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Abstract Facility layout problem (FLP) is one of the classical
and important problems in real-world problems in the field of
industrial engineering where efficiency and effectiveness are
very important factors. To have an effective and practical lay-
out, the deterministic assumptions of data should be changed.
In this study, it is assumed that we have dynamic and uncertain
values for departments’ dimensions. Accordingly, each di-
mension changes in a predetermined interval. Due to this as-
sumption, two new parameters are introducedwhich are called
length and width deviation coefficients. According to these
parameters, a definition for layout in uncertain environment
is presented and a mixed integer programming (MIP) model is
developed. Moreover, two new objective functions are pre-
sented and their lower and upper bounds are calculated with
four different approaches. It is worth noting that one of the
objective functions is used to minimize the total areas, which
is an appropriate criterion to appraise layouts in uncertain
conditions. Finally, we solve some benchmarks in the litera-
ture to test the proposed model and, based on their results,
present a sensitivity analysis.

Keywords Facility layout problem .Mixed integer
programming . Robust optimization . Uncertaintymodeling

1 Introduction

Facility layout problem (FLP) is the problem of arranging the
location of predetermined facilities such asmachines, employ-
ee workstations, utilities, customer service areas, restrooms,
material storage areas, lunchrooms, drinking fountains, of-
fices, and internal walls [1]. For manufacturing facilities, ma-
terial handling cost turns out to be the most significant factor
in determining the efficiency of a layout and, accordingly,
attracts a lot of attention. It represents 20–50% of the total
operating cost and 15–70% of the total cost of manufacturing
a product [2].

In the literature, FLP falls into several categories, such as
single-row facility layout problem (SRFLP) and multi-row
facility layout problem (MRFLP). In MRFLP, the main object
is to plan the placement of facilities on a discrete or continuous
plant floor. Therefore, facilities should not have any overlap-
ping in either the horizontal axis or the vertical one.Moreover,
distances between each pair of facilities are usually calculated
based on a rectilinear form. In this study, this problem has four
major inputs: L=[li] and W=[wi] which represent the length
and width of departments, respectively, and α=[αij] and
β=[βij] which represent the length and width deviation coef-
ficients, respectively. These two coefficients are utilized to
relate the area of each facility to its adjacencies. Generally,
these coefficients help us to model dynamic values for facili-
ties’ dimensions, where we multiply facilities’ length and
width by length and width deviation coefficients, respectively.
Therefore, if adjacencies of a special facility change, its devi-
ation coefficients change too, which can alter the respective
facility’s dimensions.

A large number of articles, found in the literature, have
presented different models and algorithms for FLP. However,
only a few of them have considered developing an appropriate
and efficient model or layout for industry needs. Robust
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optimization is an approach which can be considered to bridge
the gap between theory and practice. Generally, the most im-
portant problem with the proposed models for FLP in the past
decades has to do with the assumption of deterministic values
for parameters. It is almost impossible in practice to determine
an exact value for a special parameter accurately. Therefore, in
this paper, unlike most models presented in the literature, dy-
namic (nondeterministic or uncertain) values are considered
for facilities’ dimensions. This assumption seems more prac-
tical and invaluable when real departments are considered.
Based on this premise, facilities may take up different areas
in different layouts and their areas will change according to
their adjacencies.

It should also be noted that our model completely differs
from dynamic facility layout problem (DFLP). The DFLP is
the problem of finding the position of departments on the plant
floor for multiple periods (stochastic material flows between
departments change during the planning horizon) such that the
sum of the material handling and rearrangement costs is min-
imized [3]. But, in this study, proceeding with our definitions
in the paper, we generate a robust layout for the whole plan-
ning horizon and the uncertainty may happen for departments’
areas as a result of their placements in the layout and their
adjacencies.

Another important aspect of this model is its flexibility in
shaping the departments for a special facility. In other words,
the rectangular departments can be suitably shaped for a facil-
ity; even in special cases with a highly complex design of
facilities, the generated layout will require only a little
smoothing to be implemented in real life and be fit for real
applications. This smoothing can be achieved in accordance
with the desires of the designers and implementers, and, of
course, their knowledge and experience.

The importance of FLP has attracted many researchers’
attention in the past few decades, such that various models
and algorithms have been presented, resulting in appropriate
layouts. However, it has been proved that the facility layout
problem is an NP-complete problem, which cannot be solved
in a reasonable time [4]. Therefore, a large number of studies
have been done in this area during the past few decades. In the
1980s, the first stages were taken to achieve an appropriate
model for MRFLP [5–7]. They focused on implementing cut-
ting plane approach to generating a solution for MRFLP. A
mathematical programming model was presented by Heragun
and Kusiak [8], which is known as ABSMODEL. In this
model, four constraints were considered for each pair of de-
partments to prevent them from overlapping and then a recti-
linear method was applied to calculate distances among de-
partments. In 1998, a study applied simulated annealing algo-
rithm to MRFLP [9]. The most important contribution of this
paper was drawing attention to orientations, shapes, and areas
of facilities. Afterward, Matsuzaki, Irohara, and Yoshimoto
made a major contribution to MRFLP [10]. They assumed

that a layout could have more than one floor; therefore, facil-
ities would be located on different floors. Moreover, they re-
stricted the capacity of material handling equipment such as
forklift. Among these studies, a decision-making system was
presented to design and generate a multi-row layout for a
multi-objective model [11]. This system had a sequence of
stages which were input, design, assessment, selection, and
output.

In today’s dynamic market, it is rather hard and impossible
to generate a layout by considering exact values for parame-
ters. Therefore, we should modify our approach to solving
MRFLP in an uncertain environment. Generally, stochastic
optimization and robust optimization are the most important
approaches which can be implemented to solve MRFLP.
However, the problem with stochastic optimization is that
one must determine parameters’ distribution function exactly.
However, in some studies, the mean and standard deviation of
a time series are substituted with their distribution function
which results in a static model. This approach may lead to
an appropriate model in special cases, but it is not accurate
enough to bridge the existing gap between theory and practice.
Therefore, robust optimization is the best choice to solve
MRLP. History of robust optimization dates back as far as
1950, when some tools like worst case analysis and Wald’s
MaxMin model were used [12]. In the 1970s, robust optimi-
zation was classified in a separate field along with operation
research, control theory, and statistics. Generally, three major
methodologies have been utilized in robust optimization:

1. Scenario approaches, proposed byMulvey and Vanderbei
[13]. They characterize the desirable properties of a solu-
tion to a model, where the problem data are described by a
set of scenarios for their values instead of using point
estimations. A solution to an optimization model is de-
fined as robust solution if it remains close to optimal for
all scenarios of the input data.

2. Elliptic model of uncertainty, presented by Ben-Tal et al.
[14–16]. In this method, elliptic data will be replaced with
exact data. In other words, a new exact model will be
extended to cover all data uncertainties.

3. Interval model of uncertainty, presented in different stud-
ies [17–19]. This method is different from the elliptic
model in that the former uses intervals for parameters.
Also, in thismodel, interval data are substituted with exact
point data by applying an accurate method.

In the literature, two categories of flexible layout and robust
layout have attracted more attention from the robust optimi-
zation point of view for MRFLP. It would be no stretch to
claim that Shore and Tompkins [20] were pioneers in the field
of flexibility in FLP. They presented a model to generate a
flexible layout for uncertain environments with a penalty
function criterion. Afterward, Kulturel-Konak, Smith, and
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Norman [21] defined flexibility of FLP as the ability to man-
ufacture various products. They used uncertainty in block lay-
out design. Based on their definition, a robust layout has the
most proportion of optimality in simulations. Rosenblatt and
Lee [22] proceeded with the assumption of having stochastic
product demands for a single period and presented a QAP
model for the robust layout. Kouvelis, Kurawarwala, and Gu-
tierrez [23] developed a newmodel to generate a robust layout
under demand uncertainty in a multiple-period layout prob-
lem. Their proposed QAP model was solved by applying
branch and bound approach. Along with these studies, a rank-
ing method, based on fuzzy approach, was developed by
Aiello and Enea [24]. They considered the level of decision
makers’ pessimism to find a robust layout. Azadivar and
Wang [25] implemented stochastic characteristics such as
inter-arrival time and diverse part routes. Cheng, Gen, and
Tozawa [26] presented a model with a view to the uncertainty
flow between departments as fuzzy numbers. This problem
was solved by utilizing GA.

Moreover, a robust approach was presented to solve dy-
namic facility layout problem [27]. This approach to DPLP
assumes that a layout accommodates changes from time to
time with high rearrangement and production interruption
costs, and that the machines cannot be easily relocated.

Recently, two different studies have been done in the field
of robust layout. The first one, developed by [28], presented a
new MIP model based on ABSMODEL to generate a robust
model. The proposed model is solved using an algorithm
where both qualitative and quantitative approaches are con-
sidered. The second focused on developing a robust model for
multi-floored plants where facilities are located on different
floors and storages are considered to be in the cellar [29]. In
this problem, an elevator is embedded in the plant to convey
materials among departments with different floor indexes.

The general structure of this paper is as follows. To begin
with, five important definitions are presented for departments’
adjacencies and robust layout in “Definition of facilities’ ad-
jacency and uncertainty” section. Next, the robust model is
proposed and afterward its linear model is expanded. This is
followed by the presentation of four different lower and upper
bounds for objective functions of the proposed model. In the
next two sections, computational results are presented and,
according to these results, a comparison is made between
ABSMODEL and robust models. Also, a sensitivity analysis
is done on generated solutions in “Sensitivity analysis” sec-
tion. Finally, it sums up the main points of the study.

2 Definition of facilities' adjacency and uncertainty

In this section, four important definitions are presented for
different types of adjacencies of facilities in a layout where
the robust layout is defined to develop a robust model. In other

words, according to the definitions of departments’ adjacen-
cies, the robust mathematical model is developed.

Definition 1 (adjacency definition) Two facilities are adja-
cent to each other, if

& At least, they have the minimum predetermined value of
joint boundaries, and

& The maximum distance between their joint boundaries
does not exceed the maximum predetermined value.

Definition 2 (adjacency along the horizontal axis) Two fa-
cilities i and j are adjacent along the horizontal axis if they
have joint boundaries along the horizontal axis (Fig. 1).

Definition 3 (adjacency along the vertical axis) Two facil-
ities i and j are adjacent along the vertical axis if they have
joint boundaries along the vertical axis (Fig. 2).

Definition 4 (adjacency of facilities) Two facilities i and j are
adjacent if they become adjacent along either the horizontal
axis or the vertical one, where the distance between their ad-
jacent boundaries lies in an acceptable interval.

In definitions 2 and 3, how far the facilities are located from
each other does not matter—what counts is only their joint
distance. Therefore, if two facilities become adjacent along the
horizontal axis, where their vertical distance is considerable,
they would not be considered adjacent. Therefore, definition 4
is presented to rule out such kinds of unacceptable
adjacencies.

Admittedly, we need to present a model to generate a layout
which is more appropriate in comparison to typical models
presented in the literature. As a matter of fact, robust optimi-
zation can be implemented as a very decent approach. There-
fore, in this section, a new method is presented to replace
dynamic values with exact values, which can result in robust
layouts in uncertain environment that are more effective than
other layouts generated in the past few decades.

Fig. 1 Adjacency along the horizontal axis
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As mentioned earlier, in this study an interval model of
uncertainty is used to develop a mathematical model for
MRFLP. On the other hand, the most important parameters
in MRFLP are facilities’ areas. Therefore, in this paper, we
have attempted to consider dynamic and uncertain values for
facilities’ dimensions. These dimensions may change in dif-
ferent layouts. In other words, as it can be seen in Fig. 3, width
and length of a special facility change if its adjacents change.

It is noticeable that if we change the orientation of facilities,
the same layout will be generated more or less. This means
that the orientation of facilities can be considered in this model
by implementing the length and width deviation coefficients.
The reason is that the model will control the shape of each
facility by its center coefficients, length and width deviation
coefficients.

Now, suppose that li
′ and wi

′ represent the minimum values
for length and width of facility i, respectively, and li

″ andwi
″ are

the maximum values for the length and width of facility i,
respectively. Therefore, we will have two intervals of li∈[li′,
li
″] and wi∈[wi

′,wi
″] as it is shown in Fig. 4.

Generally, the main idea to develop a robust model is to use
both length and width deviation coefficients as variables
which are implemented to multiply the length and width of
departments, respectively. By using these coefficients, we will
be able to assign the minimum and maximum values of
lengths and widths to departments, and it would be possible
to determine the exact values of the length and width of each
department. Therefore, by utilizing this method, we will be
able to propose a model in certain circumstances which can be
solved by typical approaches for linear mathematical models.

We assume that each of li
′, li

″, wi
′, and wi

″ are the mini-
mum and maximum values that facility i will take up in
adjacency to special facilities. If we define li and wi as

basis values for length and width of facility i, the follow-
ing equations will be obtained:

l
0
i ¼ Min j αi j

� �� li ; ∀i ¼ 1; 2; …; n ð1Þ
l″i ¼ Max j αi j

� �� li ; ∀i ¼ 1; 2; …; n ð2Þ
w

0
i ¼ Min j βi j

� �� wi ; ∀i ¼ 1; 2; …; n ð3Þ
w″
i ¼ Max j βi j

� �� wi ; ∀i ¼ 1; 2; …; n ð4Þ

where n is the number of facilities, j is alias index with
index i (both are departments’ indexes), and αij and βij repre-
sent length and width deviation coefficients, respectively.
These deviation coefficients change facilities’ dimensions.

In fact, we plan to generate all possible values for the length
of a special department i based on its basis value li. Therefore,
we must relate li

' and li
' ' with li using the minimum and max-

imum length deviation coefficient values, respectively (rela-
tions (1)–(2)). Also, the same implication can be done for
department width (wi) to clarify the relations (3)–(4).

Definition 5 (robust layout in uncertain environment): A
layout is robust in an uncertain environment if each facility
can take up the maximum needed area in adjacency to other
facilities, where no overlapping among facilities is allowed to
occur.

As mentioned in this definition, no overlapping can occur
in a robust layout. In other words, in generated layouts, none
of the departments can have common areas where there are
some points with the same coordinates.

3 Robust MRFLP and the linear model

In this section, a mathematical model is presented, which is
consistent with definition 5. In other words, output layout of
this mathematical model is a robust layout according to our
definition.

The major variables for this model are as follows:
xi and yi are positive variables to indicate facilities’ center

coordinates.

Fig. 2 Adjacency along the vertical axis

Fig. 3 For two different layouts,
four existing facilities acquired
different dimensions according to
their adjacents
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αi and βi represent the maximum needed value of length
and width deviation coefficients for facility i according to its
adjacents, respectively.

Pij and Qij are binary variables which are used to linearize
the mathematical model.

NX i j ¼ 1 When f or twoadjacent facilities iand j; definition2 is satisfied
0 Otherwise

�

NY i j ¼ 1 When f or twoadjacent facilities iand j; definition3 is satisfied
0 Otherwise

�

Ni j ¼ 1 When f or twoadjacent facilities iand j; definition4 is satisfied
0 Otherwise

�

And M is a large number.
Due to the dynamic values for facilities’ dimensions, we

assume that the total layout area is unlimited; therefore, we
present an objective function to minimize this total layout
area. According to Eqs. (1)–(4), each facility has basis dimen-
sions values which are multiplied by length and width devia-
tion coefficients. Therefore, if we want to minimize the total
area, it would be sufficient to minimize the sum of the maxi-
mum needed values for length and width deviation coeffi-
cients of each facility as relation (5).

Max
Xn

i¼1

αi þ βið Þ ð5Þ

On the other hand, another objective function is presented
to maximize the sum of the adjacencies among facilities. If we
disregard this objective function, the constraints of the model
would not work properly. Therefore, it is mandatory to con-
sider relation (6) as the second objective function.

Max
Xn−1
i¼1

Xn

j¼iþ1

Ni j ð6Þ

To prevent facilities from overlapping, relations (7) and (8)
are presented. Because at least one of these inequalities should
be satisfied, we use binary variable Pij. As it can be seen in
these constraints, the maximum needed values for length and

width of each facility are considered bymultiplying their basis
length and width values by αi and βi, respectively.

xi−x j
�� ��þMPi j≥

1

2
αili þ α jl j
� �

;

∀i; j ¼ 1; 2; ⋯; n & i≠ j

ð7Þ

yi−y j
�� ��þM 1−Pi j

� �
≥
1

2
βiwi þ β jw j

� �
;

∀i; j ¼ 1; 2; ⋯; n & i≠ j

ð8Þ

In this model, it is important to determine which facilities
are adjacent to each other. Therefore, constraints (9) and (10)
are presented to determine the values of NXij and NYij.

xi þ 1

2
αili

� 	
− x j−

1

2
α jl j

� 	����
����≤ d1

þ 1−NY i j

� �
M þ αili þ α jl j

� �
;

∀i; j ¼ 1; 2; ⋯; n & i≠ j

ð9Þ

xi þ 1

2
βiwi

� 	
− x j−

1

2
β jw j

� 	����
����≤s1 þ 1−NX i j

� �
M

þ βiwi þ β jw j

� �
;∀i; j

¼ 1; 2; ⋯; n & i≠ j ð10Þ

As it can be seen in Fig. 5, s1 and d1 are respectively the
maximum permissible vertical and horizontal distances be-
tween nearest boundaries of two adjacent facilities. Moreover,
in this figure, d2 and s2 are respectively the minimum horizon-
tal and vertical distances which two adjacent facilities should
have as joint boundaries. These two parameters are used in
constraints (11) and (12).

In inequalities (9) and (10), the maximum distance between
nearest boundaries of two adjacent facilities is determined.
According to these two constraints, for two facilities such as
those in Fig. 4, the maximum horizontal distance between
boundaries of two adjacent facilities should not exceed d1. If
this distance exceeds d1, NYij will become zero. The same
inference can be drawn for inequality (10) and variable NXij
according to the value of s1.Fig. 4 Length and width interval for facility
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To determine the minimum distances as joint boundaries
between two adjacent facilities, inequalities (11) and (12) are
utilized. To explain these constraints, consider two facilities 1
and 3 in Fig. 5. In inequality (11), we calculate the distance
between the right boundary of facility 3 and the left boundary
of facility 1. According to this constraint, this distance should
not exceed the sum of the lengths of facilities 1 and 3 minus d2
(l1+l3−d2); otherwise, NX13 will be zero. We can extend this
inference to each pair of facilities i and j. The same conclusion
can be drawn for constraint (12).

xi þ 1

2
αili

� 	
− x j−

1

2
α jl j

� 	
≤ αili þ α jl j
� �

−d2 þ 1−NX i j

� �
M ;

∀i; j ¼ 1; 2; ⋯; n & i≠ j
ð11Þ

yi þ
1

2
βiwi

� 	
− x j−

1

2
β jw j

� 	
≤ βiwi þ β jw j

� �
−s2 þ 1−NY i j

� �
M ;

∀i; j ¼ 1; 2; ⋯; n & i≠ j

ð12Þ

On the other hand, if the left sides of constraints (11) and
(12) become negative, wrong solutions will ensue. In other
words, inequalities (11) and (12) will be satisfied while defi-
nitions (2)–(4) are violated. Therefore, to rule out such wrong
solutions, inequalities (13) and (14) are presented.

xi þ 1

2
αili

� 	
− x j−

1

2
α jl j

� 	
≥d2− 1−NX i j

� �
M ;

∀i; j ¼ 1; 2; ⋯; n & i≠ j

ð13Þ

yi þ
1

2
βiwi

� 	
− x j−

1

2
β jw j

� 	
≥s2− 1−NY i j

� �
M ;

∀i; j ¼ 1; 2; ⋯; n & i≠ j

ð14Þ

According to the definitions 2–4, we can relate NXij, NYij,
and Nij by using Eq. (15).

Ni j ¼ NX i jNY i j ; ∀i; j ¼ 1; 2; ⋯; n & i < j ð15Þ

On the other hand, to cover the notifications in definition 5,
we should determine the maximum needed length and width
deviation coefficients for each facility. Therefore, constraints
(16) and (17) can be used to determine the values of αi and βi.

αi≥Ni jαi j ; ∀i; j ¼ 1; 2; ⋯; n & i≠ j ð16Þ
βi≥Ni jβi j ; ∀i; j ¼ 1; 2; ⋯; n & i≠ j ð17Þ

On the other hand, to restrict the number of constraints in
our model, we enforce the relation of i<j to constraint (15).
We also present Eq. (18) to determine the values of Nij for all
pairs of facilities. Therefore, we substitute some nonlinear
constraints with linear constraints.

Ni j ¼ N ji ; ∀i; j ¼ 1; 2; ⋯; n & i < j ð18Þ

The nonlinearity of model (5)–(18) is clear. Therefore, to
solve this model by using MIP exact techniques, we need to
linearize it.

Firstly, by adding variable Qij to the proposed model, it is
possible to linearize inequalities (7) and (8) as follows [30]:

xi−x j þ Pi jM þ Qi jM ≥
1

2
αili þ α jl j
� �

;

∀i; j ¼ 1; 2; ⋯; n & i≠ j

ð19Þ

−xi þ x j þ Pi jM þ 1−Qi j


 �
M ≥

1

2
αili þ α jl j
� �

;

∀i; j ¼ 1; 2; ⋯; n & i≠ j

ð20Þ

yi−y j þ 1−Pi j

� �
M þ Qi jM ≥

1

2
βiwi þ β jw j

� �
;

∀i; j ¼ 1; 2; ⋯; n & i≠ j

ð21Þ

−yi þ y j þ 1−Pi j

� �
M þ 1−Qi j


 �
M ≥

1

2
βiwi þ β jw j

� �
;

∀i; j ¼ 1; 2; ⋯; n & i≠ j

ð22Þ

On the other hand, we can easily linearize constrains (9)
and (10) as follows:

xi þ 1

2
αili

� 	
− x j−

1

2
α jl j

� 	
≤d1 þ 1−NY i j

� �
M þ αili þ α jl j

� �
;

∀i; j ¼ 1; 2; ⋯; n & i≠ j

ð23Þ
xi þ 1

2
αili

� 	
− x j−

1

2
α jl j

� 	
≥− d1 þ 1−NY i j

� �
M þ αili þ α jl j

� �� �
;

∀i; j ¼ 1; 2; ⋯; n & i≠ j

ð24Þ

yi þ
1

2
βiwi

� 	
− x j−

1

2
β jw j

� 	
≤s1 þ 1−NX i j

� �
M þ βiwi þ β jw j

� �
;

∀i; j ¼ 1; 2; ⋯; n & i≠ j

ð25Þ
yi þ

1

2
βiwi

� 	
− x j−

1

2
β jw j

� 	
≥− s1 þ 1−NX i j

� �
M þ βiwi þ β jw j

� �� �
;

∀i; j ¼ 1; 2; ⋯; n & i≠ j

ð26Þ

Fig. 5 Maximum andminimum distances between two adjacent facilities
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To linearize Eq. (15), Naslund’s approximations can be
used [31]. Therefore, it would be sufficient to substitute
Eq. (15) with inequalities (27) and (28).

Ni j−NX i j−NY i j≤1:5 ; ∀i; j ¼ 1; 2; ⋯; n & i < j ð27Þ

1:5Ni j−NX i j−NY i j≤0 ; ∀i; j ¼ 1; 2; ⋯; n & i < jð28Þ

As mentioned earlier, we enforce the restriction of i<j to
Eq. (15) and consequently to inequalities (27) and (28). There-
fore, it can be said that we add Eq. (18) instead of using the
relation of i≠jto decrease the number of linear and nonlinear
constraints in the proposed model. This will become obvious
by comparing constraints (15), (18), (27), and (28).

4 Lower and upper bounds

In this section, two theorems are proved to present appropriate
upper bounds for objective functions in relations (5) and (6).
Moreover, two lower bounds for the objective functions are
presented as two results. These bounds are narrow and accord-
ing to these theorems, we can determine two intervals for
objective functions to analyze the generated layouts.

Theorem 1 (upper bound of relation (5)) If we replace αi

and βi with their maximum values for each facility:

(a) The value of the first objective function for the generated
layout will be an upper bound for relation (5), and

Table 1 Output variables of solving different problems

Number of departments Variable Department number (i) Objective function Total time (s)

1 2 3 4 5 6 7

4 xi 0.00 4.09 2.18 7.45 – – – 0.53 0.27
yi 0.00 0.87 7.61 1.84 – – –

αi 1.28 1.08 1.36 1.20 – – –

βi 0.82 1.20 1.45 1.22 – – –

5 xi 0.01 0.00 5.16 9.58 6.91 – – 0.46 2.28
yi 0.67 6.74 0.00 2.48 6.31 – –

αi 0.67 0.97 1.36 1.02 1.42 – –

βi 1.26 1.20 1.40 0.70 1.31 – –

6 xi 3.70 7.57 0.00 4.43 10.60 6.47 – 0.46 203.24
yi 0.00 2.64 9.38 6.89 6.89 11.10 –

αi 1.28 0.97 1.07 1.20 1.42 1.30 –

βi 1.26 1.20 1.45 0.93 1.17 1.35 –

7 xi 0.00 4.09 5.29 7.46 3.69 12.16 10.82 0.39 27,090.68
yi 5.53 6.79 0.00 6.77 10.96 6.61 9.58

αi 1.28 1.08 1.07 1.20 1.42 1.40 1.08

βi 0.92 1.20 1.45 1.22 1.17 1.35 1.37

Fig. 6 Generated robust layout for the problem with 4 departments Fig. 7 Generated robust layout for the problem with 5 departments
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(b) The generated layout will be a robust layout, according to
definition 5.Proof. (a) According to constraints (16) and

(17), it can be inferred that αij and βij are lower bounds for αi

and βi, respectively. Therefore, it is possible to replaceαi and βi
with their maximum possible values for each facility. On the
other hand, if we replace these variables with their maximum
possible values, relation (5) will change to relation (29).

Min
Xn

i¼1

Max j αi j

� �þMax j βi j

� �� � ð29Þ

It is obvious that an upper bound will be obtained for rela-
tion (5), according to relation (29).

(b) According to definition 5, it must be possible for each
facility in a robust layout to take up its maximum needed area
value. Now, we replace length and width deviation coeffi-
cients with their maximum possible values. Therefore, all of
the facilities will be in their maximum possible areas. This

means that the output layout of this new model, which is a
feasible model, is a robust layout.

As a result of Theorem 1, it can be said that if we
replace αi and βi with their minimum values for each
facility, then the value of the first objective function for
the generated layout will be a lower bound for relation
(5). However, the generated layout may be a robust layout
according to definition 5. The reason is that according to
relations (16) and (17), it can be inferred that αij and βij
are lower bounds for αi and βi, respectively. Moreover, it
is mentioned in definition 5 that it must be possible for
each facility in a robust layout to take up its maximum
needed area value. Nevertheless, we enforce all facilities
to be in their minimum areas; however, it may be a fea-
sible solution for model (5)–(18), which will be a consis-
tent layout with definition 5. Therefore, the generated lay-
out may be a robust layout.Theorem 2 (upper bound of
relation (6)) The upper bound of the second objective
function in relation (6) is:

(a) (3n−6), if s1 and d1 have zero values.

(b)
n
2

� 	
¼ n n−1ð Þ

2 , if s1 and d1 have positive values.

Proof. (a) If d1 and s1 have zero values, the best layout can be
founded by maximal planar graph (MPG). Moreover, it has
been proved [32] that the maximum number of edges which
corresponds to the maximum number of adjacencies in a lay-
out which is related to a MPG is (3n−6).

(b) If d1 and s1 have positive values, it would be possible to
have adjacency between two facilities by adding distance be-
tween them. This way, a layout can be generated where the
number of adjacencies exceeds the maximum possible num-
ber for MPG. On the other hand, if we have adjacencyFig. 9 Generated robust layout for the problem with 7 departments

Fig. 8 Generated robust layout for the problem with 6 departments Fig. 10 Generated ABSMODEL layout for the problem with 7
departments
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between each pair of facilities, the total number of facilities

will be restricted by
n
2

� 	
¼ n n−1ð Þ

2 . Therefore, the upper

bound will be
n
2

� 	
.

Moreover, it is obvious that the lower bound of second
objective function is zero.

5 Computational results

This section gives computational results on the performance
of the proposed model. The proposed model was coded in
GAMS 23.7 and ran on a Core i5 480M 2.4 GHz PC. We
studied a set of test problems that include 30 instances given
by Kar and Shih [33]. These test problems consist of 30 de-
partments’ dimensions. The results of the 4, 5, 6, and 7 de-
partments test problems are given. To generate length and
width deviation coefficients, it is assumed that these parame-
ters have a uniform distribution in [0.5, 1.5]. All these data are
presented in the Appendix section in Tables 8, 9, and 10.

In model (5)–(18), two objective functions are presented.
Therefore, it would not be possible to solve this model by
using exact techniques for ordinary MIP model with just one
objective function. To solve this mode, we normalize two
objective functions and then we combine them together. On

the other hand, we assume that both objective functions have
the same weights and neither is preferable over the other. So,
we use relation (30) as the single objective function.

Max

X n

i¼1

X n

j¼iþ1
Ni j

n
2

� 	 −

X n

i¼1
αi þ βið ÞX n

i¼1

X n

j¼1
αi j þ βi j

� �
0
BB@

1
CCA

ð30Þ

According to relation (30), it can be said that we maximize
the total number of adjacencies while we try to minimize the
total layout area.

The generated layouts for four different problems are
shown. Furthermore, the total outputs for these problems are
summarized in Table 1. The values of Nij are shown in
Tables 4, 5, 6, and 7 in the Appendix section. One important
issue is that the values of objective functions for different
problems do not change drastically. Therefore, it can be said
that a narrow interval can be calculated which contains lower
and upper bounds of relation (30).

The generated layouts for the proposed problems are
shown in Figs. 6, 7, 8, and 9. As can be seen, no area is wasted
and if we compare these layouts with Tables 4, 5, 6, and 7 in
the Appendix, we can see that Nij for all problems has the
correct values. In other words, for every two adjacent facilities
i and j, Nij is one; otherwise, it has a zero value. For instance,
N47 is equal to one, where in Fig. 9, facilities 4 and 7 are
adjacent to each other; consequently, N74 has a value of one.

As it is obvious in these figures, areas of departments vary
while their adjacencies change. For example, for the problem

Table 2 Comparison results between robust and ABSMODEL models

Number of
departments

Model Total
layout areas

Total
departments’ areas

Total wasted areas Number of adjacencies Total
time (s)

Value Percentage Number Percentage

4 Robust 161.09 128.63 32.46 20.15% 5 83.33% 0.27

ABSMODEL 120.00 84.00 36.00 30.00% 3 50.00% 0.09

5 Robust 182.42 152.21 30.21 16.56% 7 70.00% 2.28

ABSMODEL 143.00 105.00 38.00 26.57% 6 60.00% 0.61

Fig. 11 Comparison between the number of possible and occurring
adjacencies Fig. 12 Percentage of occurring adjacencies
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with four departments, facility 1 has a value of 1.28 and 0.82
for α1 and β1, respectively, while for the problem with five
departments, these values change to 0.67 and 1.26, respective-
ly. In other words, adjacent facilities play a key role in deter-
mining facilities’ areas.

6 Comparison between robust model
and ABSMODEL

It is important to have a comparison among layouts which are
generated based on robust and ABSMODEL models. There-
fore, in this section, we point out the difference between these
two models, where the problem with seven departments is
used. The generated layout for the problem with seven depart-
ments which is based on ABSMODEL model is shown in
Fig. 10. As can be seen in this layout, there are some wasted
spaces which decrease the efficiency of the layout. Converse-
ly, we do not have such spaces in the robust layout.

On the other hand, we can see that the total areas for dif-
ferent layouts have many differences (Table 2). Due to length
and width deviation confidents, we consider more areas in the
robust layout than in the ABSMODEL layout. Because

additional areas are needed at the operational stage, these ad-
ditional areas help us stave off crises.

Therefore, according to Table 2, the robust model is pre-
ferred to the ABSMODEL model because:

& The number of adjacencies in the robust layout will be
more than that in the ABSMODEL layout.

& Compared to the ABSMODEL layout, the robust layout is
expected to have fewer wasted spaces.

& Given the additional areas in the robust layout, we can
stave off any likely crisis in the operational stage.

& The robust layout is more compatible with practical prob-
lems in comparison to the ABSMODEL layout.

7 Discussion

Two important factors to solve a mathematical model are the
objective function and the total time of solving. For model
(5)–(18), the value of second objective function in relation
(6) can be predicted. For FLP, it is obvious that as the number
of facilities increases, the maximum value of relation (6) in-
creases, too. Nevertheless, as the number of facilities in-
creases, the number of possible adjacencies, which can occur,
decreases. By possible adjacency, we mean that it is possible
that two departments i and j become adjacent with each other
in the final layout, but by occurring adjacency, we mean two
departments i and j are adjacent with each other in the final
generated layout. This notification, which is expected for the
proposed model, is proved according to Figs. 11 and 12. As
shown in Fig. 12, the existing gap between the number of

Fig. 13 Total time of solving different problems

Table 3 Result of sensitivity analysis

Iteration α12 Objective function Total time (s) α1 Iteration α12 Objective function Total time (s) α1

1 0.50 0.4691 1.98 0.67 11 1.00 0.4647 2.56 1.00

Original value 0.53 0.4692 2.73 0.67 12 1.05 0.4639 3.35 1.28

2 0.55 0.4604 3.59 1.28 13 1.10 0.463 1.92 1.28

3 0.60 0.4696 2.42 0.67 14 1.15 0.4633 2.45 1.28

4 0.65 0.4698 4.76 0.67 15 1.20 0.4635 3.31 1.28

5 0.70 0.4611 2.31 0.67 16 1.25 0.4637 2.31 1.28

6 0.75 0.4686 1.94 0.75 17 1.30 0.4637 4.91 1.30

7 0.80 0.4678 3.43 0.80 18 1.35 0.4629 3.78 1.35

8 0.85 0.4670 2.00 0.85 19 1.40 0.4621 2.45 1.40

9 0.90 0.4662 1.9 0.90 20 1.45 0.4578 3.51 1.45

10 0.95 0.4623 1.97 1.28 21 1.50 0.4606 1.59 1.50

Minimum value 0.50 0.4578 1.59 0.67

Maximum value 1.50 0.4698 4.91 1.50
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possible adjacencies (PA) and occurring adjacencies (OA) in-
creases by enlarging the problem size. Consequently, the per-
centage of occurring adjacencies (P) in Eq. (31) will be de-
scending relative to the number of facilities (Fig. 12).

P ¼ PA

OA
� 100 ð31Þ

As mentioned earlier, the proposed model is NP-complete.
Therefore, it would be reasonable to expect an exponential
treatment for the total time of solving model (5)–(18). As
shown in Fig. 13, as the size of problem increases, the total
time increases exponentially.

8 Sensitivity analysis

Sensitivity analysis (SA) is the study of how the variation
(uncertainty) in the output of a statistical model can be attrib-
uted to different variations in the inputs of the model. Nowwe
define the sensitivity of the model.

Generally, when a new layout follows as a result of a
change in some input parameters, it can be said that the
model is sensitive to those parameters. Admittedly, in any
layout, the location of each facility and objective function
are the most important issues which may be affected by
changing the input parameters. Therefore, in sensitivity
analysis of a layout, we analyze the effect of some impor-
tant parameters on the generated layout, facilities areas,
and the value of objective function.

In model (5)–(18), the length and width deviation coeffi-
cients are the most important input parameters which can af-
fect the output layout drastically. Therefore, we restrict our
analysis on the changing of a special length deviation coeffi-
cient such as α12 where the results can be readily extended to
other length and width deviation coefficients. To do this

analysis, we change the value of α12 by step of 0.10 from
0.50 to 1.50, which are the minimum and maximum permis-
sible values for length and width deviation coefficients,
respectively.

The results of sensitivity analysis are shown in Table 3. As
shown, the value of objective function changes in the small
range [0.4578, 0.4698]. This indicates that changing the value
of length and width deviation coefficients does not affect ob-
jective function significantly. However, α1 acquires various
values, which means that adjacents of facility 1 changes sig-
nificantly. In other words, changing the value of length and
width deviation coefficients can affect the layout drastically.
This is shown in Figs. 14 and 15, where α1 has values of 0.50
and 1.50, respectively. On the other hand, the value of α12 can
affect the total solving time of the model.

Therefore, it can be said that length and width deviation
coefficients are the most important factors which can change
the layout completely.

9 Conclusion

In this study, a bi-objective MIP model was developed for
facility layout problem (FLP) under uncertain conditions. In
this model, we assumed that the length and width of each
department were not exactly determined, and both of them
could change according to the deviation coefficients. More-
over, in this paper, we proposed two new objective functions.
One of these objective functions had never been addressed in
the literature while it is an effective criterion to assess the
layouts in uncertain environment. Furthermore, we proved
two theorems to calculate the upper bounds for two proposed
objective functions, then we presented two results for lower
bounds of objective functions.Fig. 14 Generated layout for the problemwith five facilities andα12=0.5

Fig. 15 Generated layout for the problemwith five facilities andα12=1.5
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The proposed model has some important advantages.
First of all, instead of QAP models discussed in the
literature, we present an MIP model. Secondly, based
on two new parameters, length and width deviation co-
efficients, we are able to generate more flexible layouts.
The third advantage is that as a new approach, we are
able to determine which facilities are adjacent with each
other by an MIP model. Finally, there are no
predetermined areas needed for layout and departments
and their areas will be determined according to a math-
ematical model.

Future research areas regarding the model (5)–(16) can be
as follows:

& Applying bi-objective optimization approaches to
MRFLP.

& Using a graph theory approach to solving the proposed
model.

& Defining a new model based on areas instead of the di-
mensions of departments.

& Developing heuristic and meta-heuristic algorithms to
solve larger size problems.

Appendix

Table 4 Value of Nij for
the problem with 4
departments

j↓i→ 1 2 3 4

1 – 1 1 0

2 1 – 1 1

3 1 1 – 1

4 0 1 1 –

Table 5 Value of Nij for
the problem with 5
departments

j↓i→ 1 2 3 4 5

1 – 1 1 0 0

2 1 – 0 0 1

3 1 0 – 1 1

4 0 0 1 – 1

5 0 1 1 1 –

Table 6 Value of Nij for
the problem with 6
departments

j↓i→ 1 2 3 4 5 6

1 – 1 1 1 0 0

2 1 – 0 0 1 0

3 1 0 – 1 0 1

4 1 0 1 – 1 1

5 0 1 0 1 – 1

6 0 0 1 1 1 –

Table 7 Value of Nij for
the problem with 7
departments

j↓i→ 1 2 3 4 5 6 7

1 0 1 1 0 1 0 0

2 1 0 0 1 1 0 0

3 1 0 0 1 0 1 0

4 0 1 1 0 1 1 1

5 1 1 0 1 0 0 1

6 0 0 1 1 0 0 1

7 0 0 0 1 1 1 0

Table 9 Length deviation coefficients

αij 1 2 3 4 5 6 7

1 1.00 0.53 1.28 0.66 0.67 0.96 1.46

2 0.97 1.00 0.79 1.08 0.63 1.36 0.86

3 1.07 1.36 1.00 1.07 0.73 0.83 0.59

4 1.02 1.02 1.20 1.00 0.77 1.20 0.80

5 0.80 0.83 1.20 1.42 1.00 0.62 0.50

6 1.13 0.51 0.66 1.30 0.73 1.00 1.40

7 1.10 1.09 0.75 0.64 0.82 1.08 1.00

Table 8 Facilities dimensions

Facility number Area Length Width

1 24 8 3

2 16 4 4

3 36 6 6

4 8 4 2

5 21 3 7

6 17.5 3.5 5

7 3.6 0.9 4

Table 10 Width deviation coefficients

βij 1 2 3 4 5 6 7

1 1.00 0.57 0.82 1.26 0.92 1.16 1.36

2 1.20 1.00 0.74 1.07 0.71 0.99 1.44

3 0.70 1.21 1.00 1.45 1.40 1.26 1.10

4 0.70 1.22 0.93 1.00 0.51 0.65 1.21

5 1.03 1.01 1.31 1.17 1.00 1.03 1.03

6 1.05 0.86 0.99 1.35 0.87 1.00 1.27

7 1.32 0.70 1.45 0.61 1.37 0.67 1.00
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