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ABSTRACT Feedback analysis on the rate region of multi-user channels is a problem of great importance
in information and communication theory. In this paper, the Slepian-Wolf multiple access relay channel
(SW-MARC) with relay-sources feedback is studied as a more general model of MARC where feedback
outputs are taken into consideration. First, an inner bound on the capacity region of the discret alphabet and
memoryless (DM) model of this channel (DM-SW-MARC) is obtained using partial decode and forward
strategy. Second, an outer bound on the capacity region is derived by applying Fano’s inequality. Third,
the DM results are extended to the continuous alphabet version, where an inner bound on the capacity region
of the Gaussian MARC (GMARC) with relay-sources feedback is derived. Fourth, it is shown that our results
include the important previous works on multiple-access channel with feedback (Cover-Leung rate region)
and without feedback (Slepian-Wolf (SW) rate region, etc.) as special cases. Finally, we investigate the
effect of feedback and show that the presence of feedback enables the sources to understand each other’s
messages, which in turn allows the sources to cooperate to resolve the residual uncertainty at the receiver in
an efficient way and at the same time, independent fresh information from the sources is superimposed upon
the resolution information.

INDEX TERMS Achievable rate region, partial feedback, regular encoding/ backward decoding, Slepian-

Wolf multiple access relay channel.

I. INTRODUCTION

Multiple access relay channel (MARC) is the combination of
the MAC and relay channel (RC) which was first introduced
and studied by Kramer and Wijngaarder [1]. In this channel,
the relay helps the sources to communicate simultaneously
with one destination. An example of such a channel model
is cooperative uplink communications in the cellular network
in which mobile users send their own data to the base station
with the help of the relay station. Sankar [2] has proposed dif-
ferent strategies such as compress and forward (CF), amplify
and forward (AF) and decode and forward (DF) for discrete
memoryless (DM) MARC. An achievable rate region for
DM-MARC with a common message was derived in [3]
using a regular block Markov encoding/backward decoding
scheme which was then extended to the continuous alphabet
version. Moreover, a general inner bound on the capacity
region for Slepian-Wolf MARC (SW-MARC) was analyzed
in [4]. Murin et al. [5] obtained an achievable source-channel
rate for arbitrarily correlated sources over MARC with

correlated side information at both relay and the destina-
tion. Sattar et al. [6] have proposed two relay cooperation
schemes to be applied in MARC with interference cancel-
lation and compute and forward strategy. Performance anal-
ysis for transmission of correlated sources over orthogonal
and non-orthogonal MARC was carried out in [7] and [8]
respectively. A quantize and forward strategy for interleave
division multiple access relay channel was investigated in [9].
Also, energy efficiency in the MARC with optimal power
allocations minimizing the energy consumption at the desired
communication rates has been studied in [10] and [11].

The relay channel has been widely studied since its ini-
tiation by Van der Meulan [12] in 1971. Cover and El.
Gamal [13] have studied the relay channel, where a general
inner bound on the capacity is obtained using a combina-
tion of partial decode and forward (PDF) and compress and
forward (CF) strategies. Subsequently, an extensive study on
some special classes of the relay channel, such as the relay
channel with full feedback, degraded and reversely degraded
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relay channel [13], orthogonal relay channel [14] and semi-
deterministic relay channel [15], have proven that strategies
of Cover and El. Gamal is optimal and achieves capacity.
A unified capacity theorem for the relay channel has been
obtained in [16].

Feedback, as one of the most important research areas
in network information theory, can increase achievable rate
region of several multiuser channels although it does not
change the achievable rate of discrete alphabet and memo-
ryless point to point channels. It is interesting to investigate
the impact of feedback on the achievable rate region of the
MARC. The relay channel with full feedback (receiver to
source, receiver to relay and relay to source feedbacks) was
proved to be a physically degraded channel in [13] based
on which DF has worked as a capacity achieving strategy in
this case. Two other partial feedback configurations for the
relay channel with relay-source feedback and receiver-source
feedback via CF strategy were obtained in [17] and [18].
Moreover, two new generalized noisy feedback configura-
tions were investigated in [19]. Hou et al. [20] have derived
the achievable rate region through applying regular coding in
a general MARC with relay-source feedback.

A. OUR MOTIVATION AND WORK

The problem of sending correlated sources over a channel is
an important issue in multiuser information theory. Depen-
dency between the sources can be taken into account by
splitting each source message into two parts: private message
and common message, as introduced by Slepian-Wolf for the
MAC with common message [21]. On the other hand, it was
shown that relay can facilitate communications between the
sources and the destination by increasing the transmission
rate and coverage area. Moreover, feedback can cause to
resolve residual uncertainty at the receiver.

The main objective of this paper is to derive a general inner
bound on the capacity region for DM-MARC with relay-
sources feedback by applying regular encoding/backward
decoding strategy where there is a common message between
the sources that might be considered as a generalization
of SW-MAC capacity theorem to the MARC with relay-
sources feedback. Furthermore, by applying Fano’s inequal-
ity, an outer bound for DM-MARC with relay-sources feed-
back is obtained. In addition, the SW-GMARC which is a full
duplex Gaussian model of the SW-MARC is introduced and
the results of the DM model are extended to a discrete time
continuous alphabet model. Through relay-sources feedback,
cooperation among the sources and the relay is set up to
resolve residual uncertainty at the receiver. All related pre-
vious works are special cases of our results.

B. PAPER ORGANIZATION

The rest of the paper is organized as follows: In the next
section, the system model under consideration and definitions
are presented. In section III, we present our main theorems
on inner and outer bounds for multiple access relay channel
with relay-sources feedback. Proof of the achievability rate
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FIGURE 1. Multiple access relay channel with relay-sources feedback.

region and outer bound region is described in section IV and
the conclusion is drawn in section V.

Il. SYSTEM MODEL AND NOTATIONS

A. NOTATION

Random variables are denoted by capital letters, while their
realizations are shown by respective lower case letters. When-
ever the dimension of a random vector is clear from the
context, the random vector is denoted by a bold-face letter,
that is, X denotes the random vector (Xi, X», ..., X,), and
x = (x1, x2, ..., x) shows a specific sample value of it.
However, in those cases where it is important to emphasize
explicitly the dimension of a random vector X’ denotes the
random vector (X1, X2, ..., X;), and xi = (x1, x2, ..., Xi)
shows a specific sample value of X’. The alphabet of a scalar
random variable X is designated by a calligraphic letter X'
The n-fold Cartesian power of a generic alphabet V), that is,
the set of all n-vectors over V, are denoted by V". A%(X)
denotes the set of all e-typical n-sequences according to p(x).
Furthermore, 4(X) and 2(X|Y) denote differential entropy of
X and differential entropy of X given Y, respectively; I(X; Y)
denotes the mutual information between X and Y. For X ~
N(, a)%), h(X) = % log(Znea)%). For simplicity in notation,
let C(x) = Llog(1 +x), forx >0anda@ =1 — a.

B. SYSTEM MODEL

As shown in Fig. 1, a discrete memoryless multiple access
relay channel with relay-sources feedback consists of source
1, source 2, a relay and a receiver. The channel is defined
by tuple (X} x X2 x &g, p(yp, yrlx1, X2, X8), YD X VR)
where (X7, X, XR) are finite sets corresponding to the input
alphabets of sourcel, source 2 and the relay, respectively; the
finite sets ()Vp, Vr) are the output alphabets of the relay and
the receiver, respectively; and p(yp, yr|x1, x2, xg) denotes the
collections of probabilities of the channel outputs (yg, yp) €
(Vr, Yp) which might be received on the conditions that
channel inputs (x1, x2, xg) € (X1 X X» x AR) are transmitted.
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The channel is assumed to be memoryless like the following

k ok ok ok ok
PRk YDk X[ X5, Xg, YR, YD)
= pORks YD.kIX1 k> X206, XRk) (1)

where X1, X2k, XR .k, YRk, YDk denote the inputs and
outputs of the channel at time instant k, respectively. A
(2™ 2R 2nRay 3y code for the multiple access relay
channel with casual partial feedback from the relay to the
sources consists of three sets of integers Wy, Wi, VW, where
Wy, Wi) = [1 : 2"R0] x [1 : 2"Ri], (i = 1, 2), is defined as
follows:
1)A set of encoding functions at the sources,

k=1,2,...,n
k=1,2,....n

fik s Wo, W) x Ykt — &1,

k1 @
ok s Wo, Wa) x V™~ — Ao,
where f; (wo, wi, yll‘e_l), i = 1, 2, is the symbol transmit-
ted at time instant k by the sender i when attempting to convey
messages (wp, w;) to the receiver after obtaining the previous

k — 1 output symbols yk ' = (r.1, Yr.2, - - - , YR.A—1) Which
is already set as feedback from the relay.
2) A set of relaying functions at the relay

frr Vgt > Xr, k=1,2,....n 3)

After obtaining the previous k — 1 output symbols yﬁ,‘e_l =
(VR,1sYR2+ -+ - s YR k—1), fR,k(y];(,_l) will be prepared to be
transmitted at time instant k by the relay.

3) A decoding function at the destination

g:YVp = Wo x Wi x Wh) 4

The probability of error is defined under the uniform distri-
bution of messages over the product set Wy x Wp x Wh) as
follows:

n 1
Pe = SnRo+Ri+R)

> Prig(Yp)#(wo, wi, wa)l(wo, wi, wa)sent)

(wo,w1,w2)€
Wo, W1, W)

&)

A rate triple (Rg, R1, R2) is said to be achievable for the
DM-MARC with relay-sources feedback, if a sequence of
codes ((2™R0 2nRi 2nRay yy exists for which P? approaches
0Oasn — oo.

lll. MAIN THEOREMS

In this section, an inner bound on the capacity region of the
DM-SW-MARC with relay-sources feedback is proved to be
achievable by applying regular encoding/ backward decoding
strategy as Theorem 1. Next, the outer bound is derived in
Theorem 2. Finally, inner bound of the DM model is extended
to the Gaussian case in Theorem 3. Note that in the proposed
MARC with relay-sources feedback, the relay is a generic
relay performing PDF strategy to aid transmission between
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the sources and the destination while there is a common mes-
sage among the sources. Finally, it is shown that all previous
works are special cases of our theorems.

Theorem 1: For the DM-SW-MARC with casual noiseless
relay-sources feedback, an inner bound on the capacity region
using PDF strategy is given by the union set of rate triple
(Ro, R1, R>) satisfying:

Ry

< I(Uy; YrIXg, V', U', Uy, Uz, Vo, V1, V2)
Ry

< I(Ua; YrIXg, V', U', Uy, Uy, Vo, Vi, V2)
R| +R,

< I(Uy, Ua; YR|Xg, V', U', Uo, Vo, V1, V2)
Ry+R| +R,

< I(Uo, Uy, Uy YIXg, V', U", Vo, V1, V2)
Ry + Ry + R, + R,

< I(U', Uy, Uy, Ua; Yr|Xg, V', Vo, V1, V2)
R

< I(X1: Yp|Xg. X2, Q. V', Vo, V1, V2, U', Up, Uy, Ur)

®;

< I(X2: Yp|Xg. X1, Q. V', Vo, V1, V2, U', Up, Uy, U)
R| +R)

< I(X1,X2; Yp|Xg, Q. V', Vo, V1, V2, U', Up, Uy, Ur)
R, +R]

< I(X1,Xg, V1, U1: Yp|Xa, Q. V', Vo, V2, U’, Uy, Us)
R, +R)

< I(X2, Xg, V2, Ua; Yp|X1, 0, V', Vo, V1, U', Uy, Uy)
Ry + R} +R;

< I(X1,X2, Q: YplXg, V', Vo, V1, V2, U’, Uy, Uy, Up)
R) +R|+R)

< I(X1, X2, Xg, V1, U1: Yp|Q, V', Vo, V2, U', Uy, Up)
R, +R{+R)

< I(X1, X2, Xg, V2, U2; YplQ, V', Vo, V1, U', Uy, Uy)
R, +R;+R|+R]

< I(X1,X2,Xg, Q, V1, Up; Yp|V', Vo, V2, U', Uy, Us)
R,+R;+R|+R)

< I(X1, X2, Xg, Q, V2, Ua; Yp|V', Vo, V1, U, Uy, Uy)
R +R,+R| +R)

< I(X1, X2, Xg, V1, Uy, V2, Uz; Ypl|Q, V', Vo, U, Up)
R +R,+R;+R{+R,

< I(X1, X2, Xg, Q. V1, Uy, Va, Ua; Yp|V', Vo, U, Up)
Ry+R,+R,+R;+R|+R)

< I(X1, X2, Xg, O, Vo, Up, V1, Uy, V2, Us; Yp|V', U")
Ry +Ry+R,+R,+R;+R|+R,

< I(X1,X2,Xg, Q, V', U', Vo, Uy, V1, Uy, Va, Up; Yp)

(6)

VOLUME 6, 2018



E. M. Taghavi, G. A. Hodtani: MARC With Relay-Sources Feedback

IEEE Access

where the union is taken over all joint probability distribu-
tions of the form:
p(vV',vo, vi, va, ', ug, uy, ua, g, X1, X2, XR, YR, YD)
= p("poV )1 IV, vo)p(ma V', vo)p(u' V')
pluolv', vo, uh)p(glv', vo, ', up)

2
< ([ TV, vo, vies ', uo)p e, vo, vie, ', o, e, )
k=1
x p(rlV, vo, vi, v2)POR, YpIX1, X2, XR) ©)

and Ry is the feedback rate and R}, R} are the components of
the message rate Ry such that R, = R}c + RZ, k=0,1,2.

Outline of proof: Each common message (wg) and pri-
vate message (wi, wp) are splitted into two parts w}( and
wl,k = 0,1,2, with the rates R, and R}, respectively.
Note that V' carries the relay-sources feedback message
information for resolving receiver’s residual uncertainty, Vo
is the common message information, Vi, k = 1,2, is the
private message information, U’ is the new feedback message
information, Uy is the new common message information,
Uk, k = 1,2, is the private new message information. Also
Q represents all new common messages information that is
intended to be transmitted along with all new private mes-
sages information by each source. The details of the proof
are given in the next section.

Corollary 1: By setting V' = Vo = V| =V, = U’ =
Up = Uy = U = Xg = 0, the achievable rate region of
Slepian-Wolf MAC in [21] is derived.

Corollary 2: As easily seen, the inner bound on the capac-
ity region of MARC with common message in [3] is obtained
by setting V' = U’ = @.

Corollary 3: By setting Vo = Vo = Uy = Uy = X, =
Q =0, and V| = Xg, U1 = X1, the achievable rate for relay
channel with relay-source feedback through DF strategy (not
studied previously) is derived.

Proposition 1: By setting Uy = X1, Up = X, and
Q = Uy or {, an achievable rate region for MARC
with a common message and relay-source feedback via
full DF strategy is given by equation (9), where the union
is obtained by taking account of all distributions of the
form:

p(V', vo, vi,va, U, ug, X1, X2, XR, YR, YD)
= p(0)polV)pi V', vo)p(ma V', vo)p(u' V')

2
x pluolV, vo, w)([ [ PGV, vo, vi, ', ug))
k=1
x p(g|V', vo, V1, v2)POVR, YD|X1, X2, XR) ®)
Ry
I1(X1; YrIXR, X2, U', Uy, V', Vo, V1, V2),
- I1(X1, Xg:; Yp|Xa, U', Uy, V', Vo, V2),
Ry

[(X2; YRIXR, X1, U', Uy, V', Vo, V1, V2),
I(X2, Xg; Yp|X1, U', Uy, V', Vo, V1),
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Ri+R,
. I(X1, X2; YRIXR, U', Uo, V', Vo, Vi, Va),
< min
(X1, X2, Xg; Yp|U', Up, V', Vo),
Ro+Ri + R
| I(Xy, X2; YRIXR, U', V', Vo, V1, Va),
< min
1(X1, X2, Xg; YplU', V"),
Ry +Ry+R+R
I(X1, Xo; YRIXR, V', Vo, V1, V),
< min (X1, X2; YRIXR 0, Vi, V2) ©)
I1(X1, X2, XR; YD),
Theorem 2: An outer bound on the capacity region of a
two-user MARC with a common message and relay-sources
feedback is the union of all rate triple (R, R1, R») satisfying:

. | I(X1, XR; YplX3, U, V),
R{ < min
I(Xy; Yp, YRr|X2, Xg, U, V),

. | I(X2, Xg; YplX1, U, V),
Rr, < min
I(X; Yp, YR|X1,Xg, U, V),

I(X1, X2, Xg; Yp|U, V),

Ry + Ry < min
I(X1,X2; Yp, YrIXR, U, V),

I(X1, X2, Xg; Ypl|V),

Ro+ R1 + Ry < min
{I(Xl, X2; Yp, YR|Xg, V),

1(X1, X2, Xg: YD),
Ry +Ro+Ri + Ry < min | X1 X2 Xr: YD) (10)
I(X1, X2; Yp, YRIXR),

where the union is taken over all joint probability distribu-
tions of the form:

p(v, u, X1, X2, XR, YR, YD)
= pWpu|v)p(x1|v, u)
x pOea|v, wp(xrlxi, x2)p(yr, yplx1, x2, xg)  (11)

Corollary 4: As easily seen, the outer bound of MARC
with a common message and without feedback is obtained
by setting V = §.

Corollary 5: By setting Xg = Ygr = V = {J, the outer
bound of MAC without feedback is derived.

Theorem 3: An inner bound on capacity region of SW-
GMARC with relay-sources feedback is given by

P P P Pr)?
Ry <max min{C(ZLL) o™ 1+(V/ i1 P1++/YrPR) )

Ng Np

Py P+ (V2 Pz-i—«/aRPR)z)}

. a2
R> <max min{C ,C
2 <max min{ (NR ), C( Np

R| + Ry < max min

a1 Pi+a Py
C N )

a1P1 + arPr+
c | | W Pi+ VvrPr)*+ :
(V12 P2 + /agPr)?
Np

Ro + R{ + R» < max min
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C(01P1+02P2+(«/V1 Pi+y2 Pz)z)
Ng ’

o1 Py + o Pr+
(V11 Pi + VrPR)*+
C (V2 P2 + agrPr)*+ ’
+(VY1 P1+ V72 P2)*+
(01 P + /0, P, + /BrPg)*
N
Ry +Ryp+ R+ Ry < maxrﬁin
1P + axPr+

¢ (((J_yl P+ V7P +(Bi Pi+ B P2 P2)2>> ;
NR

a1Py + aoPr+
(V11 P+ VrPR)*+
(V2 P2 + VagPr)*+
(Vi Pi+ Vv P+
(V01 Pi + 0, P, + /BrPR)*+
C (VB1 P1 + /B2 P2)*+

I

(Jou + B+ v+ +61P1+
I

Voer+ B+ +ua+ 6P+

vV ar + Br + vrPR)
Np

2

12)

where the union is obtained by taking account of all param-
eters o, Bi, Vi, Ki, 0i, ar, Br, vr € [0, 1],i = 1, 2, such that
ai+Bi+vyi+ui+6 <1, agr Br yr <1

Corollary 6: The inner bound on capacity region for
SW-GMARC without feedback via the DF strategy [3] is
obtained by setting a1 +y1+u11+601 = 1, a0+ y2+p2+62 =
Lar+Br+yvr=181=p=0.

Corollary 7: By settingag = Br = P, = 61 = y1 = 0,
the achievable rate for the Gaussian relay channel with relay-
source via the DF strategy is obtained. The difference of this
corollary with [17] is due to the strategies applied for the
coding (DF and CF strategies).

Corollary 8: The achievable rate region for Gaussian mul-
tiple access channel with feedback [22] is derived by setting
Np = Ng,Pr =0,0; = y1 = 6, = y» = 0. The difference
of this corollary with [23], which achieves a higher sum rate,
is due to the coding schemes which are totally different.
Using equation (12), the achievable sum rate for Gaussian
MARC with relay-sources feedback has been computed and
shown in Fig. 2. As predicted, the achievable sum rate with
feedback is larger than the sum rate without feedback and the
feedback increases the sum rate.

IV. PROOFS
Proof of Theorem 1: The achievability proof of inner
bound consists of three parts: first, the random code book
generation is given, next, the encoding scheme is presented,
and third, the decoding scheme is provided.
Random code book generation: consider n > 0 and fix a
choice of

/ /
p(V', vo, Vi, V2, U, Ug, UL, U2, G, X1, X2, XR, YR, YD)
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15 = — =
—— Achievable sum rate- MARC with relay-sources feedback, using regular coding scheme
14/~ = = Achievable sum rate- MARC without feedback, using regular codi

Achievable sum rate (bps)

s
Total power consumption (mw)

FIGURE 2. Achievable sum rate for Gaussian Multiple access relay
channel, with relay-sources feedback and without feedback.

= p( oV )pi IV, vo)p(va V', vo)p(d' V)p(uolV', vo, u')
x p(ghV', vo, u', uo)
2
< ([ TV, vo, vies ', uo)p G, vo, vie, ', wo, e, )
k=1

x p(xg|V', vo, vi, v2))P(VR, YD X1, X2, XR) (13)

Note that V' carries the relay-sources feedback information
for resolving receiver’s residual uncertainty. First, as the
center of the clouds, the feedback information message
codeword, v’n,basid on p(') = [['_, p(v)) is generated.
Next, for each v, the common message codeword vg is
generated by superposition coding. Then, for each (v", vp)s
the private message codeword vi,k = 1,2 is generated.
After that, for each v’n, the new information codeword
of feedback, u”,is generated. Next, for each (v’",vg,u’" ,
the common new information codeword uj is generated. For
each (v/”, vg, Vi, u”, ug), the private new information mes-
sage codeword uj is generated. ¢" represents all new com-
mon information messages that is intended to be transmitted
along with all new private information messages by each
source.

o As the center of the cloud, generate 2"RV i.i.d n-sequence
V" based on p(v") = [T/—, p(v}) and index them as
V(). J e [1: 2R,

o For each v’”(j’ ), by superposition coding, generate
2"R) iid n-sequence vg.based on p(v’0'|v’n(j’)) =
[T—1 p(vo.:Iv;(j)) and index them as v{j(jo, ). jo € [1 :
2nR(/)].

o For each (v/"(j’),vg(jo,j’)), generate 2"Re iid n-
sequence V[, based on p(vﬁ|v/n(j’),vg(jo, )y =
[T—1 POk, IV;(), vo.:Go. /) and index them as v} (ji,
Jouf)ejk € [1: 2Rk k =1,2].

« For each v"(j/), by superposition coding, generate
2"Rv jid n-sequence u’ based on pu |V () =
[T~ p;v;(j)) and index them as u" (1), 1 € (1
2nRV].

e For each (V'(),u" (.}, vg(o. /), generate 1Ry
iid n-sequence uj,based on p(u8|v’n0’),u’"(l’,j’),
ViGo. ) = TTi—y pQuosvi(). u; (', j). vo.:Gjo. j)) and
index them as u(lo, jo, I', '), lo € [1 : 2"Fo].
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o« For each ("¢, u" ', ), viGo, ). uplo, jo, ', ),
Vi Gk Jos J))s generate 2R iid n- sequence uy,
based on p(uf V" (), u”" (I, '), vaGo. J). ug(lo. jo. I, 1),
Vk(/k Jo.J)) = I_L:1 P(“k,t|V;(l) ut(l/,j) vo,: (o, J),
uo.r(lo, jo, 's J), vi.tGk» jo,j)) and index them as
Wl (Ui jies losjo, I ) Ik € [1: 2"Rk] k =1, 2.

o For each (/"(/), ", Vo, /s ugllo. jo, I', ),
generate ZSR” i.i.d n-sequence ¢", based on p(¢"|v" (),
(U, ), vGos ), uyosjos U ) = Ty plarvi(),
u, (', j), vo,tGo, /'), uo,+(lo, jo. I, j)) and index them as
q"(mo. lo. jo. I, ), mg € [1 : 2"Ro].

o For each ("(), ")), ViGo.J), uglo.jo. '),
ViGksjosJ)s Wik, jis losjo. U, 7). q"(mo, lo, jo, I, ],
generate 2"t i.i.d n- sequence x;, based on p(x"|v’n G,

" (U, ), vio. J). uy(lo, Jo, "D VG Jos s i e, s
lo,jos I'. ), q"(mo, lo, jo, ') = Tli=y PCik,elv; (i),
wy (', ), v0.0Gos J)s 0.0, jo, U's 7 VietGies jos ')y ks
Uk, jis Lo, jo. U, 7)), g:(mo, Lo, jo, I’,j") and index them as
xp (my, mo, I, s Lo, jo, U,j),m e[l: Z"RZ], k=1,2.

« For each (v (). v(io., Vi jo. ) V(2. jo. J)):
choose an xp with p(xg|v" (i), v{Go, ), ViG1.jo.J),
v3(72,.j0,J)) = [Ti=1 PRV (),
vo..Go. /). Vi, Gi.jo. J). vy 2. jo.j)) and index them
as xz(7', jo, J1. J2)-

Encoding: Encoding is performed in B 4 1 blocks. The

messages wy, wi/ and wy/ are split into B equally sized blocks

Wy b, Wk p/ and WZ,b» k=0,1,2andb=1,2,...,B.

o At source terminals: Inblockb=1,2,...,B+ 1, the
th n /" /! / / /
k™ encoder sends xk’b(wk’b, Wo.b0 Wb Wo.b» Wribs Wi p—1»
W p_1» Wr,b—1) over the channel, where w,, o = wj, , =
0, )
W10

— ! — — / — /
= Y20 T WeBtl = Wopir = Wips

Wy Bl = WoB41 = Wi ps1 =Wopp =1
« Atrelay terminal: The relay knows w, p, wg)y b w/l’ b w/2’ b
from previous decoding step at the relay and transmits
xﬁ,bH(Wv,b, wg,b, w’lgb, W/Z,b) in block b + 1.
The rest of the proof, including decoding and eroror analysis,
are given in Appendix A.
Proof of Theorem 2: Auxiliary random variables U; 2

Wop and V; 2 W, are defined.

nRy = H(Wy) = I(Wy; Yp) + HW1|Yp)
< I(Wy; Yp) + ney,

< I(Wp5 Y2, YD) + ney &

nRy < I(Wy; YD’ YR|W0» W2, Wy) + ne,
n

= ZI(Wl; Yo, YRilYS ', Yt Wo, Wa, W,) + ne,
i=1

n
=Y Hp,. YeilYy " Yy ' Wo, Wa, W)
i=1
_H(YD is YR,Z|Yb_15 Yé_la WOa W]a Wza WV)
(b)
+ne, —
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n
nRi < Y H(Ypi Yril¥h ' Vi ' Wo, Wa, Wi, Xa.i, Xg.1)
=1
—H(Yp:, YrilY5 L Yt Wo, Wi, Wa, Wy, X1,
X2 is XR 1) + ne, — (C)
n
< ZH(YD,:'» YrilX2,i, Xr,i, Ui, Vi)
i=1
Z—H(YD,ia YrilX1,i, X2,i, Xr,i, Ui, Vi) + ney
n

an

= ZI(XL:’; Yp.i, YrilX2,i, Xri, Ui, Vi) + ne,,  (14)
i=1

where (a) follows from the fact that (W7) is independent from
Wy, W, Wv) (b) is due to X1 ;, X» ; are deterministic func-
tions of (Y’ , Wy, Wo, Wh), (Yg i~1 , Wy, Wo, Wa), respec-
tively, and deterministic relation between Xg; and Y’ !
(c) follows from removing conditioning, and the Markov1ty
of (Y5 ' Y !, Wy, Wo, Wi, Wa) & (X1, X2, Xri) &
(Yp.i, Y R’,) The rest of the proof, including the other bounds,
are given in Appendix B

Proof of Theorem 3: In this sub-section, we focus on
the Gaussian multiple access relay channel with relay-sources
feedback which is described as follows: In this channel,
the input symbols sequences {Xi}, {X>} and {Xg} are sub-
jected to the following average power constraints:

1 n
=) E(Xix) < Py i=1,2
k=1

1 n
=D E(Xexl?) < Pr.

k=1

15)

where E denotes as an expectation operator. For each slot &,
X1, X2, Xg are sent and channel outputs are:

Yri = X1k + X2k + Zrk»

Ypk = X1k +Xok +Xgk +Zpi, (16)

where Zg = (Zg1, ..., Zpn)and Zp = (Zp.1, ..., Zp n) are
sequences of independent identically distributed (i.i.d) nor-
mal random variables with zero mean and variances Ng, Np
which model the noise on the relay and the receiver respec-
tively.

The discrete alphabet achievable rate results can be
extended to memoryless channels with discrete time and con-
tinuous alphabet [24]. Achievability is established following
the proof of Theorem 1 by substituting U1 = X1, Uz = X»
and Q = @ or Uy. The resulting information rates suggest
that the rate region is achievable if it satisfies (9). We set:

Vo = /moL + vV’

Vi=yniaTi+ 2l +/ (g + i)V’
Vo= miT + ymaLl + /(21 + m2)V’

U' = /n3P + iV
Uo = VM + /ioP + 3sL + 31 + a2 + A3V
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Xi = VPUJ&IN + BIP + y7iM + JinT1 + oiL
+\//(0t1 +B1+yi+u1+0)V)

Xa = Py(JarNy + /BoP + /1M + JinTs + /6L
+ \//(Otz + B2+ 2+ pa+62)V)

Xi = v/Pr(y/BrL + V/7RT1 + VarT>

N (e TR a7

where V', L, Ty, T>, P,M,N;, N, are all Gaussian ran-
dom variables with zero mean and unit variance and

10, M1,1, M1,2, 12,1, 12,2, 13, A1, A2, A3, @i, Bis Vi, Wi, 0i, QR, BR,

yr €10,1],i=1,2,suchthatn1+mz2 <1, mi+ma2=
L Ai+2o+A3 < 1, ai+Bi+yi+pi+0; < 1, agp+Pr+yr < 1.

Considering the relation the channel inputs- channel out-
puts relation in equation (16), the rates are bounded as fol-
lows:

o At the relay:

Ry < I(X1: YRIXg, X2, U', Up, V', Vo, V1, V2)
= h(YR|Xg. X2, U, Up, V', Vo, V1, V2)
— h(YR|Xg, X1, X2, U', Up, V', Vo, V1, V2)
= h(X1+Xo+Zr|Xr, X2, U, Uy, V', Vo, V1, Vo) —h(Zg)
= h(y/PI(JaIN| + /BIP + J7IM + JiiTh + /6L
+ \/(061 + B+ v1 + w1 + 0DV + Zr|XR, Xa,

U’ Uo, V', Vo, V1. Vo) — h(Zg) &
= h(y/a1P1N1 + Zg) — h(ZR)

1 1
= 3 log(2me(a1 P1 + NR)) — 3 log(2meNg)

a1 Py
Ng

Where (a) follows since knowing (U’, Uy, V', Vo, V1),
reveals L, T1, P, M. Similarly we obtain:

L tog(1 + 20 — o) (18)
Ng

2

axP;
R, < C(—= 19
) < (NR) (19)
a1P1 + o P
Ri+Ry < C(——1222) (20)
Ng
a1P1 + 2Py + (V1 P1 + /2 P2)?
R0+R1+R2§C(ll 2Py + (W1 Py V2 2))

Ng
21
a1P1 + aaPr+
(V71 Pi+ V2 P>+ (22)

Ry +Ry+Ri+R <C
(VB1 Pi + /B2 P2)?
Ng

the rest of the proof, including the other Gaussian bounds, are
given in Appendix C.

V. CONCLUSION

In this paper, inner and outer bounds for the capacity of the
DM-SW-MARC with relay-sources feedback configuration
were investigated. Moreover, by extending discrete alphabet
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results to the continuous alphabet version, an achievable rate
region for the Gaussian multiple access relay channel with
relay-sources feedback was derived. The derived achievable
rate region was shown to resolve the residual uncertainty
of the receiver in an efficient way due to the impact of the
feedback, and our results, while including the previous works
as special cases, show that the proposed coding strategy
enhances the correlation among the sources and the relay
encoder and therefore improves the best known one-way
achievable rate.

APPENDIX A
THE ACHIEVABILITY PROOF OF INNER BOUND
« Decoding and error analysis at the relay terminal:
At the end of block b, after determining xp from yp,
the relay looks for (Wy 5, wé)’ b Wi b w’z‘ ») in a way that

(Vy Wub—1): Vi (Wh pts Wyb—1);
VI WL b1 W0 o> Wy b—1)s
VA L, (OWh 1 W 12 Web—1): Uy (W, Wy b—1),
”g,h(wﬁ,b’ Wé),b—lv Wby Wy b—1),
”rll,h(w/l,b’ W/l,b—l’ W6,b’ WZ),b—l’ Wy by Wy b—1),
”g,h(w/z,b’ W/2,b—1’ W6,b’ WZ),b—l’ Wy by Wy b—1),

xﬁ,h(wv,b—l’ W6,b—1 ) Wll,b—l ) W/Z,b—l ), y;le,h)
e ALV, Vo, Vi, Vo, U', Uy, Uy, Uz, Xg, Yg)  (23)

The relay uses joint decoding strategy to find (wy,p, Wg ;5 W) 5
w/zy ) by using typicality decoding of equation (23). This can
be done if:

Ry < I(Uy; YrIXg, V', U', Uy, Uz, Vo, Vi, V2)

R, < I(Uy; Yr|Xg, V', U’, Uy, Uy, Vo, Vi, V2)

Ry + R, <I(Uy, Uy; YrIXg, V', U, Uy, Vo, V1, V2)

R(/) +R/1 +R/2 < I(Ug, Uy, Up; YRIXg, V', U, Vo, V1, Va)

Rv+R6+R/1 +R’2§I(U/, Uo, Uy, Uz; YrIXg, V', Vo, V1, V)
(24)

o Decoding and error analysis at the destination ter-
minal: The receiver uses backward decoding by waiting
until the last block’s transmission is received. It then
jointly decodes wy p—1, W/O,h—l’ W/l,h—l’ W/2,b—1’ Wg,b’
w’l/’b,w/z”b for b = B + 1,B,...,2 by using
yp» and considering that its previously decoded
messages are @Ergct./T\hg receiver tries to find

— / / / 1/ a7 1/ .
W b—1sWo p—1> W11 W2, p—1> Wo,00 Wip» W 1 2
way that

—_~—

n o~ —_——
(ng (Wy,p-1), Vg,b(Wf),b,] s Wy b—1)s

—~ —~— —~—

n / / e n / / i
Vl’b(leb,] »Wob—1° Wy b—1), V2,b(W2)b,1 s Wob—10 Wy b—1),

—~—
—_~

/n — ’
Uy (Wv,by Wv,b—l)s ug,b(w(),bs Wé),b—l s Wy b, Wv,b—l)y

P

—_~—

n ’ / / /
ul’b(WL[ﬂ Wi b—1> Y0, Wo,p—1° Wr.b» Wv,h—l)y
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—~—

/ / / / b
ug’b(wz’bv W2,b71’ W()’ba WO,b*l’ Wy.b, Wv,b—l)»

—_~

e / —_
CIZ(WSVI,, wWo,b Wé),bfl s Wo by Wy b—1),

—_~—

Y~~~ —~—

n — / / /
xRb(WVb—l’WOb 1 Wlb—12 W p—1)s

/—\_//-\_/

xl b(Wl b WO b W] b W] bh—1° W() bs WOb 1> Wv,bs Wy b—1),

—_~—

x2 b(Wz b Wo b Wz b> Wz b—1° Wo b

—_~—

WO,b—l s Wy.bs Wv,bfl)’ yD,b)
€ ALV, Vo, Vi, Vo, U', Uy, Ui, Uz, Q, Xg. X1. X2, YD)
(25)

—~

The relay uses joint decoding strategy to find wy, ;1. Wp ,_ ;.

w1 b1 w2 b1 Wo b w1 B w2 » Dy using typicality decoding
of equation (25). This can be done if:
R

< I(X1; YplXg, X2, Q, V', Vo, V1, V2, U’, Uy, Uy, Up)
R}

< I(X2; Yp|Xg, X1, 0, V', Vo, V1, V2, U’, Uy, Uy, Up)
R+ R

< I(X1,X2; YplXg, Q, V', Vo, V1, V2, U’, Uy, Uy, Up)
R, +R]

< I(X1,Xg, V1, U1; Ypl|X2, 0, V', Vo, V2, U', Uy, Up)
R, + R

< I(X2, Xg, V2, Uz; Yp|X1,Q, V', Vo, V1, U', Uy, Uy)
Ry +R] +Rj

< I(X1, X2, Q: YplXg, V', Vo, V1, V2, U’, Uy, Uy, Up)
R +R|+R)

< I(X1, X2, Xg, V1, U1; Yp|Q. V', Vo, V2, U’, Uy, U)
R, +R{+R)

< I(X1, X2, Xg, V2, U2; YplQ, V', Vo, V1, U', Uy, Uy)
R +R;+R|+R)

< I(X1,X2,Xg, Q, V1, Up; Yp|V', Vo, V2, U’, Uy, Ur)
Ry + Ry + R + S

< I(X1, X2, Xg, Q, V2, Ua; Yp|V', Vo, V1, U, Uy, Uy)
R +R,+R|+R)

< I(X1, X2, Xg, V1, Uy, V2, Up; Yp|Q, V', Vo, U, Up)
R| + R, +Ry+R| +R;

< I(X1, X2, Xg, O, V1, Uy, Va, Up; Yp|V', Vo, U, Up)
Ry+R,+R,+R;+R|+R)

< I(X1, X2, Xg, Q, Vo, Up, V1, U1, V2, Us; Yp|V', U")
Ry +Ry+R,+R,+R;+R|+R,

< I(X1,X2,Xg, Q, V', U", Vo, Uy, V1, U1, Va, U; Yp)

(26)

Due to the distribution equation (7), the Markov chain

V', Vo, Vi, Vo, U', Uy, Uy, U2, Q) & (X1,X2,Xg) &
(Yp, Yr) is used to simplify the aforementioned inequalities.
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APPENDIX B
THE OUTER BOUND PROOF

nRy = H(Wy) = I(Wi; Y}) + HW[Y})

< I(W); V) +ne, 2

nRy < I(Wy; Yp|Wo, Wa, W) + ne,

n
=Y I(Wi: YpilYy ' Wo, Wa, W) + ey,
i=1

n
(a) - i
5= > IWi Ypl Yy v Wo, W, W) + ney

i=1

n
=Y Hp Y5 Y5 Wo, Wa, W)
i=1
—HYp Y5 Yt Wo, Wi, Wa, Wy) + ne,

b
(—>) nR; <

n
— ZH(YD,llYll)_la Y]le_ly W07 W27 WV’XZ,i)
=1
—HYp Y5 vt Wo, Wi, Wa, Wi, X1 4,

X3, XR,i) + ney
n
< ZH(YD,iIXzi, Ui, Vi)

i=1
—H(Yp,iIX1,i, X2,i, Xr,i, Ui, Vi) + ney
n

(_cg an

= ZI(Xl,i,XR,i: YpilXai, Ui, Vi) +ne, — (27)
i=1

where (a) follows from the fact that (W;) is independent
from (Wy, Wo, W,, Y;? 1) (b)is dueto X1 ;, X2 ; are determin-
istic functions of (Y ', Wy, Wo, W), (Yi , Wy, Wo, Wa),
respectively, and deterministic relation between Xg;
and Y ,’;1, (c) follows from removing conditioning,
and the Markovity of (Yg_l, Ylé_l, Wy, Wo, Wi, Wh) &
(X1, X2,i, XR.i) & (YD.i> YR,i)-

n(Ry + Ry) = HWy, W)
= I(Wy, Wa; Y55) + H(Wy, Wa|Y})
< I(Wy, Wa; Ypy) + ney

< (Wi, Wa; Y2, Y1) + ne,

n(Ry + Ry) < I(Wy, Wa; Y, YpIWo, Wy) + ney

n
=Y I(Wi, Wai Ypi. YeilY) ' Vit Wo, Wo)
i=1
+ ne,
=Y HYp YralY5 ' v o, W)
i=1
—HWYp, YrilY5 L YE, Wo, Wi, Wa, Wy)
(b)
~+ne,;, —
n(Ry +Ry) = ZH(YDJ, YrilYy ' Yt Wo, Wi, Xg,i)
i=1
—HYp,, YrilY5 ' YE ' Wo, Wi, W,
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(c)

Wy, X1,i, X2,i, Xg,i) + ne, —
n
n(Ry + Ry) < ZH(YDJ, YRilXr,i, Ui, Vi)

i=1

—HYp,i, Yr,ilX1,i, X2,i, Xg,i, Ui, Vi) + ney

n
= ZI(XU’ X203 Yp,i» YR.ilXR.i» Ui, Vi) + ney
i=1

(28)

where (a) follows from the fact that (W}, W>) is independent
from (Wy, W,), (b) is due to X1 ;, X ; are deterministic func-
tions of (Y5, Wy, Wo, Wy), (Y5 |, Wy, Wo. Wa), respec-
tively, and deterministic relation between Xg; and Y,é_l,
(c) follows from removing conditioning, and the Markovity
of (Y5 'Yy Wy, Wo, Wi, Wo) & (X1, X2, XRi) &
(Yp.i, YR

n(R1 + Ry) = HWy, W)
= I(Wy, Wa; Yp)) + H(Wyi, Wa|Y])

< (Wi, Wa; YD) + nep

n(Ry + Ry) < I(Wy, Wa; Y| Wo, Wy) + ney,

n
= ZI(Wh Wa: Ypil Y ' Wo, Wy) + ney
i=1

n
(a) i i
== IWL Was Yp Yy Y Wo, W)

i=1
+ ney,

n
=Y HplYy ' Yg ' Wo, W)
i=1
—Hp Y5 Y Wo, Wi, Wa, Wy)
)
+ne,;, —
n
n(Ri+Ry) < ) HYpilYy ' Vg ', Wo, W)
i=1
_H(YD,1|YB_19 Yé_la WOa W]a W29 WV7
(c)
X1, Xo.1, Xp,i) + nén —
n
n(Ry +Ry) < > H(Yp,|Ui, Vi) —
i=1
H(Yp,ilX1,i, X2,i, Xr,i» Ui, Vi) + ney

n
= Y I(X1.i. X200, X i3 Yp,i|Ui Vi) + nen (29)
i=1
where (a) follows from the fact that (W, W>) is independent
from (Wy, W,, Y}e_l), (b) is due to X1, X2; are determin-
istic functions of (Y;;l, W, Wo, W1), (YI’;I, W, Wo, W),
respectively, and deterministic relation between Xg;
and Y 12—1’ (c) follows from removing conditioning,
and the Markovity of (Ylg_l, Yl’é_l, Wy, Wo, Wi, Wr) &
(X1,is X2.is Xr.i) & (YD.is YR.i)-

n(Ry+ Ri1 + R»)

45842

= H(Wy, W1, W2)
= I(Wo, Wi, Wa; Yp) + H(Wo, Wy, Wa|Yp)
< I(Wo, W1, Wa; Yp) + ne,,

< I(Wo, Wi, Wa: Y2, YD) + ney &

n(Ro + R1 + Ry)
< I(Wo, Wy, Wa; Yp, YR|W,) + ne,

n
= ZI(W(), Wi, Wo; Yp i, YelY ' Yy L W) + ney
i=1

n
= > H(Ypi YrilV5 ' Y W)
i=1
—H(Yp,i, YRV Y, Wo, Wi, Wa, W,) + ney, —

n(Ro + R1 + Ry)

n
< Y Hpi, YrilY5 ' Yt W, Xg.i)
i=1
—H(Yp:, YrilYp5 L Ye b Wo, Wi, Wa,

()
Wy, X1,i, X2,i, XR i) + ne, —

n(Ro + R1 + Rp)

n
< Z H(Yp,i, YR, ilXr,i, Vi)
i=1

—HYp,, YrilX1,, X2,i, Xr.i, Ui, Vi) + ney

n
= ZI(Xl,i,Xz,i; Yp.i, YR ilXRr,i, Vi)+ney (30)
i=1
where (a) follows from the fact that (Wp, Wy, W») is indepen-
dent from (W,), (b) is due to X} ;, X» ; are deterministic func-
tions of (Y5 ', Wy, Wo. W), (Y5 ', Wy, Wo, Wa), respec-
tively, and deterministic relation between Xg; and Y, ;3_1,
(c) follows from removing conditioning, and the Markovity
of (Y5 'Yyl Wy, Wo, Wi, W) & (X11,Xo,i, XR:) &
(Yp,i» YR,0).
n(Ro + Ry + Ro)
= H(Wp, Wy, W)
= I(Wo, Wi, Wa; Yp) + H(Wo, Wi, Wa|Yp)

< I(Wo, Wy, Was YD) + ney 2

n(Ro + Ry +Ry)

n
= ZI(WO, Wi, Wo; Yp il Y5, W) + ney, 9

i=1

n
= > 1(Wo, Wi, W3 Yp Y Y, W) + ne,

i=1

n
=Y Hp vy vy wy)
i=1
_H(YD,llyll)_la Y;Q_lv WOv Wla W27 WV)
(b)
“+ne, —
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n(Ro + R1 + Ro)

n
< Y HplY, L v W)
i=1
—HYp Y Y Wo, Wi, Wa,

(o)
Wy, X1,i, X2,i, Xg,i) + ne, —

n(Ro + Ry + Ry)
n

< Y H®¥pilVy)
i=1
—H(Yp ilX1,i, X2,i, Xg,i, Ui, Vi) + ney

n
= Y I(X1.i. X2.i. Xg.i: Yp,i|Vi) + ney 31)
i=1

where (a) follows from the fact that (Wp, Wy, W») is indepen-
dent from (W,, Y Ile 1) (b) is due to X1 ;, X2,; are determin-
istic functions of (Y’ , W, Wo, Wp), (Yl i , W, Wo, Wa),
respectively, and deterministic relation between Xg;
and Y Ié_l, (c) follows from removing conditioning,
and the Markovity of (Ygl, Y{l, Wy, Wo, Wi, Wr) &
(X1,i, X2,i, XR,i) & (YD.i» YR,i)-

n(Ry + Ry + R1 + Ry)
= HW,, Wy, Wy, W2)
= I(W,, Wo, Wi, Wa; Yp) + H(W,, Wy, Wy, W2 |Yp)
< I(W,, Wo, W1, Wa; Yp) + ne,
< I(W,, Wy, Wi, Wa; Y73, YR) + ne,

n
= > I(Wy, Wo, Wi, Was Ypi. Yeal ¥ Y ") + ney
i=1

n
= ZH(YD,l'v YR,iIYl’)_l, Y]lg_l)
i=1
_H(YD,Z’ YR,Z|Yb_15 Yé_l’ W05 W]a W29 WV) + néy (_ag

n(Ry + Ro+ R1 + R2)

n
<Y HWpi YrilYy ' Vi ' Xg)
i=1
—H(Yp,i, YR,iIYEl, Y,’;l,

(b)
WO? Wla WZ’ WVs Xl,i? XZ,i» XR,i) + ngl’l -

n(Ry + Ry + R1 + Ry)
n

< Y H(®¥p,. YrilXr.)
i=1
—H(Yp,i, YRilX1,i, X2,i» Xr,i» Ui, Vi) + ney
n

=Y I(X1.i. Xa.i: Y. YR.ilXg.i) + nen (32)
i=1
where (a) is due to Xj;,Xp; are deterministic func-
tions of (Y LWy, Wo, W), (Y’ LWy, Wo, Wa), respec-
tively, and deterministic relation between Xg; and Y’ !

(b) follows from removing conditioning, and the Markov1ty
of (Vi Y W Wo, Wi, Wo) & (X1 X0 Xki) <
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(Yp,is YR,i)-

n(Ry + Ry + R + R)
= HW,, Wy, W1, W2)
= I(W,, Wo, Wi, Wa; Yp) + H(W,,, Wy, Wy, Wa|Yp)
< I(W,, Wy, Wi, Wa; Yp)) + ne,
n

= 3" 1(Wy, Wo, Wi, Wa: Yol V) + ney &

i=1

IA

n
D I(Wy, Wo. Wi, Was Yp Y5 YiTh) + ney
i=1

n
=Y Hp Y5 vph
i=1
i—1 yi—l )
_H(YD,Z|YD 9YR 5W05 W15W29WV)+n8n_>

n(Ry +Ro+ R1 + R»)
n

< > HplYy v
i=1
—H(Yp, i|Y£7], Y,';], Wo, Wi, Wa, Wy, X1.i, X2.i, XR,i)

+ne, — (C)

n(Ry +Ro+ Ry + R»)
n

< ZH(YD,i)
i=1
—HYp,ilX1,i, X2,i, Xr,i, Ui, Vi) + ney

n
=Y I(X1i. Xa.i. Xg.i YD.i) + nen (33)
i=1

where (a) follows from the fact that (W,, Wy, Wi, W) is
independent from (¥ ;{1), (b) is due to X1 ;, X2 ; are determin-
istic functions of (Y ', Wy, Wo, Wy), (Y5 ', Wy, Wo, Wa),
respectively, and deterministic relation between Xg;
and Y, i_l, (c) follows from removing conditioning,
and the Markovity of (Y’ ! Y’ LWy, Wo, Wi, Wa) &
(Xl,hXZ,l’XR,l) g (YD,zs YR,l)

APPENDIX C
GAUSSIAN INNER BOUND
o At the destination:

Ry < I(X1, Xg; Ypl|X2, U', Uy, V', Vo, V2)
= h(Yp|X2, U’, Up, V', Vo, V2)
—h(Yp|Xg, X1, X2, U', Uy, V', Vi, V2)
= h(X1+X2 + Xg+Zp|Xa2, U', Uy, V', Vo, V2) — h(Zp)
= h(y/PI(JaiN| + VBIP + JVIM + Ty + /6, L
+\/(061 +B1+ v+ +6)V)
+/Pr(/BRL + /7RT1 + V/ar T

+y @+ Br +yR)V') + Zp|Xa, U’, Up, V', Vo, V2)

b
—n(zp) ¥
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= h(y/a1PINy + (v u1P1 + YrRPR)T1 + Zp) — h(Zp)
1
=3 log2me(a1P1 + (/i1 P1 + /yrPr)* + Np))

1
—5 log(2meNp)

aiPy+ (Wi P+ «/)/RPR)Z)
Np
a1P1 + (V1P +\/VRPR)2)

Np

Where (b) follows since knowing (U’, Uy, V', Vo, V2),
reveals L, T>, P, M. Similarly we obtain:

1

= C( (34)

Ry
a2P2 + (/12P2 + /agPg)?
< C( N ) (35)
D
Ri+R

a1Pr + aaPr+
<C (Vi1 P+ VVRPR)2+ (36)
(V2 Py + VagPr)*
Np

Ro+R1 + Ry

a1Py + arPr+
(V11 Pi + vrPR)*+
<C (V2 P2 + JarPr)*+
- +(WV P+ V2 P2+

(V01 Pi + /03 P2 + /BrPg)*
Np

(37
Ry +Ro+Ri + R
1P+ axPr+
(V11 P+ /vrPR)*+
(V12 P2 + VagPr)*+
(V1 P+ Vv P2)*+
(01 Pi + 0, P2 + /BrPR)*+
<cC (VBi P + B2 P2)*+ (38)

T 2
(Jar+ B +y1 +pi + 0P+

/.
Vo + B+ + s+ 0P+

V@R + Br + VrRPR)
Np
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