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1. Motivation and Introduction

Let L be a Lie algebra presented as the quotient algebra of a free Lie algebra F' by
an ideal R. Then the c-nilpotent multiplier of L, is defined to be

c+1
ML) = %, for all ¢ > 1,
where F¢*! is the (c + 1)th term of the lower central series of F' and [R,o F] =
R,[R,. F] = [[R,c—1 F], F]. This is analogous to the definition of the Baer-invariant
of a group with respect to the variety of nilpotent groups of class at most ¢ given by
Baer in [T] (see [6H8L 1T} [19] for more information on the Baer invariant of groups).
The 1-nilpotent multiplier of L, is the more studied as the Schur multiplier of L,
M(L) = RN F?/[R, F], (see for instance [3H5] (13, [18]). It is proved that the Lie
algebra M(¢)(L) is abelian and independent of the choice of the free Lie algebra F.
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2050037-1


http://dx.doi.org/10.1142/S0219498820500371

J. Algebra Appl. Downloaded from www.worldscientific.com

by UNIVERSITY OF NEW ENGLAND on 03/27/19. Re-use and distribution is strictly not permitted, except for Open Access articles.

F. Johari, P. Niroomand € M. Parvizi

References [3H0), [13] [16] show that the behavior of the Schur multiplier with
respect to direct sum of two Lie algebras may lead us to have more results on the
Schur multiplier of a Lie algebra.

From [12], the formula of the Schur multiplier for the direct product of two
groups is well known. Later, the same result for the direct sum of two Lie algebras
was proved in [B] [20]. Moghaddam in [11] extended this result for the c-nilpotent
multiplier of the direct product of two groups and also Ellis improved the result
of Moghaddam in [§]. The last two authors in [I6] showed the behavior of the 2-
nilpotent multipliers with respect to the direct sum of two Lie algebras. Recently,
Salemkar and Aslizadeh obtained a formula for the c-nilpotent multipliers of the
direct sum of Lie algebras whose abelianizations are finite dimensional (see [2T]
Theorem 2.5]) and also generalized it for arbitrary Lie algebras, in the case ¢+1 is a
prime number or ¢+1 = 4 which is a strong restriction (see [21], Theorem 2.9]). Here,
we intend to generalize the result of Salemkar et al. to the c-nilpotent multipliers
for any arbitrary ¢, and then we give some results concerning the c-capability of
the direct sum of Lie algebras.

2. The cth Term of the Lower Central Series of the Free Product
of Two Lie Algebras

In this section, we are going to obtain the formula of the cth term of lower central
series of the free product of two Lie algebras.

The definition of basic commutators plays a fundamental role in obtaining our
main results.

Following Shirshov [22] for a free Lie algebra L on the set X = {x1,x2,...}.
The basic commutators on the set X defined inductively as follows.

(i) The generators a1, 3, ..., x, are basic commutators of length one and ordered
by setting z; < x; if ¢ < j.

(ii) If all the basic commutators d; of length less than ¢ have been defined and
ordered, then we may define the basic commutators of length ¢ to be all com-
mutators of the form [d;,d;] such that the sum of lengths of d; and d; is t,
d; > dj, and if d; = [ds, dy], then d; > d,,. The basic commutators of length ¢
follow those of lengths less than ¢. The basic commutators of the same length
can be ordered in any way, but usually the lexicographical order is used.

The number of all basic commutators on a set X = {21, xa,...24} of length n
is denoted by l4(n). Thanks to [22], we have

L) = = 3 u(m)d,

n
m|n

where p(m) is the Mobius function, defined by p(1) = 1, u(k) = 0 if k is divisible
by a square, and p(p; ...ps) = (—1)% if p1,...,ps are distinct prime numbers.
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Using the topside statement and looking [18] Lemma 1.1] and [22], we have the
next theorem.

Theorem 2.1. Let F be a free Lie algebra on a set X, then F¢/F¢T is an abelian
Lie algebra with the basis of all basic commutators on X of lengths c,c+1, ... c+i—1
for all i, 1 <i < c. In particular, F¢/F* is an abelian Lie algebra of dimension

ld(C).
The following definition is vital and will be used in the rest.
Definition 2.2. Let ¢ > 1. Consider the free product A * B of two Lie algebras A

and B. Let us impose the ordering A < B. The set of basic commutators of length
¢ on two letters A and B is denoted by M. We define

> (AxB).=([Pi,..., Py | € M),

where P, = A or P; = B. In fact, > (A * B). is the subalgebra generated by all the
basic commutator subalgebras [P, ..., P:]x such that A € M.

For example, we have > (AxB); = Ax B, > (AxB)y = [A,B] and > (A*B)3 =
(|B, A, A],|B, A, B]).

Lemma 2.3. Let A and B be two Lie algebras. Then Y (A x B). = {[D_(A *
B)e—1, A, D (A% B)e—1,B]) = D (A% B)c—1,Ax B] and > (A * B). is an ideal of
A x B where ¢ > 2.

Proof. Clearly, > (A x B)er1 = (D_(A * B)e, Al, [>_(A * B)., B]). We proceed by
induction on ¢. If ¢ = 2, then Y (A x B)s = [A, B]. Let ¢ > 3. By the induction
hypothesis, we have Y (A * B). is an ideal of A x B and

S (A% B). = < [Z(A % B)e_1, A} : [Z(A 4 B)e_1, B} >
_ {Z(A*B)C_l,A*B]

We claim that

<[Z(A* B)C,A} : [Z(A*B)C,BD - [Z(A*B)C,A* B]

Clearly, (> >(A* B)., A],[>_(Ax B)¢, B]) C [>_(A* B)., Ax B]. It is enough to show

that
> (a«B)., A+ B € ([Y (A% B).. 4] [> (4% B)..B]).

Letl=a+b+we AxB,w=> . la;,b;] and x € Y (Ax B). such that a,a; € A,
b,b; € B and w € [A, B]. We show that [z,1] € (D (A * B)., A],[> (A % B)., B]).
For this, we know [z,1] = [z,a + b+ w] = [x,a] + [z, b] + [z, w]. Clearly,

[z,a] + [z,b] € <[Z(A % B)., A} : [Z(A % B)., B} >

Since [z,w] = [z, > i lai,bi]] = > [z, [ai,bi]], it is enough to see that
[%,[a;, b:i]] € (D°(A x B)e, A],[D2(A % B)., B]). The induction hypothesis implies
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[bi, 7], [, a;] € D (A*B).. By the Jacobian identity, [z, [a;, b;]] = [bi, z, a;]+ [z, a;, b;]
and so

[z, [a:, bi]] = [bi, z, a;] + [z, a:,bi] € <{Z(A * B)C,A} , [Z(A * B)C,B} >
Hence [z,w] € (> (A * B)., 4], [> (A * B)., B]). Therefore

Z(A * B)ey1 = [Z(A * B)e, A % B} .

Now, we show that > (A * B).y1 is an ideal of A« B. Let y € Ax B and = =
St wisli] € D2(A % B)eyq such that z; € Y (A« B). and I; € A x B. Since

i=1
[z, y] = Y0 @i liyy] and [24,0;] € Y (A% B), for all 1 < i < n, we conclude
[z,9] € (A * B).y1. Hence > (A * B), is an ideal and result follows. O

We give the structures of the cth term of the the lower central series of the free
product of two Lie algebras.

Proposition 2.4. Let A and B be two Lie algebras. Then
(AxB)°=A°+B°+ Y (A*B).

forc>1.

Proof. We proceed by induction on ¢. If ¢ = 1, then AxB = A+ B+[A, B] and the
result holds. Let ¢ > 2. By the induction hypothesis, (A% B)¢ = A°+ B+ (A B)..
It is easy to see that

(A B)“*! = [(A% B)°, A% B] = [AC + B +Z(A*B)C,A*B}

= [A°, A% B] + [B°, Ax B] + [Z(A*B)C,A*B]
By Lemma 23] [> (A x B)., A* B] = > (A % B).4+1. We conclude that
Actl! _|_Bc+1 +Z(A*B)c+l

C (A% B)*™ = [A°, A« B+ B, Ax Bl + Y (A*B)c1.
Now, we show that
[A°, A% B+ [B®, Ax Bl + Y (A% B)ey1 €A™ + BT 4> (A% By

n

Let x € A% ye Band l=a+b+we AxB, w=>__[a;,b;] such that a,a; € A,
b,b; € B and w € [A, B]. Since

[2,0) = [z, a] + [2,0] + [z, w] and [y, 1] = [y, a] + [y, 0] + [y, w],

we can see that [x,b] + [z, w], [y, a] + [y,w] € > (A * B)c+1. Hence [A°, A x B] +
(B¢, A% B] 4+ > (A% B)ey1 = AT + BT 4+ 5" (A % B)o41. It completes the proof.
O
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The next step gives a generating set for > (F} x F5).41 in terms of the free
generators of F; and Fb.

Proposition 2.5. Let Fy and F be two free Lie algebras generated by the set X and
Y, respectively, and F = Fy « Fy for all ¢ > 1. Then (3 (Fy * F2)eq1 + FCJFZ)/FC+2
is an abelian Lie algebra with the basis of all basic commutators A of length ¢ + 1
in the set X UY which have at least one x; and at least one y;.

Proof. By Proposition[Z4] we have
Fc+1/Fc+2 — (Flc+1 + F2c+1 + Z(Fl % F2)0+1)/FC+2

1%

(FE/FE) @ (B Bt @ (Yo (P« Bo)ows + FF2) JFeF2).

By Theorem 2.1} Fet!/Fet? [ Frtt JFET2 and Fyt'/FS™ are the abelian Lie alge-
bras with the basis of all basic commutators of length ¢+ 1 on X UY, X and Y,
respectively. We conclude that (3 (F) # F2)eq1 + F¢T2)/F¢2 is an abelian Lie alge-
bra with the basis of all basic commutators A of length ¢ in X UY which involve
at least one x; and at least one y;, as required. O

Corollary 2.6. Let Fy and Fy be two free Lie algebras generated by X and Y with
d1 and do elements, respectively, and F' = Fy x Fy. Let S be the set of all basic
commutators X of length ¢ in X UY which have at least one x and at least one y.
Suppose that the order is defined as v; < x; <y < yq for i < j and t < d, where
xi, xj € X and yi,yq € Y. Then dim(S) = l4, +4,(c) — 4, (¢) — gy (c).

Proof. S is the set of all basic commutators A of length ¢ in X UY such that
A is not a basic commutator of length ¢ on the set X or Y. By Theorem 21
dim(S) = l4, +d,(¢) — lg, (¢) — lg,(c). The result follows. |

Corollary 2.7. Let Fy and Fs be two free Lie algebras generated by the set X and
Y, respectively, and F' = Fy x F5. Let S be the set of all basic commutators \ of
length ¢+ 1 on X UY which have at least one x; and at least one y;. Let we have
the order x; < x; < yr < yq fori < j andt < d, where z;, x; € X and y,yq € Y.
Then Z(Fl * FQ)C_H = Z(Fl * FQ)C+2 + <S>

Proof. By Proposition ZH we have (YJ(Fy * Fy)er1 + Fet?)/Fet? = ((S) +
FeF2)/F+? and so 3O (F) * Fy)eq1 + FF2 = (S) + F2. Thus,

Z(H * Fy)eqr = ((S) + FH)n Z(Fl * Fo)er1

. (Z(Fl 5« Fy)esr N FC+2) +(S).

By Propositions 22, ST (Fy * Fy)er1 = (FFT2 4+ FST2 4 32 (Fy o+ Fa)eyo) NS (Fy *
FQ)C+1)+<S> = ((Ff+2—|—F2C+2)OZ(F1 *FQ)C+1)+Z(F1 *FQ)C+2+<S>7 as required.
O
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3. The c-Nilpotent Multiplier of a Direct Sum of Lie Algebras

In this section, we study the c-nilpotent multiplier with respect to the direct sum
of two Lie algebras, and then we give some results on the c-capability of the direct
sum of two Lie algebras. The techniques are used here are based on the notion of
free products of Lie algebras and the expansion of an element of a free Lie algebra
in terms of basic commutators. Every element of a free Lie algebra can be expressed
as a sum of some basic commutators. For the elements of a free product of two free
Lie algebras also we have a similar expression except that the basic commutators
are on the union of the bases of the two free Lie algebras taken to form the free
product. It is easy to see that the free product of two free Lie algebras is in fact a
free Lie algebra on the disjoint union of the bases of the two chosen free Lie algebras
(see for more details).
Let Ly and Ly be two Lie algebras with the following free presentations

O—>R1—>F1—>L1—>0 and O—>R2—>F2—>L2—>0,

respectively. Then the free presentation of the direct sum L; & Lo is given in the
following.

Lemma 3.1 ([16, Lemma 2.1]). Let F = F} * Fy be the free product of two free
Lie algebras Fy and Fy. Then 0 = R — F — L1 & Lo — 0 is the free presentation
for L1 @ L in which R = Ry + Ro + [Fa, Fi].

The following lemma plays a key role in the main result, also it is different from
[21], Proposition 2.1}, since we use the concept of free products in order to obtain
the free presentation of a direct sum of Lie algebras.

By applying Lemma [3-Jland the above notation, we can compute the c-nilpotent
multiplier of L1 & Lo in terms of F;’s and R;’s as follows

ROFC+1 (Rl+R2+[F2,F1])O(F1*F2)C+l

(c) L Lo) = =
M ( 1D 2) [R,CF} [R1+R2+[F27F1]7CF1*F2]

Define

RNFtY  RiNFY  RynFy!
—
(R, F] [R1,c F1] [Ra,c Fy]

= ML) & MO (Ly). (3.1)

m: M(C)(Ll D LQ) =

which is induced by the canonical homomorphism from F' = F} x F5, — Fy X Fb.
Then we have

Lemma 3.2. Let Ly and Lo be two Lie algebras. Then
MLy @ Ly) 2 MO(Ly) e MO (Ly) & K,
for all c,c > 1 and K = kern.
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Proof. Let F' = I} x 5. Then the epimorphism F — F; x Fy induces the above
epimorphism 7. Consider the map
5. RiNFHY  Ryn FH! _ Ropet!

" [Ru,e Fi [Ra,c Fh] (R, F]
defined by (21 4 [R1,c F1], 2 + [Ra,c F2]) — 21 + 22 + [R,. F]. Clearly, § is a well-
defined homomorphism. It is easy to see that [ is a left inverse to 7 in Eq. ().
Therefore the sequence

0— K — ML, @ Ly) — ML) & M (Ly) — 0

splits and the result holds. O

Now we compute the kernel of the epimorphism 7 in Eq. Bl

Theorem 3.3. Let

n: MO (Ly & Ly) — M(Ly) & M (Ly)
be the epimorphism defined in Eq. 3)). Then

kern = Z(Fl * F2)C+1 + [Ryc F]/[Ryc F}

Proof. Clearly (3 (F1 * F2)et1 + [Rye F|)/[R,c F] C kern. Let w + [R,. F] € kern.
Using Proposition 4], we have w + [R,. F] = a + b+ z + [R,. F] € kern such that
a € Ff“, be FQCJrl and z € > (Fy # Fy)cy1. The definition of 7 implies a € [R1,. F1]
and b € [Ra,. F2] so that w + [R,. F] = z + [R,. F], as required. |

The following corollary is an immediate consequence of Lemma and
Theorem [3.3]

Corollary 3.4. Let Ly and Lo be two Lie algebras. Then
MLy & Ly) = MO(L1) © MO (Lo) @ (3 (Fi # Fo)ors + [Roc F]) /[Roc F]
for all c,c > 1.

Lemma 3.5. Let Fy and F> be two free Lie algebras generated by the sets X and
Y, respectively, and F' = Fy x F5. Let S be the set of all basic commutators \ of
length ¢+ 1 on X UY which involve at least one x; and at least one y;. Let we have
the order x; < x; < yr < yq fori < j andt < d, where z;, x; € X and y,yq € Y.
Then (3_(F1 * Fo)er1 + [Roc F]) /(R F] = (S) + [Roc F]/[R,c F.

Proof. By Corollary 7] we have Y (Fy * Fy)ey1 = Y (F1 * Fa)era + (S). Also
by Lemma 3, we have Y (Fy % Fo)er2 = [DL(Fi % F)cy1, F|. Since [R,. F]
[R1 + Ra + [Fy, Fi],c F], 80 > (F1 % Fy)eqo = D (F1 % Fo)eq1, F| C [[Fa, F1],c F
[R,. F] = [R1 + Rz + [F3, F1],c F]. The result follows.

o Nl

A similar definition to the following can be found in []].
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Definition 3.6. Let ¢ > 1, K and H be two abelian Lie algebras with bases {a; }icr
and {b;}e;, respectively. Let we have the ordering K < H and the set of basic
commutators of length ¢ on the letters K and H which contains at least one H and
one K, is denoted by S7. We define

T(K,H). = ®xes, (Pr® - @ Pe), (3.2)
where P, = K or P, = H.

Note that descriptions of 7(K, H). follow from basic properties of the tensor
products of abelian Lie algebras and the definition of basic commutators.

(K, H)1 =

(K, H)z = (H®K)

T(K,H)s=(HK®K)® (H® K ® H),
T(KH)4—(H®K®K®K) (HOIK®K®H)®(H®K®H®H).

1

Multi linearity of the generating elements of Y (F} * FQ)C+1(mOd[R7C F]) imposes a
connection between Y (Fy x Fy).41(mod[R,. F]) and 7(Fb, F$Y) ..

Lemma 3.7. With the notations and assumptions of Proposition we have
T(L§?, L§)er1 2 (0(F1 % Fo)er1 + [Ric F)/[Roc F] for all ¢ > 1.

Proof. By Lemma BH, the map ai:(O (F1 * F)er1 + [Rye F])/[Ry e F] —
T(FP Fg) oy given by [fi,..., fer1] + [Roe F] = fi + H> @ -+ @ for1 + H?,
where H = L? or H = L3 is a Lie homomorphism. Conversely, we may check that
s (L8, L) o1 — (D(Fy # F)oss + [Roe FI)/[Ryc F) given by fi + H2 @ - @
for1 + H? — [fi,..., fes1] + [R,. F], where H = L? or H = L3 is a Lie homo-
morphism too. Now «ajas and asaq are identity homomorphisms, so the result
follows. O

The following theorem generalizes [2T), Theorems 2.5 and 2.9] and states a for-
mula for the c-nilpotent multiplier of a direct sum of two arbitrary Lie algebras
without any restriction on c.

Theorem 3.8. Let Ly and Lo be arbitrary Lie algebras. Then
MLy @ Lo) = M (L1) & MO (Lg) (L5, 15") 1

for all ¢,c > 1.

Proof. The result follows immediately from Corollary B4 and Lemma 371 O

4. The c-Capability of a Direct Sum of Finite Dimensional Lie
Algebras

In this section, we are going to determine the c-capability of a direct sum of finite
dimensional non-abelian Lie algebras.
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Recall that from [19] a Lie algebra L is c-capable if there exists some Lie algebra
H such that L = H/Z.(H), where Z.(H) is the cth center of H. Evidently, L is
1-capable if and only if it is an inner derivation Lie algebra, and L is c-capable
(¢ > 2) if and only if it is an inner derivation Lie algebra of a (¢ — 1)-capable Lie
algebra.

In [19], the c-epicenter of a Lie algebra L, Z*(L), is defined to be the smallest
ideal M of L such that L/M is c-capable. For ¢ = 1, the 1-epicenter of L is equal
to Z*(L) for a Lie algebra L which was defined in [I7]. It is obvious that Z}(L)
is a characteristic ideal of L contained in Z.(L), and Z}(L/Z*(L)) = 0. So L is
c-capable if and only if Z*(L) = 0.

The proof of the following lemma is similar to the proof of [T4, Theorem 2.7].

Lemma 4.1. Let A and B be two Lie algebras. Then Z*(A® B) C Z*(A)® Z*(B)
for all c,c > 1.

Proof. Since (A®B)/(Z*(A)®Z*(B)) =2 (A/Z(A))®(B/Z*(B)), we have Z* (A&
B) C ZX(A) ® Z*(B), as required. |

The following results show that the c-capability of the direct product of a non-
abelian Lie algebra and an abelian Lie algebra depends only on the c-capability of
its non-abelian factor.

Proposition 4.2. Let L be a finite dimensional Lie algebra. Then L = T & A
in which A is an abelian Lie algebra and Z(L) N L?> = Z(T). Moreover, Z}(L) =
ZX(T) CT? for all c > 1.

Proof. By applying [9, Proposition 3.1], we have L = T'& A such that Z(L)NL? =
Z(T) and A is an abelian Lie algebra. By using [ZI, Corollary 3.2], we have L/L?
and T/T? are c-capable and so Z*(L) C Z*(T) C T? for all ¢,c > 1. If Z*(T) = 0,
then Z*(L) = Z*(T) = 0. Now let Z*(T) # 0. We claim that Z*(T) C Z*(L). By
invoking Theorem B8] we have

ML) =2 MNT)® MO (A) © 7(T/T?, A)er
and
ML/ Z3(T)) 2 MNT/Z:(T)) & MO (A) @ 7(T/T?, A)cy1.

Now [19, Corollary 2.4] implies dim M()(T) = dim M©)(T/Z*(T)) — dim(Z} (T) N
Let). Thus,

dim M©(L) = dim M©(T/Z*(T)) + dim M) (A)
+ dim 7(T/T?, A)ey1 — dim(Z(T) N L)
= dim MO(L/Z}(T)) — dim(Z}(T) N L¢HY).
Again by [19} Corollary 2.4], Z*(T') C Z*(L), as required. |

2050037-9
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The following corollary is an immediate consequence of Proposition 121

Corollary 4.3. Let L =T @ A(n) be a finite dimensional Lie algebra such that T
is a non-abelian Lie algebra. Then L is c-capable if and only if T is c-capable.

Theorem 4.4. Let L = L1 @& Lo such that Ly and Lo are finite dimensional non-
abelian Lie algebras. Then Z}(Ly @ Lo) = Z¥(L1) ® ZX(Ls).

Proof. We have L; = T; & A; and Z*(T;) = Z*(L;) for 1 < i < 2, by Proposi-
tion EE2. Therefore L =Ty & To® A and Z2 (L) = ZX(Th € T»), where A = Ay @ Ao,
by Proposition We claim that ZX(Th @ Ts) = ZX(Th) ® Z*(Tz). Lemma 1]
implies Z*(Ty & To) C ZX(Th) @ Z*(Tz). Now we show that Z*(T;) C ZX(Ty & Tb)
for i = 1,2. If Z*(T;) = 0 for ¢ = 1,2, then ZX(T) = Z*(Th) ® Z*(T>) = 0. Now
we have Z(T;) # 0 for i = 1,2, or Z}(T1) # 0 and Z}(Tz) = 0, or ZX(T3) # 0
andZ*(Ty) = 0. First consider Z*(T;) # 0 for i = 1,2. By invoking Theorem B8]

we have

METy & Tp) = M(T) & M(Ty) & 7(T1 /T2, To /T )41,
My & To/Z}(Th)) = MO(T/ZEH(Th)) & M(T2) & 7(Ty/TE, To/T5)cs1

and
MNTy & T2/ Z7(T2)) 2 M(Ty) & M(T2/Z(Tn)) & 7(T1/T5, T2 /T5) et

Now [19, Corollary 2.4] implies dim M(Ty) = dim M©(T,/Z(Ty)) —
dim Z*(Ty) N (T1)°* and dim M)(Ty) = dim M(O(Ty/Z*(Ts)) — dim Z(T») N
(Tp)ett. Thus dim M(Ty © Ty) = dim M (T, /Z*(T1)) — dim Z(Ty) N (T1)°+ +
dim M(Ty) + 7(Ty /T2, To/T3)cr1 < M(Ty & Ty /Z*(T1)) and
dim M (T, @ Ty) = dim M) (Ty/Z*(Ty)) — dim Z}(Ty) N (Ty)*
+ dim MO(TY) + 7(Ty /T2, Ta /TZ) o1
< M(Ty @ Ty/Z} (T2)).

By using [19] Corollary 2.4], we have Z*(T;) C Z*(T), for i = 1,2. Thus Z:(L) =
XM @ Ts) =Z5(Th) @ ZX(Tz) = Z:(L1) ® Z%(L2). The proof is complete. O

Now we can state the following corollary which is interesting enough to be
considered when studying the c-capability of finite dimensional non-abelian Lie
algebras.

Corollary 4.5. Let Ly and Lo be two finite dimensional non-abelian Lie algebras
and ¢ > 1. Then Ly ® Lo is c-capable if and only if L1 and Lo are c-capable.
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