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Abstract
Besides one dimensional beam-type MEMS, two dimensional electrically actuated 
rectangular micro-plates have lots of applications in micro-engineering. However, 
there exist only a few works devoted to the analysis of such structures in the open lit-
erature to date. Therefore, the present work focuses on the dynamic behavior of elec-
trically actuated rectangular micro-plates under mechanical shock. The micro-plate 
is modeled using the non-linear Kirchhoff plate theory and the shock is assumed 
to be induced according to the base excitation scheme. The micro-plate motion is 
simulated through a novel and computationally very efficient reduced order model 
which accounts for the inherent non-linearity of distributed electrostatic pressure 
and the geometric non-linearity of von Kármán mid-plane stretching as well as the 
influences of both in-plane and out-of-plane displacements. The present findings are 
compared and successfully validated by those obtained through three-dimensional 
finite element analysis carried out in COMSOL Multiphysics commercial software 
as well as the available static results in the literature. It is found that the present 
procedure can remove the long run-time limitation of the finite element method and 
produce robust results over the whole operation range of the device up to its instabil-
ity threshold especially for systems subjected to enormous shock accelerations.
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1 Introduction

Analyzing the mechanical behavior of electrically actuated micro-structures, which 
can be considered as the building blocks of micro-electro-mechanical systems 
(MEMS) [1], is so necessary nowadays. In general, an electrically actuated micro-
structure is a conductive and elastic thin plate suspended over a stationary rigid 
electrode and deflects toward its substrate by applying an external voltage [2]. One 
of the most important phenomena associated with such systems is pull-in instability 
which occurs when the input voltage exceeds a critical value called pull-in voltage. 
In some sorts of MEMS devices such as resonant micro-sensors, pull-in instability 
can be treated as a source of failure [3]. Therefore, such systems are designed far 
from this instability. It is noteworthy that some other types of micro-systems such 
as capacitive micro-switches work based on pull–in instability [4]. Hence, pull–in 
instability is desirable in these systems and they are designed to pull–in at a certain 
value of input voltage. Therefore, it can be concluded that regardless the type and 
application of a micro-device, it is so essential to determine its instability threshold 
accurately.

MEMS devices are usually faced with some environmental forces such as 
mechanical shock which highly affects their motion. Mechanical shock can induce 
high dynamic loads on micro-structures and cause the structure to hit the stationary 
electrode underneath it [5–7]. This fact can be desirable in some cases such as sen-
sors of vehicle airbags and employed as the basis of the sensing method [5]. Also, 
it can be undesirable in some other cases such as micro-switches and makes the 
electrodes to stick each other at a voltage much lower than the one predicted, con-
sidering the effect of electrostatic actuation alone [5]. Since the majority of micro-
structures are fabricated from silicon or polysilicon, which are very tough against 
bending stresses induced from shock acceleration, failure in MEMS unlike in large-
scale devices does not due to high stresses [5–7]. The most important source of fail-
ure in MEMS is stiction and electric short circuits; however, the incidents between 
a movable part and other parts or a substrate may lead to failure due to the severe 
contact stresses [5–7]. It is worth noting that although lots of research efforts have 
been devoted to the analysis of micro-structures under shock pulse acceleration to 
date [8–11]; there exist only a few studies in the literature which investigated the 
response of micro-structures subjected to combined actions of electrostatic actuation 
and mechanical shock. Therefore, to find the design parameters of MEMS devices, 
analyzing the response of micro-systems under combined effect of these two excita-
tions is so essential.

Due to the coupling between electrical and structural physics as well as the strong 
non-linearities arising in the field of electrically actuated micro-structures especially 
those subjected to mechanical shock acceleration, modelling of these systems is very 
challenging [5–7, 12]. It is worth noting that although variety of mathematical proce-
dures have been employed to investigate the mechanical behavior of MEMS structures 
to date [13–39], reduced order modelling, due to its lower run-time and the robustness 
in producing results over the whole operation range of the device, can be treated as an 
exclusive procedure in comparison to other ones [17]. In general, reduced order models 



1 3

Sensing and Imaging  (2018) 19:31  Page 3 of 17  31 

(ROMs) eliminate the spatial dependence in the governing partial differential equations 
(PDEs) of motion and perform a transformation from the physical coordinates of the 
device to a set of generalized coordinates. In this way, employing some usual math-
ematical techniques such as the Galerkin weighted residual method (GWRM), the gov-
erning PDEs of motion are reduced to a set of ordinary differential equations (ODEs) 
in time which can be solved much more easily than the governing equations themselves 
[17].

Due to the aforementioned desirable features of generating ROMs, employing this 
procedure have strongly been suggested for modelling electrically actuated micro-
structures especially those subjected to mechanical shock [5–7]. In this way, Younis 
and his co-workers [6, 7] presented a multi-mode ROM for beam-type MEMS with 
clamped–clamped and clamped-free boundary conditions. They compared and vali-
dated their findings with those obtained by three-dimensional (3-D) finite element (FE) 
simulation carried out in ANSYS commercial software. It is noteworthy that neither 
their FE nor multi-mode reduced order models could capture dynamic pull–in instabil-
ity for cases subjected to enormous shock accelerations. For the purpose of removing 
this limitation, Askari and Tahani [5] presented an alternative ROM for the same prob-
lem. They showed that their alternative ROM, which had only one degree of freedom 
(DOF), enjoys from lower run-time and the capability of capturing pull–in instability in 
cases under enormous shock loads.

Unlike the numerous applications of plate-type MEMS, especially fully clamped 
ones [40], the majority of presented ROMs for MEMS devices are based on beam mod-
els and there exist only a few plate-based ROMs in the literature. Furthermore, due 
to the high complexity involved in the set of reduced ODEs extracted from the avail-
able plate-based ROMs [16, 17, 41], according to the best of authors’ knowledge, the 
response of such systems under mechanical shock has not been investigated to date. To 
this end, an efficient ROM based on the geometric non-linear Kirchhoff’s plate model 
is developed. The results of the present work are validated through direct comparison 
with those available in the literature. Furthermore, since there exist no published results 
in the open literature for electrically actuated micro-plates under mechanical shock, the 
present findings for such systems are verified by those obtained through 3-D FE simu-
lation performed in COMSOL Multiphysics commercial software [42].

2  Problem Formulation

Consider an electrically actuated rectangular micro-plate with the density of ρ sub-
jected to mechanical shock as it is shown in Fig. 1. According to this figure, the dimen-
sions of the micro-plate are set to a, b and h. Moreover, the initial gap between the non-
actuated micro-plate and the substrate is assumed to be d.

According to basic hypothesis of the Kirchhoff thin plate theory, the displacement 
field 

(

û1, û2, û3
)

 of an arbitrary point on the micro-plate can be expressed as [43]

(1a)û1
(

x̂, ŷ, ẑ, t̂
)

= û
(

x̂, ŷ, t̂
)

− ẑ
𝜕

𝜕x̂
ŵ
(

x̂, ŷ, t̂
)
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where û, v̂ and ŵ are the displacements of a point on the mid-plane of the micro-plate 
along the x̂, ŷ and ẑ directions, respectively. For systems with small strains, moder-
ate slopes and large deflections, as those occurred in MEMS applications [17], the 
strain-displacement relations can be approximated by the von Kármán theory [43]. 
Therefore, the non-zero strain components associated with the displacement field 
presented in Eq. (1) take the form

where the comma sign followed by an independent variable refers to the partial 
derivative with respect to that variable. Employing the Hamilton principle [43], the 
governing equations of motion in terms of the micro-plate displacements after fol-
lowing some straightforward mathematical operations are given by [16, 43]

(1b)û2
(

x̂, ŷ, ẑ, t̂
)

= v̂
(

x̂, ŷ, t̂
)

− ẑ
𝜕

𝜕ŷ
ŵ
(

x̂, ŷ, t̂
)

(1c)û3
(

x̂, ŷ, ẑ, t̂
)

= ŵ
(

x̂, ŷ, t̂
)

(2a)𝜀x̂ = û,x̂ +
1

2
ŵ2
,x̂
− ẑ ŵ,x̂x̂

(2b)𝜀ŷ = v̂,ŷ +
1

2
ŵ2
,ŷ
− ẑ ŵ,ŷŷ

(2c)𝛾x̂ŷ = û,ŷ + v̂,x̂ + ŵ,x̂ŵ,ŷ − 2ẑ ŵ,x̂ŷ

(3a)û,x̂x̂ + ŵ,x̂ŵ,x̂x̂ +
1 − 𝜈

2

(

û,ŷŷ + ŵ,x̂ŵ,ŷŷ

)

+
1 + 𝜈

2

(

v̂,x̂ŷ + ŵ,ŷŵ,x̂ŷ

)

= 0

(3b)v̂,ŷŷ + ŵ,ŷŵ,ŷŷ +
1 − 𝜈

2

(

v̂,x̂x̂ + ŵ,ŷŵ,x̂x̂

)

+
1 + 𝜈

2

(

û,x̂ŷ + ŵ,x̂ŵ,x̂ŷ

)

= 0

Fig. 1  Schematic of an electrically actuated micro-plate
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where E, � , Fes and Fsh , respectively, refer to the Young Modulus, Poisson ratio, 
electrostatic attraction and shock pressure. In addition, the ∇4 operator for a two-
dimensional Cartesian space yields

The electrostatic attraction per unit area of the micro-plate (i.e. Fes ) also takes the 
form [16]

where � is the dielectric constant of the medium and VDC is the external applied volt-
age. The shock pressure, which is transmitted to the micro-structure through its sup-
ports, can also be defined as [5]

where F0 is the amplitude of the shock pressure and g
(

t̂
)

 specifies its profile. Accord-
ing to the base excitation scheme [44], the shock pressure amplitude becomes

in which a0 is the amplitude of shock pulse acceleration. The shape of the actual 
shock pressures in most of the cases can successfully be approximated by the half-
sin profile which can mathematically be expressed as [5]

where T̂  is the shock duration and U is the unit step function.
Introducing the dimensionless variables u =

aû

d2
 , v = bv̂

d2
 , w =

ŵ

d
 , x = x̂

a
 , y = ŷ

b
 and 

t = t̂∕t0 , the non-dimensional form of the governing equations of motion in (3) is 
obtained as

(3c)

Eh

1 − 𝜈2

[

ŵ,x̂x̂

(

û,x̂ +
1

2

(

ŵ,x̂

)2
+ 𝜈v̂,ŷ +

𝜈

2

(

ŵ,ŷ

)2
)

+ (1 − 𝜈)ŵ,x̂ŷ

(

û,ŷ + v̂,x̂ + ŵ,x̂ŵ,ŷ

)

+ŵ,ŷŷ

(

v̂,ŷ +
1

2

(

ŵ,ŷ

)2
+𝜈û,x̂ +

𝜈

2

(

ŵ,x̂

)2
)]

+ Fes + Fsh = 𝜌hŵ,t̂t̂ +
Eh3

12
(

1 − 𝜈2
)∇4ŵ

(4)∇4 =

(

𝜕4

𝜕x̂4
+ 2

𝜕4

𝜕x̂2𝜕ŷ2
+

𝜕4

𝜕ŷ4

)

(5)Fes =
�V2

DC

2(d − w)2

(6)Fsh = F0g
(

t̂
)

(7)F0 = �ha0

(8)g
(

t̂
)

= sin

(

𝜋 t̂

T̂

)

U
(

t̂
)

+ sin

(

𝜋

T̂

(

t̂ − T̂
)

)

U
(

t̂ − T̂
)

(9a)u,xx + w,xw,xx +
�2
1
(1 − �)

2

(

u,yy + w,xw,yy

)

+
�2
1
(1 + �)

2

(

v,xy + wyw,xy

)

= 0

(9b)

�4
1

(

v,yy + w,yw,yy

)

+
�2
1
(1 − �)

2

(

v,xx + w,yw,xx

)

+
�2
1
(1 + �)

2

(

u,xy + wxw,xy

)

= 0
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where �i (i = 1, 2) , � and � are the normalized parameters of the problem and, 
respectively, are named as the micro-plate aspect ratio as well as the gap, electro-
static and shock amplitude parameters. These parameters are given by

Also, the time scale t0 , which is determined such that the coefficient of w,tt becomes 
unity, is defined as

Furthermore, the dimensionless shock profile ḡ(t) is determined as

It is noted that, t in Eqs. (9c) and (12) is dimensionless time and T is dimensionless 
shock duration expressed by

Here, zero initial conditions as well as fully clamped with immovable edges bound-
ary conditions for the present systems are assumed. Hence, the non-dimensional form 
of the boundary conditions takes the form

(9c)

(

1

12

)

(

w,xxxx + 2𝛼2
1
w,xxyy + 𝛼4

1
w,yyyy

)

+ w,tt

=
𝛽

(1 − w)2
+ 𝛼2

2

{

w,xx

[

u,x +
1

2
w2
,x
+ 𝜈𝛼2

1

×
(

v,y +
1

2
w2
,y

)]

+ w,xy

[

(1 − 𝜈)𝛼2
1

(

u,y + v,x + w,xw,y

)]

+ w,yy

[

𝛼4
1

(

v,y +
1

2
w2
,y

)

+ 𝜈

(

u,x +
1

2
w2
,x

)]}

+ 𝜆ḡ(t)

(10)�1 =
a

b
, �2 =

d

h
, � =

�a4
(

1 − �2
)

V2

2Eh3d3
, � =

�a0a
4
(

1 − �2
)

Eh2d

(11)t0 =

√

�a4
(

1 − �2
)

Eh2

(12)ḡ(t) = sin

(

𝜋t

T

)

U(t) + sin

(

𝜋

T
(t − T)

)

U(t − T)

(13)T =
T̂

t0

(14a)u = v = w = w,x = w,y = 0 at x = 0, 1

(14b)u = v = w = w,x = w,y = 0 at y = 0, 1
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3  Solution Methodology

As it is mentioned in the Sect. 1, generating ROMs for analyzing MEMS applications 
especially those subjected to mechanical shock represents many desirable features. 
According to the general basis of the reduced order modeling procedure, the governing 
PDEs of motion should be discretized to a finite degree-of-freedom system consisting 
of ODEs in time employing some typical mathematical techniques such as the GWRM 
[17, 45]. It is worth noting that utilizing the available ROMs in the literature for rectan-
gular micro-plates, which pre-multiplies the transverse governing equation of motion 
by the denominator of the electrostatic forcing term, leads to a complex system of 
ODEs in time [16, 17]. Because, this pre-multiplication, avoiding from which has seri-
ously been suggested by Askari and Tahani [5], adds the significant effects of higher-
order modes and leads to the requirement of utilizing a computationally very expensive 
multi-mode reduced order modelling [5, 46]. Hence, employing these ROMs for ana-
lyzing dynamics of MEMS structures under shock acceleration, whose behaviors are 
much more non-linear than those not subjected to the mechanical shock [6, 7], is not 
appropriate at all. Therefore, in view of our previous ROM presented for beam-type 
MEMS [5], an alternative single DOF model will be developed in the present paper for 
rectangular micro-plates subjected to the combined actions of electrostatic attraction 
and shock pulse acceleration.

To generate the present ROM, at the first step, the in-plane displacements u and v 
are approximated in terms of the out-of-plane deflection w by applying the GWRM 
on linear Eqs. (9a) and (9b). For this purpose, since it is proved that utilizing only one 
basis function for approximating the transverse deflection can accurately predict the 
pull-in instability threshold [5, 39], the displacement filed are discretized as

where w0 , uij and vij are some unknowns which should be determined. Also, the 
admissible basis functions �ij

u(x, y) , �
ij
v (x, y) and �w(x, y) , which must identically sat-

isfy all boundary conditions presented in Eq. (14), are selected as [41, 47]

(15a)u(x, y, t) = w2
0
(t)

n
∑

i=1

n
∑

j=1

uij�
ij
u
(x, y)

(15b)v(x, y, t) = w2
0
(t)

n
∑

i=1

n
∑

j=1

vij�
ij
v
(x, y)

(15c)w(x, y, t) = w0(t)�w(x, y)

(16a)�ij
u
(x, y) = sin (i�x) sin (j�y)

(16b)�ij
v
(x, y) = sin (i�x) sin (j�y)

(16c)�w(x, y) = �(x)�(y)
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in which � is the first eigen-mode of an undeformed doubly clamped beam given by 
[5]

where

It is to be noted that substituting the displacement field from Eq.  (15) into 
Eqs. (9a) and (9b), and then simplifying w2

0
 from both sides of these equations, the 

values of uij and vij will be obtained through employing the GWRM. To complete 
the solution methodology and generate the present ROM, it is sufficient to find the 
generalized coordinate w0 . For this object, one should substitute from Eq. (15) into 
Eq. (9c), multiply both sides of this equation by �w(x, y) and integrate the outcome 
over the whole dimensionless region. Hence, the present ROM is generated as

where dot-superscript denotes the differentiation with respect to the dimensionless 
time variable t and the coefficients 1 , 2 and 3 are defined as

As it is seen from Eq. (19), employing the present ROM reduces the governing non-
linear system of PDEs of motion to a single initial value problem (IVP). Therefore, 
the motion of the micro-plate will simply be simulated through the solution of the IVP 
presented in Eq. (19) with its zero initial conditions. This fact significantly reduces the 

(17)�(�) = cosh (��) − cos (��) − �[sinh (��) − sin (��)]

(18)� = 4.7300, � = 0.9825

(19)ẅ0 +1w0 +2w
3
0
= 3ḡ(t) + 𝛽 �

1

0
�

1

0

𝜑w
(

1 − 𝜑ww0

)2
dxdy

(20a)1 =
1

12 �
1

0
�

1

0

(

�w,xxxx + 2�2
1
�w,xxyy + �4

1
�w,yyyy

)

�wdxdy

(20b)

2 = − �2
2 �

1

0
�

1

0

{

�w,xx

[

n
∑

i=1

n
∑

j=1

uij�
ij
u,x

+
1

2
�2
w,x

+ ��2
1

(

n
∑

i=1

n
∑

j=1

vij�
ij
v,y

+
1

2
�2
w,y

)]

+ �w,yy

[

�4
1

(

n
∑

i=1

n
∑

j=1

vij�
ij
v,y

+
1

2
�2
w,y

)

+�

(

n
∑

i=1

n
∑

j=1

uij�
ij
u,x

+
1

2
�2
w,x

)]

+(1 − �)�2
1
�w,xy

(

n
∑

i=1

n
∑

j=1

uij�
ij
u,y

+

n
∑

i=1

n
∑

j=1

vij�
ij
v,x

+ �w,x�w,y

)}

�w dxdy

(20c)3 = ��
1

0
�

1

0

�wdxdy
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run-time of the problem which provides us to investigate the response of the system 
under mechanical shock.

In the present study, the reduced governing equation of motion (i.e. Eq. (19)) will be 
solved using the fourth order Runge–Kutta method [48]. Furthermore, for the purpose 
of validation, the static configuration of the present system will also be obtained by 
applying the Newton–Raphson procedure [48] on the ROM presented in Eq. (19) with-
out its inertia term. It is worth mentioning that the values of the stiffness coefficients 1 
and 2 only depend on the micro-plate aspect ratio and the gap parameter. Therefore, 
one can significantly decrease the time which requires for finding the instability thresh-
old of the system through computing and saving the values of these coefficients and 
calling them during the solution procedure of the reduced equation.

4  Results and Discussions

To verify the accuracy of the findings, besides comparison to available static results 
in the literature, 3-D FE simulations are also utilized in the present paper. To this end, 
a square silicon micro-plate with fully clamped boundary conditions as well as geo-
metric and material properties given in Table 1 is considered. Furthermore, 3-D brick 
elements together with the physics of Electromechanics, which is suitable for systems 
governed by the coupled structural and electrical physics, are employed to model the 
micro-plate in COMSOL Multiphysics commercial software [42]. It is to be noted that 
the dimensions of the present system have been selected such that they match with the 
case statically analyzed by Zhao et al. [16] and take place in the range of typical micro-
structures dimensions [5–7].

To find the required number of in-plane modes in each direction (i.e. n), which 
should be included into the present ROM, Fig. 2 represents a convergence study on the 
micro-plate mid-point deflection versus the values of the dimensionless input voltage. 
In addition, this figure provides a comparison between the converged static findings 
obtained by the present ROM and those calculated through the 3-D FE simulation car-
ried out in COMSOL Multiphysics [42], as well as the results reported by Zhao et al. 
[16]. It is to be mentioned here that the electrostatic parameters reported by Zhao et al. 
[16] are pre-multiplied by the coefficient of 1∕12 ; because their non-dimensionalization 
procedure differs from the present one.

As it can be observed from Fig. 2, the present ROM converges when the number of 
in-plane modes in each direction is set to n = 4. Also, according to this figure, the pre-
sent ROM and FE findings agree excellently with each other as well as those reported 
by Zhao et al. [16].

It is to be noted that the results of the present single DOF model are so accurate in 
comparison to multi-mode observations reported by Zhao et al. [16]. The reason for 

Table 1  Geometric and material 
properties of a square micro-
plate made of silicon [52]

a (μm) h (μm) d (μm) E (GPa) ν ρ (kg/m3)

1000 1.5 1.5 169 0.3 2332
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this fact is that the deformed configuration of the micro-plate under the combined 
action of the electrostatic excitation and shock pulse acceleration is very similar to 
its first natural mode. In this way, it is worth mentioning that since Zhao et al. [16] 
pre-multiplied the transverse governing equation of motion by the denominator of 
the electrostatic forcing term, the weighting functions of their GWRM were changed 
which results in the change of its convergence speed [46, 49]. Therefore, they were 
forced to employ higher transverse natural modes for generating a convergent ROM 
with accurate results.

To validate the accuracy of the present findings for cases subjected to the 
mechanical shock, a square silicon micro-plate with properties given in Table 1 is 
considered again. It is to be mentioned here that the duration of the shock pulse is 
so important and plays a crucial role in the response of the micro-structure. Micro-
structures can experience two different types of loadings under the application of the 
mechanical shock: quasi-static loading and dynamic one [5, 7]. Quasi-static loading, 
in which the response of the structure resembles to the shock profile, occurs when 
the shock duration is far from the first natural period of the structure [5, 7]. However, 
due to the resonance-like behavior of the system, the dynamic loading is observed 
when the duration of the shock acceleration closes to the first natural period of the 
structure [5, 7]. According to JEDEC regulations [50], the duration of shock accel-
erations can vary from 0.1 to 1 ms which covers all possible cases for the hard-floor 
drop test. Therefore, since the first natural period of the present micro-plate can sim-
ply be calculated as � = 0.045 ms [51], the quasi-static and dynamic responses will 
be observed, for the shock durations T̂ = 1 ms and T̂ = 0.1 ms , respectively.

Table 2 investigates the convergence of dynamic pull–in voltages for the present 
square silicon micro-plate with properties presented in Table 1. This micro-plate is 
subjected to shock pulse accelerations with the amplitude of 1500 g and durations 
T̂ = 1 ms (quasi-static loading case) and T̂ = 0.1 ms (dynamic loading case). It is to 
be mentioned here that such a large value for the shock pulse amplitude is selected in 

Fig. 2  Comparison between the 
static configurations obtained by 
different methods for a system 
with normalized properties 
�
1
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2
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Table 2 to ensure the convergence of the present approach in all possible cases even 
for the ones subjected to enormous shock accelerations. According to this table, the 
present approach in both quasi-static and dynamic cases converges when the number 
of in-plane modes in each direction is set to n = 4. Therefore, hereinafter the results 
of the present study are calculated using n = 4.

To verify the accuracy of the converged values of dynamic pull–in voltages in 
both quasi-static and dynamic loading cases, a 3-D FE simulation in COMSOL Mul-
tiphysics [42] is also performed. It is to be mentioned here that the aforementioned 
FE model together with the time-dependent study is employed for the dynamic anal-
ysis where the shock is applied to the micro-plate as a distributed load per unit area. 
Employing the FE model, the values of dynamic pull–in voltages for the present 
micro-plate with properties presented in Table 1 under the same loading conditions 
are calculated. According to Table 2, the converged values of dynamic pull–in volt-
ages, in both quasi-static and dynamic loading cases, agree excellently with those 
obtained by 3-D FE simulation.

As it can be observed from Table 2, in-plane displacements play a crucial role 
in the instability threshold of electrically actuated micro-plates. It is worth noting 
that although neglecting the in-plane displacements reduces the system of govern-
ing PDEs of motion to a single one and significantly simplifies the solution pro-
cedure of the problem, it may generate enormous errors which cannot be ignored. 
According to Table  2, this simplification produces the significant errors of 31.63 
and 43.33% for quasi-static and dynamic loading cases, respectively. However, as it 
can be observed from Fig. 2, neglecting the in-plane displacements makes the error 
of only 4% in the calculation of the static pull–in voltage of the system. Hence, it 
can be concluded that the in-plane displacements play a much more crucial role in 
the dynamic instability threshold of the system than its static one. Therefore, it is so 
essential to account for the influence of in-plane displacements for systems under 
mechanical shock especially those subjected to dynamic loading conditions.

Based on the results presented in Fig. 2 and Table 2, there exist no differences 
between the case in which the in-plane displacements have been neglected and the 
one in which they have been calculated using single mode approximation. To inves-
tigate this issue more, the values of uij and vij have been presented in Table 3 for a 

Table 2  Convergence of 
dynamic pull–in voltages (V) in 
both quasi-static and dynamic 
loading cases for a square 
micro-plate under the action 
of shock acceleration with 
the amplitude of 1500 g and 
properties given in Table 1

Method Quasi-static loading case Dynamic 
loading 
case

ROM (n = 0) 0.67 0.51
ROM (n = 1) 0.67 0.51
ROM (n = 2) 0.70 0.56
ROM (n = 3) 0.83 0.71
ROM (n = 4) 0.98 0.90
ROM (n = 5) 0.98 0.90
ROM (n = 6) 0.98 0.90
FE simulation (COMSOL) 1.04 0.95
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system with the same properties when the number of in-plane modes in each direc-
tion is set to n = 4. It is to be noted that, according to Eqs. (9) and (15), the values 
of uij and vij are independent from the type of loading as well as the value of input 
voltage, and only depend on the Poisson and aspect ratios of the system. Based on 
the results written in this table, uij for the odd values of i and the even values of 
− j becomes zero. Also vij vanishes when the indices i and j, respectively, take the 
even and odd values. This is due to the symmetry of the system which forces the 
in-plane displacements u and v to vanish on the center-lines x = 0.5 and y = 0.5 , 
respectively. In addition, this symmetry causes the in-plane displacements u and v 
to take their maximum values on the center-lines y = 0.5 and x = 0.5 , respectively. 
Hence, the values of uij and vij , which are incompatible with these symmetric condi-
tions, become zero. This is the reason of the fact that approximating the in-plane 
displacements using only one basis functions cannot improve the findings of the pre-
sent ROM; because both u11 and v11 are zero.

It is worth mentioning that using this important feature of the present ROM, 
which is only due to the symmetry of the present system and cannot be applied to an 
asymmetric problem, the basis functions �ij

u(x, y) and �ij
v (x, y) can modify to

It is to be noted that by applying the aforementioned modification, the number 
of required in-plane modes in each direction for the modified version of the pre-
sent ROM is reduced to n = 2 . Hence, since this technique significantly decreases 
the computations and so the run-time of the present problem, hereinafter, it will be 
applied on the present ROM for obtaining further results.

To investigate the response of the present system to both quasi-static and 
dynamic loadings more, the micro-plate with properties similar to those presented 
in Table 1 is considered again. Employing the present ROM, the dynamic pull–in 
voltage for this micro-plate without considering the effect of shock acceleration is 
determined as VDPI = 2.52 V which matches exactly with the value obtained by 3-D 
FE simulation. Figure  3a and b depict time histories of both stable and unstable 
mid-point deflections for this system under the action of shock pulse acceleration 
with the amplitude of 1500 g and durations T̂ = 1 ms (quasi-static loading case) and 
T̂ = 0.1 ms (dynamic loading case), respectively. According to Fig. 3, it is obvious 
that besides the intensity of the electrostatic field, the instability threshold of the 

(21a)�ij
u
(x, y) = sin (2i�x) sin

[

(2j − 1)�y
]

(21b)�ij
v
(x, y) = sin [(2i − 1)�x] sin (2j�y)

Table 3  Values of uij and vij 
for a square micro-plate with 
properties presented in Table 1

uij vij

j = 1 j = 2 j = 3 j = 4 j = 1 j = 2 j = 3 j = 4

i = 1 0.00 0.00 0.00 0.00 0.00 − 0.07 0.00 0.76
i = 2 − 0.07 0.00 0.57 0.00 0.00 0.00 0.00 0.00
i = 3 0.00 0.00 0.00 0.00 0.00 0.57 0.00 − 0.30
i = 4 0.76 0.00 − 0.30 0.00 0.00 0.00 0.00 0.00
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system is significantly affected by the shock pulse acceleration as well as the type 
of the loading. Furthermore, based on the results shown in this figure, the unstable 
pull–in behavior in dynamic loading conditions occurs at voltages less than those 
in quasi-static one. Because, due to the resonance-like behavior of the structure, 
dynamic loading vibrates the micro-plate with the amplitude more than that happens 
under quasi-static loading. This increase of the micro-plate deflection significantly 
increases the effect of electrostatic attraction which results in the reduction of the 
dynamic pull–in voltage in this case.

As it is mentioned above, dynamic instability threshold of the system is signifi-
cantly affected by the shock amplitude and the loading type. To illustrate this issue 
more, Fig. 4a and b, respectively, depict the variation of dynamic pull–in voltages 
versus the values of shock amplitudes for the present micro-plate under quasi-static 
(T̂ = 1 ms) and dynamic (T̂ = 0.1 ms) loadings. These figures also represent a com-
parison between present findings and those obtained by 3-D FE simulation. Accord-
ing to Fig. 4, the present ROM results agree excellently with FE findings in both 
quasi-static and dynamic loading cases.

As it is seen from Fig. 4, increasing the values of shock amplitudes significantly 
reduces the dynamic instability threshold of the system especially when it is sub-
jected to dynamic loading conditions. Therefore, it is so important to account for the 
interaction between electrostatic attraction and shock pulse acceleration in designing 
micro-devices to prevent them from undesirable dynamic pull–in instabilities under 
environmental forces even for the ones which operate within the small range of input 
voltage. In addition, as it is mentioned in the Sect.  1, dynamic pull–in under the 
combined actions of electrostatic attraction and mechanical shock is not undesirable 
in all cases. This phenomenon may be desirable and considered as the basis of the 
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Fig. 3  Time-histories of mid-point deflection for a square silicon micro-plate with properties presented in 
Table 1, when it is subjected to the shock pulse acceleration with the amplitude of 1500 g; a quasi-static 
and b dynamic loading conditions
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sensing method in some cases such as sensors of vehicles airbags [5]. Therefore, 
regardless the type and the application of a micro-device, it is so essential to deter-
mine its instability threshold under mechanical shock accurately.

To find the instability threshold of a system under a certain value of shock ampli-
tude, it needs to simulate the motion of the system for some different values of input 
voltages. This procedure takes only a few minutes when the present ROM is utilized. 
However, employing the present FE model, it sometimes lasts several hours espe-
cially for cases under enormous shock accelerations. It is to be mentioned here that 
although the so long run-time limitation of the FE procedure for beam-type MEMS 
has successfully been removed in our previous paper [5], there exists no alterna-
tive method for the analysis of electrically actuated micro-plates in the literature. 
Therefore, due to the accuracy, robustness and very short run-time of the present 
approach, it can be considered as an alternative and promising tool for simulating 
and designing plate-type MEMS especially those subjected to mechanical shock.

5  Conclusions

The present paper focused on the dynamic pull–in instability of rectangular plate-
type MEMS under mechanical shock. For this object, a novel and computationally 
very efficient ROM was employed which could reduce the system of governing 
PDEs of motion to an ODE in time. The present ROM was also improved for sys-
tems with symmetric boundary conditions and its convergence speed in such systems 
was accelerated. Using the present fast convergent solution procedure, the motion of 
a micro-plate with fully clamped boundary conditions was analyzed and its dynamic 
instability threshold under mechanical shock was studied. It was found that an elec-
trically actuated micro-plate may pull–in under an external voltage much less than 
its dynamic pull–in voltage if it is subjected to mechanical shock. Furthermore, due 
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Fig. 4  Dynamic pull–in voltages (V) versus shock amplitudes (g) for the present micro-plate with prop-
erties given in Table 1; a quasi-static and b dynamic loading cases
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to the resonance-like behavior of the structure, if the shock duration closes to the 
first natural period of the structure, this reduction of the dynamic instability thresh-
old will be more highlighted. The accuracy of the present approach was also verified 
through direct comparison between its static results and those published in the litera-
ture. In addition, due to the lack of reports in the literature for dynamic pull–in volt-
ages of systems subjected to mechanical shock, the present findings were compared 
and validated by those obtained through 3-D FE simulation performed in COMSOL 
Multiphysics commercial software. It was found that the present ROM can success-
fully remove the long run-time limitation of the FE simulation and produce accurate 
and robust results over the whole operation range of the system.
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