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Abstract

Violation of the Lorentz symmetry has important effects on physical quantities including field propaga-
tors. Therefore, in addition to the leading order, the sub-leading order of quantities may be modified. In this
paper, we calculate the next to leading (NLO) radiative corrections to the Casimir energy in the presence
of two perfectly conducting parallel plates for ¢* theory with a Lorentz-breaking extension. We do the
renormalization and investigate these NLO corrections for three distinct directions of the Lorentz violation;
temporal direction, parallel and perpendicular to the plates.
© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The Casimir effect which is a physical manifestation of changes in the quantum vacuum fluc-
tuations for different configurations, was discovered by H.B.G. Casimir in 1948 [1]. He showed
the existence of this effect as an attractive force between two infinite parallel uncharged per-
fectly conducting plates in vacuum (for a general review on the Casimir effect, see Refs. [2,3]).
Sparnaay [4] and Arnold et al. [5] experimentally observed the Casimir force for such a con-
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figuration. Also, the other measurements, with greatly improved precisions, have been done for
various geometries [6—8].

In addition to the leading Casimir energy, the next to leading order (NLO) radiative correc-
tions to this effect is an exciting subject of discussion. The first endeavors to calculate the leading
radiative corrections to the Casimir energy were reported in [9]. Also, many works on the radia-
tive corrections to the Casimir energy for various cases exist in the literature (see for instance
[10,11]). In the case of a real massive scalar field, NLO correction to the Casimir energy has
been computed in [2,12]. We have also calculated one loop radiative corrections to the Casimir
energy in [13].

In original quantum field theory (QFT), the Lorentz symmetry is preserved. However, there
are some theories which present models with Lorentz symmetry violation (for example [14,
15]). Naturally, Lorentz symmetry violation arises from, for example, existence of space-time
anisotropy [16,17] or non-commutativity [18,19] or a spacetime varying coupling constant [20,
21]. Investigations of Casimir effect with Lorentz-breaking symmetry for QED theory have been
done (see please [22—241]). It has also been studied recently for a real massive scalar field in [25].

In this paper we calculate the NLO correction to the Casimir energy in an interacting scalar
field theory, A¢*, with a Lorentz violating term. Our configuration is two perfectly conducting
parallel plates. We work within the renormalized perturbation theory, therefore we need to recon-
sider the renormalization for this theory. Naturally, the counterterms needed for renormalization,
are modified due to the existence of new Lorentz violating terms in the Lagrangian.

To take the physical result and resolve infinities problem, we use a well-known approach
called Boyer method [26]; also is known as Box Renormalization Scheme (BRS). This method
uses a completely physical approach by enclosing the whole system in a box of volume V = L3
which finally may tend to infinity in such a way that difference between the zero point energies of
two different configurations is calculated. It removes all ambiguities associated with appearance
of the infinities without resorting to any other schemes such as analytic continuation approach. It
is notable that, in BRS the subtraction procedure in calculation of Casimir energy takes place in
two physical configurations with similar nature, which is another advantage of BRS.

We organized our paper as follows:

We introduce our model for Lorentz-breaking symmetry of the theory in section 2. We shall
see that energy-momentum tensor and Klein-Gordon (KG) equation is modified. In section 3, we
survey renormalization of the related theory within a Lorentz-breaking case. In section 4 we cal-
culate the NLO radiative correction to the Casimir energy for ¢* theory with Lorentz-breaking
symmetry. We note that at this stage we consider the existence of Lorentz-symmetry parame-
ter in two cases: 1. time-like (TL), and 2. space-like (SL). Finally, in last section we state our
conclusions.

2. The Lorentz-breaking ¢* theory
2.1. The model

In this section, we present the Lorentz symmetry breaking for a scalar field theory due to
an anisotropy of space-time. We do this by insertion an additional term in the KG Lagrangian
density

1 1
L) == (9,8)" + 5¢ (- 99)* — Zmie’. (1)
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where m is the bare mass and the dimensionless parameter ¢, which is much smaller than one,
manifests the Lorentz symmetry breaking of the system by a coupling between the derivative of
the scalar field ¢ and a constant four-vector u*. Adding a self-interaction term to Eq. (1) we get

1 2 1 2 1 o0 204
Lx)= 5 (aufﬁ) + EC(M <0¢p)” — Emod’ - Ifﬁ ) )
where Ag is our bare coupling. The equation of motion for Lagrangian (1) reads as
[D+c(u : a)2+m3]¢(x) —0. 3)

It is obvious that this modified KG equation, for ¢ = O reverts to the original KG equation of
motion with the following dispersion relation:

2
W = ‘ki‘ + k2 +m}. 4

The violation of Lorentz symmetry has vital consequences such as modification of dispersion re-
lation which directly affects the propagator of the field. We consider this effect in three different
cases. In the first case we assume that the Lorentz violation is in the time direction. The sec-
ond and third are the SL Lorentz violations in the directions parallel (pl-SL) and perpendicular
(pr-SL) to the plates.

2.2. Propagator in bounded space

To calculate radiative corrections to any physical quantity, including Casimir energy, we need
to know the exact form of propagator. In this subsection we first derive the propagator, suit-
able for Casimir effect problem, in the context of standard quantum field theory (without any
Lorentz-violating term). Our configuration is two parallel plates located at z = 4-a/2 perpendic-
ular to z-axis with a separation a. We suppose the fields satisfy Dirichlet boundary conditions
(DBCs) on the plates,

¢ (x) =0. 4)
z=%a/2

Being d the dimension of space-time, the field ¢ is defined with quantized modes as

dd*ZkJ_ x 1 1/2
¢ (x) = > (—)

(2m)d-1 aw,
n=l1
X {ei(“”ltkL'xL) sin [k,, (z+ %)] a, + i @nt=ktxh) G [k,, (z+ %)] af, }, (6)

where k' and k,, = % denote the momenta parallel and perpendicular to the plates, respectively.

Here, aj, and a,, are creation and annihilation operators, respectively, with the following com-
mutation relations:

(45,21 =8,,, [asa,]1=][a}.a,]=0,

and a|0) = 0 defines the vacuum state in the presence of boundary conditions. One may easily
find Feynman Green’s function of the KG equation as
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Grl ,)_,2/dw d 2kt
FREX)=1y Q)2

o= =ik b iy [kn(z + $)]sin [kn (2’ + )]
— kL — k2 — m0+le

n

We then find Euclidean Green’s function by the following definitions:
wg=—lw ; kﬁ = kL,
which finally leads to (we need only G r(x, x) in our calculations)

dog [ d% 2kJ- sin? k (z+ 2)]
Gr(x, 8
F(-x )C) / (27T)d -2 Z 2 +kl2+k2+m0+16 ( )

2.2.1. TL vector case
Choosing the four-vector to be TL, u* = (1, 0, 0, 0), the second term in Eq. (3) becomes cag.
Hence, the dispersion relation (4) takes the form

2
(1+ w2 =kt + k2 +m3. )

Therefore, we can find the propagator for this case by replacing > — (1 + ¢)w? in Eq. (8)

d d?%k; sin? [k, (z + %
Grlx,x) == f O £ [ o al (10)
Qr)T2 S (1 4 )l + kg™ + k2 +m +ie
Changing variable o’ = +/1 + ¢ wg, we obtain
2 di 'k sin? [ky (z + 4
Gr(x.x)= — — L g 2)], , (11)
a(l+c)l/ Qm)?=t &~ k2 + k2 +mf + i€
where k = (o, ké). Performing the angular integration, finally we have
2 dkkd=2 sin? [ky (z + 4
GF(x»x):iledfl d—1 [ n( 22)]
a(l+c)l/ Qm)?=t &~ k2 + k2 +mf + i€
4 sin? k 2+ 5
a(1+c)1/2(4n) (d Ly k2+k2—|—m +ie’
d/2

where the solid angle Q24 =

rd/2)’ with I'(x) being the Gamma function, corresponds to the
area of a unit sphere in d dimensions.

2.2.2. SL vector case

In SL case we choose three distinct directions for four-vector u*; u* = (0, 1,0,0), u* =
(0,0,1,0) and u"* = (0,0, 0, 1). In this case the Lorentz-breaking term in (3) is —cal? with i =
x, y or z. There is no difference between the physics of the first two vectors (pl-SL case), which
are parallel to the plates, and the dispersion relations for both cases are also the same. Choosing
u* = (0,0, 1, 0) for instance, Eq. (4) becomes

wy =k + (1= Ok} + ky + m. (13)
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Changing the variables k = (w, kK’ é) with k;, = +/1 —c ky, in a similar manner to the TL case,
the Green’s function is derived as:

4 sin? [kq (z + 9)]
Gr(x,x)= k42 2 14
F(%, %) (1 — &) 2a(4m) T (d Ly f Z k2+k2+m0+16 (14

Now, for the last case (pl-SL), u* = (0, 0, 0, 1) is normal to the plates and Eq. (4) becomes
W2 =k + (1= k2 + m2. (15)
In this case, the Euclidean Feynman propagator is derived as

[kn(z+9)]
G ’ _ d 2 Sln 2
Fe60 = a(dm)’T r‘(d Ly / Z k2 + (1 —c)k2 +md+ie

4 k-2 sin” [kn(z + )]
- 16
a(4m) T (45 ‘)/ Zk2+k’2+mo+ze (16)

where k, =nn/a’ witha’ =a/+/1 —c.
For the future use, in the case of free space without plates, we note that the propagator for a
Lorentz symmetry breaking theory becomes

Gl %) 1 alk i an
X,X)=
d (1+e)r ) QO k2—m]

1 ra-9

= L d 2\1-4
(I+o)2(4m)2 (my) ~2

where + (—) is used for TL (SL) vector case.
3. Renormalization up to order A

At the level of quantum corrections, all unphysical quantities such as mq and Ag need to be
renormalized. Therefore, we need to do a renormalization procedure to extract the physical m
and A from the bare parameters mq and A (see [27]). Here, we work within the standard renor-
malized perturbation theory. In the Lagrangian (2), after rescaling the fields by a field strength

renormalization Z, namely ¢ = Z %qb, we have
1 2, 1 2 1o o Aoy
L= E(a,u.d)r) + 56‘(14 <0 )" — Em o — E(Ibr

1 1 )
+502(8u80)” = S0n 7 — 4—ﬁ¢;‘, (18)

where §,,, = m%Z —m?2,8, =10Z%* = and 87 = Z — 1 are the counterterms. Then, we have two
new Feynman rules from the above Lagrangian

>g< =—i6,,
@

=il(c£1) p"pudz — oml, (19)
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where + (—) along with © =0 (u = i) are used for TL (SL) vector case (for more details see
[28]). The counterterms are totally fixed by two renormalization conditions:

):( ——in (s=4m .t=u=0) (20)

i

= —— + (terms regular at p?=m?).
p-—m

From the first renormalization condition it is obvious that §, = O (12). The second renormaliza-

tion condition which gives the physical mass m, up to order A, can be written as

0:Q+_@_

L 2 F(l_%)-f-i[(cﬂ:l)p“p 57— 6] @1
2(1 £ 01 24m)3 m2)'- nee

where we have used Eq. (17). Therefore, 6z up to order O(A) is zero, and

S = — A rd- %). (22)
21 +¢)1241)5 (m2)'—%

4. Radiative correction to the Casimir energy

The Casimir energy is defined as follows:

E., = E — EF, (23)

where Ep and Ef are the vacuum expectation values of the energies with and without plates,
respectively. As we stated in the Introduction, the tree-level study of the Casimir energy with
Lorentz violation have been performed in [25]. In this reference, to remove the infinities and
derive the finite physical result, authors have used Abel-Plana summation (APS) formula which
converts an integral into a sum. Their results for TL (+) and pl-SL (—) cases are

o0
Lo _ LA iam* [ W2 —1)3dv

Cas. — 67‘[2 82‘”"” -1 ’ (24)
1
and for pr-SL is
0 3
EO _ L%d'm* [ (W?—=1)2dv (25)
Cas. — 6772 e2amv _ 1’

1

Here, in order to calculate the radiative corrections, along with APS formula we use BRS [26].
In this approach, we first compare the energies in two various configurations: when the plates are
at +a/2 as compared to +b/2. We confine each configuration in a box with edges are located
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- — 2] 2 2 2 >
a2 al a2

Fig. 1. The labels al, efc. denote the appropriate sections in each configuration separated by the plates.

at £L /2 in all directions (see Fig. 1). Now, the Casimir energy is defined as

E. = 1 li E,—E s 26
Cas. b/algloo [L/blgoo( a b)i| (26)
where,

Eqs=E, +2Ep», Ep=Ep +2Ep. 27)

The radiative corrections to the zero point energy in the (for example) al part, i.e. z € [5*, 51,
are

AEa=EY + B o= [ @xi@imne)

|4
_i/dsx EQJFE LA (28)
- 2 8 g/ |
1%

where |2) is the vacuum state in the presence of interaction. Up to order A we have

i [ i(S ir_,
=1 X ) mGal(x,x)—gGul(x,x) , 29)

where G, (x, x) is the propagator of the real scalar field in region al (we drop the subscript ‘F’
for simplicity).

4.1. TL & pl-SL vector cases

To calculate the first term in Eq. (29), Eé})’F, using Egs. (12) and (22) and carrying out the
spatial integration, one obtains the correction to the vacuum energy in region al, up to O(1), as:
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1
Ez(li)’F=5/8mGal(x7x)d3X

v
d-2 @
B A/l — )L Jickd=2 1 30
B dm)\ -4 (d= Zkz K2, +m? G0
21 £ ) @m)dm?)'~2r (45 ; LI
where k41, = “F. Integrating over momentum k yields
3
1 2T — £y sec(4Z)Ld-2 _
—/SmGa] (x, x)d>x = 2 R IS 31)
2 4(1 % o) (@dm)? (m2) ' 72T (45

vV

where wq,,, = (m? + kgl,n)l/ 2. This is one of the four terms (related to the al region) that
contribute to the NLO radiative correction for Casimir energy Eq. (26). To derive the Casimir
energy from Eq. (31), we apply APS formula [29],

Z ()——&—l-/g(x)dx—i-i/w (32)
0 0
with,
gn) = a1n+wZ’zﬁ—le$—w§fzi (33)

We note that the g(0) term vanishes. Also the second term on the right hand side of Eq. (32),
with respect to suitable changing of variables in the four integrals below, vanishes:

o o0
a / K’ <m2+k/2)(d73)/2 L—a f dk’ (m k/z)(H)/z
T 2
0 0
b T @32 i @32
— L _ —
_2 f K’ <m2 +k’2> 2 / dK’ <m2 +k/2) —0. (34)
T 2
0 0

Finally, we calculate branch-cut terms in Eq. (32). Assuming f(x) = [x2 — (“7'”)2](‘1_3)/ 2 we
have

B f(zt)—f(—zt) a\d=3 [ 2 = (4)2)dI2
mo= [ HE =2 () [
0 am

Z fep — (35)

i L C O

where K, (x) is the modified Bessel function of order n. To calculate the integral, we have used
the identity

_ -2 t
e Z & (36)
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Therefore, we obtain

3 - ped=1
EDF _ _ Ar20(1— 4)sec(G)L? &, 2K a2 2m T (577)
aj

A (37
401 £0a3@myd () ET ) S B

where m = ma is a dimensionless parameter. Then, according to Eq. (26) the contribution of the
Eq. (31) to Casimir energy is

D, F _ 1 . ), F _ (), F ), F _ p(),F
Eal = b/laanoo |:L/1blzloo (E”” B +Eg Ebs )] ’ (38)
Taking the limits, only the first term survives. Finally, we take the limit d — 4,

~3

EWF — i MeLE ] K@) (In(—=) +y — 1) + Kj@ij) |, (39
— - - m - m )
o ~ 5 x0an ey 162 7 e

where K, "(x) = 3 K (x) and y is the Euler-Mascheroni number.

The contribution of the second term in Eq. (29) to the Casimir energy, , without Lorentz

violating terms, have been calculated in Ref. [11] using BRS:

A
Eé})’S:§/G§1(x,x)d3x

1%

ED:S

L gWS — 2 B@
cas. 12872

Ba) m m? C
X - — + — (ln 241/2) (no Lorentz violation)  (40)
a

2 m K1(2am])
=k Z 12873

2

oy Ki@ampy m e aa | (41)
T

X [ — —
Ta
j'=1 J

1 1
e ( m), as we
see in Eq. (12) (Eq. (14)), is multiplied to the propagator Therefore to derive the Casimir en-

ergy contribution we only need to multiply the factor 1 + (1= 1 -) to Eq. (41). Accordingly, using
Egs. (41) and (39), we can write NLO radiative correction to the Casimir energy as

But, when we have a TL (pl-SL) Lorentz breaking term, an extra factor

EY) =EQ)T + EQS 42)
AL & m  KiQamj)[ m <= KiQQamj') m m?
- R N AT L L Y S )
(I:tc)jz_;{lz&-ﬁ j [n Z} I A /)}

3 1 3 3
51”; |:K1(2am])<ln( m2 )+y — )—i—K{(Zamj):“.

From this result it is obvious that the influence of the Lorentz-symmetry breaking parameter
appears only in a factor.
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Two special limits are interesting to calculate; the large mass ma > 1, and small mass m — 0
limits:

2
(1) am>l 3L A 52 —dam
B == {02anT? G oy @m) Intam) e =,
, .\ ) (43)
0 L2 1 L2,
ED) "% - E:_z Ry —
512741 £ 0)ad | & 18432(1 + c)a

with 4 (—) for TL (pl-SL) case.
4.2. pr-SL vector case

For the pr-SL vector case, u** = (0, 0, 0, 1), we do not need to do new calculation. In this case,
applying Eq. (16) leads us to the following expression for Eq. (31):

d—3
Sl @
n

where @'y, n = (m?+ k’ﬁl’n)lﬂ. Therefore, the Eq. (35) becomes

1

3 / 8mGay (x, x)d>x =

kn%F(l — %) sec(%”)Ld_2
4(1 =)V @dmyd m?)' i T (45

14

© 2K (2a mJ)F(d Ly 2 2Kuo (jﬂ) redst)

Ba)=-) ——=-) - > (45
: a’d*3n3/2(”m 2 2
j=1 =11 _C) = ad 37372
]\/1 c

and hence, we get

3 2m j d—1
gm0t S (FE)HEH
i 41 -0 T a@m)' e IS <ﬂ>¥
7

Now, we use the above equation to compute Eq. (38), and take the limit d — 4, to get

3

AL*m3 2amJ a’m
EWF = E In +1In(1 —¢)+
Cas. a C)1/25127T4 /—C) (16 2 =) n( o+y—

(2“"” >} @7)
K No=rd)
Similarly, for the second term in Eq. (29), now the Eq. (40) becomes
AL*>  B(d) [B@) m m?
EDS — _ ——+—(n2+1/2
o (1—c)1/? 12872 a a + T (In2+1/2)

d—4 AL? m 1 2amj m 1 2amj
= — -K — —K
(1—c)1/2j§128n3j 1(«/1—c) ma 2 J 1(«/1—0)

J'=1

m m2
+—— —(n2+ 1/2)}. “8)
a /]
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e TS o)

a(Am)

Fig. 2. The ratio between the first order radiative corrections and leading terms, Eé}\? / Eg{) ,in terms of plates separation a,
forc=0.1, . =0.1 and m = 1; %, is the Compton wavelength of the scalar field.

Therefore, the result for the radiative correction of Casimir energy for the pr-SL vector case can
be written as

EW — gO.F | p().s

Cas. Cas. Cas.
A2 O md 1 2amj Bm?
== - K 1 In(1 — -1
(1—6)1/2;{512n4j|: '(m)(n(mﬂj”“( )ty )
K 2amj )]
: V1—c
" IK(2amj) m ilK(Zamj/)_'_m m2(12+1/2) )
- m L semymome .
12873 j 1 vVi—c ”ajlzlj/ : J1—c a 7w

We can also compute the large mass and massless limits:

2 _
(1 am>1 3L A 5/ 2:1_11‘1"
Ee 102477/ (1 — ¢)1/243 (am)™~n(am) e V1=
2 172 > 2 2 12 (50)
N L°x(1 — 1 L°x(1—
P S O D) s Ul

512743 - il 1843243

In Fig. 2, we have illustrated the variation of the ratio between the first order radiative corrections
and leading terms, Eéi) / Eé?), in terms of plates separation, for three distinct cases TL, pl-SL and
pr-SL. We have also plotted this ratio in terms of Lorentz violating parameter c¢ in Fig. 3.

There exist many measured and derived values of coefficients for Lorentz violation in the
Standard Model Extensions (see [30]) which have been tabulated in Ref. [31]. If we can compare
our scalar model with the only existing scalar sector in the Standard Model, the Higgs sector,
we find |c| < 1076 from nuclear 8 decay [32] and for the space-like case |c| < 10~'? from laser
interferometry [20]. From Fig. 3, we see that the ratio between the correction and leading term
of the Casimir energy for these limits is some finite value (about —0.3%).
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Q1L )

0.0 0.2 0.4 0.6 0.8 1.0
c

Fig. 3. The variation of the ratio between first order radiative correction and leading term, Eéis) / E((:(a)s) , in terms of the
Lorentz violating parameter ¢, with A =0.1, m =1 and a = 10(A;,).

5. Conclusions

In this paper we have calculated the next to leading order radiative correction to the Casimir
energy for ¢* theory with Lorentz-breaking symmetry in the context of renormalized pertur-
bation theory. Our approach to calculate this energy is box renormalization method introduced
firstly by Boyer [26] and used for example in [11,33-35]. The violation of symmetry breaking
can be appeared in the Lagrangian by insertion of a term which couples the derivative of a field
to a constant vector u*. This additional term in the Lagrangian modifies the dispersion relation
and accordingly propagators of the fields. Therefore, in addition to the leading terms of phys-
ical quantities, all their sub-leading corrections are also affected. In three separate cases of the
Lorentz violation, violation in the time direction (TL), in the directions parallel (pl-SL) and per-
pendicular (pr-SL) to the plates, the leading terms of Casimir energy for ¢* theory have been
recently calculated in [25]. Here, we have investigated NLO corrections. We have plotted our
results in Figs. 2 and 3.
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