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Non-Gaussian macroscopic entanglement of motion in a hybrid electromechanical device

Najmeh Es’haqi-Sani ,1,* Mehdi Khazaei Nezhad ,1,† and Mehdi Abdi 2,‡

1Department of Physics, Ferdowsi University of Mashhad, Mashhad, Iran
2Department of Physics, Isfahan University of Technology, Isfahan 84156-83111, Iran

(Received 17 July 2019; published 27 August 2019)

We propose a scheme for entangling the motion of two massive objects in a hybrid electromechanical
architecture. The entanglement is generated due to the interaction of two mechanical oscillators with a mediating
superconducting qubit. We show that the generated macroscopic entangled states are non-Gaussian and their
lifetime is limited by coherence time of the qubit. The entanglement is attainable in a wide range of parameters
with appropriate control of the qubit. We confirm the performance of our scheme by numerically solving the
quantum-optical master equation including sources of noise. The effect of imperfections, such as asymmetries
in the coupling rates as well as mechanical thermal noise, is studied and it is shown how they affect the
amount and lifetime of the entangled state. Due to the nonlinear nature of the qubit, the initial Gaussian state
of mechanical resonators evolves into a quasistationary non-Gaussian state, which is essential for universal
quantum information processing in continuous-variable systems. This work, therefore, provides the first step
towards a universal continuous-variable quantum network.
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I. INTRODUCTION

Nonclassical states such as entangled states in macroscopic
scales are very fragile due to the environmental disturbances
and their creation counts as an outstanding task as they
are beneficial for exploration of the quantum to classical
boundary as well as quantum information processing [1,2].
Generating nonclassical quantum states of motion, especially
the creation of quantum entanglement, has attracted much
attention in recent years [3–7]. Quantum information the-
ory exploits it as an important physical resource to carry
out numerous quantum computational and communication
tasks [8].

Generation and stabilization of entanglement in massive
objects like mechanical resonators (MRs) is very laborious
because of their rapid decoherence induced by the environ-
ment which is hardly controllable in large-scale systems. At
the mesoscopic level, the entanglement has been realized
in different systems such as two atomic ensembles [9], an
electromechanical architecture [10], and in two Josephson-
junction qubits [11,12]. The Gaussian entanglement at the
macroscopic level between two MRs has been investigated
theoretically in optomechanical setups [5,13–15] and also,
recently, an experimental demonstration of generation and
stabilization of such entangled states has been reported [16].

In the above-mentioned works, the entangled states of mo-
tion are Gaussian. That is, their characteristic and quasiprob-
ability distribution functions in the phase space are Gaus-
sian [17]. In general, Gaussian states can be experimen-
tally prepared with a high degree of control especially in
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quantum-optical setups. In spite of belonging to an infinite-
dimensional Hilbert space, their properties are easily handled
in theoretical studies as they are completely described by
the first and second moments of their canonical operators
[18]. Although they are counted as a useful resource for
continuous-variable (CV) quantum information processing,
there are several tasks that demand employing non-Gaussian
states and/or operations. In fact, no-go theorems prohibit
CV entanglement distillation [19,20] and it has been proven
that non-Gaussianity is essential for universal CV quantum
computation [21]. Moreover, it is proven that it can help to
improve the efficiency of other quantum information tasks
such as quantum teleportation [22,23], security [24], and
cloning [25], and to test quantum nonlocality by the violation
of Bell’s inequality [26]. Notably, compared to their Gaus-
sian counterparts, the non-Gaussian entangled states are more
robust against environmental effects [27]. Macroscopic non-
Gaussian states are useful for force sensing [28] and capturing
signatures of gravitational effects on quantum systems [29].

The interplay of various types of interactions in hybrid
quantum systems have provided the possibility of preparing
various nonclassical states in different components of system
[30–33]. Novel strategies based on hybrid systems have also
been proposed for quantum nondemolition measurement of
MRs [34] as well as achieving strong and tunable coupling
regimes for their quantum control [33,35]. Despite few pro-
posed schemes, generation of the macroscopic non-Gaussian
entangled states of motion has remained widely overlooked.
Generally, setups in which motion is coupled to a nonlinear
quantum object, such as superconducting qubits, can open up
the possibility of generating, manipulating, and storing non-
Gaussian states in mechanical degrees of freedom [36–38].
Here, we propose a device based on our previous work [39]
to generate non-Gaussian entangled states of two MRs in a
superconducting circuit. Our hybrid device is composed of a
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FIG. 1. (a) Scheme of the hybrid electromechanical device: a
superconducting transmon qubit with two mechanical resonators at
its shunt capacitance, and superconducting coplanar transmission
line resonator. (b) The equivalent circuit diagram.

superconducting transmon qubit coupled to two nanobeams
in its shunt capacitance. The qubit is driven via a strongly
coupled superconducting coplanar waveguide resonator. Su-
perconducting circuits are of interest in implementing quan-
tum information processing due to their low intrinsic dissi-
pation and their nonlinear nature [40,41]. Transmon qubits
are charge-insensitive superconducting qubits with sufficient
anharmonicity for selective qubit control [42]. Thus, they are
very appropriate for hybridization with MRs. We show that
one can overcome the difficulty of creating the non-Gaussian
nonclassical states in a linear resonator by interposing the
nonlinearity of superconducting qubits and appropriately driv-
ing the qubit. We analytically elaborate on the possibility of
creating entangled states of MRs via the qubit. The numer-
ical results obtained by solving the quantum-optical master
equation verify generation of the two-mode entangled non-
Gaussian state of the motion in the macroscopic scale, the
lifetime of which depends on, first, the amount of asymmetry
in their coupling strengths to the transmon qubit; second,
the coherence time of the intermediating qubit; and third,
the thermal noise of mechanical resonators. Our simulations
suggest that the highest entanglement is attained for a fully
symmetric system. Moreover, the longer the coherence time
of the transmon qubit, the longer the MRs remain entangled.
Finally, the thermal noise affecting the MRs should be con-
trolled by a cooling mechanism, e.g., sideband cooling [43].
Also, we show that the quasistationary state of the two-mode
mechanical system has a finite non-Gaussianity.

The outline of the paper is as follows. In Sec. II, the
general model and the system Hamiltonian are introduced. In
Sec. III, we obtain the effective Hamiltonian describing the
fully mechanical subsystem with eliminating the degrees of
freedom of the transmon mode through applying a canonical
Fröhlich-Nakajima transformation. We explain the measure
used to quantify the non-Gaussianity of the fully mechanical
state as well as its entanglement in Sec. IV. Section V is
devoted to numerical results related to the system under
survey in the case of an experimentally feasible scenario, and
concluding remarks are given in Sec. VI.

II. THE MODEL

We consider an electromechanical hybrid system com-
posed of a superconducting coplanar transmission line res-
onator as an LcCc oscillator capacitively coupled to a transmon
qubit by the gate capacitance Cg. This system has been illus-
trated schematically in Fig. 1. The superconducting transmon
qubit of the proposed setup consists of a shunt capacitance

decomposed into CB1 and CB2 that both have a part free to
oscillate. As a result, the capacitance energy of the qubit de-
pends on the position of the two mechanical resonators: MR1
and MR2. This couples the MRs to the qubit and the transmon
qubit mediates an interaction between the two resonators (see
the Appendix for more details). The system Hamiltonian in
the rotating-wave approximation (RWA) is given by (h̄ = 1)
[39]

Ĥ = Ĥ0 + Ĥ1 + Ĥd , (1a)

Ĥ0 = ωt â
†â − λâ†2â2 + ω1b̂†

1b̂1 + ω2b̂†
2b̂2, (1b)

Ĥ1 = g01â†â(b̂1 + b̂†
1) + g02â†â(b̂2 + b̂†

2), (1c)

Ĥd = [E1(t ) + E2(t )]â†e−iωt t + H.c., (1d)

where ωt = EC (
√

8ζ − 1) (with ζ = EJ/EC) is the transmon
transition frequency between the ground and its first excited
states. Here, the superconducting transmon qubit is modeled
as a Duffing anharmonic oscillator with negative nonlinearity
λ = EC/2 and annihilation (creation) operator â (â†) and
the RWA is valid for λ � ωt . EJ and EC = e2/2CΣ are the
Josephson and charging energies of the qubit, respectively.
Here, CΣ = Cg + CB1 + CB2 + CJ with CJ the capacitance
of the Josephson junction. The annihilation (creation) op-
erator of the MR j is b̂ j (b̂†

j) with the corresponding dis-

placement operator x̂ j = xzp, j (b̂ j + b̂†
j ) with j = 1, 2, where

xzp, j = √
h̄/2mjω j is the zero-point amplitude of oscillator

j with the effective mass mj . The qubit-mechanical coupling
strengths are introduced by g0 j ≡ √

2ζEC (CB j/C� )(xzp, j/d0 j )
with d0 j the equilibrium distance between the nanobeams and
plates of the shunt capacitors.

In order to entangle the two resonators, we drive the
transmon mode bichromatically with two time-dependent am-
plitudes E1(t ) and E2(t ). As it will become clear later, the
frequencies of these two drives E1(t ) and E2(t ) are cho-
sen such that the two-mode squeezing (TMS) becomes the
resonant process. In Sec. V it is shown by the numerical
calculations that at the considered parameter region the long
enough coherence time for the transmon qubit facilitates the
achievement of entanglement of motion of the mechanical
resonators. In the operation regime of our setup EJ/EC � 1
and also g01, g02 � ωt ; therefore, the RWA is valid.

Since the considered setup is generally an open quantum
system, its full dynamics is only correctly explained when
the dissipative incoherent processes induced by the environ-
ment such as relaxation and dephasing are included. The
transmon is subject to the energy relaxation that occurs with
the rate γt = 1/T1. Its total decoherence rate is given by
1/T ∗

2 = 1/(2T1) + 1/Tφ in which γφ = 1/Tφ is the pure de-
phasing rate. Currently, high-quality superconducting qubits
with relaxation and dephasing times about T1 ≈ 50 μs and
T2

∗ ≈ 20 μs are realistic and, even with housing the transmon
qubit inside a three-dimensional (3D) superconducting cavity
[44], energy relaxation times T1 > 100 μs have been observed
[45–47]. Also, in Ref. [48] an effective method for protecting
the transmon qubit against photon noise has been suggested.

Meanwhile, the MRs are coupled to their respective ther-
mal bath with damping rates γ jm = ω j/Qj . Here, Qj is the
mechanical quality factor of the jth resonator. The mechanical
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nanobeam resonators with the fundamental vibrational mode
frequencies in the range of 1 MHz to 1 GHz with the quality
factors as high as Q = 106 and more have been realized [35].

The full dynamics of our system is described by the fol-
lowing quantum-optical master equation:

ρ̇ = −i[Ĥ , ρ] + γt Dâρ + γφDâ†âρ

+
∑
j=1,2

(n̄ j + 1)γ jDb̂ j
ρ + n̄ jγ jDb̂†

j
ρ, (2)

in which the superoperator DÂ[ρ] = ÂρÂ† − 1
2 {Â†Â, ρ} de-

scribes dissipation of a general system operator Â and
the thermal occupation number of resonator j is given by
n̄ j = [exp(h̄ω j/kBT ) − 1]−1 and that kB and T are the Boltz-
mann constant and the temperature of the thermal bath cou-
pled to mechanical resonators, respectively. In this work, we
assume very low (about a few millikelvins) working temper-
atures such that the transmon qubit remains in its ground
state. By solving the master equation (2), the density matrix
description of the whole system at every instance of time
ρ(t ) is attained. The state of the fully mechanical bipartite
subsystem, ρ12(t ), is then obtained by tracing over the qubit
part. One intuitively expects to get a non-Gaussian state for
the harmonic MRs because of their coupling to a source
of quantum nonlinearity, the transmon qubit. This is indeed
confirmed to be the case in our numerical simulations.

III. EFFECTIVE HAMILTONIAN

In order to obtain a clearer picture of the mechanical-
mechanical interaction mediated by the transmon qubit, we
eliminate the degree of freedom of the transmon mode â via a
polaron transform. For this purpose, one uses the Fröhlich-
Nakajima transformation which is a unitary transformation
widely used in condensed matter physics [49,50] and quantum
optics [51–53]. In this part, for the sake of clarity and sim-
plicity, we approximate the transmon qubit with a two-level
system by only considering its ground and first excited states.
Nevertheless, the full Hamiltonian is recalled in the numerical
simulations.

We first assume a general form for the amplitudes of
bichromatic drives applied to the transmon mode. We then
choose them such that the two-mode squeezing process gets
into resonance. The Hamiltonian of Eq. (1a) in the qubit
approximation is rewritten as

Ĥ0 = ωt

2
σ̂ ′

z + ω1b̂†
1b̂1 + ω2b̂†

2b̂2, (3a)

Ĥ1 = g01(b̂1 + b̂†
1)σ̂ ′

z + g02(b̂2 + b̂†
2)σ̂ ′

z, (3b)

Ĥd = [E1(t ) + E2(t )]e−iωt t σ̂ ′
+ + H.c., (3c)

where the Pauli matrices {σ̂ ′
x, σ̂

′
y, σ̂

′
z} have been introduced to

identify the two charge-isolated states of the transmon qubit,
{|0〉, |1〉}. We begin by moving into a proper rotating frame,
which mathematically is achieved by applying the unitary
transformation Û = exp{ i

2 (ωt + �)t σ̂ ′
z} with � ≡ ω1 − ω2 to

the whole Hamiltonian, and we arrive at

Ĥ0 = −�

2
σ̂ ′

z + ω1b̂†
1b̂1 + ω2b̂†

2b̂2, (4a)

Ĥ1 = g01(b̂1 + b̂†
1)σ̂ ′

z + g02(b̂2 + b̂†
2)σ̂ ′

z, (4b)

Ĥd = [E1(t ) + E2(t )]ei�t σ̂ ′
+ + H.c. (4c)

The above Hamiltonian can be diagonalized by choosing the
following dressed basis:

|e〉 = cos θ |0〉 − sin θ |1〉, (5a)

|g〉 = sin θ |0〉 + cos θ |1〉, (5b)

where θ = 1
2 arctan{(t )/�} is the mixing angle with (t ) =

2[
∑

j,k E j (t )E∗
k (t )]1/2. In this basis the effective frequency of

the driven qubit is given by ε(t ) =
√

�2 + 2(t ) which is
tunable by the external drive or the gate voltage. Therefore,
the driven system Hamiltonian in the dressed basis reads

H̃ = −ε(t )

2
σ̂z + ω1b̂†

1b̂1 + ω2b̂†
2b̂2

− σ̂x[g1x(b̂1 + b̂†
1) + g2x(b̂2 + b̂†

2)], (6)

where g jx(t ) = g0 j(t )/ε(t ) with j = 1, 2 and the Pauli ma-
trices {σ̂x, σ̂y, σ̂z} are defined over the dressed basis {|g〉, |e〉}.
Note that to simplify the calculations we have dropped the
terms describing the dispersive qubit-MR couplings in the
above Hamiltonian as their sole effect is a shift in the fre-
quency of the mechanical resonators in the resultant effective
Hamiltonian. The two effective coupling constants g1x(t ) and
g2x(t ) as well as the effective spacing of the transmon qubit
ε(t ) can be well controlled by the gate voltage or the external
drive.

We now apply the Fröhlich-Nakajima approach to the
Hamiltonian H̃ . In fact, this takes us to the frame in which
the first-order interaction terms are zero and the remaining
interaction terms in the transformed Hamiltonian are of the
second and higher orders of υ j ≡ g jx/|ε − ω j |. Therefore, the
transmon degree of freedom decouples from the mechanical
resonators and the system can be evaluated in the Hilbert
space related only to the mechanical modes, provided that
υ j � 1. In order to perform the transformation we write the
Hamiltonian H̃ in Eq. (6) as H̃ = H̃0 + ηH̃1, where H̃0 =
−[ε(t )/2]σ̂z + ∑

j ω j b̂
†
j b̂ j and the second term describes the

interaction between the transmon mode and each of the me-
chanical modes H̃1 = σ̂x

∑
j g jx(b̂ j + b̂†

j ). Here, η is intro-
duced as a perturbation parameter to the interaction part of
the Hamiltonian for controlling the order of expansions and is
set to unity at the end of calculations.

The effective mechanical-mechanical Hamiltonian is ob-
tained by applying the unitary transformation exp{−ηŜ(t )} to
Eq. (6). The Hamiltonian in this rotating frame is given by

Ĥ ′ = e−ηŜ(t )H̃e+ηŜ(t ) − ie−ηŜ(t ) ∂

∂t

( ∞∑
n=0

[ηŜ(t )]n

n!

)
, (7)

where the second term appears due to the time dependence
of the Ŝ operator. By employing the Baker-Hausdorff formula
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and rearranging in orders of η we arrive at

Ĥ ′ = H̃0 + η(H̃1 + [H̃0, Ŝ] − i∂t Ŝ)

+ η2
(
[H̃1, Ŝ] + 1

2! [Ŝ, [Ŝ, H̃0]]
) + O(η3). (8)

In the large detuning regime

|ε(t ) − ω1| � g1x(t ), |ε(t ) − ω2| � g2x(t ), (9)

where the Fröhlich-Nakajima approach works well [52] one
can obtain the effective coupling between the two mechanical
modes with applying the unitary transformation introduced
above which the generator Ŝ(t ) is an anti-Hermitian operator.
This generator Ŝ(t ) has to be chosen such that it satisfies the
following equation:

H̃1 + [H̃0, Ŝ] − i ∂t Ŝ = 0. (10)

By this choice the transformed Hamiltonian Ĥ ′ up to the
second order in η reads

Ĥ ′ ≈ H̃0 + η2[H̃1, Ŝ] + η2

2!
[Ŝ, [Ŝ, H̃0]]. (11)

We further restrict our study to the case where
|ġ jx(t )/g jx(t )| � |ε(t ) − ω j |, for which the time-dependent
couplings change slowly [52]. In this case we find the
generator of the transformation Ŝ(t ) from Eq. (10) as

Ŝ(t ) ≈
∑
j=1,2

g jx(t )

[
b̂†

j σ̂+ − b̂ j σ̂−
ε(t ) + ω j

+ b̂ j σ̂+ − b̂†
j σ̂−

ε(t ) − ω j

]
. (12)

In this regime, the driven qubit mostly remains in the dressed
ground state |g〉. Hence, the effective Hamiltonian is attained
as Ĥ ′ = Ĥeff ⊗ |g〉〈g|. In a frame rotating with the mechanical
frequencies, the explicit form of the fully mechanical effective
Hamiltonian reads

Ĥeff = −G1b̂†
1b̂1 + G2b̂†

2b̂2

− 1
2

(
G1b̂2

1e−2iω1t − G2b̂2
2e−2iω2t + H.c.

)
− G12

(
b̂1b̂2e−i(ω1+ω2 )t + b̂†

1b̂2ei(ω1−ω2 )t + H.c.
)
, (13)

where we have introduced the frequency shift and squeez-
ing factor Gj (t ) ≡ 2ε(t )g2

jx(t )/[ε(t )2 − ω2
j ] and the effective

mechanical-mechanical coupling strength

G12(t ) = g1x(t )g2x(t )
ε(t )

(
ω2

1 − ω2
2

)
[
ε(t )2 − ω2

1

][
ε(t )2 − ω2

2

] . (14)

The first line in the above effective Hamiltonian shows a
part shifting the frequency of each MR, which is identifiable
in an experiment and can essentially be compensated for.
The second line corresponds to the single-mode squeezing
processes. The last line is composed of (i) a phonon hop-
ping process, i.e., a beam-splitter Hamiltonian leading to the
quantum tunneling of phonons between the two MRs, and
(ii) a two-mode squeezing process, which can lead to the
entanglement of the two MRs. We note that the coupling rate
given in Eq. (14) shows that the entangling process vanishes
for equal mechanical frequencies ω1 = ω2.

A constant drive amplitude will only excite the phase-
shifting processes. However, to bring either of the single-
and two-mode squeezing, or the beam-splitter processes, into
resonance one applies a modulated drive to the transmon

mode with wisely chosen frequencies. In this paper, we are
interested in generating a motional entangled state starting
from an initially separable state of the system. Therefore, it is
necessary to only excite the two-mode squeezing process. For
this purpose, we choose to parametrically drive the transmon
at the sum of the two mechanical frequencies, as will become
clear shortly [54–56].

In fact, one needs to bring into resonance the following part
of the effective Hamiltonian in Eq. (13):

ĤTMS = −G12(t )
(
b̂1b̂2e−i(ω1+ω2 )t + H.c.

)
. (15)

We remind that the time dependence of G12(t ) stems from
(t ), which in turn depends on the transmon drives [see
Eq. (14)]. In order to clarify our calculations, we simplify it
by considering a harmonic oscillation with time for the two
complex amplitudes as E1(t ) = E1e−iωL1t and E2(t ) = E2eiωL2t .
By this we are brought to

(t ) = 2

⎡
⎣∑

j,k

E j (t )E∗
k (t )

⎤
⎦

1/2

= 2
√

|E1|2 + |E2|2 + 2E1E2 cos(ωDt ), (16)

where ωD ≡ ωL1 + ωL2. By substituting from Eq. (16) into
Eq. (14) it becomes clear that the two-mode squeezing process
is excited only if

ωD = ω1 + ω2. (17)

Therefore, one possible choice for the drive Hamiltonian in
Eq. (4c) that satisfies the condition of Eq. (17) is to write it as
the following:

Ĥd = [E1e−iω1t + E2eiω2t ]ei�t σ̂ ′
+ + H.c. (18)

By this choice the terms related to the TMS process are
brought into resonance while the other terms are rapidly
oscillating and thus have a negligible effect on the dynamics
of the system.

At this point, let us emphasize that the effective Hamil-
tonian (13) provides a general picture of the dynamics of
the mechanical subsystem. The total system dynamics in-
volves complexities of the transmon qubit and, because of
coupling to the environments, experiences irreversible and
phase-destroying dynamics. For this reason, in Sec. V the full
system is numerically simulated.

IV. MEASURES OF NON-GAUSSIANITY AND
ENTANGLEMENT

A. Non-Gaussianity

Generally, dynamics of systems whose Hamiltonian cannot
be written as second-order terms or lower in quadrature oper-
ators of the system is nonlinear. Therefore, one expects that
their initial Gaussian state evolves into non-Gaussian states
at later times. On this basis many state-generation protocols
designed for preparation of non-Gaussian states employ non-
linear interactions, that is, those with interaction Hamiltonians
of higher orders than two in quadrature operators [57,58] such
as the Kerr effect [59–61] or trilinear light-matter interaction
induced by radiation pressure in optomechanical systems
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[62–64]. In our system, due to the nonlinear nature of the
transmon qubit as well as its nonlinear interaction with the
harmonic mechanical oscillators, one anticipates that the state
of the fully mechanical bipartite subsystem evolves into a non-
Gaussian state. Non-Gaussianity of a state can be measured
by identifying its distance from the closest Gaussian state
with similar properties, the reference state. Depending on
the property that is taken to calculate this distance various
measures can be defined. In this section, we briefly review
the approach which is used for measuring the non-Gaussianity
(NG) of the mechanical states under study based on von
Neumann entropy [65].

The degree of NG of a state can be quantified by measuring
its relative entropy with respect to the reference Gaussian
state. In fact, one quantifies the NG of a quantum state ρ

in terms of its entropy difference with respect to a reference
Gaussian state ρG, whose first and second moments are the
same as those of the original state ρ:

δ = S(ρG) − S(ρ), (19)

where S(ρ) = −Tr{ρ log(ρ)} is the von Neumann entropy of
ρ. In our system the NG is computed by first numerically
solving the master equation in Eq. (2) and obtaining the
mechanical reduced density matrix ρ12(t ) by tracing out the
transmon degrees of freedom. We then construct the corre-
sponding reference Gaussian state ρG(t ) by computing the
first and second moments of the mechanical operators at the
state ρ12(t ) to attain the covariance matrix (CM) σ at every
instance of time. Elements of the CM are given by

σi j (t ) = 〈{X̂i, X̂ †
j }〉ρ12

− 2〈X̂i〉〈X̂ †
j 〉ρ12

, (20)

where {·, ·} is the anticommutator while X̂ = (b̂1, b̂2, b̂†
1, b̂†

2)ᵀ

is the vector of system operators. The von Neumann entropy
of a Gaussian state is easily calculated by finding the symplec-
tic eigenvalues of the CM that are of the form {±ν+,±ν−} and
putting them into [17,65,66]

S(ρG) = h(ν+) + h(ν−), (21)

where h(x) = x+1
2 ln( x+1

2 ) − x−1
2 ln( x−1

2 ). These eigenvalues
fulfill the condition ν± � 1 for all physical states [17]. In
our chosen basis X̂ , the symplectic eigenvalues are indeed
the eigenvalues of i�σ(t ) where � = diag(−i,−i, i, i) is the
symplectic form. By substitution in Eq. (19) the NG of the
mechanical state can be measured by δ12(t ) = S(ρG(t )) −
S(ρ12(t )). The state ρ12(t ) is non-Gaussian if and only if
δ12(t ) > 0.

B. Entanglement

In order to quantify the degree of entanglement between
the two MRs, we opt to use logarithmic negativity for the
reduced density matrix of the fully mechanical bipartite sub-
system [67,68]:

EN (ρ12) = log2

∥∥ρᵀ2
12

∥∥
1, (22)

where ρ
ᵀ2
12 is the partial transpose of the reduced density

matrix with respect to one of its subsystems (here the second
mechanical resonator) and ‖ · ‖1 denotes the trace norm.

We numerically calculate the logarithmic negativity for
the reduced density matrix of the fully mechanical bipartite

subsystem by first numerically solving the Lindblad master
equation introduced in Sec. II and then partial tracing on the
transmon mode. The outcome is a reduced density matrix ρ12

describing the state of the mechanical bipartite subsystem.
The amount of entanglement between the MRs is measured
by setting the state in Eq. (22).

V. NUMERICAL RESULTS

Here, we numerically verify the ability of the protocol pro-
posed in Sec. III for generating entangled mechanical states
and survey properties of the final state of the micromechanical
resonators. To this end, we solve the Lindblad master equation
(2) with the original Hamiltonian of the whole system given
in Eq. (1a). The simulations are performed using the quantum
toolbox in PYTHON (QUTIP) [69]. To start with, we assume
that the MRs are initialized close to their ground state by a
sideband cooling technique [39] and the transmon qubit is
initialized in its ground state. Therefore, the initial state of
the system is set to |ψ0〉 = |0〉t |0〉1|0〉2, which obviously is a
separable state.

The system parameters are chosen such that the system
remains far from any instability. The exact determination of
the stability regions for such nonlinear systems is a tedious
task. Nonetheless, one applies a mean-field approximation
to linearize the system dynamics. Then the stability regions
are straightforward to be identified by the Routh-Hurwitz
criterion [70]. Furthermore, after identifying the approximate
regions of stability for the parameters of our system, we
numerically check and verify the dynamical stability of the
system by tracking the time evolution of the expectation
values for a few physical observables of our system. For a
quasistable system, the observables are bound to converge to a
finite value. The tracking is done for every simulation reported
in this paper.

In what follows, we choose experimentally feasible val-
ues of parameters. The mechanical mode frequencies are
taken to be slightly different to ensure transmon-mediated
mechanical-mechanical coupling (see the above discussion)
ω1/2π = 10 MHz, ω2/2π = 9.95 MHz with a quality factor
Q = 2 × 105. The thermal bath occupation numbers are set
to n̄1 ≈ n̄2 ≡ nth ≈ 0.2 phonons for the MRs. The effect of
higher mechanical thermal noise is discussed at the end of this
section. The Josephson and charge energies of the transmon
qubit are such that ωt/2π = 17 GHz and λ/2π = 0.25 GHz
similar to the values in Ref. [39]. The qubit is subject to
an environmentally induced relaxation rate γt/2π = 4.5 kHz
and pure dephasing γφ = 2γt . The qubit is bichromatically
driven with real amplitudes E1 ≈ E2 = 8.0 MHz. The strength
of coupling between the qubit and MRs is first equally set
to g01 = g02 = 325.6 kHz. However, we introduce asymme-
tries in the coupling to study its effect on the mechanical-
mechanical entanglement dynamics. As mentioned above to
check the system stability in the considered parameter re-
gion, we numerically evaluate the expectation values of the
transmon occupation number 〈â†â〉 and the bosonic number
operators of the mechanical modes 〈b̂†

1b̂1〉 and 〈b̂†
2b̂2〉 over the

long times. Figure 2 represents an example of our calculations
to verify the dynamical stability of our system for �g =
|g01 − g02| = 13.9 kHz and the other parameters the same
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FIG. 2. Stability of the system: Dynamics of the expectation
values of the bosonic number operators for the transmon qubit (green
solid line), MR1 (red dashed line), and MR2 (blue dotted line) for the
parameters given in the text with �g = 13.9 kHz. After a long time,
the system observables tend to a quasistationary value. The time has
been normalized to τ = 2π

ω1+ω2
.

as those introduced above. This plot demonstrates that the
time evolution of the occupation operators converges into a
finite value, starting from the separable initial state. For the
rest of parameters the same examination procedure has been
performed and the stability of the system has been ensured. It
should be noted that in all of the plots presented in this paper,
the time has been normalized to τ = 2π/(ω1 + ω2), which
equals the period of the mechanical TMS process.

The various numerical results show that the stability of
the whole system does not change for our chosen drive
amplitude with changing the mechanical frequencies up to
a few megahertz, the energy relaxation and dephasing rate
of the transmon qubit and the damping rates of the MRs up
to one order of magnitude larger or smaller than the values
given above, and also the values of the coupling rates g01

and g02 up to about a few megahertz. The large region of the
system stability further proves its experimental feasibility and
flexibility.

FIG. 3. Dynamics of (a) the entanglement of motion between the
mechanical resonators measured by logarithmic negativity EN and
(b) the NG quantified by the measure δ12 for the parameters given in
the text.

In Fig. 3(a) the dynamics of the mechanical-mechanical
entanglement for the parameters given above is presented.
Also according to the approach introduced in Sec. IV to
quantify the NG of the state of the subsystem composed of
two micromechanical resonators, we numerically obtain the
reduced density matrix ρ12(t ) at every instance of time t
from the solution of master equation (2) with the initial state
|ψ0〉. We then calculate its second moments to construct the
covariance matrix and by computing its symplectic eigen-
values the von Neumann entropy of the reference Gaussian
state S[ρG(t )] is obtained. The amount of the NG of the
state ρ12(t ) is eventually calculated from Eq. (19) at each
step of time. The time evolution of the non-Gaussianity is
illustrated in Fig. 3(b). Figure 3 verifies the creation of a
large non-Gaussian entanglement between the two mechani-
cal resonators, starting from a Gaussian separable state. In-
deed |ψ0〉 is converted into an inseparable, non-Gaussian state
thanks to the nonlinear Hamiltonian [Eq. (1a)] and properly
driven qubit. The lifetime of the entangled state is limited
by the qubit coherence time and for the relaxation rate we
are considering here can last for a few tens of milliseconds.
We notice that δ12 follows a pattern nearly similar to that
of logarithmic negativity, EN , but tending towards a nonzero
asymptotic quasistationary value, such that the final motional
state remains non-Gaussian, though separable.

We next examine effect of imperfections on the amount of
dynamics of the entanglement. In the experimental implemen-
tation of our setup one of the most probable imperfections is
having the mechanical resonators asymmetrically coupled to
the transmon qubit. Indeed, our results show that the maxi-
mum entanglement is achieved for a symmetric system, that
is, for �g ≡ |g01 − g02| = 0. More interestingly, the resultant
state exhibits a longer lifetime. In order to study the effect of
asymmetry �g, we plot the time evolution of the logarithmic
negativity of ρ12(t ) for three different values of the coupling
rate deviation �g, while the other parameters are kept the
same as those given above. In Fig. 4 the results are summa-
rized where the time evolution of the mechanical logarithmic
negativity is plotted for the three values �g = 0.0, 6.1, and
13.9 kHz. The EN is plotted at three different time scales:
long, intermediate, and short. Even though the entanglement
dynamics are not different at short and intermediate time
periods for the three different �g values, a drastic collapse
in the entanglement lifetime is clear from the plots as the
coupling rates are set to different �g �= 0. Therefore, when it
comes to the long-living entangled states smaller differences
in the coupling rates are more favorable.

As another limiting factor, we investigate the effect of
transmon decoherence time on the entanglement. The simu-
lation outcomes show that by decreasing the relaxation rate
and dephasing rate of the transmon qubit the mechanical-
mechanical entanglement lives longer. In Fig. 5 the dynamics
of EN is plotted for two different superconducting transmon
qubits: one with γt/2π = 4.5 kHz and γφ/2π = 2.3 kHz,
and the other with optimistically chosen values of γt/2π =
0.05 kHz and γφ/2π = 0.03 kHz, which is within reach.

The mechanical damping is not expected to consider-
ably affect the general system dynamics in the course of
qubit decoherence time, and the numerical results verify this
statement. Nonetheless, when it comes to the entanglement,
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FIG. 4. Time evolution of the mechanical logarithmic negativity
EN for three different values of �g = (0.0, 6.1, and 13.9) kHz re-
spectively shown by blue (dark grey), red (medium grey), and green
(light grey) lines at (a) long, (b) intermediate, and (c) short time
periods. The solid lines in (a) show the trends of EN . The rest of
the parameters are the same as those given in the text.

thermal noise is one of the most prohibiting environmental
effects. We, thus, study the dimensions of its effect on the
entanglement dynamics numerically. As stated above, we
assume that the mechanical resonators are cooled down very
close to their ground state, a task that is doable by the
sideband technique [39,43]. We further assumed that during
the excitation of TMS for generation of the entanglement a
cooling procedure is still working. In order to study the effect
of the thermal noise on the entanglement dynamics without
permanently cooling the mechanical resonators, we consider
two other thermal environment temperatures and evaluate the

FIG. 5. Dynamics of the entanglement measured by EN for two
different qubits: one with γt/2π = 0.05 kHz (red solid line) and one
with γt/2π = 4.5 kHz (blue dashed line). The pure dephasing rate
in both cases is set to γφ = 2γt and other parameters are the same as
the parameters of the text.

FIG. 6. Variations of the mechanical-mechanical entanglement
dynamics with thermal noise: EN is plotted for three different values
of mechanical thermal occupation numbers nth = 0.2 (blue), nth = 8
(red), and nth = 20 (green). The last one corresponds to a bath
temperature of T ≈ 10 mK, which is experimentally available. The
other parameters are the same as those given in the text.

logarithmic negativity for the mechanical subsystem. For the
sake of simplicity of comparison we take the same parameter
values used in Fig. 3 but with three different phonon ther-
mal occupation numbers nth = 0.2, 8, and 20. These values
correspond to the environment temperatures of T ≈ 0.1, 3.8,
and 10 mK, respectively, for which the last one is experi-
mentally available. Figure 6 shows the results. Comparing the
plots, one clearly observes a dramatic dependence of EN on
the thermal noise. Interestingly, despite the fragility of the
mechanical-mechanical entanglement at a bath temperature of
T = 10 mK, it rises to relatively high values at short times
before collapsing into a separable state at a time scale of about
300 μs.

VI. CONCLUSION

In summary, we have proposed a protocol to generate
a motional non-Gaussian entangled state of two massive
micromechanical resonators in an electromechanical hybrid
device. The entanglement is achieved by interposing a super-
conducting qubit between two micromechanical resonators.
In our protocol, the intermediate transmon qubit is driven
by two time-modulated microwave pulses whose frequen-
cies are devised such that a two-mode squeezing process
between the two MRs is excited. We have numerically verified
the performance of our scheme. The results of simulations
demonstrate the possibility of generation of an appreciable
non-Gaussian mechanical-mechanical entanglement in a wide
range of parameters without entering the instability region of
the system. The entanglement is achieved for experimentally
feasible parameters, and, more interestingly, the quasistation-
ary entangled state is non-Gaussian, making it an appropriate
resource for universal CV quantum information processing.
Dependence of the amount and lifetime of the entanglement
on the mechanical coupling rate asymmetry, the transmon
qubit decoherence rate, and the mechanical thermal noise has
been studied. Despite reduction in the quantity and quality
of the entanglement in the presence of imperfections, the
scheme shows appreciable entanglement and non-Gaussianity
properties.
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APPENDIX: DERIVATION OF THE SYSTEM
HAMILTONIAN

We consider the hybrid electromechanical system depicted
in Fig. 1 and would like to obtain the Hamiltonian of Eq. (1a)
in the main text. The Hamiltonian of the system composed
of a transmon qubit which has two shunt capacitors whose
shunt capacitances depend on the position of the mechanical
resonators is given by

Ĥ ′
0 = 4EC (x̂1, x̂2)(n̂ − ng)2 − EJ cos ϕ̂ + h̄ω1b̂†

1b̂1 + h̄ω2b̂†
2b̂2

+ [E1(t ) + E2(t )](â + â†), (A1)

where the last line is related to the coherent drive Hamiltonian
applied to the transmon mode. The superconducting charge
number and phase operators are denoted by n̂ and ϕ̂, respec-
tively, which satisfy the commutation relation [ϕ̂, n̂] = i and
can be defined in terms of annihilation (creation) operators â
(â†) of the transmon mode in the following way:

n̂ = 1

2

(
EJ

2EC

)1/4

(â + â†),

ϕ̂ = i

(
2EC

EJ

)1/4

(â − â†). (A2)

In Eq. (A1) ng is the offset charge of the device which contains
both dc and ac parts. Since in our protocol the transmon mode
is driven by the classical bichromatic drive the resultant offset
charge is classical. Applying the unitary gauge transformation
ÛG = e−ingϕ̂ , one can remove the offset charge ng in the above
Hamiltonian [71]:

ÛG(n̂ − ng)2Û †
G = n̂2.

Moreover, since our system is operated in the transmon
regime (ζ ≡ EJ

EC
� 1), we can expand the cosine term in the

above Hamiltonian around ϕ = 0 and keep up to the fourth
order in ϕ̂.

One can also Taylor-expand the charging energy EC up to
the first power in x̂1 and x̂2 as

EC (x̂1, x̂2) ≈ EC + g′
01(b̂1 + b̂†

1) + g′
02(b̂2 + b̂†

2),

where g′
0 j = EC

CB j

C�

xzp, j

d0 j
(d0 j is the equilibrium distance be-

tween the plates of the shunt capacitor with the capacitance
CB j). Substituting the above cases in Eq. (A1), the Hamilto-
nian is given as the following:

Ĥ ′
1 = 4ECn̂2 + EJ

(
1 + ϕ̂2

2!
− ϕ̂4

4!

)

+ h̄
∑
j=1,2

ω j b̂
†
j b̂ j + 4

∑
j=1,2

g′
0 j (b̂ j + b̂†

j )n̂
2

+ [E1(t ) + E2(t )](â + â†). (A3)

Using Eqs. (A2) we rewrite the above Hamiltonian in terms
of the transmon bosonic annihilation and creation operators
up to a constant as

Ĥ ′
2 =

√
EJEC

2
(â + â†)2 −

√
EJEC

2
(â − â†)2 − EC

12
(â − â†)4

+ h̄
∑
j=1,2

ω j b̂
†
j b̂ j +

√
EJ

2EC

∑
j=1,2

g′
0 j (b̂ j + b̂†

j )(â + â†)2

+ [E1(t ) + E2(t )](â + â†), (A4)

which after applying the RWA is valid in our working regime
in which EJ � EC and g01, g02 � ωt . By introducing h̄g0 j ≡
g′

0 j

√
2ζ , h̄λ = EC/2, and h̄ωt = (

√
8ζ − 1)EC , the Hamilto-

nian is simplified to

Ĥ ′
3 = h̄ωt â

†â − h̄λâ†2â2 + h̄
∑
j=1,2

ω j b̂
†
j b̂ j

+ h̄
∑
j=1,2

g0 j â
†â(b̂ j + b̂†

j ) + h̄
∑
j=1,2

g0 j (b̂ j + b̂†
j )

+ [E1(t ) + E2(t )](â + â†). (A5)

Thus, with neglecting the terms h̄
∑

j g0 j (b̂ j + b̂†
j ) whose sole

effect is a slight modification in the position of the MRs, the
Hamiltonian of Eq. (A5) reduces to that of Eq. (1a) in the main
text.
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