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1 Introduction

Along with non-AdS holography developments, non-relativistic symmetries have attracted
a boost of attention recently. Although non-AdS holography is a general term which
ranges from flat space to Lifshitz holography — see [2] and references therein, they all
share a same feature in which the would-be holographic theory is non-Lorentzian. From
this perspective it is necessary to also formulate gravity in spacetimes with non-Lorentzian
structure. This formulation will be of great use for non-relativistic field theories as it
provides systematic of constructing fully covariant theories by coupling non-relativistic
quantum fields to background geometries. In low energy regime there exists many strongly
coupled systems in condensed matter with Galilean symmetries such as quantum Hall states
whose study is very natural from this perspective [3, 4]. Similar to the relativistic case where
the Minkowski spacetime or other relativistic backgrounds are geometric realizations of the
(Poincaré)-Lorentz symmetry, a geometric realization of Galilean symmetry is the so-called
Newton-Cartan geometry [5, 6]. Apart from holographic [7-9] and effective field theory
applications [3, 10-16] of the Newton-Cartan geometry, there have been recent connections
to hydrodynamics [17-20] and string theory [21-25].



Newton-Cartan gravity [5, 6], a dynamical realization of this type of geometry, is a
frame independent (covariant) formulation of Newtonian gravity which means it reformu-
lates Newton’s theory of gravity in a coordinate invariant way [26-30]. Newtonian gravity
is quantified by the gravitational potential ® and the mass density of the attracting massive
object p sitting together in the Poisson’s equation;

AD = 471Gy, (1.1)

where A = 0,0, is the spatial Laplace operator and G is the Newton constant. Obviously
in a frame independent formulation one needs to work with the covariant version of (1.1).
Solving this equation is essential for determining the geodesic motion of a particle in the
geometry. While a natural way of obtaining a class of non-relativistic models such as
Newton-Cartan (NC) gravity is by taking an appropriate non-relativistic limit or a fifth
dimensional null reduction of the Einstein gravity, they can also be obtained in a gauging
procedure from appropriate spacetime symmetry groups [31-44]. The gauging procedure
is a powerful tool specially for constructing models of gravity which they do not seem to
occupy any limiting corner of the general relativity.! Newton-Cartan gravity has exten-
sions to include twistless and arbitrary torsion. The presence of torsion in Newton-Cartan
geometry refers to the case where a specific non-relativistic diffeomorphism is allowed along
the time coordinate implying that the time is not absolute any more. A specific type of
torsion namely twistless torsion has been introduced [7, 8, 49] where unlike the arbitrary
torsional case preserves causality [1, 50-54]. We will consider the effect of both twistless
and arbitrary torsion to the Poisson’s equation (1.1) and other Newton-Cartan equations
in this work.

In the relativistic setup the causal structure of spacetime is preserved under conformal
symmetry which is a bigger symmetry group than the Poincaré symmetry. Conformal
symmetry is also an important feature of the AdS holography realized by the holographic
boundary theory. Classical field theories invariant under global (super-)conformal group,
have been exploited for constructing local (super-)Poincaré invariants via the so-called
‘conformal method’ by introducing compensating multiplets and minimally coupling and
then fixing them [55-58]. The analogue of the conformal algebra in the Galilean setting
is the Schrodinger algebra with Lifschitz scaling z = 2 [59-62]. In [1] a similar approach
denoted as the ‘non-relativistic conformal method’ has been introduced for constructing
local Galilean invariants in the Newton-Cartan geometry with twistless torsion by exploring
and classifying classical Schrodinger field theories in flat background. This classification
was carried out off-shell by obtaining the Horava-Lifshitz gravity Lagrangian at z = 2 and
on-shell by obtaining the Newton-Cartan gravity equations of motion with twistless torsion.

In this work by focusing on the second classification, we will show that not all terms in
the (twistless) torsional Newton-Cartan field equations obtained in [1] are unique. We then
reapply the non-relativistic conformal method this time for a Schrodinger field theory on
the Newton-Hooke background which is the non-relativistic version of (A)dS spacetime and

'A famous example is the Hofava-Lifshitz gravity [45, 46] which can be formulated by gauging the
Schrédinger algebra [1, 47, 48].



re obtain the field equations and fix the ambiguity in the Poisson’s equation completely.
We also manifest three maximum arbitrariness in other field equations associated to the
Ehlers conditions and the torsion equation.

This paper is organized as follows. After introducing the twisted Schrodinger algebra
which is the basis of our construction in section 2, we review the non-relativistic conformal
construction of [1] in section 3. Then, in section 4 we derive the rigid twisted Schrédinger
transformation on the Newton-Hooke background. In section 5 we derive field equations
for twistless torsional Newton-Cartan gravity including the Ehlers conditions, Poisson’s
equation and the torsion equation starting from some on-shell Schrédinger field theories
on the Newton-Hooke background. Finally in section 6 we relax torsion arbitrary and find
the corrections to the Poisson’s equation. We conclude in section 7 and also gather related
formulas for Schrodinger gravity in appendix A.

2 Twisted Schrodinger algebra

The Galilean algebra is a Kinematical algebra consisting of { H, Py, Jup, Go} as generators of
time and spatial transformations, spatial rotation and Galilean boost respectively. Accord-
ingly they transform as scalar, vector, tensor and vector representations of so(d). Apart
from that the only non-trivial commutation relation is

[H,Ga] = P, . (2.1)

The Bargmann extension of this algebra requires to add a new generator N which commutes
with all generators of the algebra. The algebra then includes one more commutation
relation in addition to (2.1)

[Gm Pb] = —Ndgp - (2'2)

The Newton-Hooke deformation of this algebra includes yet another non-trivial commuta-

tion relation,
1

R?

As we will shortly argue, —1/R? can be denoted as a non-relativistic cosmological constant.

[H,Py] = ——Gl. (2.3)

This can be argued as follows; had we started from the (A)dSg4, algebra whose spacetime
translation generators do not commute;

1 c?
[Pa,Pb] — _ﬁJab7 [H, Pa] — —@Ga, (24)

with —1/L? being the relativistic cosmological constant, the Newton-Hooke extension of
the Galilei algebra is obtained by the scaling limit [63];

2 1

@ _> ﬁ . (2.5)

c— 00,

The conformal extension of the Newton-Hooke algebra is the Schrédinger algebra. Namely,
analogues to the Bargmann algebra, the Newton-Hooke algebra can be embedded into



the Schrodinger algebra Sch, in d 4+ 1 dimensions as a subalgebra, where the dynamical
exponent z refers to the anisotropic scale transformation of space-time coordinates i.e.

t— Nt % — Az?, a=1,---.,d. (2.6)

At z = 2 the Schrédinger algebra includes a new generator K for special conformal trans-
formation and N remains central. The commutation relations are given in (A.1) where the
Schrodinger algebra is written in a new basis which is suitable for this embedding. We may
view this by the following linear change of basis (twist) in the time translation generator
of the standard Schrodinger algebra

1
H—H- K. (2.7)

This defines an isomorphism on the algebra level which gives back (2.3) and modifies also
the following commutation relation;

D, H] = —2 (H _ ;K> . (2.8)

We sometimes refer to the Schrodinger algebra in this particular basis as twisted Schrédinger
algebra.

3 Newton-Cartan geometry

The non-relativistic structure of Newton-Cartan geometry in d + 1 dimensions can be
described as a spacetime with a non-vanishing clock one-form 7 = 7,dz* and a degenerate
symmetric tensor h#*” such that its temporal part is zero 7,h*” = 0. These variables define
the local time direction and the inverse of a metric in spatial directions respectively. They
are related to Galilean vielbein (e,°, e,%) in frame formalism by

Ty = €u0 Y = et ey 59 a=1,---.,d, (3.1)

where the frame indices a refer to spatial local Galilean frame while pu is the curved index.
The inverse of these variables are naturally defined from the following orthonormality
conditions;

T, =1, The,* =0,

Tueta =0, euel'y =0y . (3.2)

We specially find this frame formalism useful for going to the non-coordinate basis and
doing calculation there. In this basis a given Newton-Cartan tensor T}, is represented as

T, = Tory + The,” To=7"T,, T, =¢€e".T,. (3.3)

Another advantage of the frame formalism is its close connection with gauging viewpoint
of the spacetime algebras where vielbein behave as gauge fields of spacetime translations.



In these non-Lorentzian setups the generator of Galilei-boost acts non-trivially as
n (2.1)-(2.3). The commutation relation (2.1) results in non-invariance of the vielbein
e, and the inverse 7# under boost;

ogTh = —A%,, dgeu” = N1, , (3.4)

where A® is the parameter of local Galilei boost transformation. We can however remedy
this by associating a vector field M), to the generator of central charge symmetry whose
transformation under boost is dictated by the commutation relation (2.2) as a shift in
its spatial projection dM, = A,. This vector field is essential to define boost-invariant
quantities

5 a

1
et = e MY A =t My, B =Myt Mo, (3.5)

Out of these independent variables (7,,e,* M,) and their inverses we can construct
Bargmann connection gauge fields associated to the Galilei rotation and boost as dependent
ones whose variations under the algebra are preserved up to some torsion terms;

Quab _ —26'}[“8[“6,,117] + euceuaepba[yep]c o Tue”aepbﬁ[l,Mp} ’ (3.63)
Q#a = T”a[ue,,]“ + T”ep“e#bﬁ[pey]b + e”aawMy] + T#Tpeyaa[pMV} . (3.6b)

Curvatures associated to the boost and spatial rotation and time translation are constructed
from the gauge fields in the standard way,

R (G) = 20,9,)" — 29,y + %e“ﬁm : (3.7a)
Ruw™(J) = 20,0,)* — 29,°Q,)" , (3.7b)
Ry (H) = 20,7 - (3.7¢)
The spatial and temporal projection of the last curvature is identifying torsion in the theory.
Twistless Torsion Arbitrary Torsion
Rao(H) #0,Rap(H) =0 Rao(H) # 0, Rap(H) # 0

The discussion on the arbitrary torsional Newton-Cartan is postponed to section 6. For
simplicity we use another name for Rqo(H)/2 which is generically non-zero in the twistless
torsional Newton-Cartan gravity;
1
by = §RQO(H) = e ' 0, Ty - (3.8)
A natural interpretation for b, is given by the gauge field associated to dilatation in
Schrédinger gravity — see appendix A.
Here we find it useful to give the spatial and temporal projection of gauge fields asso-

ciated to rotation and boosts by substituting M, = My7, + M.e, in (3.6);

Q= —27el9gye,,% — 0l M 4 Qle¥l age — %R“b(H)MO , (3.9a)

0.0 = —26“061/[&8[#614{)] + e““e”ba[ye,,]c, (3.9b)

Qoq = 27%€” 40, My + 0o My — 9a My — 2ba My . (3.9¢)
1

Qup = ea“Tua[Me,,]b + 6“bTV8[H6,,]a + 8[aMb] — Q[ab]cMc + §Rab(H)MO . (3.9(1)



From equations (3.9) it is easy to prove two identities;

1
DiuMy) = 5 Rua(H) Mo, (3.10)
DoM, = Du® + 2b, My — MyDy M, , (3.11)

where D is the covariant derivative with respect to Galilean spatial rotation and boost in
the absence of torsion i.e.

DM = 0,M® — Q%M. — Q,*,  Dyuba = Oyba — Quabe,  Du®=09,0. (3.12)

Here we also define the corresponding covariant derivatives in the presence of twistless
torsion;

Ko =Doby + M Dby +byM-b— Mb-b, (3.13a)
Kap = DaMy + Maby + Myb,, K =K. (3.13b)

4 Non-relativistic conformal method

Using the relativistic conformal method one can obtain Poincaré invariants such as Einstein-
Hilbert term from real free conformal scalar field theories coupled to conformal gravity. The
role of the scalar field is to compensate for the scale symmetry. One can explicitly break
the conformal symmetry down to Poincaré by fixing the value of the scalar field such that
its variation becomes zero. As it was described in [1] and will be briefly reviewed here, this
method can be applied for obtaining Galilean invariants by starting from a Schrodinger
field theory and breaking the associated scaling and central charge symmetries. Since in
this case there are two symmetries that should be compensated we introduce two real scalar

fields (¢, x);
dp =wApyp, dx =Moo, (4.1)

where w and M are the corresponding weights of these fields under local scaling Ap and
local central charge o symmetries. The transformation rules (4.1) automatically define the
covariant derivatives associated to these fields which would be useful for coupling these
fields to Schrodinger gravity later;

Dyp = (9y —wby) ¢, Dyx = Oux — Mmy, . (4.2)

For a list of higher Schrodinger covariant derivatives see appendix A.
Reminding that Schrodinger independent gauge fields transform under these symme-
tries according to (A.3);

5(TM)SCh = 2AD(T/L)SCh ) 5(eua)SCh = AD<€ua>SCh ) omy, = 00, (4.3)

the transformation of (¢, x) compensating fields in (4.1) is such that Galilei variables
(1)¢, (e,*)¢ and M, remain invariant under these symmetries once we relate them to the
corresponding Schrédinger variables (7,)%", (e,*)%" and m, as below;

-2 C. a -1 a\Sc ]‘
(1) = ¢~ w ()™, (eu")® = w(en)™, M, = my, — Maux- (4.4)



In principle one can start from a Galilean invariant made out of (7,)%, (e,*)¢ and M,
variables and make it invariant under extra scaling and central charge symmetries by in-
troducing (¢, x) Stiikelberg fields and substituting (4.4) into the Galilean invariant theory.
This is the same as coupling a Schrodinger invariant (¢, x)-field theory to Schrodinger
gravity. This implies that in principle one can also find Galilean invariants starting from
a Schrodinger field theory of (¢, x). In [1] this has been done for the case of a Schrodinger
field theory in flat background. In this work we do this on a curved (Newton-Hooke)
background owning a non-relativistic cosmological constant. We think this is an important
check because at the end everything are gauged and there is no more a preferred reference
frame, so one can just set the cosmological constant to zero and compare the invariants.
In fact as we will see the result almost matches with [1] but also contains new terms in the
invariant which were missed before.

4.1 Rigid Schrédinger transformation on Newton-Hooke background

In order to write the (¢, x)- Schrodinger field theory on the Newton-Hooke spacetime, we
should first derive the corresponding rigid Schrodinger symmetries. To do this we need to
fix gauge fields to their background values and require their transformations to vanish —
it is clear that all gauge fields are Schrodinger algebra-valued;

x2

(7)>" = 0, (en®)>" =0,", my = Tméﬂo' (4.5)
The gauge fixing conditions (4.5) correspond to the Newton-Hooke spacetime or a flat
Newton-Cartan geometry with a Newton potential (see e.g. [64]). Using the U(1) trans-
formation and local Galilean boosts, we can introduce new coordinates with m, = 0.

Imposing the fixing conditions (4.5) on dependent gauge fields in (A.7), gives

xa

TR

a
Wy

80 5 w, =0, fu=0, by =0. (4.6)
Requiring fixing conditions (4.5) and (4.6) are preserved under the transformation
rules (A.2)-(A.3), we assume that the left hand side of (A.2) is zero and solve for those
parameters associated to global (rigid) transformations. We find,

@ 2 2 2
A=\ cos% + %sin%—)\;{xa cos Et_EADxa sin Et’ A% = Aab,
2 2 2 2 2
AK:)\KCOSEt—I-E)\DSiHEt, AD:—gx\KsinEt—i—)\Dcosﬁt,
1 2 1 2 t 1 t
o =09+ 5)\ka cos Et + E)\sz sin Et — A%z cos i Ebama sin R
I P L E)\ x%sin —t — Ap % cos zt — A*Rsin i3 + b* cos i3
- 2 K R P R R R’
2 2 2 9
=8+ %AK — %AK cos 5t = RApsin —t, (4.7)

where B0, b%, A\*, A Ak, Ap and og are constant parameters. One may check that
whenever R — oo, then we can obtain the same results in [1] for Bargmann algebra. The



relations between above parameters are as follows

_8050 = 2AD) —aofa = —0y,0 = Aau
00" =0, Oo0p€" = 0p" Ak,
DodoAp = —4Ap/R?, —0oAp = Ak . (4.8)

We use the relations (4.8) to prove that the equations of motion are invariant under rigid
or local Newton-Hooke transformations. Finally the action of above rigid transformations
on the (¢, x) scalar fields become,

S = (%00 + €"0a + wAD)
= 0000 + T'b"0atp — TA“Oap — X200t + i, (T%00p + TT'10pp — wIT )
— Ap (2TT 8o + [1 — 2T%/ R*|2" 040 — w1 — 2T%/R?p) , (4.9)
5x = (€°00 + £°04) x + Mo
= 600X + b (T'0ax — M2, T/R?) — X* (T9ax + Mo T") — X240,
+ M (T?00x + TT'2%00x + Mz®z,[1 — 2177/ R?]/2)
— Ap (2TT'0px + [1 — 277/ R*]z" 9, x — 2Ma 2z, TT' /R?) | (4.10)

where T' = Rsin % and prime is the derivative with respect to t. It is obvious that when
R — oo we recover T' — t and the transformation rules in (4.9) and (4.10) match with
those given in [1] on the flat background.

5 Twistless torsional Newton-Cartan gravity equations

Newton-Cartan field equations are covariantly constructed from curvature 2-forms (3.7)
and should be invariant under all possible Newton-Cartan transformations including boost
symmetry. Since we have already exhausted some of the curvature 2-forms to solve depen-
dent gauge fields (3.6) in terms of independent gauge fields (7,,e,%, M) we are left with
few other possibilities. In the torsionless case it is known that the Newton-Cartan covari-
ant field equations of motion can be expressed in terms of the following set of curvature
2-forms in the Bargmann algebra [38];

R,ul/(H) =0 y (5.13)
T“eyaRﬂya(G) =0, (5.1b)
e’ Ruw“(J)=0. (5.1c)

In fact it can be easily shown that the same set of equations are also invariant under
boost and work for the Newton-Hooke algebra — see also [65]. We drop the label ¢ from
quantities above as it is understood that they are Galilean variables which should not be
confused with their Schrédinger partners in appendix A.

The equation (5.1a) is the torsionless condition and it endows the Newton-Cartan
geometry with a foliation with respect to the absolute time which means that the clock
1-form 7 is closed dr = 0. The second condition (5.1b) gives the covariant version of



the Poisson’s equation [66] and the third equation (5.1c) corresponds to Ehlers conditions.
These conditions are all invariant once torsion is zero and provide % 4+ d + 1 equations
for the same number of unknown variables; the spatial metric v;;, the shift vector N; and
the Newton potential ® defined in (3.5). Note that due to the zero torsion condition (5.1a),

the laps function N is fixed to unity. This is no more the case in the torsional case.

5.1 Ehlers conditions

In order to generalize Ehlers conditions in (5.1¢) to the case of twistless torsional Newton-
Cartan gravity, due to the presence of torsion b,, we need to add more terms to make
it covariant under all transformations. We can obtain alternative equation by starting
from the following Schrédinger invariant equations and reduce them to Galilei invariants
by gauge fixing 4 la [1]. Note that below R(J) and D are curvature 2-form and covariant
derivative defined in terms of Schrodinger gauge fields — see appendix A;

Rap(J) = #190 " DaDyp — #2¢ *Da Dy = 0, (5.2a)

_ _ H#2
Roa(J) + #190 ' DoDap + #20 Do Dap + MQcp Y(D,Dyx)(Dyyp) =0, (5.2b)
where #; and #9 are two arbitrary coefficients (at least at this stage). Note that these

extra terms were chose to zero in [1] but we can add them as they transform covariantly
the same. Moreover we have defined

Rab(J) = e“ae"cR,wcb(J) s Roa(J) = T“eVCR,WCa(J) . (5.3)

Now we use equations (A.7)—(A.8) and gauge fix ¢ = 1 and x = 0 to reduce above equations
in terms of Newton-Cartan curvature 2-form R ,,,%°(.J). This renders the torsional extension
of (5.1c) field equations;

Rap(J)+ (d—24#1)Daby+ (d—2—#2)baby+0ap (D-b— (d—24+#1)b-b) =0, (5.4a)
DPK gy — Do K+ (14 #2) Ky b° — by K+ (d—1—#1) K, =0. (5.4b)

Above we used the boost invariant covariant derivatives (3.13). We may fix arbitrary coef-
ficients in equations (5.4) by comparing it with a similar result in [33]. In four dimensions
(d = 3) the similar equation of [33] is;

Rac s (J) — 2Dgby — Abgby = 0. (5.5)

This suggests that we may reproduce (5.5) form (5.4) by fixing the arbitrary coefficients as
#1 = —3 and #5 = 5 in four dimensions. We will see that for these coefficients the last con-
tribution in (5.4a) can be made zero by the torsion equation such that both results match.

Equations (5.4a) and (5.4b) are @ + d equations for % + 1 geometric data
(corresponding to the spatial metric on constant time surfaces 7;;, the lapse function N, the
shift vector NV; and the Newton potential ®). So we should find two more equations; one is
the covariant Poisson’s equation for & and one would be the torsion equation corresponding
to N. In the following we use non-relativistic conformal method discussed in section 4 to
obtain these equations in the twistless torsional b, # 0 case in section 5.2 and 5.3. In

section 6 we also extend the Poisson’s equation for the case of arbitrary torsion.



5.2 Poisson’s equation

Upon substituting Galilean variables from (4.4) into (5.1a) and fixing the Schrédinger back-
ground as in (4.5), we obtain the following Schrédinger invariant constraint and equation;
5 1, 1
8(1(,0:0, QDaQaQQO‘i‘ﬁQD —EZO, w=1. (56)
Starting from this set of equations we can couple them to Schrédinger gravity by improving
partial derivatives to covariant derivatives;

1 1
Dy =0, ©* Do Doy + ﬁgfl — =0 w=1. (5.7)
The equations (5.7) are invariant under all local Schrédinger transformation in (4.1)
and (A.3) when w = 1. Finally as expected by fixing the value of the scalar field to

¢ =11n (5.7) we recover the torsionless Newton-Hooke equations (5.1a);

. d
by =0, K + KKy — AD + = 0, (5.8)
where we have used the definition (3.13b) to write it in terms of boost invariant variables.
Equation (5.8) is exactly the same equation that arises in [34] for b, = 0.

Twistless torsional. In the presence of twistless torsion i.e. b, # 0 the equations of
motion are given in [1, 33, 34]. In [1] these equations were obtained by exploiting the
non-relativistic conformal method starting from a Schrodinger field theory in flat space-
time. Here we revisit this construction by starting from a Schrodinger field theory in a
curved background (Newton-Hooke spacetime) and obtain new background independent
contribution to equations of motion of [1]. In this case b, is no longer zero which at the
level of the field theory it implies 0, # 0 and so the field equation (5.6) is not invariant
under the Galilean boost, dilatation and spatial translation;

1 1
) (@Saoaoga + ﬁnp‘l — R2> = —20°A%(9p0ayp) — (BoAY) > (Da) # 0, (5.9)
with A% given in (4.7). In the flat limit R — oo it was shown in [1] that in order to
make 93 = 0 invariant, it is enough to consider the contribution of a compensating scalar

field y which shift-transforms under local central charge Schrodinger symmetry (4.1) in the
following equation;

000 — — (B00u)(0ux) + 13 (Buu)(0x) (B4x) = 0. (510)

However this equation is no more Schrodinger invariant in our fixed curved Newton-Hooke
background where the set of all possible transformations leaving this background intact
(rigid transformations) are given in (4.9) and (4.10). We may especially notice that the
spatial and temporal derivatives of y shift-transform under boost as:

80X ~ —M Mg, 6qOox ~ MT/R? x%),, (5.11)

~10 -



where T' = Rsin %. In the flat case the temporal derivative of x does not shift-transform
under boost while here it does. The reason is that, the term which is responsible for such a
boost transformation involves time dependence whose contribution to this transformation
would be T” ~ T/R?. In the flat spacetime limit R — oo this is zero. As a consequence
of this fact, in the flat case at this order in time and spatial derivatives, in principle we
had four more possible invariants that could be added to equation (5.10) with arbitrary

coefficients
0up0, (90~ 50m00) (5120)
¢ et (90 50ma ) (5.120)
0a0ap <6OX - i\dabxabx> . (5.12¢)
00l (aox - ;Aabxabx) . (5.124)

This obviously results in arbitrariness of coefficients of some of invariant terms such as
®b-b and @D - b and b- D® in the final covariant Poisson’s equation (5.8) as they could
be generated independently from the above invariants (5.12). This is in fact not the case
in our model where we have a generalized set of rigid Schrodinger transformations (4.9)
and (4.10) which are not all preserved by (5.12). In other words none of (5.12) and neither
any linear combination of them transform covariantly under the twisted rigid Schrodinger
transformation (4.9) and (4.10). This is good as it leaves us with only a single invariant
made out of 93¢ and consequently a single covariant Poisson’s equation in the twistless
torsional Newton-Cartan gravity as will follow below.

To this end, we can show that in order to make the field equation (5.6) invariant
under twisted rigid Schrédinger transformation (4.9) and (4.10) in the presence of torsion
OJap # 0, we must consider combinations of first and second order derivatives ¢, x which
are added to equation (5.6). We will have:

2 1
| 0000 =~ (000a0) (0aX) + 15 (BaObip) (0X) (Do)

1 1 1 1
- M(ﬁaﬁox)(aaso) + W(f)a@bx)(aw)(aax) + ﬁ@él i 0. (5.13)

As was mentioned the first and the second line in (5.13) are two independent invariants in

flat spacetime while, the new feature of considering this field theory in a curved background

is to fix arbitrariness in the coefficients of these two terms in a unique way independently
7
at this order in derivatives to (5.13). This implies that the final gravity field equations

of the cosmological constant ——z and at the same time excluding adding any other term
that we are shortly going to obtain is unique. The independence of the coefficient of the
second line to the non-relativistic cosmological constant in (5.13) means that in the final
Poisson’s equation there exist new terms in addition to the ones obtained before in [1] even
if we turn off the cosmological constant.
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After gauging the field equation (5.13), we can get the extra equation of motion of
Newton-Cartan gravity by imposing the fixing conditions (¢ = 1,x = 0) which is the
twistless torsional extension of the Newton-Cartan equations of motion (5.8) as follows:

T“ (Rwa(G) n 2MbRub“b(J)) MM Ry (J) — 2MOK y + Doba MO M®
+ 20,4 (—TH by + byet y M — et by M) —(M*M®)(b.b) — byDoMy — b MyDo My, = 0,

—b-(D+2b)®

(5.14)

where D is the Galilean covariant derivative. The last three terms in (5.14) are new
contribution and other terms were already derived in [1]. By using the identity (3.11), one
can show that the extra three terms in (5.14) add up to —b- (D + 2b) ® and consequently
modify the coefficients of some of the terms in the final equation. We may rewrite the
whole equation in terms of Newton-Cartan variables as;

d
%“(%K—l—[(“bKab —ADP—-6Pb-b—2PD-b—5b-DP = 7k (5.15)
We can go back to the torsionless equation of motion (5.8), by replacing b, = 0 in the
equations of motion (5.15). In this derivation we started with the Schrédinger theory (5.13)
which has two time derivatives and other type of derivative terms are generated by requiring

covariance.

5.3 The torsion equation

In the twistless torsional Newton-Cartan case we still need one extra equation for torsion.
Inspired by [33] we propose the following Schrédinger invariant field equation;

0a0up + #30 10uplap = 0. (5.16)

Note that we have required d,p # 0 for having a non-vanishing torsion b, # 0 and
04Opp # 0 for making the field equation associated to 93¢ in (5.13) invariant. The field
equation (5.16) is a possibility that does not affect these requirements and is obviously in-
variant under all Schrodinger transformation (4.9) and (4.10).2 After gauging this equation
by coupling to the Schrodinger gravity and then fixing the scalar value to unity we are left
with the following extra field equation for the twistless torsional Newton-Cartan gravity;

D-b—(d—1—#35)b-b=0. (5.17)

Essentially the coefficient in front of b-b in equation (5.17) is arbitrary and the consequence
of adding the term ¢ 19,90, to (5.16) with an arbitrary coefficient. In references [33, 34]
an equation for torsion is given in four spcetime dimensions (d = 3) as

D-b+2b-b=e10,(ee’b") =0, (5.18)

that suggests to fix this arbitrariness to be #3 = 4 in four spacetime dimensions such that
equation (5.18) is reproduced.

2Both terms in (4.9) and (4.10) transform the same under Schrédinger transformations.
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6 Torsional Newton-Cartan gravity equations

So far we have only discussed twistless torsional Newton-Cartan gravity in which the fol-
lowing curvature is always assumed to be zero,

Rab(H) = 2656?8[//7',/] . (6.1)

In this section we are willing to relax this condition and obtain the covariant Poisson’s
equation in the presence of arbitrary torsion Rq,(H) # 0 in three dimensions (d = 2). We
again follow the non-relativistic conformal method described in previous sections but this
time for arbitrary torsion [51]. Before starting this procedure it is necessary to revisit the
invariance of the conventional constraints of Schrodinger gravity for the case that we have
arbitrary torsion R,,(H) # 0 and perhaps to modify them such that the ultimate dependent
gauge fields (w“a,w#ab,ba, fu) transform covariantly under gauge transformation. This
work has been carried out in [51] where it is shown that in the presence of torsion only
the following constraints are modified to restore boost invariance comparing to those of
Schrodinger gravity in the absence of torsion in (6.2);

R (P) + R, (H)M, =0, (6.2a)
Roa®(G) + 2MP Ry (J) + MPMCRy.(J) — 2M - MM, D, R*(H) = 0, (6.2b)

where D, R%(H) is defined according to (A.4) while Rqy(J) and M, = — 4D, x being the
contracted curvature 2-form and the covariant vector field as defined in (5.3) and (4.4)
respectively. As a consequence of solving these constraints we find that two of those
dependent gauge fields in (A.7) get modified;

w, = w, " +2M,R®(H), (6.3a)
1
fO — fO + &M ’ MMcDaRca(H) . (63b)

Again in order to obtain the covariant Poisson’s equation in the presence of arbitrary
torsion we may start from the Schrodinger field equation (5.13) in the Newton-Hooke
background (4.5)—(4.6).> After coupling the equation (5.13) to Schrédinger gravity by
replacing derivatives with covariant ones it is no longer invariant under local Schrédinger
transformations. We rewrite the covariant version of equation (5.13) as follows;

2 1 1
¢ | Do Doy — M(DODaSO)(DaX) + W(DanSO)(DaX)(DbX) — M(DODaX)(DaSD)
1 1, 1
+ 17 (LaDox)(DaX)(Dop) | + 39" — 3 = 0. (6.4)

It is important to note that due to the presence of the torsion, in this case the spatial
covariant derivatives no longer commute on scalar fields;

[Da, Dblp = —Rap(H) Do — wRap(D) e, [Da, Dy)x = —Rap(H)Dox . (6.5)

3The torsion does not contribute to the value of dependent gauge fields in (4.6).
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The variation of (6.4) under local Schrédinger boost transformation gives;

4 4
— S APR™(H)(DoDaX) + 55 AR (H)(DaDpX) (Do) - (6.6)
Adding extra terms to (6.4) can compensate for this variation so that one can make the
whole equation invariant. We manage to accomplish this in three spacetime dimensions
(d = 2). Here we present the final result;

2 1 1
©*| DoDoyp — + (PoDap)(Dax) + 5 (DaDpp)(Dax) (DyX) = - (DoDax)(Dasp)
1 ® ®
(D, Dyx)(Dyy) — —2—(DoDyx ) (D P (D, Dyx)(Dyx)(D
+ 13 (DaDyx)( aX) 2M2( 0Dax)( bX)Rab+2M3( aDoXx) (Dax)(Dex) Rpe
2 R Rie(Dax) (D) (Dax) (Dex) | + 5" — =5 = 0 (6.7)
1604 baltbe\VdX dX aX eX RQSO R2 :

A similar calculation has been done in [51] for the field equation (5.10) in three spacetime
dimensions (d = 2). Here we did this for the improved field equation (5.13). In fact one fea-
ture of (5.13) is that it automatically cancels the annoying variation terms one would get in
local variation of (5.10) but also introduces new terms in the variation as was shown in (6.6).
Now by fixing ¢ =1 and x = 0 in (6.7) we recover the equation (5.14) plus new terms:

1 1
(5.14) — Mye,” (r“ + 2Mded”> (2D ™ = 2H, % H, ") = 5 My (Do Ma) R (H)

1 3
— i(M“MC)(DaMb)RbC(H) — EMaMaMCMbRCd(H)Rbd(H) =0, (6.8)

where H, #ab is given by

H,™ =~ M ROH) — (0, M 4+ Me) RIH) — , MMERI(H). (69)

7 Summary and discussion

In this paper we derived the twistless and arbitrary torsional Newton-Cartan equations
of motion by applying the non-relativistic conformal method of [1] in the presence of
the non-relativistic cosmological constant (Newton-Hooke background). The on-shell non-
relativistic conformal approach to Newton-Cartan gravity in [1] has been very successful for
constructing Galilean invariants. Especially for deriving the covariant Poisson’s equation
in this approach, one starts from a second-order-in-time derivative Schrodinger-covariant
equation consisting of two real scalar fields (¢, x) compensating for non-relativistic scale
and central charge symmetries. In the torsion free case the corresponding field equation is
simply given by

DRo=0, Oup =0. (7.1)
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However, due to the on-shell derivation, here we showed that in the twistless torsional
case, there are some arbitrariness in the final frame independent Newton-Cartan gravity
equations including the Poisson’s equation. This arbitrariness is due to the presence of
other possible Schrodinger invariant equations in the flat background (5.12). In this sense
some part of the equations of motion obtained in [1] for Newton-Cartan gravity are not
unique, as we can add more terms to them. We showed that one can fix this arbitrariness
by considering the Schrodinger field theory in a curved Newton-Hooke background where
the former existing invariants are no longer invariant in this background. In fact one needs
to add new terms to the equation associated to the Poisson’s equation to make it invariant.
In the twistless torsional case we showed that equation (7.1) should be replaced by (5.13)
which indeed, has a same structure as equation (7.1) if we write it in a compact form as;

de =0, Datp # 0, (7:2)

with 3090 = Ootp — ﬁ aXatﬁo‘4

By coupling this equation to Schrédinger gravity and turning off the compensator
fields we obtained the Poisson’s covariant equation (5.15). This affects the final covariant
Poisson’s equation by modifying the coeflicients of some terms which are non-zero in the
twistless torsional case. Since the final theory is obviously background independent, the
result should be independent of the chosen background for the Schrédinger field theory. In
the next step we relaxed the torsion completely arbitrary and could obtain the covariant
Poisson’s equation using the same method in 2 4+ 1 dimensions (6.8).

We also improved the Ehlers conditions (5.4) and also presented a new equation asso-
ciated to the torsion (5.17) in the twistless torsional case. Still there are three arbitrary
free parameters in these equations that should be fixed. Eventually our aim is to promote
this construction to an off-shell level and hopefully remove such ambiguities [67].

It would be also interesting to obtain Newton-Cartan supergravity equations by ap-
plying the non-relativistic superconformal method applied to the supersymmetric version
of these Schrodinger equations here. Especially for the supersymmetric Poisson’s equation
one should first supersymmetrize (5.13).

Acknowledgments

HA thanks Jelle Hartong and Dieter Van den Bleeken for useful discussion in comparing
our result with the ones in references [33, 34]. He especially thanks Dieter Van den Bleeken
for drawing his attention to the torsion equation (5.18) for the first time and the possibility
of adding extra terms in (5.2) and (5.16). HA was partially supported by the Scientific and
Technological Research Council of Turkey (TfJBiTAK) during the last stage of this work
and he thanks Bogazigi University for hospitality. He would like to thank the organizers of
the 2018 “Applied Newton-Cartan Geometry” workshop at Mainz Institute for Theoretical
Physics for the fruitful atmosphere and providing support during his stay when this work
was in progress. AGh’s work is supported by Ferdowsi University of Mashhad under the
grant 3/46799 (1397/03/08).

4For simplicity we set the cosmological constant to zero.

~15 —



A From Schrodinger to Newton-Hooke

The Newton-Hooke algebra with the non-trivial commutation relations (2.1)—(2.3) is a sub-
algebra of the Schrodinger algebra whose commutation relations in an appropriate basis are;

2
[DvH]:_2<H_R2K> 5 [H,K]:D, [Kapa]:_Gm
[DvK]:2K’ [HyGa]:Paa [DaPa]:_Paa
1
[D’Ga] :GCH [PaaGb] :5abNa [H,Pa] = _ﬁGaa
[Jab7 Pc] = 250[(1Pb] ) [Jaba GC] = 2(Sc[aGb] ) [Jab7 ch] - 45[(1[0 Jb]d] : (Al)

If we truncate D and K generators we end up with the Newton-Hooke algebra with central
extension. While the cosmological constant in the Newton-Hooke algebra plays the role of
a deformation parameter from Bargmann algebra, at their conformal extension level it is
only used to change the basis linearly by shifting the time translation generator as in (2.7)
which defines an isomorphism.

In this appendix we summarize the gauging procedure and other requisite formulas
of the Schrodinger algebra in this very basis which is appropriate to perform the non-
relativistic conformal method discussed in the bulk of the paper. The corresponding gauge
fields and gauge parameters are given in the table 1. Transformation rules of these gauge
fields follow from the algebra according to,

JA =LA+ de+[A €, (A.2)

with A and € being a generic gauge field 1-form and a gauge transformation parameter
while LcA = (§Y0,A+ A,0,8")dat is the Lie derivative 1-form. It is understood that
all gauge fields transform as covariant vectors under general coordinate transformations
accounted for by the Lie derivative in (A.2) along £* = &7/ + £que,®, so we only write
transformation under the rest of generators;

01y = 2ApT,, (A.3a)
den® = A"e,” + A7, + Ape,” (A.3b)
dw,® = DyA® + A"yw,” + A%, — Apw,® + Ae,®, (A.3¢)
dw, "’ = D, A%, (A.3d)
oby = OuAp + AxTy, (A.3e)
5f, = Buhxc + 205, — 20D f — %TuAD , (A.3f)
omy, = 0o + Aeyq . (A.3g)

The covariant derivative D, is with respect to the Schrodinger spatial rotation gauge
field w,ﬂb;

D,uXabm = a”Xabm - w,uacXg“ - wuchacm e (A4)
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H Pa Ga Jab .D K N

a ab
Wp™ Wy by fu My

é-() é-a AC Aab AD AK o

Ty €u

Table 1. Schrodinger gauge fields and parameters.

Curvatures associated to these gauge fields are

RMV(H) = 28[,LLTV] - 2b[p7—y} ) (A5a)
lea(P) = 2D[#ey]a - (,U[uaTl,] - 21)[#6,4(1 y (A5b)
a a a a 2 a

R,.“(G) = 2D wy" — 2wy, b,,} — 2f[#€l,} + ﬁe[“ T s (A.5c)

Ru™(J) = 2Dpw,), (A.5d)

R,UV(D) = 2a[ubu] - 2f[,u7—1/] ) (A.5e)

R”V(K) = 28[Mfy] + 4b[,ufy] - 2Ab[u7'y] R (A 5f)

RM,,(N) = 28[umy] - QW[NG(ZV} . (A 5g)

These curvatures obviously obey Bianchi identities 9, R, + [A[, Ryp] = 0.
Solving the following conventional curvature constraints [50],

Roo(H) =0, R,(P)=0, R,,(N)=0, Roo(D) =0, (A.6a)
Ry (G) + 2mPRoo"(J) + m"m Ry, ®c(J) = 0, (A.6b)

b

would return the dependent gauge fields w,,*°, w,, by and f, in terms of independent fields

Ty, €, my and by such that the transformations in (A.3) are preserved,;

wp® =T Oey" + 7€ e udlpes)” + €Oy + T e DYy + €, bo (A.7a)
wp®® = _Qey[aa[ueu]b] + euceyaepba[uep]c - Tueyaepba[ump} + 2eu[abb] ; (A.7D)
ba = ea"'7"0,7) (A.7c)
fa = 26277 Oby (A.7d)

2 v a a 2 ac 1 a C 1
f() = gT‘ue a (D[Hw’/] + b[uwu] ) + a <R0a (J) + im Rabb (‘])> Me — ﬁ’ (A7e)

where d is the space dimensions and we used the decomposition f, = 7, fo + €, f,. Note
that unlike in (A.3), above fj is obviously not invariant under central charge symmetry
N. We can however promote this symmetry to a Stiikelberg symmetry by introducing a
Stiikelberg field y which shift-transform under N [50]. We then break this gauge symmetry
by choosing the gauge x = 0 as properly used in the non-relativistic conformal construction
of the Newton-Cartan gravity theory [1] which was reviewed in section 4.
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A.1 Covariant derivatives

In order to couple the scalar (¢, x)-Schrodinger field theories (5.6) and (5.13) to Schrédinger
gravity we should replace all partial derivatives with Schrodinger-covariant derivatives
which according to the transformation rules (A.3) and (4.1) for the compensating scalar
fields (¢, x) are defined as below;

Doy = Tu(au - Wbu)SOa (A.8a)

Doy = e!'q(0, —wby)p, (A.8b)
DoDop = 7(9u Do — (w — 2)b Do + wu“Dap + w frup) , (A.8c)
DoDyp = 7"(0uDap — (w — 1)b, Do — wuabDbgo) , (A.8d)
D,Dyp = e“a(aqugo —(w— 1)bqu‘P - WubCDC‘P) ) (A.8e)
Dox = €"q(0ux —Mmy) , (A.8f)
DoDox = e} (9, Dox + wu" Dyx + 20, Dox) , (A.8g)
DoDax = 7"(9uDaX — wpa" Do + bpDax + Mw,”) (A.8h)
DaDyx = ¢a(9uDpx — wyn"Dex + buDypx + Mw,,’) (A.81)
D,DyDox = €5 (0, DyDox + w,“DyDcx + 3b,DyDox — fuDpX) - (A.8j)
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