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Abstract—In a residential demand response program, lack of
users’ participation can significantly impair program effectiveness.
For this purpose, an incentive-based demand response (DR) pro-
gram is designed and users’ decision to participate is analyzed in a
day-ahead time horizon. In this paper, we first defined a quasicon-
vex cost function, which accounts for a predetermined base-load
price. Then, a DR scheme introduced to shift customers load and
minimize their cost. Subsequently, a social pricing/billing mech-
anism is proposed that is correlated with the overall load in the
system. The proposed pricing/billing mechanism leads to a game
between consumers, hence the users’ strategies are investigated
under this new mechanism. To capture whether inefficiencies exist
in current DR programs that stem from inexperienced or irra-
tional users, we analyze our DR program using game theory under
expected utility theory and prospect theory (PT). The numerical
results suggest that our proposed price function and billing mecha-
nism is effective to control customer consumption pattern with the
desired norm imposed by the majority population. In particular,
the behavior of customers differs when irrationality added to them
under PT framework.

Index Terms—Dynamic pricing, fairness, game theory, prospect
theory (PT), quasiconvex optimization, residential demand re-
sponse (DR).

NOMENCLATURE

H Scheduling time horizon.
K Number of groups where customers within it have

similar consumption.
Nk Number of customers who participate in the

program.
N ′

k Number of customers who do not participate in the
program.

Nh
k Number of customers who exist in group k at h

for billing.
ik Customer at k ∈ K.
Aik

Set of appliances for customer ik .
Eik ,a Appliance a required energy.
αik ,a Customers’ preferred earliest starting work time

for appliance a ∈ Aik
.

βik , a Customers’ preferred latest finishing work time for
appliance a ∈ Aik

.
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xh
ik ,a , x∗h

ik ,a Optimized and non-optimized energy consump-
tion for user ik at h.

x′h
ik

Nonshiftable load at h ∈ H .
xh

ik
Sum of shiftable and non-shiftable load at h ∈ H .

Dh
k ,D∗h

k Optimized and non-optimized energy consump-
tion for group k at h.

X̄h
ik ,Uk

Average consumption for user ik in group Uk .
Lh Overall load at the particular timeslot h.
ΔP Distance between the minimum and maximum

price per kWh.
b, c Negative growth rates for utility price function.
d Base load in the market.
lhmax Total available energy to utility at time slot h.
Ψt(x) Time window with known prices shared between

charge stations.
Bh

ik
Billing for customer ik at h ∈ H .

λh , λ∗h Time window with known prices shared between
charge stations.

Cik
Daily billing for user ik .

γ Coefficient of billing mechanism.

I. INTRODUCTION

D EMAND response (DR) programs have an eminent effect
on current smart grid architecture to reduce peak loads

or minimize customer costs via centralized or decentralized
plans. In the residential sector, large numbers of customers and
diversity of their usage pattern pose a challenge to utilities to
convince reluctant customers to participate in a DR program. In
this manner, an integral part of a residential DR program is the
number of participants. Several reasons such as unawareness
or irrational behavior may impair customers participation [1].
Therefore, designing a program that considers the effect of user
participation and their behavior is crucial to have in an effective
DR program.

DR programs have three strategies for controlling the con-
sumption including load curtailment, shifting demand to another
time, or using local generation and storages [2]. To achieve these
goals, utilities employ different approaches such as implement-
ing direct load control or using smart pricing programs. In smart
pricing programs, various price plans are offered by utilities,
among them are fixed pricing, time-based pricing, real-time
pricing (RTP), peak pricing, and increasing block rate (IBR).
Pricing schemes are particularly linked to utility side and avail-
ability of resources in response to demand, whereas billing and
incentive mechanisms are associated with the area of consumers
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where they should be convinced to contribute or participate in
the proposed program. Mechanisms such as proportional billing
[3] or fair billing [4] have been proposed to consider the fair-
ness of billing mechanism for each consumer in the grid. In
these works, the incentive and penalty that were imposed on
customers utilize a static approach, whereas in our proposed
billing mechanism, a dynamic approach is employed to allocate
incentive based on users’ performance relative to others.

The presence of a two-way communication channel in the
smart grid and development of smart appliances enable cus-
tomers to efficiently plan their usage and reduce their utility bill
while they help system stability without compromising their
personal comfort. Using these communication facilities, utili-
ties can send a wide range of information such as price signals,
scheduled events, and informative messages. In response to in-
formation transmitted by the utility to a home management
system, customers might program it to take different actions
according to their preferences. Scheduling home appliances in
advance to work in low price times or interrupt users’ current
consumption as a response to the utility signal is among the
designated energy management system action plan.

Several works, such as [3], [5]–[7], focused on cost minimiza-
tion through optimization and scheduling scenarios to reduce
users’ overall payment. In [8], a combined RTP and IBR pric-
ing mechanism was proposed to schedule residential appliances
consumption and consequently minimize household’s payment.
Vardakas et al. [9] surveyed numerous pricing and optimization
methods.

In [4], Baharlouei et al. applied a tradeoff between optimality
and fairness in billing mechanism and considered users’ flex-
ibility in shifting power usage as a fairness metric. That is,
users with more flexibility in shifting their power consumption
are paying less. Unfortunately, the effect of one user load on
the cost of other customers is not considered and their billing
scheme cannot handle situations where the user distribute his/her
consumption in more than a time segment.

Using game theory in a smart grid received substantial at-
tention in the smart grid literature and numerous works have
studied the effect of their proposed DR program through coop-
erative and noncooperative game models. Mohsenian-Rad et al.
[3] modeled the problem as a static noncooperative game be-
tween energy provider and their customers. Their work is in-
novative in essence that instead of considering the individual
relationship of consumers with utility, they take the system as
a group of autonomous agents that have an equal goal, i.e., re-
ducing the individual and overall cost. Ma et al. [10] used a
cooperative approach to formulate the DR program as a con-
strained optimization problem. They also devised a punishment
mechanism to reduce noncooperative behaviors. In this paper,
a noncooperative game theory has been used to show the con-
sistency between our proposed billing mechanism and system
cost reduction. The noncooperative model analyzes the decision
making of distinct players that have little or no communication
channel with each other.

More recent approaches in modeling DR have considered hu-
man behavior. For instance, in [11], three behavior models are
suggested based on a Bayesian game where users are selfish,

altruistic, or welfare-maximizers. Results showed that exchang-
ing information among users will reduce uncertainty among
consumers about each other’s demand and hence affect the sys-
tem performance. Another method was followed by Wang et al.
in [1] and [12] where they have used prospect theory (PT) as
a basis to analyze and incorporate consumers’ behavior in the
smart grid. In [1], Wang et al. studied the impact of customer
participation decision and analyzed their result under PT frame-
work. Their work shows that the irrationality or unawareness
of customers can affect the outcome of a DR program. Others
such as Xiao et al. [12] used PT to model the energy exchange
among microgrids that are also connected to a power plant as a
backup energy supply. These works indicate acceptance of PT
to study smart grid via another context.

There are three aspects of this work that distinguishes it from
previous works. The first one is using a new pricing function.
Compared with a quadratic cost functions or a piecewise linear
price functions, our function combines the benefit of both func-
tions. Quadratic cost functions are a good reflector of cost for
single thermal generators, hence they are restricting model sce-
narios. In addition, many utility companies are reluctant to ex-
pose such information to their customers. Piecewise linear price
functions, on the other hand, provide more flexibility to utilities
but they add unnecessary complexities to scheduling problem,
which make them inappropriate to use in a scheduling-based
DR program.

The other novelty is that our billing mechanism allocates
incentive and penalty dynamically based on customers perfor-
mance in DR. The billing mechanism ensures utility profit,
whereas users with lower overall consumption or better flex-
ibility at distributing their load can get lower prices per kWh,
hence it will reduce a responsive customers cost. In addition, in
other billing mechanisms, the contribution of users to price is
not studied. A user who consumed more in a single time slot
causes a rise in price, however, their billing mechanism does not
discriminate these users from the responsive users.

Finally, in our work, we have defined a reference point based
on our billing mechanism. It allows us to use PT framework
to analyze if users are willing to participate in our DR. Unlike
expected utility theory (EUT), which uses monetary payment as
a sign of users profit and participation, this framework takes into
account the loss or gain of customers as a sign of participation.

The rest of this paper is organized as follows: The system
model is described in Section II. In Section III, we propose our
DR scheme and optimization problem. In Section IV, initially,
a noncooperative game model is formulated and then the model
analyzed using the concepts of EUT and PT. In Section V,
numerical results presented to compare the performance of the
proposed DR scheme. Finally, in Section VI, we conclude our
work.

II. SYSTEM MODEL

We consider a power system with a number of customers,
who wish to schedule their consumption over time horizon H
to minimize electricity bill. In our model, each user equipped
with an ECS unit that performs scheduling in the system. Users
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and utility are connected through a communication channel as a
way to exchange the necessary information. In the time horizon
H = {1, . . . , H}, there are Nk users who are willing to partici-
pate in the program. Users have a demand load profile based on
the working preference of their noninterruptible shiftable appli-
ances. We show the users preferred working period of appliance
a ∈ Aik

by [αik ,a , βik ,a ] where Aik
is the set of appliances

of user ik ∈ {1, . . . , Nk} and αik ,a , βik ,a are desired working
start and finish time, respectively. Based on the value of αik ,a

and βik ,a , we define a parameter denoted by fik
as customer

flexibility score calculated as follows:

fik
=

∑
∀a∈Ai k

(βik ,a − αik ,a)

|Aik
| . (1)

This parameter shows customers’ willingness to shift their load
in a horizon. Moreover, to calculate users’ billing, suppose that
all customers are classified based on their power consumption
level into K different groups U = {U1 , . . . , UK }. The group-
ing can be performed hourly or for an entire time horizon of
H , however, their billing is calculated on an hourly base. In
each group, there are Nk customers, k ∈ {1, . . . , K}. The con-
sumption quantity of any two users belonging to the same group
should not exceed a defined threshold and as Nk → ∞, this
threshold should approach zero. Grouping users based on their
consumption is feasible via data analytics [13], [14].

In addition, a constant consumption vector x′h
ik

assumed for
nonshiftable loads such as refrigerator and lighting. Denoting
xh

ik
as the sum of both shiftable and nonshiftable load, the

aggregate demand at h ∈ H for all users in group k is computed
as follows:

Dh
k =

Nk∑

ik =1

xh
ik

. (2)

For each user ik , ik ∈ {1, . . . , Nk} who is a member of Uk ,
an average load per time slot is defined as follows:

X̄h
ik ,Uk

=

∑
ik ∈Uk \ik

xh
ik

|Uk\ik | . (3)

The utility power source is either its own generation facility
or a power market to provide power through a network, which
not congested. Depending on the power source, the utility de-
fines a price function to its customers. The upper and lower
bounds of this price function is set according to conservation
rates adopted by utility companies such as British Columbia
Hydro Company or Southern California Edison. In conserva-
tion rates, the marginal price increases by the total consumption
quantity. However, since conservation rates are nondifferential,
we will use a quasiconvex function to have a differentiable and
continuous objective. It has to be mentioned that the quadratic
cost function widely used in the literature is suitable for a sin-
gle thermal power station [15] and it does not support the flat
price mentioned in our proposed price function. Scheduling
will perform for the day ahead and the total load for tomorrow
is available, the electricity price limits are obtained in a time
slot as a function of load in the market by observing the findings
in [16] and [17] and analyzing the real price-load data history

Fig. 1. DR scheme.

available at [18] as follows:

P (Lh) = P (0) + ΔPe−be−c (L h −d )
(4)

where Lh =
∑K

k=1 Dh
k is the overall load. Mathematically, ΔP

is the upper asymptote and b and c are the negative growth
rates. We set P (0) to the minimum price that the utility can
charge each user per kWh and ΔP is the difference between the
minimum and maximum price per kWh. The parameter d is the
base load in the market; any load below this will cause shutting
down a generation unit. We have to emphasize that utilities can
also have a base generation unit, which should operate at any
time to avoid shutting down cost. The utility will provide this
function on a daily basis and customers can use it to calculate
hourly price when they receive the optimal system load vector.

The proposed function (4)1 belongs to the class of sigmoid
functions, which can be used as a price rate function by utility
companies. It features a gradual increasing rate at the beginning
and end of its domain. Note that this function also resembles an
IBR price function where for 0 ≤ Lh ≤ d the price is equal to
P (0) and for Lh ≥ d it first grows with the rate of e−c(Lh −d) and
then increases to its maximum growth rate cΔP

e until it reaches
to P (0) + ΔP .

Lemma 1: If ΔP, b, c, d > 0, and b ≥ c, the function (4) is a
quasiconvex function (Proof: See Appendix A).

III. DR PROGRAM

In our proposed DR program, the utility announces day-ahead
pricing function with the desired coefficients according to his-
torical market data or an internal preference. Then, customers
send their hourly load and participation decision to the util-
ity using the provided communication channel. In the end, after
solving the optimization problem a vector of the average load for
the following day is transmitted to all customers. Load schedul-
ing is performed according to the information gathered from
the utility by the users. However, any user can deviate from
its decision prior to an actual hour but before the incoming
day. Fig. 1 shows overall proposed DR scheme. We first formu-
late our load scheduling program as the following centralized

1Known as Gompertz function [19].
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optimization problem:

Minimize
H∑

h=1

Nk∑

ik =1

⎛

⎝
∑

a∈Ai k

xh
ik ,a

⎞

⎠P

(
Nk∑

ik =1

xh
ik

)

(5a)

s.t.

Dh
k ≤ lhmax∀h ∈ H (5b)

βi k , a∑

h=αi k , a

∑

a∈Ai k

xh
ik ,a = Eik ,a∀ik ∈ Nk (5c)

∑

a∈Ai k

xh
ik ,a + x′h

ik
= xh

ik
. (5d)

The load scheduling outlined above is a quasiconvex opti-
mization since its objective function is quasiconvex and con-
strains are convex. In this formulation, xh

ik ,a is the power con-
sumption of appliance a ∈ Aik

of customer ik at hour h ∈ H
and lhmax is the total available energy to utility at hour h ∈ H .
Constraint (5b) ensures that the overall demand does not ex-
ceed the utility power capacity. Note that [0, lhmax] is the domain
of function (4). Constraint (5c) confirms that the total energy
consumption of appliance a during its working time is equal to
its required energy Eik ,a . The last term ensures energy balance
between the input consumption vector and the optimized output.

Let X be the feasible set of problem (5). Since the objective
function is differentiable, the sufficient condition for an optimal
answer is

x ∈ X , ∇P (x)T (y − x) > 0∀ y ∈ X\{x}. (6)

In a general context, to solve the quasiconvex optimization
problem (5), we should define its convex feasibility problem
and then solve it through bisection algorithm [20] given in
Algorithm 1 as follows:

Minimize
H∑

h=1

Nk∑

ik =1

x

s.t. Ψt(x) ≤ 0

(5b), (5c), (5d). (7)

This is the feasible problem of optimization problem (5) for
fixed t in x. The parameter Ψt(x), t ∈ R is the set of t-sublevel
convex function of P (.) fulfilling the following condition:

P (x) ≤ t ⇐⇒ Ψt(x) ≤ 0. (8)

An example of such function set that satisfies the above condi-
tion is given as follows:

Ψt(x) = log
(

1
b

log(ΔP ) − 1
b

log(t)
)

+ c(x − d). (9)

However, as explained earlier, the proposed objective function is
nondecreasing, hence it is quasilinear. Therefore, we can solve
the optimization using sequential quadratic programming [21].

We denote the output as the optimal consumption vector for
user ik with X∗

ik
= [x∗1

ik
, . . . , x∗H

ik
]. For users who are not par-

ticipating in DR program, i.e., N ′
k , the price is set according to

Algorithm 1: Bisection Algorithm.
Initialisation:
lb = 0, ub = lhmax, ε > 0
LOOP Process
for k = 1 to maxIter do

t = (ub + lb)/2
Solve (7)
if (7) is feasible then

ub = t
else

lb = t
end if
if (ub − lb ≤ ε) then

stop
end if

end for

(4). Although they still can benefit from dynamic pricing arose
from implementing the proposed DR program, they experience
higher price when they do not participate.

A. Billing Mechanism

In this section, our billing mechanism expressed as social
pricing is introduced and a discussion on its properties is pro-
vided. Social pricing is the term we have used to define our
billing scheme, which discriminates between customers prices
per kWh. In this scheme, customers price is calculated relative
to a customer with a similar consumption in a particular time
slot. In contrast to models where customers’ personal informa-
tion is used to issue the bill, our method uses their consumption
data to calculate the price. This method avoids a higher payment
by individuals who have a low impact on system load. The price
charged by utility per kWh at time h ∈ H is proportional to the
others consumption level as follows:

Bh
ik

= λ∗h Nh
k x∗h

ik

D∗h
k

(x∗h
ik

)ik ∈ {ik |x∗h
ik

∈ R++}. (10)

In this equation, Nh
k is the number of users in the group

Uk at time h ∈ H , λ∗h = P (Lh), and x∗h
ik

is the optimized
amount of energy consumed by user ik at time slot h ∈ H ,

D∗h
k =

∑N h
k

ik =1 x∗h
ik

. Equation (10) was suggested in [22] where
utility sets a maximum price to pay to customers based on their
reduction commitment without penalty for not committed users,
the utility then updates the maximum price according to overall
commitment received. However, here the equation modified to
assign electricity price directly to each customer. In addition,
since we add a group size parameter to the equation proposed in
[22], it can restrict boundaries of electricity price for our usage.

One main feature of this equation is that the price λh in each
hour depends solely on the overall load in that particular time,
nevertheless, customers experience different prices based on
their demand relative to the other users’ consumption. Note that
the consumption of each user affects the individual and others
expense. Using the proposed billing mechanism, a consumption
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higher than majority average usage will result in a penalty in
price per kWh. Using the price function (4), the cost of user i
during a day is computed as follows:

Cik
=

H∑

h=1

Bh
ik

∀ik ∈ Nk. (11)

Because the cost of generating/providing necessary energy
by utility company depends on the aggregate amount of load,
users should participate in the DR program to reduce this overall
load and therefore, reduce their own and others’ price. Since in
the proposed mechanism, users’ payment is relative to each
other, the utility can use this connection in price to encourage
customers by sending comparative reports to participants in the
DR program. As a result, a user will know that he/she has
consumed more compared with a customer with a similar usage
pattern. A recent study shows that people are more concerned
about their usage when they realize their cost can be affected
by others’ consumption behavior (e.g., neighbors) [23]. The
following propositions are always satisfied when we use the
proposed billing mechanism given in (10).

Proposition 1: The billing mechanism (10) is γ-budget bal-
anced, hence the sum of customer’s payment is equal or greater
than the overall cost in a particular hour:

Nk∑

ik =1

Bh
ik

= γ

Nk∑

ik =1

xh
ik

λ∗h ∀h ∈ H, γ ≥ 1. (12)

This condition is always satisfied and can be proved by in-
duction.

Proposition 2: The payment imposed to each customer is
bounded as

1
Nk

λ∗hDh
ik

≤ Bh
ik

≤ Nkλ∗hDh
ik

. (13)

The last proposition states that the minimum and maximum
price that a customer may pay per kWh in a random population
of customers is bounded. The amount of reward and penalty
on price is strongly correlated with the individual consumption
distance from the average consumption. In other words, as the
value of users’ consumption standard deviation grows, the mon-
etary incentive or penalty per kWh will increase accordingly. In
Fig. 2, in each group 1 to 6, we show the highest incentive and
penalty assigned to a user per kWh. As shown in this figure,
for group 6 where the consumption standard deviation is high,
the maximum incentive and penalty are applied. Beware that
the proposition 2 happens in the extreme cases where we put no
control over grouping the customers.

In term of fairness, the proposed billing mechanism (10) will
satisfy the following fairness lemmas.

Pareto Efficiency: At each particular hour h ∈ H , there is a
Min-Max relation in the billing of each two users. Hence, the
increase or decrease of one’s consumption results in decrease or
increase of another user billing.

Strategy-Proofness: A user cannot benefit from announcing
a lower or higher energy consumption value in a particular time
slot when we apply grouping.

M

Fig. 2. Maximum incentive and penalty assigned in a sample population per
kWh.

TABLE I
CUSTOMERS’ BILLING IN DIFFERENT METHODS

To assess the previous features, in the following, we first
briefly explain the billing mechanisms in [3] and [4] and then we
compare our proposed billing mechanism. The billing mecha-
nism in [3] divides the overall cost according to users’ consump-
tion portion of the total consumption. Therefore, customers’
billings are calculated as follows:

xik
∑Nk

ik =1 xik

×
H∑

h=1

Ch

(
Nk∑

ik =1

xik

)

[3]. (14)

The billing mechanism in [4] uses a similar method; however,
it calculates users’ billing in a hourly manner

H∑

h=1

xh
ik∑Nk

ik =1 xh
ik

× Ch

(
Nk∑

ik =1

xik

)

[4]. (15)

Now we apply above notions to an example. Consider a group
with four users who scheduled their demand arbitrary over a 4-h
horizon. The parameters in (4) are set to P (0) = 0.1,ΔP =
0.2, b = 1, c = 8, and d = 6.25. Table I shows the consumption
and billing of users with different billing mechanisms. In this
table, we compare billing mechanisms when we have the overall
consumption in a horizon. Therefore, the distribution of users’
load does not affect the final billing. Using the billing mech-
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TABLE II
CUSTOMERS’ BILLING IN A HORIZON

anism (10), users 1 and 3 have the highest payment, whereas
users 2 and 4 pay less because of their low consumption. Fur-
thermore, user 4 pays far less, since if users 1 or 3 had reduced
their usage, the overall price would have decreased accordingly.
In this setting, as opposed to our method, the mechanisms in [3]
and [4] penalize user 4 for what he/she is not responsible for.

In the above example, if we consider the distribution of users’
consumption in a 4-h horizon, the total payment of users will
decrease. The results are shown in Table II. In this table, using
the proposed billing mechanism (10), monetary payments of all
users are reduced except for users 3 and 4 due to their reluctance
to show flexibility in their consumption as others do so. Specif-
ically, user 3 is the dominant source of peak creation at h = 4.
If this user reduces his/her consumption by 30%, the price λh

will drop off by 67% . In mechanisms like [3] and [4], if a user
shifts his/her consumption in one ToU time zone, he/she will
not get an incentive and will be charged the same amount for
that particular time zone.

IV. GAME MODEL

In this section, we first propose our noncooperative game
model and then extend it under the concept of EUT and PT. By
having the billing mechanism (10) in mind, we formulate the
game as G = 〈Uk , {Sik

}ik ∈Uk
, {−bik

}ik ∈Uk
〉, where Uk , k ∈

{1, . . . , K} is the set of players, sik
∈ S, S = [0, lhmax] is the

strategy of player ik , and −bik
is the utility function. Every

player inclines to choose a strategy xh
ik

in each hour from the
set of available strategies so as to maximize his/her own utility.
Players have an action set, which is the amount of consumption

denoted by vector sik

def= {x1
ik

, . . . , xH
ik
}. We define the utility

function as follows:

bh
ik

(sik
, s−ik

) = λh Nkxh
ik

Dh
k

(xh
ik

) (16)

where s−ik
is the strategy vector of players other than ik . To

elaborate players’ actions, consider a two-player game that each
player has a specific consumption. If xh

ik
< X̄h

ik ,Uk
, player ik ’s

strategy will only depend on his/her own preference and increas-
ing consumption will result in reducing incentive on price per
kWh, whereas, if xh

ik
> X̄h

ik ,Uk
, player will penalized for not

following the consumption norm. Giving the previous example,
the best response for player ik would be as follows:

BRik
(s−ik

) = maximize
xh

i k

H∑

h=1

X̄h
ik ,Uk

− xh
ik

. (17)

Fig. 3. Convergence rate of Algorithm 2 for 30 users.

Algorithm 2: Finding Equilibrium.
Sending price function to customers by utility

2: while X̄h
ik ,Uk

is different from previous round do
for User ik = 1 to Nk do

4: Solve (5) for user i
if (5) is feasible then

6: Update X∗h
ik

end if
8: Update X̄h

ik ,Uk
∀ ik ∈ Uk

end for
10: end while

It is the consumption strategy at each hour that has the maxi-
mum distance from X̄h

ik ,Uk
and therefore has the minimum price

and payment. However, because of the scheduling problem (5)
optimality, users cannot reduce this distance without curtailing
their load. Users can use X̄h

ik ,Uk
to extract the aggregated con-

sumption vector of other users. To solve this game, we can use
the asynchronous Algorithm 2 based on the best responses.

Since the cost function (4) is nondecreasing and the problem
(5) is feasible, Algorithm 2 will converge to an equilibrium as
shown in Fig. 3.

A. Expected Utility Theory

Thus far, we have ignored the fact that players can decide to
participate in the program probabilistically. In this section and
the section that follows, we relax this constraint to provide a
more realistic insight into our study. We want to realize under
what conditions users are eager to participate in the program. In
a horizon H if we denote Xik

as the user load vector without
scheduling and X∗

ik
as the optimal load vector after scheduling,

each player chooses to participate with action aik
∈ {Xik

,X∗
ik
}

and the probability prik
(aik

). So we indicate prik
as the mixed

strategy over the horizon H for user ik ∈ Uk and pr as the vector
of all mixed strategies. We can now calculate the expected cost
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Fig. 4. Areas of loss and gain.

of each player as follows:

UEUT
ik

(pr) =
∑

ai k

(
Nk∏

ik =1

prik
(aik

)

)
H∑

h=1

bh
ik

(aik
, a−ik

). (18)

B. Prospect Theory

In this section, we describe the notions that we need to analyze
consumers’ behavior under PT and then formulate our problem
accordingly.

1) Reference Point: In PT as opposed to the EUT, the utility
does not measure ultimate users’ wealth, but it evaluates the
notion of prospect. That is, the loss and gain players feel re-
garding a reference point. If we select the reference point for a
particular time slot and for each customer as XRF

ik ,h = X̄h
ik ,Uk

,
for a particular time slot we have

XRF
ik ,h =

(
X̄h

1,Uk
, . . . , X̄h

Nk ,Uk

)
. (19)

In Fig. 4, we specified the area of monetary loss and gain of a
user according to the reference point defined above.

2) Value Function: In the PT under the framing effect, the
utility function will change to an S-shaped function to show
gains and losses. The notion of diminishing sensitivity is also
shown by this value function. That is, a player is risk seeking
in losses and risk averse in gains [1]. We define the individual
utility as a function of reference point as follows [24]:

vP T
ik

(xik
) =

⎧
⎪⎨

⎪⎩

(z)α if bh
ik

(
xh

ik

) ≥ bh
ik

(
XRF

ik ,h

)

−ηik
(−z)ξ if bh

ik

(
xh

ik

)
< bh

ik

(
XRF

ik ,h

) .

(20)
This function shows the loss and gains of a user in re-

sponse to self-consumption level [24], where z =
(
bik

(xh
ik

) −
bik

(XRF
ik ,h)

)
, αik

and ξik
are distortion elements for gain and

loss, and ηik
is the loss assessment parameter for user ik . Con-

sidering previous definitions, now we can define our expected
utility by incorporating fixed framing effect as follows:

UP T
ik

(pr) =
∑

ai k

(
Nk∏

ik =1

prik
(aik

)

)
H∑

h=1

vP T
ik

(aik
, a−ik

). (21)

By defining our utility function under EUT and PT, we look
for a solution for the participation game. To find a solution, we
exploit the mixed-strategy Nash equilibrium definition for both
EUT and PT as

Uik

(
pr∗ik

, pr∗−ik

) ≥ Uik

(
prik

, pr∗−ik

)
. (22)

The indifference principle required that equality pr∗ik
Uik

=
(1 − pr∗ik

)Uik
satisfied for two players. In other words, utility

of participation is equal to utility of not participating for user ik .

Fig. 5. Fitting the cost function in a single day on 5 March 2015.

Fig. 6. Comparing load scheduling results.

V. NUMERICAL RESULTS

Consider a collection of Nk = 5 users who own five shiftable
appliances on average. The price function parameters are
P (0) = 0.1,ΔP = 0.2, b = 3, c = 0.5, d = 6 for all time slots
and the scheduling performed in a H = 24 horizon.

To calculate optimal coefficients in the proposed price func-
tion (4), the least-square method and real data from [18] are
used. The function obtained from using these coefficients is
shown in Fig. 5.

A. Influence of Choosing a Quasiconvex Objective Function
on Load Scheduling

Fig. 6 shows the load curve of customers when scheduled
using the proposed cost function (4), a quadratic cost function
0.001(Lh )2 + 0.1Lh∀h ∈ {1, . . . , H}, and a ToU price plan.
In this figure, there are two points that need careful attention.
First, in hours that the load is lower than baseload (parameter
d) we have constant cost, therefore scheduler is indifference
in these loads and if the constraints allow, it will always fill
the capacity of these hours. We have the same situation when
we arrive at system full capacity where utility no longer can
provide further power, i.e., the utility saturates its maximum
capacity and once again price become constant but this time the
scheduler restricts the usage by the parameter lhmax. Second, there
is a gap between these two price bounds and our function models
it and utility can decide on the best slope parameters that suit
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Fig. 7. Overall daily cost of each user using different cost functions.

Fig. 8. Average price allocated to customers per kWh.

its needs. In Fig. 7, we show the overall cost for each customer.
Despite having a lower price bound, the calculated cost has not
changed dramatically, which means our cost function is still
shown similar properties as a quadratic function. To have a
correct cost comparison, the coefficients in each function are
selected so that we have the same average cost. Another criteria
to assess the effectiveness of a load scheduling problem with
quasiconvex objective function is peak-to-average ratio, where
in our case it shows a decrease of 10% in a day with 29% overall
shiftable load. Finally, regarding the scalability of scheduling
algorithm with a quasiconvex objective, the simulation shows
that it takes almost two iterations per user until the algorithm
converges as it is shown in Fig. 3.

B. Billing Mechanism

As it was mentioned in Section III-A, the billing mechanism
(10) is γ−budget balanced, hence the average price that utility
charge per kWh in a group is still λ∗h . This behavior depicted in
Fig. 8. In Fig. 8, from a load perspective, the overall load of the

Fig. 9. Payment per hour for users 2 and 3.

Fig. 10. Payment per hour for users 2 and 3 with equal nonshiftable load and
same share for shiftable load.

system in hours that price became constant is much higher. How-
ever, because in these hours, the utility is using his full capacity
the price is not changing. As a result, although users consume
the same amount of energy the average price is lower after
scheduling. where it also shows the reduction in hourly price by
performing load scheduling. In Fig. 9, we have compared the
payment of two users with different shiftable load amount. It can
be seen that user 3 with 25% shiftable load achieves 22% cost
reduction in average payment compared with user 2 with just
18% shiftable load. In a situation where both users consume the
same but have different flexibility score, we again have a differ-
ent payment per hour because of users flexibility in distributing
their load. The results in Fig. 10 confirm that user 3 who has
flexibility score f3 = 12.5 pays less compared with user 2 with
f2 = 10 even with the same total shiftable load.

To calculate payment, customers are classified in each time
slot using K-means algorithm within a maximum of four groups.
Table III shows customers’ overall daily payment in extreme
cases where either all users participate in the program or none
of them join the program. In this table, users’ payment is de-
termined using (10) before and after scheduling. It is apparent
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TABLE III
USER’S DAILY PAYMENT USING K-MEANS TO GROUP USERS IN EACH h ∈ H

TABLE IV
CUSTOMER PARTICIPATION UNDER EUT AND PT

Fig. 11. Mixed-strategies at the equilibrium under PT and EUT (group = 4).

from this table that after scheduling when the system is at its
optimum status users 2, 3, and 5 are charged more given the
fact that they have a negative influence on the price. It is also
important to explain that increased billing of user 3 is related to
its less flexibility in shifting appliances load.

C. Game Under EUT and PT

This section of the paper discusses players reaction to the
DR program proposed in Section III. Table IV shows avail-
able decisions to customers in the discussed frameworks. Us-
ing the proportional billing mechanism with an increasing cost
function, all customers assumed to participate under the EUT
framework. The results presented in this section are based on
using the proposed billing mechanism (10). Under EUT and
PT after calculating users’ utility by enumerating all combina-
tion of possible users’ participation, we have used the method
proposed in [25] to calculate a Nash equilibrium. To deter-
mine the expected utility under PT, the parameters in (20) set
as αik

, ηik
= 0.88, ξik

= 2.5∀ik ∈ Nk . Fig. 11 represents the
mixed-strategies for our users under PT and EUT. As it is shown
in this figure, some users have pure strategies to participate in

Fig. 12. Utility of each user under EUT and PT.

the program, whereas strategies of others are mixed between
participating and not participating.

When users can decide on their participation, the expected
utility changes because of the framing effect in PT. At the
Nash equilibrium, we observe a change in the decision un-
der EUT and PT, which stems from integrating users’ behavior
parameters. Another significant result is that when we calcu-
late mixed-strategies without grouping, under PT framing, the
user becomes indifferent between participating and not partic-
ipating. However, under EUT, users play with pure strategy to
participate in the program. This observation shows that when
we apply an incentive to customers based on their individual
behavior, their strategy to participate differs from the situation
where all customers get an equal incentive. The expected utility
for both PT and EUT is shown in Fig. 12. In this chart, the
difference between the two utilities is not relevant but the value
assign to each user is important. As it is shown, the order of
utility for users is different under PT and EUT.

VI. CONCLUSION

In this paper, we factored in customers’ participation and
enhanced the social aspect of a DR program in a smart grid.
The quasiconvex price function introduced modeled differen-
tiable conservation rates to be used in the scheduling algorithm.
We further introduced social pricing that connects the behav-
ior of individuals to each other. The proposed mechanism is
compared with different fairness lemmas and the effect of our
billing mechanism on users was studied under PT framework. In
future works, it is interesting to design or propose a robust algo-
rithm that automatically changes users’ group according to their
power consumption and thus bound the penalty and incentive in
a reasonable range. It is also recommended to investigate a trad-
ing market that allows customers buy fixed electricity packages
when day-ahead scheduling shows they consume above others.

APPENDIX

A. Proof of Lemma 1

Proof: A function f : X → R ∪ {∞} is quasiconvex if for
all x ∈ R, the sublevel sets are convex [20]. For function (4),
we consider x ∈ [0, lhmax] and the set St = {x ∈ R : f(x) ≤ t}.
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The set {f(x) ≤ t} should be convex for any t ∈ R
{

e−be−c (x −d ) ≤ t

ΔP

}

{

e−c(x−d) ≥ 1
b

log(ΔP ) − 1
b

log(t)
}

.

For any fixed t, the following set is convex:
{

log
(

1
b

log(ΔP ) − 1
b

log(t)
)

+ c(x − d) ≤ 0
}

.

Therefore, function (4) is convex in all of its sublevel sets.

�
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