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Abstract
This paper focuses on analyzing the unstable behavior of an electrically actuated functionally graded micro-cantilever under 
the effect of mechanical shock based on the modified couple stress theory. Since the micro-devices are usually mounted on 
some packages, the effect of packaging on the behavior of the system is also investigated. To this end, Hamilton’s principle is 
employed to derive the governing equation of motion base on the Euler–Bernoulli beam theory. Afterward, Galerkin’s method 
is used to convert the governing partial differential equation of motion to a single initial value problem. The accuracy of the 
presented results is also validated by comparison with available findings in the literature. Furthermore, a detailed parametric 
study is conducted to investigate the effect of mechanical shock on the behavior of the micro-cantilever. MEMS devices are 
usually actuated with electrostatic force, so the combined effect of electrostatic and mechanical shock is presented afterward. 
The packaging effect is also modeled with a micro-beam mounted on a single-degree-of-freedom mass and spring system. 
It is shown that not considering the MEMS packaging will lead to false results.

Keywords Electrically actuated micro-cantilevers · Mechanical shock · Effect of tip mass · Effect of packaging · 
Functionally graded materials · Reduced-order model

1 Introduction

Investigating the behavior of micro-electro-mechanical 
systems (MEMS) is a demanded topic nowadays. Many 
researchers have studied their stability under different types 
of loadings due to their small size, low power consumption 
and capability of mass production [1, 2]. MEMS devices 
can mostly be categorized as sensors and actuators [3], so 
dynamic analysis of MEMS devices finds strongly growing 
applications in many engineering fields such as robotics [4], 
inertial sensing [5] and signal filtering [6].

Micro-beams have been greatly used in modeling the 
behavior of the MEMS devices [7–17] along with the 
other element such as micro-plates [18, 19]. In general, an 

electrically actuated micro-beam consists of an elastic elec-
trode sustained over a stationary electrode [3]. The elastic 
electrode begins to oscillate with an instantaneous applica-
tion of DC voltage. This applied DC voltage has an upper 
limit. When this voltage reaches a critical value, the elastic 
force of the base cannot overcome against the electrostatic 
force and so movable electrode hits the substrate beneath it. 
This unstable behavior is called pull-in instability and the 
upper limit of the voltage is called pull-in voltage [3]. The 
pull-in unstable behavior of micro-systems under different 
kinds of loadings has been widely investigated [20–23].

Analyzing the pull-in behavior in microstructure has been 
a desirable field of research [24–26]. Taylor [27] was among 
the first who observed this instability. Pamidighantam et al. 
[28] investigated pull-in behavior of the electrically actuated 
clamped–clamped and clamped-free micro-beams. They 
accounted for the effects of partial electrode configuration, 
axial stress, nonlinear stiffening, charge redistribution and 
fringing fields and derived a closed-form expression for pull-
in voltage of the microstructure. Krylov [29] studied pull-
in behavior of an electrically actuated clamped–clamped 
micro-beam in the presence of nonlinear squeeze film damp-
ing. He generated a Galerkin-based reduced-order model 
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in which the displacement field is approximated by linear 
un-damped mode shapes of clamped–clamped beams. Using 
the obtained ROM, he extracted pull-in characteristics of 
the system through the calculation of its largest Lyapunov 
exponent of the system to analyze the pull-in instability of 
some micro-beams. Also, Tavakolian et al. [22] investigated 
the pull-in behavior of micro-beams in the presence of elec-
trostatic and intermolecular forces based on Eringen’s non-
local elasticity theory. They considered the effects of ther-
mal and residual stresses in their model. They then obtained 
their governing equation of motion by utilizing the virtual 
displacement principle and solved the equation by applying 
the Galerkin method. Based on the obtained results, they 
reported the effects of non-local parameters on the pull-in 
behavior of a double-clamped micro-beam.

When at least one of the dimensions of systems 
approaches to micro-/nanoscales, classical continuum theory 
cannot efficiently track the behavior of such systems. Hence, 
many researchers have observed a noticeable difference 
between the actual behavior of a system and that obtained 
by the classical theory [30–32]. To remove the incapability 
of classical continuum theory, size-dependent continuum 
theories have been developed [33–36]. These size-dependent 
theories have been widely used to investigate the behavior 
of microstructures [37–42]. Mindlin and Eshel [43] were 
among the first who developed a size-dependent theory for 
micron scales. They introduced strain gradient theory which 
includes five addition constants besides the two Lame con-
stants for isotropic materials. Afterward, Fleck and Hutch-
inson [44] developed a size-dependent theory in which the 
deformation tensor was assumed to be consisted of rotation 
gradient tensor and stretch gradient tensor. To modify this 
theory, Lam et al. [45] investigated the effect of dilatation 
gradient, deviatoric gradient and symmetric rotation gradient 
on the size effect. They introduced the modified strain gra-
dient theory with three additional length-scale parameters. 
The modified couple stress theory (MCST) includes only 
one material length-scale parameter. Toupin [29] introduced 
the couple stress theory with only two additional length-
scale parameters. Although this theory provides only two 
additional parameters, working with it is still difficult. Fol-
lowing the tip, Yang [25] developed the modified couple 
stress theory in which one only encounters with only one 
material length-scale parameter. For problems with bending 
loads only, it is validated that the MCST is well accurate 
[46]. Since the modified couple stress theory only needs 
one material length-scale parameter, it is a simple theory to 
use. Furthermore, recent studies have proved the accuracy 
of this theory.

Due to simplicity and good accuracy of the MCST, it has 
been employed to model the behavior of systems in many 
cases. Asghari et al. [47] modeled a micro-beam using the 
Timoshenko beam theory together with the MCST. They 

considered the size effect and applied the MCST to capture 
the behavior of the beam. Their model included the mid-
plane stretching. They numerically solved the bending case 
for a hinged–hinged beam. They also analytically solved 
the free-vibration case using multiple-time-scales method. 
Park and Gao [48] developed a model for an Euler–Ber-
noulli beam based on the modified couple stress theory. 
They reported a great difference between bending rigidities 
when MCST is applied and when it is not. They showed that 
this difference increases when the thickness of the beam 
decreases. Furthermore, Attia [49] utilized the modified cou-
ple stress theory to study the size-dependent pull-in behav-
ior of electrically actuated viscoelastic micro-cantilevers 
and double-clamped micro-beams. His study also included 
fringing field effect, residual stress, mid-plane stretching, 
Casimir and van der Waals forces. In order to obtain the 
equation of motion, Hamilton’s principle is employed. Then, 
the equations were solved to obtain the effect of different 
parameters on the pull-in behavior of the microstructure. 
He showed that higher residual stresses will lead to higher 
values for pull-in voltage and varying the micro-actuator 
relaxation time will not affect the size of stable and unstable 
region. In addition to this, he showed that when the mate-
rial length-scale parameter increases, the pull-in voltage also 
increases. In addition to these works, Ghayesh et al. [50] 
employed the modified couple stress theory to investigate 
the three-dimensional behavior of Timoshenko beam. They 
accounted for the effect of geometric nonlinearities in their 
study. They then utilized the Hamilton’s principle to obtain 
the governing equations of motion and solved the equations 
via pseudo-arclength continuation technique. They also pre-
sented the frequency-response and force-response curves in 
their study. Based on their results, they reported that the 
effect of the cubic term in their equations is more dominant 
than the effect of quadratic term; so, the system will have 
a hardening behavior. They also reported that the effect of 
longitudinal displacement decreases the hardening effect. 
Another important result of their work was that based on 
the MCST, system will have a weaker nonlinear behavior. 
Also, Ghayesh et al. [51] investigated the size-dependent 
nonlinear behavior of micro-devices based on the MCST. 
The system in their study was considered to be actuated by 
both AC and DC voltages. They utilized Galerkin’s method 
to obtain the governing equations and employed pseudo-
arclength continuation technique to solve the equations. 
They then reported the static pull-in voltage and presented 
the force and frequency curves in order to study the dynamic 
behavior of the system.

Another important approach to studying the behavior of 
micro-beams is their material. Peterson [52] introduced the 
silicon as a great material for this purpose since then sili-
con, silicon nitrate and polysilicon used to build microstruc-
tures, due to their high melting point, low thermal expansion 
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coefficient and non-plastic behavior. But the problem is that 
researchers are bound to use limited values for mechanical 
parameters such as Young’s modulus in their calculations so 
many researches have been made to investigate the behav-
ior of microstructures with composite materials [53], func-
tionally graded materials [53–57], etc. Functionally graded 
materials’ properties vary through thickness through differ-
ent distribution laws such as power law and exponential law. 
By adjusting the index corresponding to each distribution 
law, the designer can reach the desired properties.

Functionally graded materials can provide an interval 
for each mechanical parameter, and hence, the degree of 
freedom in modeling increases. Changing the distribution 
index such as power-law index as a design parameter can 
provide a good range for material properties. Hence, the 
effects of functionally graded martial have been the focus 
of many studies [58–62]. Simsek and Reddy [63] used the 
MCST and other higher-order beam theories to investigate 
the behavior of FG micro-beams. They assumed their beam 
parameters to vary through the Mori–Tanaka homogeni-
zation technique through the thickness. They also investi-
gated the effect of material length-scale parameter of dif-
ferent material compositions, and shear deformation on the 
behavior of the system. They showed that the size depend-
ency of a system has a great effect when at least one of the 
dimensions of the system is near the length-scale param-
eter. Zamanzadeh et al. [64] studied the pull-in instability 
of FGM micro-beam in the presence of both electrostatic 
force and temperature changes. They used an exponential 
distribution for the material properties through the thick-
ness. They studied both static and dynamic pull-in for the 
structure. To investigate the static pull-in, they used step-
by-step linearization method and for the dynamic pull-in 
they employed a Runge–Kutta approximation method. Also, 
Sedighi et al. [65] investigated the stability of NEMS FGM 
double-fixed micro-beams based on the non-local elasticity 
theory. They accounted for effects of finite conductivity and 
surface energy in their study by employing the Gurtin–Mur-
doch and Eringen’s elasticity. They presented time domain 
and phase plots to track the stability of the system. Based 
on their results, they concluded that higher surface stress 
parameter will lead to the higher pull-in voltage. Also, they 
reported that increasing the non-local parameter will lead 
to the lower values of pull-in voltage. Furthermore, Attia 
[66] used the non-classical continuum model to study the 
size-dependent behavior of FG nano-beams. He investigated 
the bending, buckling and free vibration of such systems. To 
this end, he employed Eringen’s non-local elasticity theory, 
couple stress theory and surface elasticity theory to propose 
the non-local-couple stress elasticity theory. He then uti-
lized Hamilton’s principle to derive the equation of motion. 
Afterward, the equations were solved to find different param-
eters based on the Navier approach. Based on the obtained 

parameters, he showed the significance of non-local elastic-
ity, microstructure local rotation and surface energy.

As using MEMS devices in dynamic cases like automo-
tive and robotics [67], the need for modeling the dynamic 
behavior of microstructures increases. One of the most 
common phenomena in dynamic cases is the mechanical 
shock. The reliability of system under mechanical shock 
is a demanded topic. Mechanical shock can induce sev-
eral types of damage to the system. Mechanical shock can 
make the movable electrode in a micro-device to hit the 
stationary electrode and cause severe damages like stiction 
[68] and short circuit [69].

A definition for mechanical shock is a force applied to 
a system over a short period of time relative to the natural 
period of the system [70]. Mechanical shock can be mod-
eled by its maximum value, duration and shape. In most 
cases, the shape of shock pulse is considered to be half-
sine [70]. The behavior of micro-beams under the effect of 
shock loads has been studied by many researchers. You-
nis et al. [43] investigated the response of MEMS devices 
under both electrical loads and mechanical shock. They 
modeled the system with both single-degree-of-freedom 
model and beam model using six-mode Galerkin-based 
reduced-order model (ROM) to solve the governing equa-
tion of the beam. Brown et al. [44] studied the behavior 
of commercial accelerometers and pressure sensors under 
high accelerations. From the results, they concluded that 
modeling the behavior of micro-beams under shock loads 
needs improvement.

Another aspect that plays an essential role in the inves-
tigation of MEMS behavior is MEMS packaging. A micro-
device always comes with a container or a board, so neglect-
ing its effects will result in misleading calculations. This 
container or board is usually called printed circuit board 
(PCB) [71]. Many researchers have modeled packaging in 
their researches and investigated the challenges in designing 
MEMS packaging [72, 73]. Package for microstructures can 
be modeled by a lumped mass and spring [74]. Fan and Shaw 
[75] investigated the behavior of the microstructure under 
high-amplitude shock loads and studied the effect of PCB on 
the behavior of the micro-system. They reported that PCB 
has a negative effect on the motion of micro-system and for 
the betterment of the design it should be chosen in the way 
that it is close to a rigid body. Ramini et al. [76] modeled 
the PCB motion of the MEMS in two ways. First, they mod-
eled the PCB as a clamped–clamed Euler–Bernoulli beam 
with a lumped mass mounted on. Then, they modeled the 
MEMS device as a cantilever and investigated the effect of 
packaging on the behavior of the MEMS device under shock 
loads. They reported that neglecting the higher-order modes 
of PCB will lead to false results and in some cases failure in 
prediction of early dynamic pull-in. So, one can come into 
conclusion that the effect of packaging as an inherent part of 
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micro-systems should be taken into account; otherwise, the 
results cannot be reliable for experimental purposes.

In this investigation, a model for cantilever FGM micro-
beam under the effect of electrostatic load and mechanical 
shock based on the modified couple stress theory is obtained 
in the presence of packaging which is an inherent part of 
micro-devices. Also, the consideration of packaging effect 
will lead to more accurate results for the design procedure. 
Furthermore, proof mass and FG materials will provide a bet-
ter range for the design parameters. Afterward, an alternative 
single-mode Galerkin-based ROM is employed to convert the 
partial differential equation into the ordinary differential equa-
tion. The equation is solved numerically using the fourth-order 
Runge–Kutta method. The results are validated through com-
parison with the works published in the literature.

2  Theoretical formulations

Behavior of a micro-cantilever of length L, width b and thick-
ness h is studied (see Fig. 1). The micro-beam undergoes the 
effects of both electrostatic actuation and mechanical shock. 
The initial gap between the elastic micro-beam and the station-
ary substrate is considered to be d.

2.1  Micro‑beams properties

The behavior of a micro-cantilever with a tip mass is investi-
gated. The properties of a functionally graded micro-cantilever 
are considered to vary through its thickness based on the power-
law distribution. The relation for the properties according to the 
power-law distribution can be written as follows: [77] 

(1)p(z) = p1 +
(
2ẑ + h

2h

)n

(p2 − p1)

where p is assumed to be material’s property such as 
Young’s modulus E, density � , material’s length-scale 
parameter l and shear modulus � . The properties with indi-
ces 1 and 2 refer to the properties of materials in bottom 
and top surfaces of the micro-beam, respectively. Also, the 
parameter n is the power-law index. The parameter ẑ is the 
distance of point on a cross section of the beam from the 
mid-plane along the thickness of the beam.

Fig. 1  Schematic of a micro-cantilever with tip mass under the combined effects of electrostatic actuation and mechanical shock
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2.2  The modified couple stress theory

Yang et al. [36] introduced the modified couple stress theory 
in which strain energy is considered to be function of both 
strain and curvature tensors. It is noteworthy that previous 
studies have shown that the effect of geometric nonlinearities 
is negligible in micro-cantilevers with tip mass [78]. Based 
on this theory, the effects of both strain and curvature tensors 
are considered in calculating the strain energy expression. 
According to the MCST, the strain energy is written as

in which ↔� , ↔� , ↔m and ↔� denote the Cauchy stress tensor, strain 
tensor, deviatoric part of couple stress tensor and symmet-
ric curvature tensor, respectively. These parameters can be 
obtained from

where �(z) and �(z) are Lame’s constants, u⃗ is displacement 
field vector and 𝜃 is rotation field vector. The rotation field 
vector can be obtained as

2.3  Electrostatic force considering the fringing field 
effect

The electrostatic force exerted to the beam under DC voltage 
with considering the fringing field effect can be formulated 
as [79] 

where � is the dielectric constant of the medium between 
movable electrode and stationary substrate and �es is the 
first-order fringing field effect correction factor which is 
equal to 0.65.

2.4  Mechanical shock

Mechanical shock exerted to the system via its base can 
be modeled with an impulse acceleration with half-sine 

(2)U =
1

2 ∫
Ω

(� ∶ � +� ∶ �)dΩ

(3-a)� = 𝜆(ẑ)tr(�)� + 2𝜇(ẑ)�

(3-b)� =
1

2

[
∇� + (∇�)T

]

(3-c)� = 2l(ẑ)2𝜇(ẑ)�

(3-d)� =
1

2

[
∇� + (∇�)T

]

(4)� =
1

2
curl(�)

(5)Fes =
𝜀bV2

2(d − ŵ)2

(
1 + 𝛽es

d − ŵ

b

)

waveform (see Ref. [80]). Based on Yeh and Lai [81], 
mechanical shock can be modeled as a distributed force 
along the length of the micro-beam as follows:

in which

In Eqs. (7), M, 𝛿(x̂ − L) , a0 , T and U
(
t̂
)
 are proof mass, 

Dirac’s delta, amplitude of shock pulse acceleration, shock 
duration and unit step function, respectively. It is to be noted 
that the derivation of Eq. (7-a) is given in “Appendix 1.” 
Furthermore,

2.5  Equations of motion

For an Euler–Bernoulli beam, the displacement field can be 
given as [3] 

where û and ŵ are axial displacement and transverse deflec-
tion of the neutral axis of the beam, respectively.

Since time derivatives of axial displacement are small, 
the effect of geometric nonlinearities due to mid-plane 
stretching can be neglected. For a cantilever with tip mass, 
it is shown that the effect of mid-plane stretching is negli-
gible [78], so geometric nonlinearities are not taken into 
considerations. Based on Eq. (3b), nonzero component of 
the strain tensor can be obtained as

Substituting Eqs. (9) in Eq. (4) and substituting the result 
in symmetric curvature tensor of Eqs. (3) will lead to:

Substitution of Eqs. (10) and (11) in Eqs. (3-a) and (3-b) 
results in

(6)Fsh = F0g
(
t̂
)

(7-a)F0 =
(
(𝜌A)eq +M𝛿(x̂ − L)

)
a0

(7-b)g
(
t̂
)
= sin

(
𝜋 t̂

T

)

U
(
t̂
)
+ sin

(
𝜋

T

(
t̂ − T

))
U
(
t̂ − T

)

(8)(𝜌A)eq = ∫A

𝜌(ẑ)dA

(9-a)u1 = û − ẑ
𝜕ŵ

𝜕x̂

(9-b)u2 = 0

(9-c)u3 = ŵ(x̂, t̂)

(10)𝜀x =
𝜕û

𝜕x̂
− ẑ

𝜕2ŵ

𝜕x̂2

(11)𝜒xy = −
1

2

𝜕2ŵ

𝜕x̂2

(12-a)𝜎x = E(ẑ)

[
𝜕û

𝜕x̂
− ẑ

𝜕2ŵ

𝜕x̂2

]
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Using Eq. (2), strain energy based on the modified couple 
stress theory can be written as

where

Based on the fact that the kinetic energy due to the axial 
velocity is small compared to the kinetic energy due to the 
bending, the kinetic energy of the system can be written as

To derive the equations of motion, Hamilton’s principle is 
employed. Based on this principle, the governing equations 
of motion are derived as

with boundary conditions

From Eq. (17) and Eqs. (18), the governing equation of 
motion can be simplified to

(12-b)mxy = −𝜇(ẑ)l(ẑ)2
𝜕2ŵ

𝜕x̂2

(13)

U =
1

2 ∫
Ω

(

E(ẑ)

(
𝜕û

𝜕x̂
− ẑ

𝜕2ŵ

𝜕x̂2

)2

+ 𝜇(ẑ)l(ẑ)2
(
𝜕2ŵ

𝜕x̂2

)2
)

dΩ

=
1

2 ∫
L

0

(

(EA)eq

(
𝜕û

𝜕x̂

)2

+ 2(Eh)eq
𝜕û

𝜕x̂

𝜕2ŵ

𝜕x̂2
+

(
(EI)eq +

(
𝜇l2A

)
eq

)(
𝜕2ŵ

𝜕x̂2

)2
)

dx̂

(14)

(EA)eq = ∫
A

E(ẑ)dA, (Eh)eq

= −∫
A

E(ẑ)ẑdA, (EI)eq = ∫
A

E(ẑ)ẑ2dA

(
𝜇l2A

)
eq
= ∫

A

(
𝜇(ẑ)l(ẑ)2

)
dA

(15)
T =

1

2 ∫
V

𝜌(ẑ)
(
̇̂w
)2
dV +

1

2
M
(
̇̂w
(
L, t̂

))2

=
1

2 ∫
L

0

(𝜌A)eq
(
̇̂w
)2
dx̂ +

1

2
M
(
̇̂w
(
L, t̂

))2

(16)

(
(𝜌A)eq +M𝛿(x̂ − L)

) 𝜕2ŵ
𝜕t̂2

+
𝜕2

𝜕x̂2

(

(Eh)eq

(
𝜕û

𝜕t̂

)
+

(
(EI)eq +

(
𝜇l2A

)
eq

)(
𝜕2ŵ

𝜕x̂2

))

=
𝜀bV2

2

(
1

(d − ŵ)2
+

𝛽es
b

1

(d − ŵ)

)

+
(
(𝜌A)eq +M𝛿(x̂ − L)

)
a0g

(
t̂
)

(17)
𝜕

𝜕x̂

(

(EA)eq

(
𝜕û

𝜕x̂

)
+ (Eh)eq

(
𝜕2ŵ

𝜕x̂2

))

= 0

(18-a)

û
(
0, t̂

)
= ŵ

(
0, t̂

)
=

𝜕
(
ŵ
(
x̂, t̂

))

𝜕x̂

|
|||
|x̂=0

=
𝜕2
(
ŵ
(
x̂, t̂

))

𝜕x̂2

|
|||
|x̂=L

= 0

(18-b)
[

(EA)eq

(
𝜕û

𝜕x̂

)
+ (Eh)eq

(
𝜕2ŵ

𝜕x̂2

)]|||
||x̂=L

= 0

(19)

D1
̈̂w + D2ŵ

���� = D3

(
1

(d − ŵ)2
+ D4

1

(d − ŵ)

)

+ D5g
(
t̂
)

where

For convenience, the following dimensionless parameters 
are introduced

By substituting Eq. (22) in Eq. (20), one can obtain

where

The non-dimensional shock profile ḡ(t) can be obtained as

where TN is the non-dimensional shock duration and can be 
determined as

2.6  Solution procedure

Equation (22) consists of partial derivatives, so develop-
ing a closed-form solution cannot be performed. In order 
to find an approximate solution, the Galerkin weighted 
residual method is employed [82]. According to this 
method, the deflection of the beam can be expressed as

where �i(x) is the ith linear un-damped mode shape of the 
un-deformed beam and qi(t) is the ith generalized coor-
dinate. It has been proved that in lateral vibration of the 
beams the first mode shape of the beam has the dominant 

(20)

D1 = (𝜌A)eq +M𝛿(x̂ − L), D2 = (EI)eq +
(
𝜇l2A

)
eq
−

(Eh)2
eq

(EA)eq

D3 =
𝜀bV2

2
, D4 =

𝛽es
b
, D5 =

(
(𝜌A)eq +M𝛿(x̂ − L)

)
a0

(21)

w =
ŵ

d
, x =

x̂

L
, t =

t̂

t̃
= t̂

√
(EI)eq

(𝜌A)eqL
4
, Mr =

M

(𝜌A)eqL

(22)𝜂1ẅ + 𝜂2w
���� = 𝜂3

(
1

(1 − w)2
+ 𝜂4

1

(1 − w)

)

+ 𝜂5ḡ(t)

(23)

�1 = 1 +Mr�(x − 1), �2 = 1 +

(
�l2A

)
eq

(EI)eq
−

(Eh)
2
eq

(EA)eq(EI)eq
,
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�bV2L4

2d3(EI)eq
�4 = �es
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b
,
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(
1 +Mr�(x − 1)

)
a0
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(24)ḡ(t) = sin
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𝜋t
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)
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𝜋
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(
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)
)

U
(
t − TN
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�i(x)

�i(1)
qi(t) =
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effect [83–85]. Therefore, a single-mode approximation is 
employed in the present study. Hence, the non-dimensional 
deflection of the beam can be written as

For a micro-cantilever with tip mass, the mode shape 
function can be expressed as [86] 

where β can be obtained through the solution of the follow-
ing equation [86] 

For the single-mode approximation, β would be the 
smallest positive root of Eq. (30).

By substituting Eq. (27) in Eq. (22), multiplying the 
subsequent result by �(x) and integrating the outcome 
over the whole non-dimensional region, one would get

where

The motion of the micro-beam can be simulated by 
solving Eq. (30) with zero initial conditions. It is to be 
mentioned here that this equation is solved using the 
fourth-order Runge–Kutta method.

3  Results and discussion

3.1  Comparison and validation

To obtain the numerical results for a micro-cantilever with 
a tip mass, the geometrical properties are chosen to be equal 
as of the values given in Table 1. In Table 1, Mr0 is equal to 
Mr when n is equal to zero.

The micro-cantilever with proof mass studied here is 
considered to be made of silicon–silver, and the material’s 
properties are given in Table 2.

In order to check the accuracy of the electrostatic force 
model, the effect of electrostatic force on the tip mass 
deflection is validated through comparison with the results 
obtained by Moghimi Zand and Ahmadian [87]. The 

(27)w(x, t) = �1(x)q(t)

(28)

�(x) = cos (�x) − cosh (�x) −
cos (�) + cosh (�)

sin (�) + sinh (�)
[sin (�x) − sinh (�x)]

(29)

1 +
1

cos(�) cosh(�)
−

M

(�A)eqL
�{tan (�) − tanh (�)} = 0

(30)

𝛾1q̈ + 𝛾2q = 𝛾3 ∫
1

0

𝜓(x)

(
1

(1 − 𝜓(x)q)2
+ 𝛾4

1

(1 − 𝜓(x)q)

)

dx + 𝛾5ḡ(t)

(31)
�1 = ∫

1

0

�1�
2dx, �2 = ∫

1

0

�2�� ����dx,

�3 = �3, �4 = �4, �5 = ∫
1

0

�5�dx

comparison shows good agreement between present results 
and those of Ref. [87] (Fig. 2). 

To test the accuracy of the present results under the com-
bined effects of electrostatic force and mechanical shock, 
the numerical results are validated through comparing with 
the results of Younis et al. [71]. For the specified conditions 
given in their work and under the mechanical shock with 
acceleration amplitude of 400 g and period of 1 ms, they 
reported that the pull-in voltage is equal to 0.37 V and in the 
present study the pull-in voltage for this condition is calcu-
lated to be equal to 0.36 V. So the results for the mechanical 
shock and electrostatic force show great agreements with 
other works and are reliable. The other thing that should be 
validated is the efficiency of the present result in tracking the 
behavior of the system with considering the modified cou-
ple stress theory. To do so, static pull-in of the structure is 
obtained for a micro-cantilever and is compared to the values 
of experimental results given by Osterberg and Senturia [88] 
in Table 3. Table 3 shows that present model can accurately 
trace the size-dependent behavior of the micro-beam. Fur-
thermore, the present results have been validated through 
comparison with the results presented by Rahaeifard et al. 
[89]. In their study, they reported the dimensionless pull-in 
voltage value of 1.5 if h/l and ĉ are set to be equal to 3 and 
1, respectively. Based on the present model, the dynamic 
pull-in voltage for this case is equal to 1.41 which has a great 
agreement with the reported value.

In this investigation, three cases will be studied. At first, 
only the effect of mechanical shock on the system will be 
considered and then the effect of both electrostatic force 
and mechanical shock will be presented. The last case is to 
investigate the PCB motion of the micro-cantilever with a 
tip mass.

3.2  The effect of mechanical shock on the system

When the mechanical shock is applied to the system, two 
cases may arise. The mechanical shock can be exerted to the 
system as either a dynamic load or a quasi-static load for the 

Table 1  Geometric properties of the micro-cantilever with tip mass

b (µm) d (µm) h (µm) L (µm) Mr0

10 4 4 175 0.1

Table 2  Material properties of the micro-cantilever wit tip mass

Material E (GPa) � � (kg/m3) l (µm)

Silver 83 0.37 10,490 6.233
Silicon 169 0.33 2331 0.592
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system. In the case that the shock duration is close enough to 
the micro-beam’s natural frequency, the mechanical shock 
is considered to be a dynamic load and if the ratio of the 
natural period to the shock duration is much greater than 
unity (more than 10 based on Ref. [3]) then the load is quasi-
static. In this investigation, shock durations of T = 0.1 ms 
and T = 0.01 ms are considered for the quasi-static case and 
the dynamic case, respectively.

To study the time response behavior of the system in dif-
ferent cases, shock amplitudes of a0 = 500 g, 1000 g and 
1500 g are employed. Figure 3 shows the behavior of the 
micro-cantilever with quasi-static and dynamic loadings 
along with considering modified couple stress and classical 
theory. In this case, a silicon micro-cantilever in 110 direc-
tion is studied. The mass of the tip particle is considered 
to be 0.01 mass of the beam. Figure 3 shows that increas-
ing the shock pulse amplitude will result in increasing the 
maximum amplitude of the system. In the dynamic loading 
case, the maximum deflection value is observed to be more 
than the value obtained in the quasi-static loading case. In 
Fig. 3, when the power law increases for the case of clas-
sical theory the maximum deflection of the beam will also 
increase. This fact is due to lower Young’s modulus of the 
silver in comparison with silicon as given in Table 2. On the 
other hand, when the modified couple stress theory is taken 
into consideration, this behavior changes quite opposite of 
the former case. This change in behavior is because of the 
high length-scale parameter of silver and its effect is domi-
nant in the bending rigidity of the micro-beam. This shows 
that a model without considering the size effect phenomenon 
would lead to completely false results. Another important 
thing that one can notice from Fig. 3 is that non-dimensional 
tip mass deflection is very small. This is due to the fact that 
natural frequency of the system is very high.

3.3  Tip mass and material effects

Researchers have designed many micro-systems for different 
situations which need a variety of material’s parameters. To 
reach several behaviors, different materials and geometric 
properties have been employed. Adding a proof mass at the 

tip of the beam will increase the level of control over the sys-
tem’s properties. So altering the tip mass can be a good way 
to reach the desired design. Hence, an investigation on the 
effect of tip mass on the behavior of micro-beam has been 
made here. This study has conducted on three proof masses 
having the values of Mr0 = 0.01, 0.05 and 0.1.

Figure 4 illustrates the changes in pull-in voltage when 
the power-law index increases for three mentioned tip mass 
values for both cases of quasi-static and dynamic loadings. 
As shown in Fig. 4, increasing the tip mass will result in 
the decrease in the pull-in voltage. The reason for this is the 
fact that increasing the mass of the system reduces the natu-
ral frequency of the beam so it would be possible to reach 
the pull-in voltage at lower values. Another aspect of this 
study is related to the material properties of the micro-beam 
for quasi-static loadings in Fig. 4a and dynamic loading in 
Fig. 4b. As mentioned before, the maximum deflection of the 
beam is very small and it is of the order 10−3 for the case of 
a0 = 500 g. Hence, the electrostatic force will play a crucial 
role in determining the pull-in voltage of the system. This 
fact combined with the high natural frequency of the system 
will lead to high values of pull-in voltage as shown in Fig. 4. 
Also, the results show that in case of dynamic loading the 
pull-in voltage decreases but this reduction does not exceed 
2 V and therefore the difference between quasi-static and 
dynamic cases is barely noticeable in Fig. 4.

In addition to Fig. 4, Fig. 5 illustrates the combined 
effects of proof mass and power-law index on the pull-in 
voltage in three-dimensional graph. It is to be noted that 
the graph is presented for the case of dynamic loadings 
and the case of quasi-static loading is almost the same 
as Fig. 5. It is obvious from Fig. 5 that increasing the 
power-law index leads to the higher pull-in voltage and 
an increase in proof mass will lead to the lower values of 
pull-in voltage, as shown in Fig. 4. In addition to these 
facts, it can be observed from Fig. 5 that at lower proof 
mass values the reduction in pull-in voltage is more steep 
rather than the higher values of proof mass.

3.4  The effect of shock amplitude on pull‑in voltage

In this section, the effect of shock pulse amplitude on the 
pull-in voltage is investigated. Figure 6 shows the pull-in 
instability behavior of the micro-beam for two values of 
shock amplitude when the power law increases. Dynamic 
and quasi-static loadings are also investigated in this section. 
The results given in Fig. 6 show that at high values of shock 
pulse amplitude the voltage would decrease. Higher shock 
pulse amplitudes force the maximum value of deflection to 
increase. So it takes lower voltages to make the pull-in insta-
bility happen. Figure 5 also shows that the pull-in would 
happen earlier in the dynamic loadings than the quasi-static 
loadings. The reason behind this is investigated before. In 

Table 3  Comparison between static pull-in voltages obtained based 
on MCST with those experimentally reported by Osterberg [88]

Cantilever 
length (µm)

Pull-in voltage based on modi-
fied couple stress theory (V)

Pull-in voltage based 
on Osterberg [88] (V)

75 76.03 76.2
100 43.21 43.5
125 27.77 28.1
150 19.22 19.6
175 14.31 14.5
200 10.54 10.9
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dynamic loadings, the system vibrates with higher deflec-
tions and this causes the pull-in voltage to decrease. As it is 
mentioned in the previous section, due to the dominant role 
of electrostatic force in determining the pull-in voltage and 

high values of the pull-in voltage, the differences between 
the pull-in voltages obtained in quasi-static loadings and 
dynamic loadings are too low to be noticed in Fig. 6.

Fig. 3  Variation of maximum 
tip mass deflection versus 
power-law index for different 
shock pulse amplitudes, a CT 
(T = 0. 1 ms), b MCST (T = 0. 
1 ms), c CT (T = 0.01 ms) and d 
MCST (T = 0.01 ms)
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3.5  MEMS packaging

As mentioned in “Introduction,” micro-beams have always 
come with a box or a circuit called printed circuit board. 
Therefore, investigation on how PCB would affect the behavior 
of the micro-systems seems necessary. According to Ref. [74], 
PCB can be modeled by a mass with a spring. Mechanical 
shock is exerted on the system by the means of base excitation 
and here this base excitation is applied directly to the package 
as Fig. 7 illustrates a schematic of the system in this section.

By employing Hamilton’s principle, the governing equa-
tions of the system can be written as follows:

(32)D1
̈̂w + D2ŵ

���� = −𝛼1Ÿ

(33)Ẅ + �̄�2
P
W = −Z̈

where W, Z, Y and �̄�P are the relative motion of package 
with respect to base, base excitation, absolute motion of the 
package and its natural frequency. It should be noted that 
the mass of the micro-beam is negligible compared to the 
mass of the package so the system of equations in Eq. (22) 
is decoupled. Now following non-dimensional parameters 
are introduced

By substituting Eqs. (21) and (34) in Eqs. (32) and (33), 
employing Galerkin method and dropping the hats, the follow-
ing non-dimensional equations can be obtained

where

Convolution integral method is used to obtain a closed-
form solution for Eq. (36). This closed-form solution con-
tains two parts, one from zero to TN and one from TN to 
infinity. Relative motion of package can be written as

and

where �s is the shock frequency and

(34)Ŵ =
W

d
, Ŷ =

Y

d
, Ẑ =

Z

d

(35)𝛾1q̈ + 𝛾2q = −𝛾 �
5
Ẅ + 𝛾5ḡ(t)

(36)Ẅ + 𝜔2
P
W = 𝜆ḡ(t)

(37)𝛾 �
5
= ∫

1

0

𝜂1𝜓dx, 𝜆 =
a0 t̃

2

d
, 𝜔P = �̄�P t̃

(38)W =
𝜆

(
1 − r2

)
[
sin

(
𝜔Pt

)
− r sin

(
𝜔st

)]
for 0 < t < TN

(39)W = 𝛽1 sin
(
𝜔Pt + 𝛽2

)
for TN < t

(40)

r =
�P

�s
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√
2
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Fig. 5  Variation of pull-in voltages versus power-law and mass ratio 
for the dynamic loadings

Fig. 6  Variation of pull-in 
voltage versus power-law index 
for two shock pulse amplitudes 
and a quasi-static loading 
(T = 0.1 ms) and b dynamic 
loading (T = 0.01 ms)
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By substituting the accelerations of Eqs. (38) and (37) 
in Eq. (36), a closed-form solution for q can be written as

and

where the coefficients A, B, C, D, E and F are presented in 
“Appendix 2.”

Since packaging is a part of the system, its effect on the 
behavior of the micro-beam should be investigated. To find 
out whether it has a positive effect or not, Fig. 8 illustrates 
how the ratio of the maximum amplitude of micro-beam 
with packaging to maximum amplitude of beam without 
packaging (R) would change when the ratio rp = �P

/
�n 

(41)
q(t) = A sin

(
𝜔nt

)
+ B sin

(
𝜔Pt

)
+ C sin

(
𝜔st

)
for 0 < t < TN

(42)
q(t) = D sin

(
𝜔nt

)
+ E sin

(
𝜔nt

)
+ F sin

(
𝜔Pt + 𝛽2

)
for TN < t

increases. From Fig. 8, one can understand that there exist 
two locations in which the behavior of the micro-beam is 
critical. One is when the frequency of the package is near 
the natural frequency of the beam and the other one is when 
the frequency of the package is near the shock frequency. 
The former one is critical due to the fact that the micro-
beam is excited at its natural frequency and the maximum 
amplitude of the beam approaches to the infinity. The latter 
one is dangerous because the shock load is exerted to the 
package as a dynamic load so the maximum amplitude of the 
package will increase and it affects the motion of the micro-
beam. Another thing that can be concluded from Fig. 8 is 
that package does not improve the motion of the micro-beam 
for most of the frequency range of package so not consider-
ing the package would result in false estimations and only 
for a small interval of package frequency the maximum 
amplitude of the micro-beam reduces. This case happens 
approximately when r is approximately below 0.5. This is 
because of the fact that in this case the package absorbs most 
of the energy of the shock and apportion of shock energy 
is transmitted to the micro-beam. It is obvious from Fig. 8 
that at higher values of package frequency the rigidity of the 
springs approaches to infinity and the package would turn 
into a rigid body. Hence, the whole shock impulse exerts to 
the micro-cantilever and there would be no difference from 
the case when the effect of packaging is not considered.

Another factor that can affect the behavior of the system 
is the amplitude of the shock pulse. Figure 9 shows the effect 
of the shock pulse amplitude on Wtip for different values 
of package frequency. From Fig. 8, it can be understood 
that shock pulse amplitude has a linear relation with Wtip. 
This fact can also be obtained from Eqs. (53) and (54) in 
“Appendix 2.” In these equations, shock pulse amplitude 
has appeared in coefficient of every trigonometric function 

Fig. 7  Schematic of micro-cantilever with tip mass considering the 
effect of packaging

Fig. 8  Ratio of maximum 
normalized amplitude of 
micro-beam with the effect of 
packaging to those of system 
without packages for a shock 
pulse with the amplitude of 
500 g and durations a 0.1 ms 
and b 0.01 ms
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that shows a linear relation to the maximum amplitude of 
the micro-beam.

To get a better view of the effect of PCB on the stabil-
ity of the system, Table 4 shows the pull-in voltage of the 
micro-beam with tip mass for different rp values when the 
power-law is equal to 0.25. It is obvious from Table 4 that 
when r or rp is near 1 the pull-in voltage decreases. This is 
due to the fact that in these cases, maximum amplitude of 
the micro-beam would increase very fast and in the latter 
one it approaches to infinity, so it needs a lower value of 
electrostatic force to make the system unstable. This analysis 
can be utilized to determine the threshold of safety when 
designing the micro-beam.

Evaluating the desired material properties is an impor-
tant aspect of designing the micro-systems with packaging. 
In this manner, Fig. 10 represents the variation of pull-in 
voltage versus the power-law index for two different values 
of proof mass ratios of 0.01 and 0.05 for quasi-static case 
in Fig. 10a and dynamic case in Fig. 10b. It is to be noted 
that the values of shock pulse amplitude and rp are set to 
be equal to 500 g and 0.1, respectively. Although it can be 
observed from Fig. 10 that the effect of power-law index and 
proof mass ratio is the same as the case without packaging, 
the values of pull-in voltages are very different. In addition 
to this fact, by comparing Figs. 4 and 10, one can come to 

conclusion that the proof mass ratio has more noticeable 
effect on the behavior of micro-beam with packaging.

Since the system is subjected to mechanical shock, Fig. 11 
illustrates the effect of mechanical shock amplitude on the 
maximum tip mass deflection of the micro-beam as a func-
tion of power-law index for the quasi-static case in Fig. 11a 
and for the dynamic case in Fig. 11b. It can be observed 
from Fig. 11 that the effects of shock pulse amplitude and 
power-law index on the maximum tip mass deflection of the 
micro-beam are the same as the case when system does not 
have PCB motion. But a comparison between Figs. 3a, b and 
11 will lead to the fact that the behavior of micro-beams with 
PCB motion is less sensitive to the shock pulse amplitude. 
This matter is a result of packaging and shows that the pack-
age absorbs the shock and the effect of mechanical shock 
may reduce for the cases that rp is far from 1 or the frequency 
of shock is far from natural frequency of package.

4  Conclusions

In this study, behavior of a micro-cantilever under the effect 
of both electrostatic actuation and mechanical shock was 
investigated based on the modified couple stress theory in the 
presence of packaging. Hamilton’s principle was employed to 
derive the equation of the motion based on the Euler–Bernoulli 
beam theory, and Galerkin’s method was used to convert par-
tial differential equations into ordinary differential equations. 
The governing equation of motion was solved by the fourth-
order Runge–Kutta method, and the behavior of beam for dif-
ferent shock parameters when the power law increases was 
reported. The model then was validated through comparison 
with the works of other researchers. The results showed that 
the pull-in voltage increases when the power law increases and 
this was against the classical theory. This fact was due to high 
value of material length-scale parameter of silver. So not con-
sidering the modified couple stress theory would end in com-
pletely false results. Then, the effect of combination of electro-
static force and mechanical shock was investigated for different 
tip mass values and shock pulse amplitudes. It was shown 
that increasing the tip mass would reduce the pull-in voltage 
and the higher values of shock pulse amplitude will result in 
lower pull-in voltages. Also the PCB motion of the micro-
beam was studied, and it was shown that normally the pack-
age does not improve the behavior of the micro-beam. Hence, 
neglecting the effect of packaging will lead to false results. So, 
based on the results presented in the paper, the designers of 
micro-devices will have a more reliable data when designing 
these systems and the safe zone for the micro-devices can be 
obtained more efficiently. In addition to this result, altering 

0 1000 2000 3000
0

0.01

0.02

0.03

0.04

0.05

0.06

a0

W
tip

r
p
=0.1

r
p
=0.3

r
p
=0.6

r
p
=1.1

Fig. 9  Effect of shock pulse amplitude on maximum deflection of 
micro-beam for different package frequencies (T = 0.01 ms)

Table 4  Dynamic pull-in voltage of the micro-cantilever considering 
the effect of packaging

rp 0.01 0.05 0.1 0.5 0.95

V
PI

 (V) (T = 0.1 ms) 166.6 166.4 166.5 166.53 166.3
V
PI

 (V) (T = 0.01 ms) 166.55 166.58 166.55 166.54 166.24
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the proof mass and material properties of FG materials will 
provide a wider range of choices for the designers.

Appendix 1: Derivation of Eq. (7‑a)

Equation (45) is presented as follows

This equation can be obtained by considering the shock 
pulse as a sine base excitation. So, the base excitation can 
be written as

(43)F0 =
(
(𝜌A)eq +M𝛿(x̂ − L)

)
a0

Hence, the kinetic energy can be presented as

Substitution Eq. (45) in the Hamilton’s principle will lead 
to

(44)ŷ = a0

(
T

𝜋

)2

sin
(
𝜋

T
t
)
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(
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2
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(
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))2
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(
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Fig. 10  Variation of pull-in voltages versus power-law index for different values of tip mass in presence of package for shock duration of a 
0.1 ms and b 0.01 ms

Fig. 11  Variation of tip mass deflection versus power-law index for different values of shock amplitude in the presence of package for shock 
duration of a 0.1 ms and b 0.01 ms
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where

(46)

𝛼
1

(
𝜕2ŵ
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)

(47)
𝜕

𝜕x̂

(

𝜉1

(
𝜕û
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Equation (46) can be presented as

where

By comparing the amplitude of mechanical shock in 
Eq. (43) and Eq. (50), the equation is then derived.

Appendix 2: Coefficients of Eqs. (41) and (42)

The analytical response of micro-cantilever with packaging 
has been obtained as

and

The coefficients in Eqs. (41) and (42) are
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