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Abstract 
 The purpose of this study is to investigate the mixing phenomena in a sinusoidal 

microchannel and call into question the effect of unequal wave length magnitude in the upper 
and lower walls on mixing efficiency. Nondimensional parameters in this study were Schmidt 
number set to remain at 100, Reynolds number ranging from 0.5 to 1.5 and different wave 
length ratio values for lower wall, while the upper wall wave length was invariant. To answer 
this question, all governing equations are solved numerically using the lattice Boltzmann 
method, while channel walls are modelled by the aid of a general curved boundary treatment. 
This analysis revealed that corrugated patterns led to higher pressure drop and preferable 
mixing efficiency at lower distance from the beginning of the channel. Interestingly, results 
showed that the mixing efficiency decreases as the Reynolds number increases. The evidence 
from this research intimates that almost complete mixing (up to 98 %) was achieved at 
Peclet=50 at the outlet of the channel in which the dimensionless wave length magnitude for 
the upper and lower walls are equal to 3 and 4 respectively. A pressure drop of 277 Pa is 
obtained for this case.  
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1. Introduction 

This research constitutes a relatively new area, which has emerged from wavy channels 
utilization in microchannels. There are growing appeals for sinusoidal channels in passive 
micromixers which enhance mixing by increasing contact interfaces between species [1]. Not 
only these corrugated channels are applied in confined sinusoidal jets [2], but also they are 
widely exploited in microchannel heat sinks for electrical cooling [3]. Therefore, significant 
studies have been carried out on these patterns recently. Oviedo-Tolentino et al. [4] examined 
the entrance part of a sinusoidal channel and found that at least eight waves must be applied to 
obtain appropriate flow distribution in their case of study. 

This phenomenon has been widely investigated by Sui et al. [5] in a three-dimensional 
channel. They proposed that fluid mixing enhancement in wavy microchannels is due to the 
production of secondary flow or Dean vortices and chaotic advection occurrence because of 
replacement of vortices along flow direction. For further review on Dean vortices role in mixing 
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enhancement, Khosravi Parsa et al. [6] employed a sinusoidal passive micromixer and they 
concluded that this effect only is important in high Reynolds numbers while for low Reynolds 
numbers, diffusion is the only factor of mixing. Solehati et al. [7] accomplished mixing in a T-
shape wavy micro channel and reported better mixing index compared with its plain familiar 
paradigm. They stated the chaotic flow regime caused from secondary flow in curved areas, 
helped the mixing phenomena. 

One of the major topics to be investigated for flow characteristics in wavy channels, are 
estimating the main effective geometry parameters. Khoshvaght-Aliabadi[8] used SIMPLE 
algorithm to study flow characteristics of sinusoidal-corrugated channels and concluded that 
among design parameters, wave amplitude and wave length had the highest effect on Darcy 
friction factor. Akbarzadeh et al.[9] modeled three types of corrugated surfaces including 
triangular, trapezoidal and sinusoidal in wavy channels. They reported an increasement in 
pressure drop in comparison with plain channel but altogether among these profiles sinusoidal 
wall was suggested owing to higher performance and lower entropy generation. 
Dormohammadi et al.[10] carried out a simulation of nanofluid heat transfer and entropy 
generation in sinusoidal channel. They reported that at wave length ratio of 1 and wave 
amplitude ratio of 0.2 the optimal design can be achieved. 

A finite volume method has been recently used to investigate the phase difference effect on 
mixing efficiency. The results showed that asymmetric channels have better mixing efficiency 
than their symmetric counterparts as they produce periodic circular patterns [11]. Mondal et al. 
conducted a numerical study using finite element method on flow mixing in racoon and 
serpentine micromixers. They reported that racoon mixer has better mixing efficiency in 
comparison with serpentine. On the other hand, its pressure drop is higher than serpentine one 
and  in general due to the lowest mixing cost in serpentine mixer , it can be adapted as the best 
design  [12].  

 Nakhchi [13] performed an experiment to investigate geometric and flow parameters effect 
on pressure drop and thermal performance of sinusoidal channels. He concluded that among 
geometric and flow parameters, the wave’s amplitude aspect ratios and Reynolds number have 
more influence on heat transfer enhancement and pressure drop, respectively. Ahmadpour and 
Noori Rahim Abadi [14] considered a vertical wavy channel to study heat transfer and pressure 
drop of multiphase flows. They discovered that the use of wavy channels was rational for low 
mass fluxes with phase shift angle of 180 degree. 

In particular no study, to our knowledge, has considered the effect of inequivalent wave 
length ratios on both side of the walls of the channel to simulate flow and mixing efficiency of 
the flow by use of Lattice Boltzmann Method (LBM). Here LBM technique have been 
developed to solve the problem. The objective is to demonstrate the feasibility of corrugating 
channel walls in order to approach mixing efficiency enhancement in low ranges of Reynolds 
numbers. 

 
2. Problem Definition and Governing Equations 

To take into account the influence of unequal wave length on mixing enhancement, four 
different wave length values for the lower wall have been selected, while the upper wall wave 
length is invariant in all cases. A plain channel with no corrugated pattern is also considered as 
a reference case. Achieving desired mixing at the outlet of the microchannels requires a 
relatively long length due to low Re numbers. Considering the Hight of the channel at the inlet 
to be D, the entire length of the channel is set to be 26 D.  Channel walls are following the 
sinusoidal functions as follows: 
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     Lower wall wave length number (λ) is set to be 1,2,3 and 4, thus different patterns of 
corrugate channels are obtained. In simulations D is chosen to be 30 µm and Fig. 1 shows the 
geometry of channel for or λ=1. This curved complex design is drawn by the aid of cloud input 
method which had been represented in Ref. [15]. 
 

 
Fig. 1. Schematic of sinusoidal micromixer for λ=1. 

 
     Assuming ሬܸ⃗ , P, C  as velocity vector, pressure and concentration, respectively, the well-
known Navier-Stokes equations and Advection-Diffusion equation are implemented to solve 
steady incompressible fluid flow and concentration as follows[16] :  

(3)  ∇ሬሬ⃗ . ሬܸ⃗ = 0 

(4)  ρ൫ሬܸ⃗ .∇ሬሬ⃗ 	൯ ሬܸ⃗ = −∇ሬሬ⃗ ܲ + ଶ൫ሬܸ⃗∇ߤ	 ൯ 

(5)  ሬܸ⃗ .∇ሬሬ⃗ ܥ =  ܥ௖∇ଶܦ

In above equations ρ is density, ߤ is dynamic viscosity and ܦ௖ is Species diffusivity coefficient. 
It is possible to write nondimensionalized equations by assuming these parameters: 
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     The dimensionless equations can be achieved by omitting the superscripts as follows[17]: 

(7) ሬܸ⃗ .∇ሬሬ⃗ ൫ ሬܸ⃗ ൯ = −∇ሬሬ⃗ ܲ +
1
ܴ݁

∇ଶ൫ ሬܸ⃗ ൯ 

(8)  ሬܸ⃗ .∇ሬሬ⃗ ܥ =
1

ܴ݁. ܵܿ
∇ଶܥ 

In above equations, ܴ݁ = ρ ௥ܷ௘௙/ܪ	ߤ  is the Reynolds number and ܵܿ = ௖ܦρ/ߤ  is the Schmidt 
number for the concentration distribution. These equations are corresponded to the following 
boundary conditions: 
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     The mixing performance of two fluids (ε୫) is evaluated at any cross section as[18] :  

(12)  ε୫ = 1−
1
ܪ
න ቤ

−(ݕ)ܥ ஶܥ
଴ܥ − ஶܥ

ቤ
ு

଴
 ݕ݀

Where ܥ଴ and ܥஶ are concentration at the inlet and fully mixed conditions. The value of ߝ௠ varies from 
0 for fully unmixed to 1 for mixed state respectively. 
 
3. Numerical Method 
     Aforesaid equations are solved numerically by the use of lattice Boltzmann method. Owing 
to the fact that LBM simulation has the capability of being parallelized, collision and streaming 
steps can be incorporated in order to decrease the time to solve the problem[19]. 
 
3.1. LBM For Flow Field 
     By considering ݂(ݎ,  the , ݐ and time ݎ as the distribution function at a given location (ݐ
single-relaxation-time BGK model can be implemented to simulate fluid flow [20] : 

(13)  f୧(ݎ + ௜ܿݐߜ, ݐ + (ݐߜ = ௜݂(ݎ, (ݐ +
1
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Where ݐߜ is time step and ܿ௜ 	 is the mesoscopic velocity in ݅-direction. The D2Q9 model with 
these discrete velocity set is adopted in this work: 
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 is lattice speed and ݔߜ is lattice spacing. ௙߬ which is called the dimensionless relaxation 

time can be obtained from Re as ߬௙ = ଷ
ோ௘

ఋ௧
ఋ௫మ

+ ଵ
ଶ
 .  

For nearly incompressible flow ௜݂
௘௤is estimated by Maxwell-Boltzmann equilibrium distribution 

function as follows: 
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ܿ௦ଶ = ܿଶ/3 is the sound speed of the model. The local macroscopic variables, such as density, 
velocity and pressure are statistically calculated from ௜݂ using: 
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3.2. LBM For Concentration Field 

     The evolution equation to solve advection-diffusion equation can be described as [21]:  
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In above equation ௝߬ = ଷ
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 is the nondimensional relaxation time and related to Peclet 

number(ܲ݁ = ܴ݁.ܵܿ௖)while the macroscopic concentration of flow can be evaluated by: 

ܥ  (22) = ෍ ௜݆
௜

 

 
3.3. LB Boundary Conditions 
     For flow field, general boundary treatment for velocity which has been introduced for the first 
time by the present authors in Ref. [22], is applied at inlet and outlet of the channel. More 
significantly for the curved boundaries on side walls, general curved boundary treatment is used. 
Anyone interested in the frame work, may refer to the authors previous work [15].To illustrate 
how macroscopic values on curved boundaries like ܴଵ will be obtained from two fluid nodes in 
this method (ܴଶ,ܴଷ),the scheme of the extrapolation is shown in Fig. 2. 
 
3.4. Validation and Grid Independency 
     For grid independency at Pe=50, plain channel with different nodes in y direction were taken 
on and mixing efficiency at the inlet is reported in Table. 1. Reference number of nodes for LBM 
is set to be 31 to reduce computational costs and enough precision.  
 

Table 1. variation of ߝ௠  at different number of nodes at Pe=50 for plain channel 
Number of nodes 11 21 31 41 

 ௠ 0.873043479 0.939729104 0.960687471 0.97097258ߝ
 
     Toward validating the method, flow mixing between two parallel plate was simulated and 
concentration values at any points of the region was evaluated relative to analytical solution 
presented by Wu and Nguyen [23]. It is noticeable that, however, in theoretical solution the y 
momentum component is taken zero, in our work it is taken into account. Fig. 3 displays the 
values obtained from analytical solution and the results obtained in this study. With respect to 
above subject, the results had the maximum 0.05 difference with each other. 
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Fig. 2. Layout of three reference points (ܴଵ,ܴଶ,ܴଷ) 
for the boundary nod (ܾ)	 

 
 

 
Fig. 3. Comparison between concentration (ܥ) values 
at different cross sections for presented study and Wu 

analytical solution at Pe=100 

 
4. Results and Discussion 

We start describing our findings by concentration contours and streamlines for different 
patterns of channels shown in Fig. 4. In order to have a better close up of vortices and 
streamlines only 15 units of the channel length are zoomed in. These contours demonstrate two 
things. First, mixing phenomenon occurs earlier in wavy channels than plain channel. Second, 
flow transmission affects directly on mixing. As can be seen from the figure, channel with lower 
wall wave length equal to one, some vortices were made in corrugated parts, so mixing length 
was less than other patterns.  

 
(a) 

 

 

(b) 

 
(c) 

 
(d) 

 
(e) 

 
 

 
 

Fig. 4. Streamlines and concentration (C) field at Re=1, Sc=100 for different geometry patterns: 
 a) plain channel, b) lower wall λ=1, c) lower wall λ=2, d) lower wall λ=3 and e) lower wall λ=4channel 
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A better understanding of mixing efficiency along the channel in different cross sections, 
can be obtained by Fig. 5 in which the mixing efficiency is depicted according to distance from 
inlet. For lower wall wave length number equivalent to one, better mixing happened at only 0.4 
length of the entire channel, however, channel with wave length number of 4 units, achieved 
better mixing efficiency at the outlet of the channel. In all Reynolds numbers mixing was 
enhanced along the channel and according to this figure, from 0.7 distance of the entire channel 
length the mixing efficiency is approximately constant which shows enough length for mixing. 
It is also observed that for all Reynolds numbers, mixing efficiency at the outlet of the all 
channels were nearly the same, but with corrugated pattern, shorter mixing length could be 
implied nonetheless. 

 

 

 

 
(a)  (b) 

 
(c) 

 
Fig. 5. Mixing efficiency variations along the channel for different geometries at Sc=100 and different Reynolds 

number: (a) Re=0.5, (b) Re=1.0, (c) Re=1.5. 

 

So far, sinusoidal channels led to good results, even if the improvement was negligible. 
Another promising finding was that increasing Re caused in mixing efficiency reduction and 
pressure drop augmentation. The results are indicated in Fig. 6. A similar pattern of results was 
obtained in Ref. [12] in which higher Re numbers were investigated. Before explaining the 
figures, it should be noted that the approach utilized suffers from limitation that we are not able 
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to choose any desired Peclet numbers, due to the fact that the convergency of method is highly 
affected by the dimensionless relaxation time parameter which depends on Peclet number. 
 

  
(a) (b) 

 
Fig. 6. Effect of Reynolds increment on: (a) mixing efficiency, (b) pressure drop at Sc=100 

 

There were also significant consequences for increasing Re. The more Re values we have, 
the more prompt the flow moves and therefore flow particles are not able to repose and mix 
together which lead to decreasing in mixing efficiency. Determining the appropriate pattern 
also is taken effect of pressure drop. As can be discerned from Fig. 6.b lower wall wave length 
number of 1 unit had much higher pressure drop due to vortices made in hollow parts as 
mentioned already, where as plain channel had the least in all Re. Also, it is apperceived that 
higher Re had caused more recirculation of flow and hence the pressure drop arose.  

Having investigated both pressure difference and mixing efficiency along the entire channel, 
sinusoidal walls with different wave length magnitude equal to 3 at the top and 4 at the bottom 
offers better mixing efficiency equal to 0.98 which is near to complete mixing and pressure 
drop of 277 Pa at Re=0.5. Nonetheless, we believe that it is well justified to mention this low 
Reynolds number will increase the time of the process because the flow moves so slowly. 
     

5. Conclusions 
     In conclusion, it would appear that the Lattice Boltzmann method which has been carried 
out in this research can successfully simulate mixing flow in complex geometries such as 
sinusoidal channels. The analysis leads to the following conclusions: 

 Diminution of mixing efficiency and amplification of pressure drop were observed 
while raising Re from 0.5 to 1.5 for ܵܿ = 100. 

 Almost 0.7 of the total length of channel was required to obtain mixing reported at the 
outlet of the channel. 

 Selection of different wave length for up and down sinusoidal walls can amend mixing 
efficiency. The channel with wave length corresponded to dimensionless values of three 
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at the top and four at the bottom reported 98 percent with pressure drop of 277 Pa at 
Re=0.5. 

     Despite the limitations these results are valuable in light of utilizing this method at low Peclet 
numbers for microchannels for even modeling other flow characteristics such as heat transfer 
or electroosmotic flows which may constitute the subject of future studies. 
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