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A B S T R A C T

Flange joints are widely used in mechanical and civil structures. In this study joint deformations are investigated
and a detailed model, which can demonstrate the actual joint behavior, is developed. This is done by modeling
joint laps and bolts respectively as cantilever beams and springs. Then, an accurate relation between their load
and deflection is obtained. It is shown that unlike the lap joints, the flange joints should be modeled using
bilinear stiffness. Furthermore, the Euler-Bernoulli theory is used to model dynamic behavior of the beams,
which are connected to the flange joint. An analytical procedure is introduced to calculate natural frequencies
and mode shapes of two beams, which are connected by a single bolt flange joint. Two experimental setups
consisting of a single bolt flange joint specimen and beam-flange system have been designed to investigate static
and dynamic behavior of the system. One of the specimens is put into different loading configurations to obtain
moment-slope curve. Another setup, consisting of freely suspended beams connected by a single bolt flange joint,
is used to investigate natural frequencies of the system. Comparing the theoretical flange stiffness with the
experimental and FEM results shows accuracy of the proposed model. Furthermore, dynamic behavior of the
proposed beam-spring model is validated using empirical natural frequencies.

1. Introduction

Mechanical joints like flanges, x-joints, lap joints, etc. are widely
used in industrial, aerospace and marine structures [1–4]. Flanges
mainly come in circular configuration to connect two bodies by a sev-
eral number of bolts. They also come in non-circular configuration in
order to connect two plates [5,6]. Some of the common applications is
in connections of airplane parts, petroleum refinery towers, rocket
stages and jet engine casings [7–11].

For simplicity, in order to analyze the dynamic behavior of me-
chanical systems, joints are generally modeled by equivalent spring and
damper. In doing so, stiffness and damping of the equivalent system are
empirically obtained [12–14] or numerically calculated [6,15–19].
Identifying these parameters is a fundamental step towards achieving
an accurate model of mechanical systems with Flange joints. Although
the flange joints have various application, their effects on behavior of
the mechanical structures are not well defined and in many applications
it is assumed the flange joints are rigid connections [20]. However, the
previous researches reveal that this is an over estimated assumption and
does not provide a good estimate of the joint characteristics [21].

One of the first studies on flange joints was done by Agatonovic in
1985 [22]. He proposed a finite element model of a pressurized bolted
flange. This model consists of a single bolt and its pressurized cone,

which considered as beam that lay on the beneath.
Shi et al. introduced a model for analyzing moment-deflection be-

havior of an endplate connection [23]. They proposed a 6-bolted joint
into separate T-shaped single bolt joints and obtained a beam-based
model for each of them. The complete model constitutes of separate T-
shaped models which were assembled together. Luan et al. presented a
simplified nonlinear model for the analysis of pipe structures with
bolted flange joints [24]. They segmented the full circular flange into
separate single bolt models and extract a bilinear longitudinal spring
model for each of them. Schwingshackl et al. investigated the nonlinear
dynamic behavior of bolted flange joints in jet engines [6]. They de-
monstrated that the maximum energy dissipation occurs on bolt flange
contact. Wu et al. obtained nonlinear dynamic behavior of bolted
flanges under various loadings [18]. They found that despite elastic
deformations the system has non-linear behavior due to changes in the
contact area between the two edges. Meisami et al. studied static be-
havior of the flange joint under axial and lateral loadings [25]. They
show that the joint has nonlinear behavior under axial and lateral
loadings. Several studies are reported also investigating stress and
strength of bolted flange joints [26–28] which are not covered by this
literature review.

Due to complexity of modeling and analysis of the bolted joints with
several bolts in different configurations, the joints generally divided
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into separate single bolt sub-sections. In previous studies, which are
investigated the multi-bolted joints (lap joints, flanges and endplates)
generally the equivalent single-bolted models are considered
[11,24,29]. But in case of the single bolt joints most of the investiga-
tions are focused on the lap joints. Ahmadian and Jalali [30–32], Ir-
anzad and Ahmadian [33] and Abad et al. [13] investigated the dy-
namic response of two beams connected by a single bolt lap joint in
order to identify dynamic behavior of the joints. The main purpose of
these experimental studies is to estimate the damping behavior of the
joint.

In this study, a novel theoretical model for the flange joints, which
simulates the actual joint behavior, is proposed. Unlike the previous
investigations [25], not only the static behavior of the joint is con-
sidered but also the dynamic behavior is studied analytically and ex-
perimentally. It should be noted that, in this study, the aim is to obtain
the dynamic behavior of the beam-joint system, so only deformation
properties of the joint are considered and the strength is not concerned.
This model helps researchers in this area to obtain more accurate
equivalent joint stiffness. Furthermore, a new analytical procedure is
introduced to calculate natural frequencies of the mechanical elements
which are connected by a single bolt flange joint. Obtaining analytical
solution of a problem is important because:

• In comparison with numerical and experimental solutions, it can be
more accurate.

• It can facilitate evaluation of mechanical parameters effect on the
system.

To achieve this, first, the joint was modeled as cantilever beam and
the nonlinear springs were considered to analytically obtain the joint
stiffness. Then, assigning appropriate conditions, natural frequencies
and mode shape of a system consisting of two beams connected to a
single bolt flange joint was extracted. Two test setups were configured
to verify the static and dynamic responses of the system. The first one
was used to test static moment-slope and verify the analytically ob-
tained joint stiffness. The second setup is used to validate the calculated
natural frequencies of the beam-flange system. The novelties of this
study include:

• Introducing a new analytical formulation to calculate the stiffness of
single bolted flange joints

• Introducing a new equivalent model of a system consisting of two
beams connected by a single bolt flange joint

• Introducing a new analytical method to calculate natural fre-
quencies of the system consisting of two beams connected by a
single bolted flange joint

2. Material and methods

2.1. Problem statement

This paper focuses on deformations of single bolt flange joints and
develops a novel detailed analytical model of the joint structure, which
can demonstrate the actual joint behavior. For this purpose, the joint
laps are modeled as cantilever beams and the bolt modeled with two
longitudinal and torsional springs. Then, an analytical model of a
system consisting of two beams connected by a single bolt flange joint is
developed using Euler-Bernoulli beam theory having free-free boundary
conditions and appropriate compatibility conditions at the center.
Finally, natural frequencies of this system are obtained and compared
with experimental frequencies.

2.2. Analytical joint modeling

2.2.1. Equivalent model of the flange joint
Unlike the flange joints, in bolt lap connections the bolt is perpen-

dicular to the beam. Because of the bolt lap joint geometrical symmetry,
the lateral deflections of the joint under positive and negative moments
are the same. Fig. 1 compares the bolt lap and flange lap connections in
different lateral deflections. As shown in this figure the lateral deflec-
tions of the flange joint under positive and negative moments are dif-
ferent. Therefore, it can be concluded that lateral dynamic behavior of
the flange joint can be nonlinear.

For theoretically analyzing, the dynamic and static behavior of the
flange joint, it should be simulated using equivalent damping and
stiffness. Fig. 2 depicts the equivalent model of the beam-flange system
consisting of two beams which are connected by a bilinear torsional and
longitudinal springs. The joint behaves differently under positive and
negative moments, so the torsional behavior of these joints should be

Nomenclature

A Cross section area (m3)
E Young's modulus (N/m2)
I Area module of inertia (m4)
K Stiffness (N/m, Nm/rad)
L Beam length (m)
l Distance to O (m)
R Average diameter of the bolt's head (m)
t Thickness (m)
δ, γ Deflection (m)
θ, φ Slope (Rad)
ν Poisson ratio

ω Natural frequency (rad/s)

Superscript

+ Positive deformation and slope
− Negative deformation and slope

Subscript

B Bolt
fl Flange
l Longitudinal
t Torsional

(B)

+M

-M

(A)

+M

-M

Fig. 1. Lateral behavior of bolt lap (A) and flange lap (B) joints under the po-
sitive and negative loadings.
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described using bilinear springs. It should be noted that in analytical
study of the model, the damping properties is not taken into account,
because the flange laps have pure rolling motions during opening and
closing deformations and these motions are theoretically considered
frictionless.

Bending deformations are considered as two separate positive and
negative modes (Fig. 1). The loads and deformations that lead to
opening and closing the joint edges are respectively named positive and
negative loads and deformations. For each of the discussed deforma-
tions, a distinct model is proposed that analytically calculates flange
deformations with respect to external moment. In other words, the
stiffness of the joint can analytically be obtained.

2.3. Analytical calculation of the equivalent stiffness

The positive and negative stiffness of the equivalent bilinear spring
should be calculated separately. For this reason, the flange deforma-
tions should precisely be observed. Hence, a detailed model including a
beam, longitudinal and torsional springs, as shown in Fig. 3, is con-
sidered. The longitudinal and torsional springs represent the long-
itudinal and bending stiffness of the bolt. As far as we know, the main
difference between present study and previous investigations can be
listed as follows:

▪ The dynamic behavior of the flange joint is described using non-
linear double spring model.

▪ Unlike previous studies, which present a simple model for long-
itudinal behavior of the single bolt joint, this study focuses on the
lateral behavior of the joint.

▪ Distributed loading is considered to present the bolt normal loading.
▪ A torsional spring is considered to precisely present bending beha-
vior of the bolt.

2.3.1. Positive deformations
Part (A) of Fig. 3 shows a half joint model under positive bending

moment. Based on this figure the half flange joint behavior is studied.
Because of similarity in geometry and loading of each half, this sim-
plification would be reasonable [14]. As shown in Fig. 3-b, the bolt is
replaced with a combination of torsional and longitudinal springs.
Fig. 3-c presents the beam loadings model. The bolt loads are shown as
an extended tensional load (FB) and concentrated bending moment
(MB).

When an external moment exerted on the point O, (which indicates
the inner edge of the flange) the flange laps from O to B are separated.
The separation point (C) will be away from B towards the outer flange
edge with increase of moment. The lengths from the inner flange edge
(O) to the separation point and the bolt location are respectively shown
with lC and lB. The whole width of the flange also is indicated with lO.

Because C represents the separation point, so the beam part AC
remains undeformed. This means that the separated flange lap (OC) can
be modeled as a cantilever beam with the length of the lc. Note that lc
increases with increasing the external load. The aim of the model is to

obtain slope of the beam at point O as a function of the external mo-
ment. For this purpose, the dimensionless parameter of the separated
length (X) is defined as follows:

= −X l l
l

C B

B (1)

From the equilibrium around point (C) Eq. (2) is determined.

+ − =F Xl M M 0B B B (2)

At the point B, the deflection and slope of the beam (δB and θB) are
respectively equal to the axial deflection and bending angle of the bolt
(γB and φB). This definition is presented in Eqs. (3) and (4).

=δ X F M γ F( , , ) ( )B B B B B (3)

=θ X F M φ M( , , ) ( )B B B B B (4)

Fig. 4 depicts the deformation and slope of the bolt and flange at
point B. Furthermore, the axial deflection and bending angle of the bolt
are functions of FB and MB. Therefore, unknown variables X, FB and MB

can be obtained by simultaneously solving Eqs. (2)–(4). Having the

(A)

-,+

E1 ,I1 ,A1 ,L1 E2 ,I2 ,A2 ,L2

x1 x2 (B)

Kt

Kl
Fig. 2. Schematic of beams connected by single bolt flange joint (A); and equivalent model (B).

OC B

OC B

M

M

M

(A)

(B)

(C)

MBFB

O

B , B

B , B

lB
lC

lO

OA

A

Fig. 3. Detailed of flange joint under positive moment, Flange lap (A),
Equivalent model (B), Loading (C).
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separated length parameter (X), loadings (M, FB, MB) and other geo-
metrical parameters of the model, the flange slope ( +θO ) can be explicitly
calculated with respect to external moment (M+), which indicates the
equivalent positive stiffness (Kt

+). So, we have:

=+
+

+
θ
M

K O
t (5)

Detailed equations for calculating the unknown parameters are
presented in Appendix A.

2.3.2. Negative deformations
Fig. 5-A shows a half joint model under negative bending moment.

Similar to the positive loading, a beam-spring model is considered for
studying mechanical behavior of the joint. The bolt presence is shown
as distributed normal force and moment. Unlike the positive deforma-
tions, an axillary internal force FO must be considered at point O, which
is the 4th unknown variable. This force presents the internal interaction
between two laps of the flange joint. It has been assumed that the
flanges laps don’t merge at point O.

The deflection and slope of the beam in case of the negative de-
formations (δB, δO and θB) are functions of the 4 unknown parameters
X, FO, FB and MB, where δO is the deflection of beam at point O.
Similarly, three of the equations will be written similar to those pre-
sented for the positive deformation case (Eqs. (6)–(8)). In case of ne-
gative loading, see part (A) of Fig. 5, the lateral deflection of beam at
point O is equal to zero. This condition can be used to derive the 4th
equation (Eq. (9)) to find the 4th unknown variable.

+ − − − =F X l F Xl M M( 1) 0O B B B B (6)

=δ F M F X γ F( , , , ) ( )B B B O B B (7)

=θ F M F X φ M( , , , ) ( )B B B O B B (8)

=δ F M F X( , , , ) 0O B B O (9)

Solving Eqs. (6)–(9) leads to find four unknown variables (M, FB, MB

and FO). Having these unknown variables and other geometrical para-
meters of the model, the flange slope ( −θO ) can be explicitly calculated
with respect to external moment (M−), which is the equivalent negative
stiffness (Kt

−). So, we have:

=−
−

−
θ
M

K O
t (10)

Detailed equations for calculating the unknown parameters are
presented in Appendix A.

2.4. Natural frequencies and mode shapes

In previous section it was shown that the equivalent stiffness of the
joint has bilinear behavior (See Fig. 6). In this section, the mode shapes
and natural frequencies of the beam-spring system are obtained. Then,
putting two positive and negative stiffness in the equations leads to find
separate mode shapes and frequencies. Dynamic behavior of the beam-
spring system is piecewise linear in positive and negative deformations.
Consequently, different natural frequencies and mode shapes will be
obtained for positive and negative deformations. For this reason, two
separate Euler-Bernoulli beam equations are considered (Eqs. (11-a)
and (11-b)). These equations are used to present dynamic behavior of
the beam 1 and 2, which are depicted in Fig. 2.

∂
∂

+
∂
∂

=E I
y

x
ρ A

y
t

01 1

4
1

1
4 1 1

2
1

2 (11-a)

∂
∂

+
∂
∂

=E I
y

x
ρ A

y
t

02 2

4
2

2
4 2 2

2
2

2 (11-b)

Using separation of variables technique and substituting
=y Y x e(x, t) ( ) iωt into Eqs. (11), results in separating displacement

dependent term from time dependent term. Note that, ω represents the
natural frequency of transverse oscillation. The displacement depen-
dent terms are presented as follows:

= + + +Y x A sinβ x B cosβ x C sinhβ x D coshβ x( )1 1 1 1 1 1 1 1 1 1 1 1 1 1 (12-a)

= + + +Y x A sinβ x B cosβ x C sinhβ x D coshβ x( )2 2 2 2 2 2 2 2 2 2 2 2 2 2 (12-b)

where β1 and β2 are presented as follows;

= =β
ρ A
E I

ω β
ρ A
E I

ω1
4 1 1

1 1

2
2
4 2 2

2 2

2
(13)

δ

B

B

B

B(a)

(b)

Fig. 4. Deformation and slope of (a) flange lap, (b) bolt.
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lB
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(B)

(C)
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A

Fig. 5. Detailed of flange joint under negative moment, Flange lap (A),
Equivalent model (B), Loading (C).

F. Meisami et al. Engineering Structures 173 (2018) 908–917

911



In this study, the free-free boundary condition is assumed for the
system. Eight separate relations are given for boundary and compat-
ibility conditions as shown in Eqs. (14-a)–(14-h).

〈 〉 = =d Y
dx

at x1 : 0 0
2

1

1
2 1

(14-a)

〈 〉 = =d Y
dx

at x2 : 0 0
3

1

1
3 1

(14-b)

〈 〉 = =d Y
dx

at x L3 : 0
2

2

2
2 2 2

(14-c)

〈 〉 = =d Y
dx

at x L4 : 0
3

2

2
3 2 2

(14-d)

〈 〉 == =Y Y5 : | |x L x1 2 01 1 1 (14-e)

〈 〉 =
= =

E I d Y
dx

E I d Y
dx

6 :
x L x

1 1
3

1

1
3 2 2

3
2

2
3

01 1 2 (14-f)

〈 〉 ⎧
⎨⎩

− ⎫
⎬⎭

= −
= = =

dY
dx

dY
dx

K E I d Y
dx

7 :
x L x

t
x L

1

1

2

2 0
1 1

2
1

1
2

1 1 2 1 1 (14-g)

〈 〉 ⎧
⎨⎩

− ⎫
⎬⎭

= −
= = =

dY
dx

dY
dx

K E I d Y
dx

8 :
x L x

t
x

1

1

2

2 0
2 2

2
2

2
2

01 1 2 2 (14-h)

Eight different equations will be obtained by substituting the
boundary conditions into the governing equations of motion (Eqs. (12-
a) and (12-b)). These equations are presented in terms of unknown
coefficients A1, B1, C1, D1, A2, B2, C2 and D2. The equations are sim-
plified and sorted with respect to the unknown variables as coefficient
matrix in Appendix B. In order to extract the natural frequencies of the
system, the eigenvalue solution can be used. Note that, in case of po-
sitive and negative deformations, different natural frequencies (ω+ and
ω−) which are related to Kt

+ and Kt
− will be obtained (see Eqs. (5) and

(10)). Regarding physics of SDOF systems, they cannot have two fun-
damental natural frequencies. Time period of the free undamped vi-
bration of bilinear oscillators can be obtained by averaging the time
periods of ω+ and ω− [34] as is presented in Eq. (15).

= ++ −
T T T

2 (15)

Replacing T=2π/ω, the natural frequency (ω) of the corresponding
system is achieved as Eq. (16).

=
+

+ −

+ −ω ω ω
ω ω
2

(16)

3. Experimental investigation

Two experimental setups have been developed in order to validate
the proposed model of the flange joint and its analytical natural fre-
quencies.

3.1. Static test

In order to validate the calculated flange stiffness results, obtained
by analytical approach, an experimental setup including a single bolt
steel flange joint was built. The bolt preload was tuned using an ac-
curate torque meter. The test rig limitation does not allow enforcing
only pure bending moment (As shown in Figs. 3 and 5) on the test
specimen. So, a 3-point bending configuration was designed for the
specimen enabling the investigation of bending behavior. Then the load
deformation curves were extracted. The test was conducted using a
Zwick Z250 universal testing machine. Fig. 7 shows the configuration
and dimensions of the specimen under three-point flexural test.

The experiment procedure to find the force-deformation relation-
ship, was designed to average the results obtained from five cycles of
loading on a single specimen to avoid rising uncertainties due to
changing specimens [35]. The specimen's flange was made of ST-37
steel and the bolt was from carbon steel with grade 8.8. During the
tests, the applied load is controlled to avoid inelastic deformation of the
specimen. Note that the maximum stress caused by the applied force
during experiment, which is obtained using the FE model is equal to
175MPa in flange and 156MPa in the bolt, which are far from their
yield strength [36].

3.2. Dynamic test

In this section, the experimental modal analysis (EMA) is performed
on the vibratory system. A sample consisting of two beams connected
by a single bolt flange joint was built for this purpose. Properties of the
sample are presented in Table 3. System is excited by a modal hammer
(Global Test AU-02) and the response is captured using an accel-
erometer (Global Test AP2037-100) at point 3. Fig. 8 shows the system
subjected to modal hammer impulse excitation. The signal acquisition
is performed with sampling rate 10 kHz, which is within the re-
commended frequency range [37]. The acceleration of separate impulse
excitations at points 1–3 were measured and recorded. An average re-
sponse of 5 impulses was calculated at each point to ensure coherence is
as close as possible to the unity. A triangular impulse with 0.5ms
duration was generated as shown in Fig. 9. Hence, the frequency re-
sponse functions are obtained as shown in Fig. 10.

EQV Spring
M 

θ 

Kt
+

Kt
-

Fig. 6. Bilinear variation of external moment versus beam slope. Fig. 7. Configuration and dimensions of the joint specimen embedded on the
test device.
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4. Result comparison

4.1. Results of the flange stiffness

In this section, stiffness of the flange joint is calculated using the
proposed procedure. Geometry and material properties of the assumed
joint are listed in Table 1, which are selected regarding to the experi-
ments carried out on the flange joint.

In order to evaluate the results of the proposed joint analytical
model, finite element solution is obtained using ABAQUS software.
Beam and bolt are modeled separately and assembled in the software.
An elastic isotropic material with Young modulus E=200 GPa, Poisson

ratio ν=0.3 and density ρ=7800 kg/m3 is used. To obtain accurate
result, the assembled system is meshed by employing the structural
hexahedral elements [38]. Mesh refinement also carried out on the
model to reach the optimum element size. Fig. 11 presents stress con-
tour in flange lap and bolt's cross section. Then, predefined loading
“bolt loads” is implemented to the model [38]. This loading exerts an
internal tension force on the inner section of the bolt. Interaction be-
tween the joint laps is simulated considering surface to surface contact
having finite sliding. The finite-sliding tracking approach allows for
arbitrary separation, sliding, and rotation of the surfaces [38]. Isotropic
friction with the coefficient of 0.6 is considered for tangential behavior
of the contact [39]. The analysis is done by inserting external moment
and setting appropriate boundary conditions.

Fig. 12 shows variations of beam slope with respect to external
moment, which are obtained using data from finite element analysis,
conducted experiments and the presented analytical method. It shows
that the bending stiffness of the joint displays a bi-linear behavior with
a single change at the equilibrium point. Stiffness of the positive
loading (Opening moment) have lower value than the negative loading

1 3

Analyzer

Impact Hammer

Accelero
meterInput 2

Output

PC Input 1

Fig. 8. Configuration of the impulse test.

Fig. 9. Duration of the impulses.

Fig. 10. Frequency response functions due to excitations in points 1–3.

Table 1
Properties of the supposed flange and bolt.

Parameter Value Parameter Value

lO (mm) 40 EB (GPa) 200
lB (mm) 27.5 IB (mm4) 201
Ifl (mm4) 432 AB (mm2) 50.3
Efl (GPa) 200 tfl (mm) 6
νfl, B 0.3 wfl (mm) 50
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(closing moment). In this comparison the bolt preload was set to
2000 N, and the external loading varied from −35 to +35 N.m. In high
preloads separation of the flange laps will become so limited which
cannot be detected by our experimental devices. Hence, the preload
was set to 2000 N just to make the deflections detectable. In actual
structures, this could be representation of a non-tightened bolt. The
results, are shown in Table 2. The error was calculated based on the
percent of difference between analytical (or FEM) and experimental
divided by experimental results.

The differences observed between the above results may be due to
the following reasons:

1- The analytical solution was obtained based on hypothetical geo-
metry and material properties, which may not fit exactly to the
actual system.

2- Limitations of the test rig to exert pure bending moment on the
specimen.

3- Errors in data acquisition and finite element modeling.

4.2. Results of the equivalent Beam-Spring model

Table 4 shows three first natural frequencies of beam-spring system
having characteristics shown in Table 3 for different joint stiffness. The

first row represents closely the frequencies of the rigid joint. This was
implemented by increasing the joint stiffness to very high orders.
Theoretically, if the stiffness tends to infinity, the deflected beam, used
to describe the joint laps, will be straight with constant slope. If two
beams have the same sectional and material properties, the frequencies
and the mode shapes would be equal to those of the continuous beams
having a length of L1+ L2. Note that, the second natural frequency is
not affected by the change in joint stiffness. The reason for this behavior
is the fact that the joint is located at the node of the second mode of
vibration. In this condition, the joint encounters no deformation and
consequently the second natural frequencies remain constant. Fig. 13
shows the first mode shape of the system with respect to different joint
stiffness. It can be seen that the discontinuity of the beam slop at the
joint location increases with decrease in the joint stiffness.

A comparison of analytical (Section 2) and experimental results
obtained from a system containing two beams, connected by a single
bolt flange joint is carried out for the following reasons:

• To prove that the new proposed model can accurately calculate the
stiffness of a single-bolt flange joint

• To prove that in beam-flange systems, replacing the flange joint
configuration with an equivalent combination of two springs is
justified.

Fig. 11. Stress contour in flange lap (A) and bolt's cross section (B) under lateral loading.

Fig. 12. Variation of the moment with respect to bending slope using the
analytical method, FE and experiment.

Table 2
Comparison of the analytical, FEM and experimental stiffness.

Solution method Kt
+ (kN.m/rad) Error (%) Kt

− (kN.m/rad) Error (%)

Experimental 3.26 – 10.8 –
Analytical 3.54 8.59 11.2 3.70
FEM 3.07 5.83 11.5 6.48

Table 3
Characteristics of the beam-flange system (Fig. 2).

Parameter Value Parameter Value

L1, L2 250mm Mf 0.3 kg
E1, E2 2× 1011 +Kt 2.5× 103

I1, I2 450mm4 −Kt 3.5× 103

ρ1, ρ2 7800 kg/m3 Kl 5.0× 107

Fig. 13. First mode shape of the beam-flange system for different bending
stiffness of the flange joint (×103).
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4.2.1. Natural frequencies
As shown in Section 2, the beam-flange system can be reduced to a

nonlinear beam-spring system. Natural frequencies of the system, ex-
perimentally were measured and recorded then analytically calculated,
using parameter values in Table 3. Table 5 compares the 3 first of these
analytical and experimental natural frequencies of the system. Note
that in this table, the analytical frequency is equal to

= ++ − + −f f f f f2 /( )i i i i i and it shows that there is a good agreement be-
tween the analytical and experimental results. Note that, bolted joints
commonly have uncertainties which can affect the results [40]. The
error was calculated based on the percent of difference between ana-
lytical and experimental divided by experimental results. However, the
main sources of the shown errors are specified as follows:

• Experimental errors due to multiple causes such as, sample

geometry and material, boundary conditions, test rig instruments
(like hammer), sensors and also errors in exerting the impulse. etc.

• The difference between the actual beams with the assumed analy-
tical model (based on Euler-Bernoulli beam theory).

• Errors caused by the location of excitation point. As stated before,
placing the joint location at the node of the vibration mode shape in
some frequencies causes disorders on data acquisition processes. In
this case, the flange location is coincided with a node of the second
mode shape.

5. Conclusions

In this study, a novel analytical model has been proposed for single
bolt flange joints, which accurately simulates their dynamic behavior.
In doing so, the joint laps and bolts are respectively modeled using the
Euler-Bernoulli beams and combination of torsional and longitudinal
springs. Then, a relation between external bending moment and slope
of the beams is obtained and it is concluded that unlike the lap joints,
the flange joints should be modeled using bilinear springs. Therefore, a
new analytical formulation is introduced to precisely describe me-
chanical behavior of the flange joints. Static and dynamic behaviors of
the joint are investigated using experimental prototypes. Comparing the
theoretical results with the experimental and numerical results shows
that the proposed model can accurately follow the experimental results.
Especially for the stiffness in static loading, it is shown that error of the
analytically obtained results is smaller than 8.59%. Furthermore, to
ensure that the presented model can accurately describe the dynamic
behavior of flange joints, the experimentally obtained natural fre-
quencies are compared with the analytical results. It is shown that error
of the fundamental frequency, which is calculated using the theoretical
results, is smaller than 1%. Finally, it should be noted that the pre-
sented model for single bolt joints can easily be applicable for T-stab
and endplate connections with little changes. Moreover, it should be
noted that deriving the full model of a circular flange needs further
assumptions and calculations, which should be considered in future
studies.

Appendix A

Equations of deflection and slope of the flange laps are presented for positive and negative loadings as follows:

A.1. Positive loadings

Eqs. (A-1) and (A-2) shows deflection of flange lap and bolt at the bolt location lB. Eqs. (A-3) and (A-4) also shows slope of flange lap and bolt at
this location. Preload of the bolt is showed by FB0.

∫

∫

=

− −

− −

+

+

−

δ

Xl x Xl dx

x Xl x dx

( ) (3 )

(3 )

B
M M Xl

E I

F R
E I B Xl

Xl R
B

F R
E I Xl R

Xl
B

( )( )
2

/ 2
6

2

/ 2
6

2

B B
fl fl

B B
fl fl B

B B

B B
fl fl B B

B

2

(A-1)

=
−

γ
F F t

E A
( )

B
B B fl

B B

0

(A-2)

∫

∫

=

− −

−

+

+

−

θ

Xl x Xl dx

x dx

(2 )

B
M M Xl

E I

F R
E I B Xl

Xl R
B

F R
E I Xl R

Xl

( )

/ 2
2

/ 2
2

2

B B
fl fl

B B
fl fl B

B B

B B
fl fl B B

B

(A-3)

=φ
M t
E IB

B fl

B B (A-4)

Eq. (A-5) represents three equations, which are respectively corresponded to deflections of beam at B, slopes at B and moment conservation.

Table 4
Natural frequencies of the beam-flange system for different bending stiffness of
the flange joint.

Stiffness f1 f2 f3

Kt≈∞ 109.3 343.7 584.8
Kt= 9×103 103.1 343.7 552.6
Kt= 3×103 93.3 343.7 513.0
Kt= 1×103 74.8 343.7 463.5

Table 5
Comparison between natural frequencies of the proposed analytical model and
experimental setup.

Linear frequencies
( + −f i

, ) (Hz)
Analytical
frequency (Hz)

Experimental
frequency (Hz)

Error (%)

=+f 90.71 & =−f 95.11
92.8 92 0.9

=+f 343.72 &

=−f 343.72

343.7 306 12.3

=+f 504.83 &

=−f 519.73

512.1 538 4.8
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Therefore, having the external loading, geometry and material of the system, the unknown parameters (X, MB, FB) can be found by solving three
equations.

⎧

⎨
⎩

− =
− =
− − =

δ γ
θ φ
M M F Xl

0
0

0

B B

B B

B B B (A-5)

Eq. (A-6) presents the slope of the flange lap at the load location under the external moment at this location. Note that, relationship between the
slope of flange end and the external moment represents the flange stiffness under the positive loadings (Kt

+).

∫= − + −
−

+
θ M M X l

E I
F R

E I
x dx( )( 1) /2

2O
B B

fl fl

B B

fl fl Xl R

Xl R 2
B B

B B

(A-6)

A.2. Negative loadings

At this case of loadings, the equations of the bolt deflection and slope are same as the positive loadings. Deflection and slope of the flange lap at
the bolt location lB are respectively presented in Eqs. (A-7) and (A-8). Eq. (A-9) also shows deflection of the flange end (point O in Fig. 5).
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Eq. (A-10) represents four equations, which are respectively corresponded to moment conservation, deflections at B, slope at B and deflection at
C. Therefore, Having the external loading, geometry and material of the system, the unknown parameters (X,MB, FB, FO) can be found by solving four
equations.
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Eq. (A-11) presents the slope of the flange lap at the load location (O) under the external moment at O. Note that, in case of the negative loadings,
relationship between the slope of flange end and the external moment represents the negative flange stiffness (Kt

−).
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Appendix B

Eigen matrix is shown as follow equation:
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