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Abstract

In the present study, the exact solution of a nanofluid flow and mixed convection within a vertical cylindrical annulus with
suction/injection, which is adjacent to the radial magnetic field, is presented with regard to the motion of cylinders’ walls.
The impact of Brownian motion and shape factor on the thermal state of CuO-water nanofluid is also considered. The
influence of such parameters as Hartmann number, mixed convection parameter, suction/injection, volume fraction of
nanoparticles and motion of cylinders’ walls on flow and heat transfer is probed. The results show that the shape of the
nanoparticles could change the thermal behavior of the nanofluid and when the nanoparticles are used in the shape of a
platelet, the highest Nusselt number is obtained (about 2.5% increasement of Nusselt number on internal cylinders’ wall
comparison to spherical shape). The results shed light on the fact that if, for example, the external cylinder is stationary and
the internal cylinder moves in the direction of z axis, the maximum and minimum heat transfer take place on the walls of
internal and external cylinders, respectively (for 7 = 300, about 15% increasement of Nusselt number on internal cylinders’
wall). Furthermore, the enhancement of radius ratio between two cylinders increases the rate of heat transfer and decreases
the shear stress on the internal cylinder’s wall.

Keywords Vertical cylindrical annulus - Moving walls - Nanofluid - Magnetohydrodynamics (MHD) - Brownian motion -
Mixed convective flow - Exact solution

List of symbols n  Shape factor
A Coefficient of velocity for inner cylinder Nu  Nusselt number
a Radius of the inner cylinder (m) p Pressure (Pa)
B Coefficient of velocity for outer cylinder P Dimensionless pressure
b Radius of the outer cylinder (m) Pr  Prandtl number
By, Constant magnetic field (T), B = (Boa)/r Q  Dimensionless volumetric flow rate
C, Specific heat (J kg ' K™Y r Axis in the cylindrical coordinates
d, Nanoparticle diameter (m) Re  Reynolds number
Dy, Hydraulic diameter, D, =2 (b — a) S Suction/injection parameter
g Gravitational acceleration (m s™2) T  Nanofluid temperature (K), AT =T, — T,
Ha Hartman number To Wall temperature of outer cylinder (K)
k Thermal conductivity (W m 'K T, Wall temperature of inner cylinder (K)
kg Boltzmann constant (1.3806503 x 10727 Kil) u Velocity in z direction (m sfl)
uy  Reference constant velocity (m sfl)
uy, Mean velocity (m sfl)
D< Asghar B. Rahimi V' Velocity in r direction (m s™')

rahimiab@um.ac.ir.com z Axis in the cylindrical coordinates

Department of Mechanical Engineering, Ferdowsi University
of Mashhad, Mashhad, Iran Greek letters

. .. 2 1 _ .
Faculty of Engineering, Ferdowsi University of Mashhad, o Thermal dlfquIYlty (m” s ) ), o = kl(p CP)
P.O. Box No. 91775-1111, Mashhad, Iran p  Thermal expansion coefficient (1/K)

@ Springer


http://orcid.org/0000-0002-5972-4965
http://crossmark.crossref.org/dialog/?doi=10.1007/s10973-019-08201-z&amp;domain=pdf
https://doi.org/10.1007/s10973-019-08201-z

502

A. Shakiba, A. B. Rahimi

n  Mixed convection parameter

0  Dimensionless temperature of nanofluid

A Ratio of the radius between two cylinders
i Dynamic viscosity (kg ms™")

p  Density (kg m—)

v Kinematic viscosity m*s™h, v=pp

o Electrical conductivity (m~' Q7"

T Dimensionless shear stress

¢  Particle volume fraction

Subscripts

1 Value on inner wall

b Bulk temperature

eff Effective characteristic
f Pertaining to base fluid
m  Mean value

nf  Nanofluid

p  Nanoparticles

A Value on outer wall

Introduction

Mixed convection investigation in an annulus with suction/
injection has attracted many researchers’ attention due to
diverse applications. Cooling systems of electrical appli-
ances, heat exchangers, food processes, cooling of rotary
machines and nuclear reactors are examples of industrial
applications of this type [1]. In these applications, suction/
injection was used to modify the heat transfer, and its effect
on fluids’ flow was investigated in format of different
geometries, boundary conditions, as well as different
solution methods. Avci and Aydin [2] carried out an
investigation on flow and heat transfer of a vertical con-
centric microannulus. The authors revealed that increasing
the mixed convection parameter intensifies heat transfer as
rarefaction effects considered by the velocity slip and
temperature jump in the slip flow regime deceased. Rahimi
and Abedini [3] studied mixed convection of air in
eccentric horizontal annuli. Their results demonstrated that
flow and heat transfer are forcefully affected by the Raleigh
number and eccentricity of the inner cylinder, and that
three-dimensionality consideration was unavoidable.
Jha et al. [4] investigated the effect of suction/injection on
vertical annular microchannel. The authors found that skin
friction declined on the inner porous cylinder’s wall with
growth of fluid-wall interaction parameter in case of
injection at inner porous cylinder’s wall and concurrent
suction at outer porous cylinder’s wall, while the result was
just opposite at outer porous cylinder’s wall. Shakiba and
Rahimi [5] investigated the mixed convective flow of a
fluid inside a vertical annulus with moving walls along
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with transpiration and obtained exact solution showing
improvement of heat transfer depending on different walls
moving arrangements.

Some methods of heat transfer enhancement include
changing the geometry, using nanoparticles and locating
the fluid in a magnetic field. Low thermal conductivity of
base fluids such as ethylene glycol, oils and water is one of
the main causes that justifies the inefficiency of devices
which use these fluids [6]. With the advancement of
technology and the possibility of nanoscale particles,
Choi et al. [6] were the first to suggest adding nanoparticles
to the base fluid which were called “nanofluid.” On the
other hand, over the past two decades, investigation of
electrically conductive fluids’ magnetic properties has
attracted the attention of many scientists. In many thermal
industries, MHD has many important applications, such as
chemical catalytic reactors, high-performance boilers,
polymer and metallurgy, solar collectors and heat
exchangers. The application of a desirable magnetic field in
a nanofluid flow can greatly increase the rate of heat
transfer [7]. Shakiba and Vahedi [8] numerically investi-
gated the hydro-thermal properties of ferrofluid in a hori-
zontal counter-current double pipe heat exchanger. The
results demonstrated that when ferrofluid is exposed to a
non-uniform transverse magnetic field, the Kelvin force is
produced perpendicular to the nanofluid flow. Therefore,
axial velocity profile is changed and a pair of vortices is
created which lead to gain pressure drop, friction factor and
heat transfer rate. Jha et al. [9] studied role of suction/
injection on MHD natural convection flow in a vertical
microchannel and the authors found that as suction/injec-
tion, fluid-wall interaction and rarefaction increased, the
volume flow rate increased, while it decreased with
increase in magnetic field intensity. Freidoonimehr and
Rahimi [10] carried out entropy generation analysis
induced by a stretching/shrinking sheet with transpiration.
The authors found an exact solution for steady laminar
MHD nanofluid flow and heat transfer. Results showed that
the copper and the aluminum oxide nanoparticles have the
largest and the lowest averaged entropy generation number
, respectively, among all the nanoparticles considered.
Singh et al. [1] obtained an exact solution for flow and heat
transfer of a vertical concentric annulus, considering radial
magnetic field. The authors concluded that both mass flow
rate and skin friction decline due to increase in magnetic
intensity. Mozayyeni and Rahimi [11] presented mixed
convection flow of a fluid between two horizontally con-
centric cylinders. The authors showed that by considering
radial magnetic field the flow oscillations in the annulus
can be suppressed effectively. Moreover, it was found that
due to existent of viscous dissipation, heat transfer
increased and decreased on the external and internal
cylinder, respectively. Mozayyeni and Rahimi [12]
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investigated MHD fully developed mixed convection in an
annulus with rotating outer cylinder. The authors realized
that magnetic field suppressed the streamlines patterns, as
well as temperature contours and the heat transfer. Other
researches are available in existing studies [13, 14].

Brownian motion is a random and continuous motion of
some suspended microscopic particles in a liquid or gas. By
creating a nanofluid mixture, this accidental movement
occurs due to the continuous collision of particles with
fluid molecules and the exchange of momentum between
them. This movement is known as the Brownian motion of
particles. Malvandi and Ganji [15], in a numerical study,
investigated the laminar flow and mixed convection heat
transfer of alumina—water nanofluid in a vertical annulus.
The authors considered Brownian motion and investigated
the effects of nanoparticles migration on heat transfer and
pressure drop. They also increased the efficiency of the
system by using nanofluid and finding the optimal values
for the radial ratio and the heat flux ratio. Dogonchi and
Ganji [16] investigated Buoyancy nanofluid flow and heat
transfer over a stretching sheet considering effect of
Brownian motion, thermal radiation and magnetic field.
Their results revealed that the fluid velocity and tempera-
ture distribution declined with the increase in radiation
parameter. In addition, the authors revealed that skin-fric-
tion coefficient rose with the increase in magnetic param-
eter and it decreased with the increase in volume fraction
of nanofluid. Furthermore, the Nusselt number decreased
with the increase in magnetic parameter.

In many natural science problems, obtaining the exact
solutions of mathematical equations can help researchers to
understand qualitative features of many phenomena
properly.

Despite numerous studies which were carried out con-
cerning flow and heat transfer in the space between two
cylinders with different solution methods, a limited number
of them were probed into the suction/injection effects with
the application of radial magnetic field and movement of
cylinders.

The present work has intended to scrutinize various
states affecting mixed convective flow within the vertical
cylindrical annulus with complete range of moving walls
for the selected nanofluid and as an exact solution which is
for the first time. To do so, the Brownian motion of the
CuO-water nanofluid has been taken into remarkable
account. The effect of other parameters including ratio of
the radius, suction/injection parameter, mixed convection
parameter and Hartman number is also considered. The
results show that by changing the effective parameters used
in above, the flow and heat transfer of nanofluid can be
controlled.

Problem statement

Mixed convection within a vertical annulus has been
investigated in this study. In addition, the effects of moving
walls, radial magnetic field and suction/injection on the
flow and heat transfer of CuO-water nanofluid have been
inspected. Since annulus length is infinite, all the parame-
ters, except for the pressure gradient that is a function of z,
are a function of r. As shown in Fig. 1, the internal and
external cylinder radii are, respectively, a and b and the
internal and external cylinder temperatures are, respec-
tively, T} and Ty, in which T} > Ty. The z axis is located
along the annulus axis, and the r axis is perpendicular to it.
The magnetic field is applied radially and with a size equal
to Boal/r to the annulus. It is assumed that the nanofluid’s
suction/injection is fulfilled through the walls of the
annulus. The flow and heat transfer of the nanofluid have
been investigated in different states, when the internal and
external cylinders, or both move in different direction with
constant velocities equal to Aug and Bu,, respectively.

Governing equations, boundary conditions
and credibility

It is supposed that nanoparticles easily dispersed in fluid
phase and thermal equilibrium state is established. Fur-
thermore, nanoparticles are significantly small in sizes so

z
u=Au, A

u=Bu,

I
T
—
I I a | g
—_ —’ ‘_4—
A, A/—{> I\ 4|_
T:TUI T=T1I J—l—»}
—
iR

T

. I
Injection T
Suction <I—
<—

I

A

AR,
A
==y

Il
o =

—
I

TE
|

Fig. 1 Physical model and coordinate system of problem
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slipping velocity between particles and continuous phase is
assumed to be negligible.

Considering the laminar, steady, fully developed,
Newtonian and incompressible nanofluid flow, using the
Boussinesq approximation and applying no-slip condition
on wall of cylinders, conservation equations, including
continuity, momentum, energy, are expressed as Eqgs. (1)-
(3). Use of the thermophysical properties of nanofluid was
required for writing these equations; on the other hand, the
axial conduction of nanofluid and wall as well as the effects
of compressibility and viscous dissipation has been
ignored.

Continuity equation
1d

;E(VV) =0, (1)

Momentum equation

du ldp wuysld/ du
Ve = — Do = (20 (T —T,
dr Pt dz+pnfrdr "ar + 8B 0)
B2
_O'nf Ll’ (2)
Pt

Energy equation

ke 1d [/ dT dr
oy .
(pCp)  rdr ' dr dr

In above equations, pnr, o (PCp),r and oy are density,
thermal expansion coefficient, heat capacity and electrical
conductivity of nanofluid accordingly and they are defined
as:

Pnt = pt(l - d)) + ps¢
Buor = Be(1 — @) + B
(pCP)nf: (pCP)f(l - )+ (pCp)sd>

3(%;—1)¢
@)

Various models have been proposed by various researchers
for effective thermal conductivity and viscosity of
nanofluids [17-20]. To calculate Brownian motion, the
thermal conductivity of the nanofluid is considered to
contain two parts. One assumes that all of the nanoparticles
are stationary k.., while other parts are the properties that
arise from the Brownian motion of the particles kg;ownian-
Hence, KKL (Koo—Kleinstreuer—Li) [21-23] has been used
to calculate the effective thermal conductivity and viscosity
of the nanofluid in addition to the effect of particle size,
particle volume fraction, temperature dependence and base
fluid properties are measured by considering the random
motion of nanoparticles. The thermophysical properties of
the nanofluid are given in Table 1.
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The effective thermal conductivity and viscosity of the
nanofluid on the basis of static and Brownian properties is
defined in Eq. (5).

keff = kstatic + kBrownian

kBrowni
rownian % 125

Hefr = Hstatic + MBrownian = Hstatic +
eff static Brownian static kf P e

Kgatic | ks + (n— Dkt — (n — 1), (kt — k)

k¢ ks + (n— Dk + d)p(kf — k) (5)
—

e = )2

kT
kBrownian =35x 104¢ prp,f > gl(Tv ¢7dp)
ppdp

In which Pr; is Prandtl number of base fluid and is equal to
5.83. It should be noted that by taking into account the
thermal interfacial resistance (Ry =4 x 1073 km? /W)
between nanoparticles and base fluid, according to Eq. (6)
ks will be replaced by ko [26]. In Eq. (5), n is the shape
factor, which is given in Table 2 for different shapes of
nanoparticles.

d d
Ri+-2=—F 6
! ks ks,eff ( )

The experimental g’-function is also different for diverse
nanofluids and base fluids. In this paper, for the base fluid
water and CuO nanoparticles, this function is defined as
Eq. (7) [21].

¢ (T, d,dy) = (a1 + axIn(dp) + az In(¢) + as In(¢h)
In(d,) + as ln(dp)z) In(T)
+ (a(, + ay ln(dp) + agIn(¢)
~+ag In(¢) ln(dp) +ajg ln(dp)z)
in which the coefficients a;(i =0,1,...,10) are selected
according to the type of nanoparticles, and their values are

given in Table 3.
The boundary conditions are as follows:

T=T
T=T,

u=Auy r =a

r=>b ®)

u = Buy
where A and B are constant coefficients. Given the above
boundary conditions, if both of the constants are zero, they
indicate a stagnant state for annulus.

Through solving Eq. (1), the velocity in the direction of
r is achieved by Eq. (9):

—aV,
y =40

©)

r
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Table 1 Thermophysical

3 S — —1 —1 —1 —1
properties of water and CuO plkg m C/lkg K k/W mK p x 105/1 K dy/nm a/Q m
nanoparticles [24, 25] Water  997.1 4179 0.613 21 - 0.05

CuO 6500 540 18 29 45 5 x 107
Table 2 The values of shape Shape " Energy equation

factor for different shapes of
nanoparticles

Spherical 0 3

Platelet . 5.7
Cylinder & 4.3
Brick

- 3‘7

Table 3 The coefficient values of CuO—water nanofluid [26]

Coefficient values CuO-water
a; — 26.59331085
a — 0.403818333
as — 33.3516805
ay — 1.915825591
as 0.0642185846658
ag 48.40336955
ay — 9.787756683
ag 190.24561
ag 10.92853866
aio — 0.720099837
Introducing dimensionless quantities:
r b T— TO Z
R= ™ A= — 0= ) = 5
a a T] — T() ReDh
u p Voa &P ATD;,
U=—, P= > =—, Gr= a
Uo PntUy Ve Vi
v uyD, Gr
Pr=——, Ha=BD,, |~ Re=—-"2, n=—
oT.f £ 7 Re

(10)

Substituting non-dimensional parameters in Egs. (2)and
(3), the mathematical model equations and boundary con-
ditions in dimensionless form are:

Momentum equation

Sd e pr 1 d d
2l yw)y B P S (RS yr
1 dP  Ha’ oy py Bt }
b S PO P gy PR
40— 1) [dZ R ot pye (®) ﬁfn ®)
=0

Kng (Pcp)f 1d (R d

& (o0 PraR Ee(ze)) sSom=0  (12)

drR
The aforementioned equations are solved using the fol-
lowing boundary conditions:

0=1 U=A R=1

(13)
0=0 U=B R=1

Mean velocity, which is taken into account as the reference
velocity (ug), is derived through Eq. (14) at any cross
section of annulus. In addition, dimensionless volumetric
flow rate (Q), which is deemed constant at any cross sec-
tion of annulus, can be achieved through Eq. (15).

fburdr
= Uty = 24 : 14
o=t f:rdr (14)
A A
Q:/RU(R)dR:/RdR:%(AZf 1). (15)
1 1

By employing the boundary conditions in Eq. (13) and
solving Eqgs. (11) and (12), the results of exact solution are
obtained as Eqgs. (16) and (17).

PrSa  PrSu

—1 4+ Aot R oo
O(R) = ———ms— (16)
1+ 2w
- N PrSo,
U(R) = CiR” + CoR™ + 86R* + 6, o , (17)

The dimensionless bulk temperature can be defined as
Eq. (18).

)

L nm J RUGR)O(R)AR "
fi=To fRU(R)dR

1

Dimensionless shear stress and Nusselt number on the
cylinders’ wall are defined as Egs. (19) and (20).

(€101 +C20y+206 4207 ) apg—07PrSag
T1=

nf

= Hor AU
wal
e dR

y —PrSag-tog
wall (Cl/l‘)l ’l()]+('2/‘)2’l()2+2()6/'.)xn|-—r)7 (PrSag—20ng) o0l
T)=

nf

(19)
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"Perf 10
N | 72(2 — 1) kst do (Sg/n “nf
Upy= 5| = ; 954
Olgey—0v ke dR|p_, 1 — 0 (20)
N | 2(/1 - 1) kegs dO O3 9
Up —m————— = — _ _ _ _
R=). 6|R:,1_6b ke dR o 0 85 F Kn=0.0,Pr=0.7,H=0.5,n1 =200
In which C;, C, and §,-dg are constant coefficients that 8 ;_
they are defined as following: el
sy o R s 4B Jha et al. [27]
—070 4 (—A+ 074 6)A? — 86> +B B o Present study
Cl = /«l(ﬂ _ /'{52 6.5 :_
3177 (A — 87 — )27 + 06J% — B oF
C, = 5 s -
0 =)0 55F
(L = 2)Suepueor + \/.Uf (Szﬂfpgf(;L - 1)’oc + Ha%m‘ﬂ%%f) ot SE
0= - 2
: 2pyepoe(2— 1) il —go
7\\\\I\\\\I\\\\I\\\\I\\\\I\\\\I\\\\I\
4
(1 — A)Syepp0s — \/uf (szufpgf(,l —1)%0; +Ha2#nfpggnf>gf 0.1 02 03 04 05 06 07 08 09
0 = r¥

2uyeproe(2— 1)
o3 =(A— l)z(pf(PrSocf — 2000) o — PueOni Sl ) (PrSo — 2atyr)

Ha 6o ppgol
o ———=
4
. SUePut Ha’o ¢
Sy =(A—1) (% + ﬂm‘/’f) of — %

65 = (=147 ) fy

S = (55 ?1—2 + ”ﬁnf).ufpnfo-f
165405
PrSup
5y = — 4 0 Bl Pug Ot
165305
< 2keffPrSOCf(). - 1)
0y =

kg Otng (AP:i:r — l)
(21)

To demonstrate the accuracy and exactitude of the present
study, the obtained exact results of this investigation for
Nusselt number on inner cylinder are compared with the
study of Jha et al. [27]. This comparison is carried out in
the absence of a magnetic field and in the case where the
Knudsen number (Kn) is zero. The mixed convection
parameter (1) and Prandtl number (Pr) are considered
equal to 200 and 0.7, respectively. It is also assumed that
heat generation/absorption occurred in moving fluid. Fig-
ure 2 shows the results of this comparison for Nusselt
number at different ratio of radios. As you can see, a very
good consistency between the results is evident. In the next
section, numerical results for some selected values of the
parameters involved are presented.
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Fig. 2 Comparison of the present study’s Nusselt number on inner
cylinder of annulus with Ref. [27] for # =200, Ha = 0, n = 200,
H=05,Pr=0.17

Results and discussion

In this study, KKL model has been used in order to esti-
mate the nanofluid properties by considering Brownian
motion. Thus, such active parameters as Hartman number
(Ha), shape factor (n), volume fraction of nanoparticles (¢
), Nusselt number (Nu), radial ratio (1), mixed convection
parameter (1) and suction/injection parameter (S) have
been investigated through the exact solution of the gov-
erning equations.

In Table 4, different values of the Nusselt number for
different shapes of nanoparticles are presented. As you can
see, on both internal and external cylinders the platelet and
spherical have the highest and lowest Nusselt numbers,
respectively. As a result, CuO nanoparticles with a platelet
shape have been used to achieve an optimal heat transfer.

Table 5 shows the impact of increase in the volume
fraction on the Nusselt number of the internal and external
cylinders’ walls in two cases: with and without taking the

Table 4 Effect of shape of nanoparticles on Nusselt number when
n=51=2,S§=1,A=1,B=0and ¢ = 0.04

NM| Nuk

Ha=0 Ha =20 Ha=0 Ha =20
Spherical 16.7416 15.6222 1.5913 2.0013
Brick 16.8538 15.7156 1.6466 2.0696
Cylinder 17.0213 15.8549 1.7299 2.1717
Platelet 17.1502 15.9626 1.7944 2.1717
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Table 5 Comparison of Nusselt number enhancement on the walls of
internal and external cylinders for different volume fractions in two
cases: with and without taking the effect of Brownian motion into
consideration in Ha=2,.=2,5=0,A=1,B=0and n=5

¢ With Brownian motion Without Brownian motion
Nu, Nu,, Nu, Nu,,
0.00 5.5198 3.0228 5.5198 3.0228
0.01 5.8643 3.2105 5.7848 3.1670
0.02 6.6413 3.6349 6.0544 3.3136
0.03 7.5846 4.1501 6.3285 3.4627
0.04 8.6375 4.7252 6.6074 3.6144
0.05 9.7732 5.3455 6.8911 3.7687

effect of Brownian motion into consideration. The volume
fraction of nanoparticles has changed in the range of
0.01-0.05, and the situation in which the pure water is used
(¢ = 0) has also been investigated. As it can be observed,
with the increase in the volume fraction of nanoparticles in
the base fluid, the heat advection of the hot wall also
increases due to a rise in the nanofluid’s thermal conduc-
tivity and better heat diffusion. As a result, the Nusselt
number increases on both walls. Furthermore, the obtained
values for the Nusselt number are clearly more than the
model of constant properties when the effects of Brownian
motion are taken into account. For example, with and
without taking the effect of Brownian motion into con-
sideration, the percentage of Nusselt number enhancement
on internal cylinder’s wall, for nanofluid with volume
fraction of ¢ = 0.04 in comparison with the situation in
which the pure water is employed, is equal to 56.49 and
19.70%, respectively. It is worth mentioning here that the
results correspond with what Pak and Cho [28], Xuan and
Li [29] and He et al. [30] have achieved.

It should be noted that the results obtained in the paper
will be presented hereafter for the nanofluid with volume
fraction of ¢ = 0.04.

As mentioned, the surface of the internal and external
cylinders is perforated, and according to Fig. 1, § >0
represents the state that injection occurs in the cylinder
wall toward the annulus axis. S < 0 also shows the oppo-
site of the above-mentioned state. Figure 3 shows the
changes in the dimensionless temperature of the nanofluid
inside the annulus for different values of the suction/in-
jection parameter. Since the temperatures of internal
cylinder are higher than the temperature of nanofluid, heat
transfer takes place between the cylinder’s wall and the
nanofluid and as a result the nanofluid temperature
heightens. If S > 0, the temperature of the nanofluid near
the hot wall (internal cylinder) decreases. The temperature
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Fig. 3 Dimensionless temperature profile inside the annulus in
different values of the suction/injection parameter for A = 2

decreases with the increase in S. But, if S < 0, then these
results will be just opposite.

Figure 4 illustrates the changes of fully developed
dimensionless velocity in diverse situations at which each
of the internal and external cylinders moves either in the
same or contrary direction of z axis. As it can be perceived
in Fig. 4a, b, of two walls, one of them is stationary and the
other wall moves at a constant velocity. In Fig. 4c, it is
apparent that both cylinders move at a uniform velocity. As
previously noted, the volumetric flow rate of nanofluid is
assumed to be constant at any cross section of annulus.
Accordingly, owing to the movement of cylinder’s wall in
the contrary direction of z axis, the volumetric flow rate of
nanofluid diminishes. In this respect, the recompense of its
values is fulfilled by increasing the nanofluid velocity and
pressure difference. But then, augmenting the values of
wall velocity in the direction of z axis leads the maximum
velocity to decline and makes the velocity profile get close
to the moving wall. However, the situation in which the
wall of cylinder moves in the contrary direction of z axis
reveals the reverse results. It is noteworthy that Fig. 4d also
depicts the different wall motion states and its effect on the
dimensionless velocity profile. As it can be seen, due to the
application of magnetic field, a turning point is created in
the graph of fully developed dimensionless velocity profile
when the external cylinder is stationary and the wall of
internal cylinder moves in the positive direction of z axis.
The aforesaid magnetic force causes Lorentz force to
overcome the Buoyancy force and reduce the velocity near
the internal cylinder.

Figure 5 shows the variation of the fully developed
dimensionless velocity, with diverse Hartman numbers for
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Fig. 4 Effect of the velocity variations of annulus’s internal and external cylinders on the nanofluid dimensionless fully developed velocity

profileinn=5,8S=1,Ha=20and 1 =2

various modes of movement of external and internal
cylinders.

In Fig. 5Sa—c when there is no magnetic field, the fully
developed velocity profile has parabolic form and the
maximum velocity occurs in the left side of gap between
cylinders of annulus owing to the domination of Buoyancy
force. But with the application of a radial magnetic field,
Lorentz force is applied axially to the nanofluid flow; as a
result, the velocity gradient increases near the walls, and
the velocity profile takes a flattened form. Since the radial
magnetic field that is applied to the nanofluid flow has an
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opposite relationship with radius (Bya/r), a higher Lorentz
force is on the nanofluid near the internal cylinder and its
effect will be reduced by approaching the external cylinder.
According to Fig. 5c, as the internal cylinder is moving in
the absence of a magnetic field, the point at which the
maximum velocity occurs will be adjacent to the hot wall.
But when the magnetic field strength increases and the
Lorentz force overcomes the buoyancy force and the
momentum, the profile of the velocity is flattened. In
Fig. 5d, two extremum points are created due to the
movement of both walls.
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Fig. 5 Variations of nanofluid’s fully developed dimensionless velocity for different Hartman numbers and various states of the cylinders’

motion in n =100, S=3 and 1 =2

In Fig. 6a—d, the effect of S parameter’s variations on
the dimensionless velocity of nanofluid has been presented
for different modes of movement of external and internal
cylinders. As you can see, the presence of suction/injection
on the wall of internal and external cylinders will cause
some changes in velocity profile. According to Fig. 6a—c in
case of S > 0 in comparison with the time when suction/
injection is not present, the maximum points in the velocity
profile will move toward the internal wall. In other words,
nanofluid injections increase the velocity in the vicinity of
the internal cylinder. The opposite of this situation will

happen in case of S < 0. In Fig. 6d, in the case of both
cylinders moving together, the velocity profile will have
two extremum points, unlike other modes. These two
points are due to the uniform movement of both cylinders.

The minimum velocity point is created near the hot wall
of internal cylinder due to the domination of Lorentz force
over buoyancy force.

Since the intensity of magnetic field has an opposite
relationship with the radial distance, the maximum velocity
will occur in the vicinity of the external cylinders’ wall;
therefore, the graph has a turning point.
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Fig. 6 Effects of suction/injection variation on dimensionless velocity in different modes of internal and external cylinders’ movements for

n=5 Ha=10and 1 =2

Figure 7 illustrates the effects of mixed convection
parameter’s variation on the fully developed dimensionless
velocity for different modes of internal and external
cylinders’ movements. As it is noticed, with the increase in
the mixed convection parameter, the buoyancy force rein-
forced and the nanofluid velocity will increase significantly
in the adjacent hot wall. In the case when both walls move
together, the nanofluid in the hot wall initially has a min-
imum velocity, which is due to the application of radial
magnetic field and Lorentz force’s power over the Buoy-
ancy force. But as the mixed convection parameter
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increases, the Buoyancy force will be more than Lorentz
force and the velocity of the nanofluid near the hot wall
increases.

The effect of variations of mixed convection parameter
on the Nusselt number in various situations when both
cylinders have different moving states is shown in Fig. 8.
These movements could be in the same direction or in the
opposite direction of z axis. As of Eq. (20), the ratio of
convection heat transfer to the conductive heat transfer
which can be calculated on the walls of both cylinders
defines the Nusselt number. As it can be noted, by
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movements for Ha =2, S=3and 1 =2

enhancing # near the wall of internal cylinder the buoyancy
force is reinforced and it causes increase and decrease in
Nusselt number on the walls of internal and external
cylinders, respectively, for different states of cylinder’s
walls movements. One wall is stationary, and the other one
moves at a constant velocity in results presented in Fig. 8a—
d. The Nusselt number increases and decreases, respec-
tively, on the walls of internal and external cylinders when
the velocity of internal wall goes from negative to positive
values. Variations of the speed of the external wall develop
the inverse of the above outputs. Different modes of

cylinders’ walls and its effects on the Nusselt number are
depicted in Fig. 8e, f. It is worth mentioning that for sta-
tionary external cylinder and moving internal cylinder in
the direction of z axis, the maximum and minimum heat
transfer take place on the internal and external walls,
respectively.

Figure 9 depicts the graph of Nusselt number variations
on the walls of internal and external cylinders in various
radial ratios and different suction/injection parameters.
According to Fig. 9, the enhancement of S parameter in
internal cylinder causes to increase Nusselt number.
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«Fig. 8 Effect of the variations of mixed convection parameter on the
Nusselt number for different states of internal and external cylinders’
movements for Ha =10, S=1and A =2
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Fig. 9 Investigation of Nusselt number in different radial ratios and
various suction/injection parameter, for A =1, B =0, y = 100 and
Ha =2

Moreover, as it can be seen, for internal cylinder the
Nusselt number decreases by enhancing 4 in negative
S parameter, and it increases by augmenting /4 in positive
S parameter. It should be mentioned here that the achieved
results show the reverse consequences regarding the
external wall.

It is shown in Fig. 10 how shear stress is affected by
variation of mixed convection parameter, while cylinders
walls are moving in different situations. Shear stress being
directly related to the velocity gradient, then mixed con-
vection parameter’s enhancement reinforces the buoyancy
force and the velocity gradient near the hot wall (internal
cylinder). Therefore, the shear stress gets larger depending
on different modes of internal and external cylinders’
movement. It is not too far reaching to expect that the
highest value of the shear stress happens when the cylin-
ders move in the opposite direction of z axis and it is the
lowest when both the cylinders move at a constant velocity
and in the same direction of z axis. It can easily be con-
cluded that the reverse of these issues takes place for the
shear stress on the external cylinder.

Figure 11 shows the effects of radial ratio changes
between two cylinders (1), Hartmann number (Ha) and
suction/injection parameter on the shear stress of nanofluid
on the internal cylinder’s wall.

It is evident that in the absence of a magnetic field,
along with the increase in § parameter, the shear stress
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Fig. 10 Effects of changing mixed convection parameter on shear
stress in different states of internal and external cylinders’ movement
for§=3,Ha=5and 1 =2
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Fig. 11 Effects of radial ratio variations between two cylinder (1) and
S parameter on shear stress in different intensities of magnetic field
forR=1,A=1,B=0and n =100

increases on the wall of cylinders. As it can be observed,
the slope of surface tensions’ variation for negative § is
more than positive ones. However, the presence of radial
magnetic field makes Lorentz force control the flow, and as
the S parameter increases, shear stress decreases. In addi-
tion, as it is perceived, the application of the magnetic field
results in a negative velocity gradient and shear stress.
According to Fig. 11, with the increase in 4, the velocity
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gradient decreases in the vicinity of the internal cylinder
wall and decreases the shear stress.

Conclusions

This paper has presented the exact solution of CuO-water
nanofluid’s MHD mixed convective flow in a vertical
cylindrical annulus with moving walls, for the first time,
which is in the vicinity of the radial magnetic field. Con-
sidering the Brownian motion and the shaped factor effect,
this paper has provided its readers with such graphs as
Nusselt numbers, shear stress, temperature and velocity in
different values of radial ratio, volume fraction, suction/
injection parameter, mixed convection parameter and
Hartmann number for diverse modes of cylinders’ move-
ment. The results showed that increasing the nanoparticles
volume fraction resulted in a high rate of heat transfer, and
the nanoparticles in the shape of platelet have the highest
rate. The results shed light on the fact that injection (S > 0)
heightens the velocity of fluid in the adjacency of internal
cylinder’s wall. In this regard, the Nusselt number also
increases on the wall of internal cylinder with the
enhancement of S parameter. Besides, the growth of mixed
convection parameter () reinforces the buoyancy force
and increases the fluid velocity in the vicinity of internal
cylinder’s wall. In this way, the shear stress and the Nusselt
number increase on the wall of internal cylinder in various
situations of cylinders’ movements. The results indicated
that if the internal cylinder is stationary and the external
cylinder moves in the opposite direction of z axis, the
maximum and minimum heat transfer happen on the walls
of internal and external cylinders, respectively. In addition,
the results will be reversed for the Nusselt number if the
external cylinder is stationary and the internal cylinder
moves in the direction of z axis at a uniform velocity. The
results showed that by exerting radial magnetic field, the
Lorentz force is applied to the nanofluid flow axially and it
makes the velocity profile take a flat shape. On the one
hand, in the absence of magnetic field for the internal
cylinder’s wall, the shear stress is increased with the aug-
mentation of S parameter, and on the other hand, the shear
stress diminishes in the presence of magnetic field. The
results also revealed that the growth of / lessens the shear
stress and augments the Nusselt number on the wall of
internal and external cylinders. As a result, using the
methods presented in this paper, the flow and heat transfer
rate of the nanofluid in the vertical cylindrical annulus can
be controlled.
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