used in Ref. [16] for the

bosonic theory to find the effective actions at order α0, α02 and
their corresponding T-duality transformations when the B-
field is zero. Even though the constraint does not completely
fix the corrections to the Buscher rules, it does, however, fix
the effective actions which are exactly the same as the
effective actions that have been found by the S-matrix and
sigma-model approaches up to anoverall factor. In this paper,
we are going to examine the T-duality constraint at order α03.
The bosonic, the heterotic, and the type II theories all have
corrections at order α03. However, we are interested in the
heterotic and the type II theories in this paper. In the type II
theory, wewill find that the T-duality constraint almost fixes
the effective action up to an overall factor, whereas theremay
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remain residual T-duality parameters in the T-duality trans-
formations. In the heterotic theory, wewill again find that the
constraint almost fixes the effective action while leaving
many parameters in the T-duality transformations at orders
α0, α02, α03. In this case, however, there are gravity couplings
which result from the Green-Schwarz mechanism [25].
Constraining these couplings to be invariant under the
T-duality transformations may fix the residual parameters
in the T-duality transformations. We will find, by explicit
calculations, that this constraint fixes the residual parameters
at order α0.
The outline of the paper is as follows. In Sec. II, we

explain our strategy for implementing the T-duality con-
straint on the effective actions and discuss our speculation
that the T-duality constraint at any order of α0 may be used
only on the specific Riemann curvature couplings at that
orderwhich are invariant under field redefinitions. In Sec III,
we write all independent Riemann curvature couplings at
order α03 and show that they all are invariant under the field
redefinitions in type II theory, whereas two of them are not
invariant under the field redefinitions in the heterotic theory.
In Sec. III. A, we impose the T-duality constraint on the
couplings in the type II theory and show that, even though
the T-duality at order α03 cannot fix all parameters in the
T-duality transformations, it can almost fix all the Riemann
curvature couplings up to an overall factor. Since the
reduction of two ten-dimensional independent Riemann
curvature couplings produces identical nine-dimensional
couplings, the T-duality constraint can fix the coefficient of
the sum of these two terms. For one particular choice for one
of these unfixed coefficients, we show that the couplings that
the T-duality constraint produces are exactly the same as the
couplings that the S-matrix and sigma-model approaches
produce, up to an overall factor.
In Sec. III. B, we impose the T-duality constraint on the

couplings in the heterotic theory and show that
the constraint almost fixes the Riemann curvature
couplings that are invariant under the field redefinitions.
The T-duality constraint relates the coefficient of the two
Riemann curvatures couplings that are not invariant under
the field redefinitions to the T-duality invariant couplings at
order α0. For the particular couplings at order α0 which do
not change the graviton and dilaton propagators, we find
that the couplings that the T-duality constraint produces are
the same as the couplings in the literature, up to an overall
factor. In this section, we also show that the gravity
couplings which result from the Green-Schwarz mecha-
nism are invariant under the T-duality transformations. We
show that this constraint fixes the residual T-duality
parameters at order α0.

II. STRATEGY

The higher-derivative couplings involving the graviton
and dilaton in the effective action at order α0n can be
classified as

Sn ¼ Sð1Þn þ Sð2Þn ; ð1Þ

where Sð1Þn contains the couplings which are unambiguous

and Sð2Þn contains the couplings which are ambiguous as
their coefficients are changed under field redefinitions. In

general, Sð1Þn contains Riemann curvature couplings with

some specific contraction of indices, whereas Sð2Þn contains
Riemann curvature couplings with some other contraction
of indices and contains Ricci and scalar curvatures as well
as a dilaton. Using field redefinitions, one can rearrange the

couplings in Sð2Þn into two parts. One part contains the
couplings which are invariant under the field redefinitions,
and the second part contains the couplings which are
arbitrarily changed under the field redefinitions. These
latter couplings may or may not be zero depending on the
field variables. For example, at order α0, it has been shown
in Ref. [26] that there are eight ambiguous coefficients, and
they satisfy one relation which is invariant under the field
redefinitions. So, one can set all the ambiguous coefficients

to zero except one of them. So, Sð2Þn in this case can be
simplified to have only one coupling. At order α02, there are
42 ambiguous coefficients. They satisfy five relations
which are invariant under the field redefinitions [27–30].
So, one can fix all ambiguous coefficients to zero except

five of them. As a result, Sð2Þn in this case can be written in
terms of only five couplings. It is similar for couplings at
higher order of α0. Therefore, using field redefinitions, one

can write Sð2Þn as

Sð2Þn ¼
Xm
i¼1

ζifi þ � � � ; ð2Þ

where f1; f2; � � �, in the first part are the couplings for
which their coefficients ζ1; ζ2; � � � are invariant under the
field redefinitions. The dots in the above equation represent
the second part which contains the couplings which can be
set to zero for specific field variables. The coefficients
ζ1; ζ2; � � �, may be fixed by S-matrix calculations.
We now show that the consistency of the effective

actions with T-duality constrains the coefficients
ζ1; ζ2; � � �, to be zero. If one dimensionality reduces the

D-dimensional effective action Sð2Þn to the d-dimensional

effective action Sð2Þn where D ¼ dþ 1, the functions
f1; f2; � � �, each can have terms with an odd number of
σ where σ ¼ ðlnGyyÞ=2. We call them foddi . There are also
terms with an even number of σ which we call feveni . Under
the Buscher rules, i.e.,

σ → −σ

P → P

gab → gab; ð3Þ

HAMID RAZAGHIAN and MOHAMMAD R. GAROUSI PHYS. REV. D 97, 106013 (2018)

106013-2



where P and gab are the d-dimensional dilaton and metric,
respectively, feveni is invariant, and foddi changes its sign.

Then, the transformation of Sð2Þn under the Buscher rules
becomes

δSð2Þn ¼ 2
Xm
i¼1

ζifoddi þ � � � ð4Þ

Since we have already used the D-dimensional field
redefinition to write the action S2 as in (2) in which the
coefficients are invariant under the field redefinitions, the
d-dimensional field redefinition does not change the coef-
ficients ζ1; ζ2; � � �. Now using the observation that the
d-dimensional effective action must be invariant under the
Buscher rules up to d-dimensional field redefinitions,
one concludes that

ζ1 ¼ ζ2 ¼ � � � ¼ ζm ¼ 0: ð5Þ

As a result, the T-duality constraint on the effective action

fixes the Sð2Þn part of the effective action to be zero up to field
redefinitions. Explicit calculations at orders α0 and α02
confirm the above conclusion [16].
Now, let us consider the Sð1Þn part of the effective action

(1). Unlike the Sð2Þn part, the coefficients of the couplings in

Sð1Þn are not changed under the D-dimensional field rede-
finitions; however, after reducing them to the d-dimension

effective action Sð1Þn , the coefficients of the d-dimensional
couplings are changed under the d-dimensional field
redefinitions. Under the dimensional reduction, one can

write Sð1Þn ¼ Sð1Þoddn þ Sð1Þevenn where Sð1Þoddn contains the

terms with an odd number of σ and Sð1Þevenn contains the
terms with an even number of σ. Under the Buscher rules,

Sð1Þevenn → Sð1Þevenn

Sð1Þoddn → −Sð1Þoddn : ð6Þ

Then, the transformation of Sð1Þn under the Buscher rules
becomes

δSð1Þn ¼ 2Sð1Þoddn : ð7Þ

It must be zero up to the d-dimensional field redefinitions.
The d-dimensional field redefinitions can be interpreted as
higher-derivative corrections to the Buscher rules. Since

δSð1Þn contains only the terms with an odd number of σ, the
appropriate field redefinition should produce also terms
with an odd number of σ. If one does not use the
d-dimensional field redefinitions, then one would find that

Sð1Þn is zero, which is not correct. The d-dimensional field
redefinitions add some extra terms to the above equation,

which makes Sð1Þn not to be zero. In fact, the resulting

constraint may fix the effective action Sð1Þn up to an overall
factor. In the rare cases that some of the D-dimensional
independent couplings produce identical d-dimensional

couplings in Sð1Þoddn , the above constraint can fix only
the sum of their corresponding coefficients. It has been

shown in Ref. [16] that Sð1Þn at orders α0 and α02 are fixed up
to an overall factor by the above constraint. In this paper,

we are going to use the above strategy to find Sð1Þn at order
α03 in the type II superstring and in the heterotic string
theories.

III. RIEMANN CURVATURE COUPLINGS
AT ORDER α03

It is known that the three-point functions at two-
momentum level in the superstring and heterotic string
theories are reproduced by their corresponding super-
gravities which have the following graviton and dilaton
couplings:

S0 ¼ −
2

κ2

Z
ddþ1xe−2Φ

ffiffiffiffiffiffiffi
−G

p
ðRþ 4∇αΦ∇αΦÞ: ð8Þ

This action is invariant under the Buscher rules. There are
no higher-momentum corrections to the three-point func-
tions in type II superstring theories; however, there are four
momentum corrections to the three-point functions in the
heterotic string theory which are reproduced by the
following effective action when there is no B-field,

S1¼
−2
κ
α0
Z

ddþ1xe−2Φ
ffiffiffiffiffiffiffi
−G

p
ðb1RαβγδRαβγδþb2RαβRαβ

þb3R2þb4Rαβ∇αΦ∇βΦþb5R∇αΦ∇αΦ

þb6R∇α∇αΦþb7∇α∇αΦ∇β∇βΦ

þb8∇αΦ∇αΦ∇β∇βΦ

−2ð8b3−2b5−4b6þ2b7þb8Þ∇αΦ∇αΦ∇βΦ∇βΦÞ;
ð9Þ

where b1 ¼ 1=8 for the heterotic theory and b1 ¼ 0 for the
type II superstring theories [31]. The couplings with

coefficients b2;…; b8 which belong to the Sð2Þn part are
not fixed by the S-matrix elements. They are changed under
field redefinitions. The form of effective action at the
higher orders of α0 depends on the form of these couplings,
so we keep these terms in the effective action. It has been
shown in Ref. [16] that the above action is invariant under
T-duality at order α0.
There are no six-momentum nor higher corrections to the

three-point functions in either type II or heterotic theories;
hence, the higher-derivative corrections to the above
actions belonging to Sð1Þn part of the effective action must
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have at least four curvatures. Using the cyclic symmetry for
the Riemann curvature, one finds there are only seven such
independent couplings, i.e.,

S3¼−
2

κ2

Z
ddþ1xe−2Φ

ffiffiffiffiffiffiffi
−G

p
½d1Rαβ

ζηRαβγδRγζ
θιRδηθι

þd2Rα
ζ
γ
ηRαβγδRβ

θ
ζ
ιRδθηιþd3Rαβ

ζηRαβγδRγ
θ
ζ
ιRδθηι

þd4Rαβ
ζηRαβγδRγδ

θιRζηθιþd5Rαβγ
ζRαβγδRδ

ηθιRζηθι

þd6Rα
ζ
γ
ηRαβγδRβ

θ
δ
ιRζθηιþd7RαβγδRαβγδRζηθιRζηθι�;

ð10Þ

where d1; d2;…; d7 are some unknown coefficients that we
are going to find by the T-duality constraint.
Examining the structure of the terms with coefficients d5

and d7, one realizes that they can be produced by the
variation of

ffiffiffiffiffiffiffi
−G

p
RμναβRμναβ at order α02, i.e.,

δðα0
ffiffiffiffiffiffiffi
−G

p
RμναβRμναβÞ

¼ α03
ffiffiffiffiffiffiffi
−G

p �
4RγαRδ

αþ
1

2
GγδRαβμνRαβμν−4RαβRγ

α
δ
β

−2RγαβμRδ
αβμ−4∇α∇αRγδþ2∇δ∇γR

�
δGð2Þ

γδ : ð11Þ

For appropriate variation δGð2Þ
γδ , the second and the fourth

terms produce the terms with the coefficients d5 and d7. So,
the coefficients d5 and d7 in (10) are changed under field
redefinitions in the heterotic theory, whereas these terms do
not change under the field redefinitions in type II super-
string theory because this theory does not have the
Riemann squared coupling. Hence, these terms in the

heterotic theory belong to the Sð2Þn part, which can be set
to zero for specific field variables, whereas in type II theory,

they belong to the Sð1Þn part which should be fixed by the
T-duality constraint. Since we are going to compare the
couplings that the T-duality constraint produces with
the couplings that the S-matrix method produces for which
the field variables are not those that correspond to zero d5
and d7 couplings, we keep these terms in both type II and
heterotic theories and let the T-duality fix them.
To study the T-duality transformation of the couplings

(10), one should first reduce the ten-dimensional action to
the nine-dimensional action. For the case that the B-field is
zero, the T-duality transformations are consistent for the
diagonal metric. So, we consider the reduction of the metric
as Gμν ¼ diagðgab; e2σÞ, where gab is the d-dimensional
metric. This reduction of the metric produces the following
reductions for the different components of the Riemann
curvature,

Rabcd ¼ R̃abcd

Rabcy ¼ 0

Rayby ¼ e2σð−∇̃aσ∇̃bσ − ∇̃b∇̃aσÞ; ð12Þ

where we have assumed that the fields are independent of
the killing coordinate y. The tilde sign over the covariant
derivatives and curvature means the metric in them is the
d-dimensional metric gab. Using the Mathematica package
XACT [32], one can separate the indices in (10) to the
d-dimensional indices a; b; c; � � �, and the killing y-index.
Then, using the reduction (12), one finds the following
reduction for the action (10),

S3 ¼ −
2

κ2

Z
ddxe−2P

ffiffiffiffiffiffi
−g

p ½d1R̃ab
eiR̃abcdR̃ce

jkR̃dijk þ d2R̃a
e
c
iR̃abcdR̃b

j
e
kR̃djik þ d3R̃ab

eiR̃abcdR̃c
j
e
kR̃djik

þ d4R̃ab
eiR̃abcdR̃cd

jkR̃eijk þ d5R̃abc
eR̃abcdR̃d

ijkR̃eijk þ d6R̃a
e
c
iR̃abcdR̃b

j
d
kR̃ejik þ d7R̃abcdR̃abcdR̃eijkR̃eijk

þ 8d7R̃cdeiR̃cdei∇̃aσ∇̃aσ∇̃bσ∇̃bσ þ 16d7R̃cdeiR̃cdei∇̃aσ∇̃b∇̃aσ∇̃bσ þ 8d7R̃cdeiR̃cdei∇̃b∇̃aσ∇̃b∇̃aσ

þ 8

3
d5R̃b

deiR̃cdei∇̃aσ∇̃aσ∇̃bσ∇̃cσ þ 8

3
d5R̃b

deiR̃cedi∇̃aσ∇̃aσ∇̃bσ∇̃cσ þ 16

3
d5R̃b

deiR̃cdei∇̃aσ∇̃bσ∇̃c∇̃aσ

þ 16

3
d5R̃b

deiR̃cedi∇̃aσ∇̃bσ∇̃c∇̃aσ þ 8

3
d5R̃b

deiR̃cdei∇̃b∇̃aσ∇̃c∇̃aσ þ 8

3
d5R̃b

deiR̃cedi∇̃b∇̃aσ∇̃c∇̃aσ

þ 2ðd2 þ 2d6ÞR̃a
e
b
iR̃cedi∇̃aσ∇̃bσ∇̃cσ∇̃dσ − 4ðd2 þ d3ÞR̃bdce∇̃b∇̃aσ∇̃c∇̃aσ∇̃e∇̃dσ

þ 2ð4d1 þ d2 þ 8d4 þ 4d5 þ 2d6 þ 8d7Þ∇̃aσ∇̃aσ∇̃bσ∇̃bσ∇̃cσ∇̃cσ∇̃dσ∇̃dσ

þ 8ð4d1 þ d2 þ 8d4 þ 4d5 þ 2d6 þ 8d7Þ∇̃aσ∇̃aσ∇̃bσ∇̃bσ∇̃cσ∇̃d∇̃cσ∇̃dσ

þ 2ð8d1 þ 3d2 þ 16d4 þ 12d5 þ 6d6 þ 32d7Þ∇̃aσ∇̃b∇̃aσ∇̃bσ∇̃cσ∇̃d∇̃cσ∇̃dσ

þ 4ð8d1 þ d2 þ 2ð8d4 þ 2d5 þ d6ÞÞ∇̃aσ∇̃aσ∇̃bσ∇̃cσ∇̃d∇̃cσ∇̃d∇̃bσ

þ 4ð8d1 þ d2 þ 2ð8d4 þ 2d5 þ d6ÞÞ∇̃aσ∇̃bσ∇̃c∇̃aσ∇̃d∇̃cσ∇̃d∇̃bσ
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þ ð8d1 þ d2 þ 2ð8d4 þ 2d5 þ d6ÞÞ∇̃b∇̃aσ∇̃c∇̃aσ∇̃d∇̃cσ∇̃d∇̃bσ

þ 4

9
ðd2 þ 2d3ÞR̃ac

eiR̃bdei∇̃aσ∇̃bσ∇̃d∇̃cσ þ 8

9
ðd2 þ 2d3ÞR̃ac

eiR̃bedi∇̃aσ∇̃bσ∇̃d∇̃cσ

þ 4

9
ð5d2 þ d3ÞR̃a

e
c
iR̃bedi∇̃aσ∇̃bσ∇̃d∇̃cσ þ 4

9
ð4d2 − d3ÞR̃a

e
c
iR̃bide∇̃aσ∇̃bσ∇̃d∇̃cσ

þ 8d6R̃a
e
b
iR̃cedi∇̃aσ∇̃bσ∇̃d∇̃cσ þ 2

9
ðd2 þ 2d3ÞR̃ac

eiR̃bdei∇̃b∇̃aσ∇̃d∇̃cσ

þ 4

9
ðd2 þ 2d3ÞR̃ac

eiR̃bedi∇̃b∇̃aσ∇̃d∇̃cσ þ 2

9
ð5d2 þ d3ÞR̃a

e
c
iR̃bedi∇̃b∇̃aσ∇̃d∇̃cσ

þ 2

9
ð4d2 − d3ÞR̃a

e
c
iR̃bide∇̃b∇̃aσ∇̃d∇̃cσ þ 4d6R̃a

e
b
iR̃cedi∇̃b∇̃aσ∇̃d∇̃cσ

þ 2ðd2 þ 2ð2d5 þ d6 þ 8d7ÞÞ∇̃aσ∇̃aσ∇̃bσ∇̃bσ∇̃d∇̃cσ∇̃d∇̃cσ

þ 4ðd2 þ 2ð2d5 þ d6 þ 8d7ÞÞ∇̃aσ∇̃b∇̃aσ∇̃bσ∇̃d∇̃cσ∇̃d∇̃cσ

þ ðd2 þ 2ð2d5 þ d6 þ 8d7ÞÞ∇̃b∇̃aσ∇̃b∇̃aσ∇̃d∇̃cσ∇̃d∇̃cσ

− 4ðd2 þ d3ÞR̃adbe∇̃aσ∇̃bσ∇̃d∇̃cσ∇̃e∇̃cσ − 4ðd2 þ d3ÞR̃bdce∇̃aσ∇̃aσ∇̃bσ∇̃cσ∇̃e∇̃dσ

− 8ðd2 þ d3ÞR̃bdce∇̃aσ∇̃bσ∇̃c∇̃aσ∇̃e∇̃dσ�; ð13Þ

where the d-dimensional dilaton is P ¼ Φ − σ=2. The transformation of S3 under the Buscher rules is constrained to be
zero, i.e., δS3 ¼ 0, up to the d-dimensional field redefinitions. Under the Buscher rules, the terms in S3 with an odd number
of σ survive, i.e.,

δS3 ¼ −
2

κ2

Z
ddxe−2P

ffiffiffiffiffiffi
−g

p �
32d7R̃cdeiR̃cdei∇̃aσ∇̃b∇̃aσ∇̃bσ þ 32

3
d5R̃b

deiR̃cdei∇̃aσ∇̃bσ∇̃c∇̃aσ

þ 32

3
d5R̃b

deiR̃cedi∇̃aσ∇̃bσ∇̃c∇̃aσ − 8ðd2 þ d3ÞR̃bdce∇̃b∇̃aσ∇̃c∇̃aσ∇̃e∇̃dσ

þ 16ð4ðd1 þ 2d4Þ þ d2 þ 4d5 þ 2d6 þ 8d7Þ∇̃aσ∇̃aσ∇̃bσ∇̃bσ∇̃cσ∇̃d∇̃cσ∇̃dσ

þ 8ð8ðd1 þ 2d4Þ þ d2 þ 2ð2d5 þ d6ÞÞ∇̃aσ∇̃bσ∇̃c∇̃aσ∇̃d∇̃cσ∇̃d∇̃bσ

þ 8

9
ðd2 þ 2d3ÞR̃ac

eiR̃bdei∇̃aσ∇̃bσ∇̃d∇̃cσ þ 16

9
ðd2 þ 2d3ÞR̃ac

eiR̃bedi∇̃aσ∇̃bσ∇̃d∇̃cσ

þ 8

9
ð5d2 þ d3ÞR̃a

e
c
iR̃bedi∇̃aσ∇̃bσ∇̃d∇̃cσ þ 8

9
ð4d2 − d3ÞR̃a

e
c
iR̃bide∇̃aσ∇̃bσ∇̃d∇̃cσ

þ 16d6R̃a
e
b
iR̃cedi∇̃aσ∇̃bσ∇̃d∇̃cσ − 8ðd2 þ d3ÞR̃bdce∇̃aσ∇̃aσ∇̃bσ∇̃cσ∇̃e∇̃dσ

þ 8ðd2 þ 2ð2d5 þ d6 þ 8d7ÞÞ∇̃aσ∇̃b∇̃aσ∇̃bσ∇̃d∇̃cσ∇̃d∇̃cσ

�
¼ 0: ð14Þ

As can be seen, the coefficients d1 and d4 appear only
through the combination d1 þ 2d4. This results from the
reduction (12) which has the simple form for the case that
metric is diagonal. So, the T-duality for the case that the
metric is diagonal cannot fix the coefficients d1 and d4
separately. However, all other coefficients appear in differ-
ent forms in different terms. So, we expect the T-duality to
fix them separately.
Since the constrain (14) is on the action, one is free to

add to the Lagrangian all total covariant-derivative terms at
order α03 which have an odd number of σ. Using XACT, it is
very simple to construct all such total-derivative terms.

One should first write all contractions of curvature, covariant
derivatives of σ, and covariant derivatives of P which have
an odd number of σ, at seven-derivative order with one free
index.We choose the coefficient of each term to be arbitrary.
Then, we multiply them with the d-dimensional dilaton
factor e−2P. We call the resulting vector Ja. Then, taking
a covariant derivative on Ja, i.e., ∇aJa, one finds all
d-dimensional total-derivative terms. If one adds to the
constraint (14) all the d-dimensional total-derivative terms,
one would find the wrong result that d1 þ 2d4 ¼
d2 ¼ d3 ¼ d5 ¼ d6 ¼ d7 ¼ 0. Therefore, we have to take
into account the d-dimensional field redefinitions as well.
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To construct the d-dimensional field redefinitions, one
should first reduce the lower α0-order D-dimensional
actions (8) and (9) to the d dimensions. Then, one should
consider the transformation of the resulting actions under
the following field redefinitions:

σ → −σ þ δσ

P → Pþ δP

gab → gab þ δgab: ð15Þ
The corrections to the Buscher rules, i.e., δσ, δP, and δgab,
for the type II theory begin at order α03 because there are no
effective actions at orders α0 and α02. In the heterotic theory,
the corrections begin at order α0. So, let use consider each
case separately.

A. Couplings in type II supergravity

It is known that the type IIA theory transforms to the
type IIB theory under the T-duality transformation [33,34].
The effective actions of these theories, however, are
identical in the NS-NS sector. As a result, the NS-NS

couplings at any order of α0 must be invariant under the
T-duality transformation. The effective actions of these
theories at the leading order of α0 are invariant under the
Buscher rules [20]; however, the α03 corrections to these
couplings are not invariant under the Buscher rules unless
one extends them by some α03 corrections, i.e.,

σ → −σ þ α03δσð3Þ

P → Pþ α03δPð3Þ

gab → gab þ α03δgð3Þab : ð16Þ

One should replace (16) in the reduction of (8), which is

S0¼−
2

κ2

Z
ddxe−2P

ffiffiffiffiffiffi
−g

p ðR̃þ4∇̃aP∇̃aP−∇̃aσ∇̃aσÞ; ð17Þ

and keep terms linear in the variations. Up to some total-

derivative terms, the variations δσð3Þ, δPð3Þ, and δgð3Þab
produce the following variation for S0,

δS0 ¼ S0ð−σþα03δσð3Þ;Pþα03δPð3Þ; gabþα03δgð3Þab Þ−S0ðσ;P;gabÞ

¼ 2α03

κ2

Z
ddxe−2P

ffiffiffiffiffiffi
−g

p �
2ð∇̃a∇̃aσ− 2∇̃aσ∇̃aPÞδσð3Þ þ ðR̃abþ 2∇̃a∇̃bP− ∇̃aσ∇̃bσ

−
1

2
gabðR̃þ 4∇̃c∇̃cP− 4∇̃cP∇̃cP− ∇̃cσ∇̃cσÞÞδgð3Þab þ 2ðR̃þ 4∇̃a∇̃aP− 4∇̃aP∇̃aP− ∇̃aσ∇̃aσÞδPð3Þ

�
þ� � � ; ð18Þ

where dots represent terms at higher orders of α0 in which
we are not interested. In order to produce couplings at order
α03, the variations δσð3Þ, δPð3Þ, and δgð3Þab should all be
contractions of the d-dimensional fields at six-derivative
level with unknown coefficients. To produce the field
redefinitions with an odd number of σ as in (14), one
should consider terms in δσð3Þ that have an even number of
σ and terms in δPð3Þ and δgð3Þab that have an odd number of σ.
Adding these field redefinition terms as well as all total-
derivative terms to the constraint (14), and writing them in
terms of independent couplings, one finds many algebraic
equations involving the d-coefficients, the coefficients of
the total-derivative terms, and the coefficients of the
variations δσð3Þ, δPð3Þ, and δgð3Þab . Solving these equations,
one finds many coefficients in the corrections δσð3Þ, δPð3Þ,
and δgð3Þab are not fixed, and the remaining coefficients are
fixed in terms of the unfixed coefficients and the
d-coefficients. The equations for zero δσð3Þ, δPð3Þ, and
δgð3Þab fix the effective action to be zero; hence, the nonzero
effective action forces the Buscher rules to receive α03

corrections. The equations for nonzero δσð3Þ, δPð3Þ, and
δgð3Þab , however, fix the d-coefficients in the effective action
(10) up to an overall factor, i.e.,

d1 þ 2d4 ¼ −
d2
4
; d3 ¼ d5 ¼ d6 ¼ d7 ¼ 0: ð19Þ

The only unknown coefficient is d2. Note that, since the
coefficients d5 and d7 are not changed under the field
redefinitions in type II theory, they are fixed by the
T-duality constraint.
As we have pointed out before, the coefficients d1 and d4

appear as one coefficient d1 þ 2d4.We expect the coefficient
d4 to be fixed by the T-duality if one extends the present
calculations in which there is noB-field to the calculations in
the presence ofB-field,whichwe leave for futurework. If we
choose it to be zero, the effective action (10) then becomes

S3 ¼ −
2d1
κ2

Z
d10xe−2Φ

ffiffiffiffiffiffiffi
−G

p
½Rαβ

ζηRαβγδRγζ
θιRδηθι

− 4Rα
ζ
γ
ηRαβγδRβ

θ
ζ
ιRδθηι�: ð20Þ

In type II theory, using the Kawai-Lewellen-Tye relation
between the scattering amplitudes of the closed strings
and the scattering amplitudes of open strings [35], one
expects the closed string couplings to be written as a product
of two open string couplings. Using tensor t8 which is
defined in Ref. [36] to contract four arbitrary antisymmetric
tensors M1; � � � ;M4 as
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tαβγδμνρσM1
αβM

2
γδM

3
μνM4

ρσ ¼ 8ðtrM1M2M3M4 þ trM1M3M2M4 þ trM1M3M4M2Þ
− 2ðtrM1M2trM3M4 þ trM1M3trM2M4 þ trM1M4trM2M3Þ; ð21Þ

and the Levi-Cività tensor ϵ10, the couplings (20) can be written as the following expression:

S3 ¼ −
2d1

3.27κ2

Z
d10xe−2Φ

ffiffiffiffiffiffiffi
−G

p �
t8t8R4 þ 1

8
ϵ10ϵ10R4

�
: ð22Þ

For d1 ¼ α03ζð3Þ=27, this is exactly the R4 correction to the supergravity that was first found from the sphere-level four-
graviton scattering amplitude [36,37] as well as from the σ-model beta function approach [38,39]. The Riemann curvature
couplings given by t8t8R4, i.e.,

t8t8R4 ≡ tμ1���μ8tν1���ν8Rμ1μ2ν1ν2
Rμ3μ4ν3ν4

Rμ5μ6ν5ν6
Rμ7μ8ν7ν8

¼ 3 × 27
�
RαβγδRβμδρRμνσγRναρσ þ

1

2
RαβγδRβμδρRμνρσRνασγ −

1

2
RαβγδRβμγδRμνρσRναρσ −

1

4
RαβγδRβμρσRμνγδRναρσ

þ 1

16
RαβγδRβαρσRμνγδRνμρσ þ

1

32
RαβγδRβαγδRμνρσRνμρσ

�
; ð23Þ

have nonzero contribution at the four-graviton level, so they were found from the sphere-level S-matrix element
of four-graviton vertex operators [36,37], whereas the couplings given by ϵ10ϵ10R4 of which the Riemann curvature
couplings are

1

8
ϵ10ϵ10R4 ¼ 3 × 27

�
−RαβγδRρσβμRδμσνRγναρ þ RαβγδRρσαβRδμσνRγνρμ þ

1

2
RαβγδRρσμνRγμρσRδναβ −

1

2
RαβγδRρσμνRγμαρRδνβσ

−
1

16
RαβγδRγδρσRρσμνRμναβ −

1

32
RαβγδRγδαβRρσμνRμνρσ

�
ð24Þ

have nonzero contribution at the five-graviton level [40]. However, the presence of this term in the tree-level
effective action was first dictated by the σ-model beta function approach [38,39]. It has been shown in Ref. [41]
that the sphere-level scattering amplitude of five gravitons confirms the presence of ϵ10ϵ10R4 in the tree-level
effective action. It is interesting that the T-duality constrain could fix the presence of both terms in the effective
action.

B. Couplings in heterotic supergravity

In the heterotic theory, the corrections to the Buscher rules begin at order α0, i.e.,

σ → −σ þ α0δσð1Þ

P → Pþ α0δPð1Þ

gab → gab þ α0δgð1Þab ; ð25Þ

where the corrections are parametrized by nine parameters:

δσð1Þ ¼ A1R̃þ A2∇̃a∇̃aPþ A3∇̃aP∇̃aPþ A4∇̃aσ∇̃aσ

δPð1Þ ¼ A5∇̃a∇̃aσ þ A6∇̃aσ∇̃aP

δgð1Þab ¼ A7

�
1

2
∇̃aσ∇̃bPþ 1

2
∇̃aP∇̃bσ

�
þ gabðA8∇̃c∇̃cσ þ A9∇̃cσ∇̃cPÞ: ð26Þ

We have excluded the parameter corresponding to the d-dimensional coordinate transformations. These corrections are
required to make the d-dimensional reduction of the couplings (9), i.e.,
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S1 ¼ −
2

κ2
α0
Z

ddxe−2P
ffiffiffiffiffiffi
−g

p �
b1R̃abcdR̃abcd þ b2R̃abR̃ab þ b3R̃2 þ b6R̃∇̃a∇̃aPþ b5R̃∇̃aP∇̃aPþ ðb5 þ b6ÞR̃∇̃aσ∇̃aP

þ 1

4
ð−16b3 þ b5 þ 2b6ÞR̃∇̃aσ∇̃aσ − 2b2R̃ab∇̃b∇̃aσ þ b7∇̃a∇̃aP∇̃b∇̃bPþ b8∇̃aP∇̃aP∇̃b∇̃bP

þ ð2b7 þ b8Þ∇̃aσ∇̃aP∇̃b∇̃bPþ
�
−2b6 þ b7 þ

1

4
b8

�
∇̃aσ∇̃aσ∇̃b∇̃bPþ ð−2b6 þ b7Þ∇̃a∇̃aP∇̃b∇̃bσ

þ
�
b2 þ 4b3 − b6 þ

1

4
b7

�
∇̃a∇̃aσ∇̃b∇̃bσ þ 1

2
ð−4b5 þ b8Þ∇̃aP∇̃aP∇̃b∇̃bσ

þ
�
−2b5 − 2b6 þ b7 þ

1

2
b8

�
∇̃aσ∇̃aP∇̃b∇̃bσ þ 1

8
ð16b2 þ 64b3 − 4b5 − 16b6 þ 4b7 þ b8Þ∇̃aσ∇̃aσ∇̃b∇̃bσ

þ b4R̃ab∇̃aP∇̃bP − ð2b8 þ 4b7 − 8b6 − 4b5 þ 16b3Þ∇̃aP∇̃aP∇̃bP∇̃bPþ b4R̃ab∇̃aP∇̃bσ

þ ð−b4 − 3b3 − b8 þ 8b6 þ 4b5 − 16b3Þ∇̃aσ∇̃aP∇̃bσ∇̃bP − b4∇̃aP∇̃b∇̃aσ∇̃bPþ 1

4
ð−8b2 þ b4ÞR̃ab∇̃aσ∇̃bσ

þ 1

2
ð−b8 − 4b7 þ 8b6 − 16b3Þ∇̃aP∇̃aP∇̃bσ∇̃bσ þ

�
−b4 þ 2b6 − b7 −

1

4
b8

�
∇̃aσ∇̃aP∇̃bσ∇̃bσ

þ
�
8b1 þ 2b2 −

1

4
b4

�
∇̃aσ∇̃b∇̃aσ∇̃bσ þ 1

16
ð64b1 þ 32b2 þ 48b3 − 4b4 − 4b5 − 8b6Þ∇̃aσ∇̃aσ∇̃bσ∇̃bσ

− b4∇̃aP∇̃b∇̃aσ∇̃bσ − ð3b8 þ 8b7 − 16b6 − 8b5 þ 32b3Þ∇̃aP∇̃aP∇̃bσ∇̃bP

þ 1

2
ð−8b3 þ b6ÞR̃∇̃a∇̃aσ þ ð4b1 þ b2Þ∇̃b∇̃aσ∇̃b∇̃aσ

�
; ð27Þ

to be invariant under the T-duality [16]. That is, when applying these corrections on the leading-order d-dimensional
couplings in S0, the resulting field redefinition terms guarantee that the couplings at order α0 in S1 are invariant under the
Buscher rules, i.e.,

S0ð−σ þ α0δσð1Þ; Pþ α0δPð1Þ; gþ α0δgð1ÞÞ − S0ðσ; P; gÞ þ S1ð−σ; P; gÞ − S1ðσ; P; gÞ ¼ 0: ð28Þ

In the perturbation of the first term, one must ignore the terms at orders α02 and higher. The corrections to the Buscher rules
at order α0, i.e., Eq. (26), should satisfy the above constraint. In solving this constraint, one must add all total-derivative
terms at order α0 to the above constraint. The result is [16]

A1 ¼
1

8
ð4A6 − A9ðD − 3Þ þ 2b4 þ 4b5 þ 4b6Þ;

A2 ¼
1

2
ð4A6 − A9ðD − 2Þ − 8b2 þ 3b4 þ 2b7 þ b8Þ;

A3 ¼
1

2
ð−4A6 þ A9ðD − 1Þ þ 16b2 − 32b3 − 5b4 þ 8b5 þ 16b6 − 8b7 − 3b8Þ;

A4 ¼
1

8
ð−4A6 þ A9ðD − 3Þ þ 32b1 − 32b3 − 3b4 þ 8b6 − 4b7 − b8Þ;

A5 ¼
1

8
ð−4A6 þ 8b2 þ 32ðD − 2Þb3 þ ðD − 5Þb4 − 4ðD − 2Þb5 − 4ð3D − 7Þb6 þ 4ðD − 3Þb7 þ ðD − 3Þb8Þ;

A7 ¼ 8b2 − 2b4;

A8 ¼
1

2
ð−A9 þ 32b3 þ b4 − 4b5 − 12b6 þ 4b7 þ b8Þ: ð29Þ

The residual parameters A6 and A9 are not fixed by the calculations at order α0 and α02 that have been done in Ref. [16]. In
the heterotic theory, we will see that these parameters as well as the parameters b4, b5, and b8 will be fixed by requiring the
couplings at order α02 which are produced by the Green-Schwarz mechanism [25], to be invariant under the T-duality at
order α0.
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Applying the variations (29) to the couplings S1, one
finds some couplings at order α02. On the other hand, it is
known that there is no curvature couplings at order α02 in
the heterotic theory; hence, there must be corrections to the
Buscher rules at order α02 as well. The effect of applying
these corrections to the couplings S0 must be canceled by
the effect of applying the corrections at order α0 on the
couplings in S1. Therefore, the corrections to the Buscher
rules at orders α0 and α02, i.e.,

σ → −σ þ α0δσð1Þ þ α02δσð2Þ

P → Pþ α0δPð1Þ þ α02δPð2Þ

gab → gab þ α0δgð1Þab þ α02δgð2Þab ; ð30Þ

must satisfy the following constraint:

S0ð−σ þ α0δσð1Þ þ α02δσð2Þ; Pþ α0δPð1Þ

þ α02δPð2Þ; gþ α0δgð1Þ þ α02δgð2ÞÞ
− S0ðσ; P; gÞ þ S1ð−σ þ α0δσð1Þ;

Pþ α0δPð1Þ; gþ α0δgð1ÞÞ − S1ðσ; P; gÞ ¼ 0: ð31Þ

In the perturbation of the first and the third terms, one must
ignore the terms at order α03 and higher. In solving the
above constraint, one must add to it all total-derivative
terms at order α02. Using the fact that the T-duality
transformations must be a Z2-group, one finds that there

are 98 coefficients in the variations δσð2Þ, δPð2Þ, and δgð2Þab .
The above constraint fixes 61 coefficients in terms of other
37 terms and in terms of the b-coefficients [16].
In order to study the couplings at order α03 under the T-

duality, one must consider corrections to the Buscher rules
at order α03 as well, i.e.,

σ → −σ þ α0δσð1Þ þ α02δσð2Þ þ α03δσð3Þ

P → Pþ α0δPð1Þ þ α02δPð2Þ þ α03δPð3Þ

gab → gab þ α0δgð1Þab þ α02δgð2Þab þ α03δgð3Þab : ð32Þ

A straightforward extension of the constraint (31) to order
α03 is given by the following constraint,

S0ð−σ þ α0δσð1Þ þ α02δσð2Þ þ α03δσð3Þ; Pþ α0δPð1Þ

þ α02δPð2Þ þ α03δPð3Þ; gþ α0δgð1Þ þ α02δgð2Þ þ α03δgð3ÞÞ
− S0ðσ; P; gÞ þ S1ð−σ þ α0δσð1Þ þ α02δσð2Þ; Pþ α0δPð1Þ

þ α02δPð2Þ; gþ α0δgð1Þ þ α02δgð2ÞÞ
− S1ðσ; P; gÞ þ S3ð−σ; P; gÞ − S3ðσ; P; gÞ ¼ 0; ð33Þ

where S3ð−σ; P; gÞ − S3ðσ; P; gÞ ¼ δS3 is (14). In the
perturbation of the first and the third terms, one must

ignore the terms at orders α04 and higher. The coefficients of
the variations δσð1Þ, δPð1Þ, and δgð1Þab are given in (29), and

those of the variations δσð2Þ, δPð2Þ, and δgð2Þab satisfy the
constraint (31). After solving the constraint (31), one must
replace the corresponding variations into the above
constraint.
Adding all total-derivative terms to the constraint

(33), and writing them in terms of independent cou-
plings, one finds many algebraic equations involving
the d-coefficients, the b-coefficients, the coefficients of
the total-derivative terms, and the coefficients of the
variations. Solving these equations, one finds 14 rela-
tions between the 37 unfixed coefficients of δσð2Þ, δPð2Þ,
and δgð2Þab . Moreover, one finds many coefficients in the

variations δσð3Þ, δPð3Þ, and δgð3Þab are not fixed, and
the remaining coefficients are fixed in terms of
the unfixed coefficients, the d-coefficients and the b-
coefficients. However, the equations fix the d-coefficients
in the effective action (10) in terms of the b-coefficients,
i.e.,

d1þ2d4¼−
d2
4
þ 1

256
ð8b3−b5−2b6Þ

×ð16b1þ8b3−b5−2b6Þ
×ð8b1þ28b2þ108b3−18b6þ3b7Þ

d5¼−
b1
4
ð2b1þb2Þð16b1þ8b3−b5−2b6Þ

d7¼−
b1
64

ð16b1þ8b3−b5−2b6Þ
×ð8b2þ36b3−6b6þb7Þ; d3¼d6¼0: ð34Þ

The only unknown d-coefficient at order α03 is d2.
As we have anticipated before, the coefficients d5 and

d7 which are changed under field redefinitions in the
heterotic theory depend on the form of effective action at
order α0. However, the Riemann curvature couplings in
(10) with coefficients d1, d4, and d2 are not changed
under field redefinitions; hence, we do not expect these
coefficients to depend on the effective action (9).
Therefore, we expect the coefficients b2; b3; � � �, and
b8 in (9) not to be totally arbitrary. The invariance of
the curvature terms at orders α02 and α03 under T-duality
does not constrain these coefficients. However, the
heterotic theory has other gravity couplings
which result from the Green-Schwarz mechanism
[25]. These couplings may constrain the parameters
b2, b3; � � �, and b8.
Extension of the effective action at the leading order of

α0, i.e., Eq. (8), in the presence of the B-field is
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S0¼−
2

κ2

Z
ddþ1xe−2Φ

ffiffiffiffiffiffiffi
−G

p �
Rþ4∇αΦ∇αΦ−

1

12
H2

�
;

ð35Þ

where H ¼ dB. This action has been written in DFT
formalism in Ref. [11]. In the heterotic theory, the
Green-Schwarz mechanism [25] dictates that the B-field
strength HðBÞ must be replaced by the improved field
strength ĤðB;ΓÞ that includes the Chern-Simons term built
from the Christoffel connection,

ĤμνρðB;ΓÞ ¼ 3ð∂ ½μBνρ� þ α0ΩðΓÞμνρÞ; ð36Þ

with the Chern-Simons three-form

ΩðΓÞμνρ ¼ Γα
½μjβj∂νΓ

β
ρ�α þ

2

3
Γα
½μjβjΓ

β
νjγjΓ

γ
ρ�α: ð37Þ

The replacement H → Ĥ in S0 produces the gravity
coupling α02Ω2 which should be invariant under T-duality.
The effective action at order α0, i.e., Eq. (9), in the

presence of a B-field is [9,26]

S1¼
−2b1
κ2

α0
Z

ddþ1xe−2Φ
ffiffiffiffiffiffiffi
−G

p �
RαβγδRαβγδ−

1

2
RαβγδHαβλHγδ

λþ
1

24
HμνρHμ

α
βHν

β
γHρ

γ
α−

1

8
Hμ

αβHναβHμγρHν
γρþ���

�
;

ð38Þ

where dots represent the terms which can be removed by appropriate field redefinitions. The DFT formulation of this
action has been found in Refs. [42,43]. TheH in the heterotic theory must be replaced by Ĥ. This replacement produces the
gravity couplings α03RαβγδΩαβλΩγδ

λ and also some Ω4 terms in which we are not interested in this paper because they are at
order α05. The consistency of our calculations requires these gravity couplings to be invariant under the T-duality
transformations, too.
Reduction of Ω2 from ten-dimensional to nine-dimensional spacetime is

Ω2 ¼ −
8

9
ΓabcΓb

deΓda
iΓj

c
kΓki

lΓlej þ
8

9
ΓabcΓb

deΓda
iΓj

c
kΓke

lΓlij −
1

6
ΓabcΓdei∇̃cΓidj∇̃eΓba

j

−
4

3
ΓabcΓb

deΓda
iΓj

c
k∇̃eΓkij þ

4

3
ΓabcΓb

deΓda
iΓj

c
k∇̃iΓkej þ

1

3
ΓabcΓdei∇̃cΓidj∇̃jΓbae

−
1

6
ΓabcΓdei∇̃jΓicd∇̃jΓbae −

1

6
ΓabcΓd

b
e∇̃iΓedj∇̃jΓca

i þ 1

6
ΓabcΓd

b
e∇̃jΓedi∇̃jΓca

i: ð39Þ

As can be seen, it contains no term which has σ. So, it is invariant under the Buscher rules (3). It must be also invariant under
the T-duality transformations at order α0, i.e.,

e−2P
ffiffiffiffiffiffi
−g

p
Ω2ðPþ α0δPð1Þ; gþ α0δgð1ÞÞ − e−2P

ffiffiffiffiffiffi
−g

p
Ω2ðP; gÞ ¼ 0: ð40Þ

This constraint fixes the residual parameters in (29) to be zero, i.e., A6 ¼ A9 ¼ 0, and also fixes the coefficients b4, b5, and
b8 in terms of b2, b3, b6, and b7, i.e.,

b4 ¼ 4b2; b5 ¼ 8b3 − 2b6; b8 ¼ −4ðb2 − b6 þ b7Þ: ð41Þ

Hence, the corrections to the Buscher rules at order α0, i.e., Eq. (29), are fixed to be

δσð1Þ ¼
�
b2 þ 3b3 −

1

2
b6

�
Rþ ð2b6 − b7Þ∇̃a∇̃aPþ

�
4b1 − b2 − 4b3 þ

1

2
b6

�
∇̃aσ∇̃aσ

δPð1Þ ¼ 0

δgð1Þab ¼ 0: ð42Þ

Note that the d-dimensional couplings in Ω2 cannot be written in terms of Riemann curvatures; hence, the constraint (40) is
independent of the constraint (33).
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Let us compare the above transformation with the
standard T-duality transformation at order α0 [21] when
the effective action has no Ricci nor scalar curvature. The
constraint that the effective action at order α0 in the
heterotic theory must be invariant under the T-duality
has been used in Ref. [21] to find the extension of the
Buscher rules at order α0 in the presence of a B-field and
gauge field. In the absence of these fields, and for a
diagonal metric, they are [21]

g̃ab ¼ gab þ
gyyĜyaĜyb − 2ĜyyĜyðagbÞy

Ĝ2
yy

Φ̃ ¼ Φ −
1

2
log jĜyyj

g̃yy ¼ e2σ̃ ¼ e2σ

Ĝ2
yy

; ð43Þ

where the α0 correction appears in Ĝμν, i.e.,

Ĝμν ¼ Gμν þ
1

4
α0Ωμ

ā b̄Ων
ā b̄: ð44Þ

The metric Gμν is the ten-dimensional metric, and ωμ
ā b̄ is a

torsionless spin connection, i.e.,

Ωμ
ā b̄ ¼ ωμ

ā b̄ ¼ eαāeλb̄Γα
μλ − eλb̄∂μeλā:

Using the fact that fields are independent of the y-direction,
one finds that Ωa

ā b̄Ωy
ā b̄ ¼ 0 ¼ Ĝay. One also finds

Ĝyy ¼ e2σð1 − 1
2
α0∇̃aσ∇̃aσÞ. Hence, the nine-dimensional

metric and dilaton become invariant, and the transformation
of σ becomes the same as the transformation (42) in
which b2 ¼ b3 ¼ b6 ¼ b7 ¼ 0.
The RΩ2 couplings are at order α03, so to the order that

we consider in this paper, the consistency requires it to be
invariant under the Buscher rules. The reduction of this
term to the d-dimensional spacetime is

RαβγδΩαβλΩγδ
λ ¼

16

9
ΓabcΓb

deΓda
iΓj

c
kΓk

lmΓlj
nR̃eimn þ

8

9
ΓabcΓb

deΓda
iΓjklR̃eilm∇̃cΓkj

m

þ 1

9
ΓabcΓdeiR̃cjil∇̃kΓed

l∇̃kΓba
j þ 1

9
ΓabcΓdeiR̃ckil∇̃kΓba

j∇̃lΓedj

−
2

9
ΓabcΓdeiR̃cjil∇̃kΓba

j∇̃lΓedk þ
1

9
ΓabcΓd

b
eR̃ijkl∇̃jΓca

i∇̃lΓed
k

þ 2

9
ΓabcΓdeiR̃cjkl∇̃eΓba

j∇̃lΓid
k −

2

9
ΓabcΓdeiR̃cjkl∇̃jΓbae∇̃lΓid

k

−
8

9
ΓabcΓb

deΓda
iΓjklR̃eilm∇̃mΓkcj þ

8

9
ΓabcΓb

deΓda
iΓj

c
kR̃eilm∇̃mΓkj

l: ð45Þ

Since σ does not appear in it, it is obviously invariant under
the Buscher rules (3).
The constraints (41) simplify the equations in (34) as

d1þ2d4¼−
d2
4

d5¼−4b21ð2b1þb2Þ

d7¼−
b21
4
ð8b2þ36b3−6b6þb7Þ; d3¼ d6 ¼ 0:

ð46Þ

As expected, the b-coefficients do not appear in the first
equation. Moreover, for the specific field variables at order

α0, i.e., b2 ¼ −2b1, 36b3 − 6b6 þ b7 ¼ 16b1, the Riemann
curvature couplings with coefficients d5 and d7 should be
removed by the field redefinitions.
Since our calculations in the absence of a B-field cannot

fix the coefficient d4, we have to fix it by hand. In the
superstring theory, we showed that d4 ¼ 0 precisely repro-
duces the known R4 corrections to the type II supergravity.
The difference between the superstring and the heterotic
calculations is the presence of effective action at order α0.
The presence of this action may cause the coefficient d4 not
to be zero in the heterotic theory. If we choose it to be
d4 ¼ −2b31, then the equations (46) produce the couplings
(20) as well as the following couplings:

SH3 ¼ −
2b21
κ2

Z
ddþ1xe−2Φ

ffiffiffiffiffiffiffi
−G

p �
4b1Rαβ

ζηRαβγδRγζ
θιRδηθι − 2b1Rαβ

ζηRαβγδRγδ
θιRζηθι

− 4ð2b1 þ b2ÞRαβγ
ζRαβγδRδ

ηθιRζηθι −
1

4
ð8b2 þ 36b3 − 6b6 þ b7ÞðRμναβRμναβÞ2

�
: ð47Þ
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Since the last two terms above are changed under field
redefinitions, we have to choose a specific field variable to
compare them with the couplings in the literature. To
compare the couplings with the couplings that have been
found by the S-matrix method, one has to choose the
effective action at order α0 in specific field variables that do
not change the graviton and dilaton propagators. That is, we
have to choose the Gauss-Bonnet combinations for the
curvature couplings at order α0, i.e., b2 ¼ −4b1, b3 ¼ b1, to
have standard graviton propagator, and also we have to
choose b6 ¼ b7 ¼ 0 to have standard dilaton propagator.
For these parameters, the above couplings become

SH3 ¼ −
2b31
κ2

Z
ddþ1xe−2Φ

ffiffiffiffiffiffiffi
−G

p
½4Rαβ

ζηRαβγδRγζ
θιRδηθι

− 2Rαβ
ζηRαβγδRγδ

θιRζηθι

þ 8Rαβγ
ζRαβγδRδ

ηθιRζηθι − ðRμναβRμναβÞ2�: ð48Þ

Using the tensor (21), one can write

tμ1���μ8TrðRμ1μ2Rμ3μ4ÞTrðRμ5μ6Rμ7μ8Þ
¼ 8Rαβ

ζηRαβγδRγζ
θιRδηθι − 4Rαβ

ζηRαβγδRγδ
θιRζηθι

þ 16Rαβγ
ζRαβγδRδ

ηθιRζηθι − 2ðRμναβRμναβÞ2:

Therefore, the effective actions that the T-duality constraint
produces in the heterotic theory for the specific parameters
b2 ¼ −4b1, b3 ¼ b1, and b6 ¼ b7 ¼ 0 are (22) and

SH3 ¼ −
b31
κ2

Z
ddþ1xe−2Φ

ffiffiffiffiffiffiffi
−G

p
½tμ1���μ8TrðRμ1μ2Rμ3μ4Þ

× TrðRμ5μ6Rμ7μ8Þ�; ð49Þ

which are exactly the couplings that have been found in
Ref. [44].

We have seen that the gravity couplings resulting from
the Green-Schwarz mechanism fix the residual T-duality
parameters at order α0 and also fix the parameters b4, b5,
and b8. There are also 23 T-duality parameters at order α02
that are not fixed by the constraint (33). These parameters
may also be fixed by the gravity couplings resulting from
the Green-Schwarz mechanism. Since this mechanism does
not produce gravity couplings at order α04, one expects the
T-duality transformation of α02Ω2 at order α02 cancels the
T-duality transformation of α03RΩ2 at order α0. On the other
hand, there is no σ in the reduction of α03RΩ2, i.e., Eq. (45),
and the T-duality transformation (42) at order α0 does not
change P and gab, so α03RΩ2 is invariant under the T-
duality transformation at order α0. Therefore, the T-duality
transformation of α02Ω2 at order α02 must be zero, i.e.,

e−2P
ffiffiffiffiffiffi
−g

p
Ω2ðPþα0δPð1Þ þα02δPð2Þ;gþα0δgð1Þ þα02δgð2ÞÞ

−e−2P
ffiffiffiffiffiffi
−g

p
Ω2ðP;gÞ¼ 0: ð50Þ

This may further fix the parameters b2, b3, b6, and b7 in the
effective action at order α0 and the residual T-duality
parameters at order α02. It would be interesting to perform
these calculations in detail. It would be also interesting to
extend the calculations in this paper which have no B-field
to the case that the B-field is nonzero. That calculation
would produce the B-field couplings at order α03, i.e., the
extension of (38) to order α03, which is not known in
the literature. The T-duality transformations at order α0 in
the presence of a B-field have been found in Refs. [21,22].
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