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RESEARCH PAPER

A robust approach for rating curves estimation in open channels using isovel
contours
Arash Ahmadi and Mahmoud F. Maghrebi

Civil Engineering Department, Ferdowsi University of Mashhad, Mashhad, Iran

ABSTRACT
The use of reliable stage-discharge curves is one of the most important issues in the management of
water resources and river engineering. Discharge measurement in natural rivers is generally difficult
and accompanied by errors. The use of new models has an effective role in reducing the time and
cost associated with hydrometry. The purpose of the present study is to introduce a new method
to estimate discharge in open channels using a novel method that is based on the isovel
technique. The significant aspect of the present method is its inherent simplicity, which does not
need any calibration. Using the proposed method, it is possible to estimate the stage-discharge
curve in the whole section by only using discharge information from just one arbitrary water level.
Theoretical discharge can be obtained through a general relationship, which is composed of some
parameters with unknown powers. According to the number of parameters as well as the
geometric cross-sections, 225 different relations are extracted. The minimization process of error
between the observed and estimated data is used to select the most accurate relationship. For
validation, data from eight river cross-sections are used. Results indicated that the mean value of
error is within 7.2%. Amongst the advantages of the proposed method is that it can be applied to
all kinds of hydraulic cross-sections, even those with non-uniform bed roughness distributions.
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Notations
A cross-section area of flow;
a1, a2, a3, a4, a5, a6, a7 exponent variables;
bwc, bw f 1, bw f 2 width of the main channel, flood plain on

left and right side, respectively;
c1, c2, c3 constants related to roughness on the

wall and turbulent intensity, respectively.;
ds a finite element of boundary;
duSPM computational differential velocity devi-

ation between an element of the bound-
ary and an arbitrary point in the flow
field;

f friction factor;
f (r) dominant velocity function;
ks Nikuradse sand equivalent roughness
i, j numerator variables;
MAPE mean absolute percentage error;
MAPE average value of MAPE;
NRMSE normalized root mean square error;
NRMSE average value of the normalized root

mean square error;
P boundary wetted perimeter;
Pt total wetted perimeter;
Q discharge;
r positional vector;
RMSE average value of the root mean square

error;
s0 bed slope of channel;
T width at the free surface;
U average velocity of flow;
USPM computational mean flow velocity in the

streamwise direction;
uSPM streamwise velocity at a point in the

channel section;
u* shear velocity;
x variable vectors;
y, z coordinates in channel cross-section;
u angle between the positional vector and

the boundary element;
ρ density of fluid

Subscripts e, r estimated and referenced quantities,
respectively.

1. Introduction

In hydrometry, discharge measurement is an essential par-
ameter in river engineering. Using the stage-discharge curves
reduce hydrometric costs, especially in natural rivers. There-
fore, many research works have been conducted for setting-
up the rating curves, including hydraulic, graphical, artificial
intelligence, and statistical methods. The stage-discharge esti-
mation in an open channel has been a challenge for hydraulic
engineers since the early developments of the discipline The
Chezy and Manning formulae have acceptable results in the
inbank flow, where the whole flow cross-section is considered
as a unified and integrated section, which is called as the SCM
(Single Channel Method). However, when water begins to
flow on the floodplain(s), the wetted perimeter increases sud-
denly and the hydraulic radius decreases accordingly. So the
implication of the SCM will lead to underestimated results
(Sahu et al. 2011). The equivalent Manning roughness may
be derived from a relationship based on the multiplication
of the wetted perimeter by the corresponding roughness in
each subarea divided by the whole wetted perimeter
(Chaudhry, 2008). Sellin’s (1964) investigations showed that
the DCM (Divided Channel Method) overestimates the dis-
charge in a compound channel.

So far, various methods have been introduced by research-
ers in order to improve the performances of SCM and DCM
(Wormleaton et al. 1982, Shiono et al. 1999). Wormleaton
et al. (1982) used a series of experiments to measure flow
and boundary shear stress distributions in straight symmetri-
cal compound sections of varying floodplain width and
roughness. They presented a modified equation, which
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makes a more realistic allowance for interaction at the main
channel/floodplain interface. It achieves this by incorporating
the Ф-index.

Furthermore, Ackers (1993) used experimental data and
proposed the concept of coherence (COH), which works
based on the ratio of the discharges that are calculated by
the SCM and DCM methods. Lambert and Myers (1998)
have proposed WDCM (The weighted divided channel
method) by investigating the experimental works. The
WDCM is based on the fact that the real discharge should
be located between an underestimated value of SCM and
the overestimated value of DCM. The exchange discharge
method (EDM) was proposed by Bousmar and Zech
(1999). The momentum transfer is estimated as the product
of the velocity gradient at the interface by the mass discharge
exchanged through this interface due to turbulence. One of
the main problems of the COH, EDM and WDCM is that
all of them need calibration.

The Shiono and Knight Method (SKM) is a 1-D approach
based on depth-mean velocity model for rating curve esti-
mation. In SKM, the local bed friction, the lateral eddy vis-
cosity, and the depth-average secondary flow coefficients
should be calibrated for each cross-section (Shiono and
Knight 1991). Liao and Knight (2007) presented analytical
formulae to estimate the rating curves in straight trapezoidal
open channels. The results indicate good agreement between
the analytical and experimental rating curves.

Tang and Knight (2008) presented a general analytical
model of lateral depth-averaged velocity distributions for
open channel flows using experimental data. Hin et al.
(2008) presented a method for predicting the discharge of
overbank flow in natural rivers. They introduced the concept
of composite friction fc, which represents the actual resistance
to flow due to the averaged boundary shear force and the
apparent friction factor fa which is shown to be increased
rapidly for low relative depth.

Based on the SKM, Knight et al. (2009) presented a
numerical model named the Conveyance Estimation System
(CES) based SKM. Mc Gahey et al. (2008) presented the
application of the Conveyance and Afflux Estimation Sys-
tem (CES/AES) software. They were focused on the convey-
ance element, which provides a means for estimating flow
capacity for a range of channel types, flow conditions and
roughness.

Hasanpour Kashani et al. (2015) utilized neural network
methods for predicting the rating curve of the Kizilirmak
River, Turkey. The results have indicated that the efficiency
of the ANFIS (Adaptive Neuro-Fuzzy Inference System)
model is higher than all of the other models. Londhe and
Panse-Aglave (2015) used three different data-driven tech-
niques, which are called the NLR (Nonlinear Regression),
the ANN (Artificial Neural Networks) and the MT (Model
Tree) methods to model stage-discharge curve in the Krishna
river basin of India. Their results were shown thatMT model
is more accurate than the other models. Singh et al. (2014)
have predicted the discharge in natural rivers using the Tsallis
entropy. In their method, the parameters of the rating curve
can be obtained from the Lagrange multipliers by maximizing
the Tsallis entropy. Furthermore, the entropy index (m) cor-
responding to the closest agreement with measured data
should be calibrated by measured data in each cross-section.

Maghrebi et al. (2016) and Maghrebi and Ahmadi (2017)
were the first to present a method for estimating stage-

discharge curves using the least amount of hydraulic data
that is comprised of the geometrical information of the
cross-section and discharge at any desired water level. The
proposed model was only applicable for sections with uni-
form bed roughness distribution. In the continuation of
their studies, Maghrebi et al. (2017) proposed a new relation-
ship that was mainly aimed at increasing the accuracy of the
results in compound cross-sections; however, this relation-
ship also failed to be applicable to sections with non-uniform
bed roughness distribution. Ahmadi et al. (2017) studied the
impact of roughness and found that the new relationship had
an acceptable accuracy. The present study investigates differ-
ent conditions for determination of an optimal relationship,
which is achieved by analysing 225 different relations consid-
ering non-uniform roughness distributions. Results are vali-
dated by utilizing the observed data of several natural cross-
sections comprising the Severn and Main Rivers in the UK,
the Loushan section of the Yangtze River in China, the Color-
ado in Argentina, the Nazli-chay and Molasani rivers in Iran,
as well as the Tomebamba River in Ecuador. It should be kept
in mind that the results obtained from the present method
depend on the accuracy of the reference discharge. Sensitivity
analysis has been carried out for the discharge fluctuations in
the Severn River. Generally, in many conventional methods
the calculations are based on the DCM (Divided Channel
Method). The accomplishment of this task is complicated
particularly in compound channels with asymmetric flood-
plains at different water levels. The proposed method in the
current paper unlike the other conventional methods, is
based on unified and integrated flow section. On the other
hand, the current methodology does not need any calibration,
meanwhile, other conventional methods are very much in
need of calibration.

2. Derivation of the isovel contours

Discharge estimation via the implementation of isovel con-
tours using a single point of velocity measurement (SPM)
has previously been reported (Maghrebi and Ball 2006).
The rating curve relationship can be estimated by utilizing
an extension of the isovel contours. In Figure 1, a typical
river with compound cross-section, covered by triangular
meshes, is depicted. The boundary effects are determined at
the centroid of each triangular element. The number of
meshes at the water-boundary surface has been augmented
to achieve higher accuracy.

The entire range of conventional velocity distributions,
including power, velocity defect, and logarithmic laws, are
functions of y that is measured vertically from the boundary.
The power-law often takes the place of the logarithmic law.
These distributions are appropriate for pipe flow and open
channels that have large aspect ratios. Prandtl employed the

Figure 1. Illustrative geometry for the effect of boundary on the velocity of an
arbitrary point with coordinates (y,z) in a compound channel cross-section.
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experimental results acquired regarding pipe flow to the flat-
plate boundary layer. Nikuradse (1933) proposed the follow-
ing velocity distribution:

u
U

= y
R

( )(1/m)
(1)

where R represents the radius of the pipe; u and U denote the
streamwise velocities at distances y and R from the wall,
respectively. The power-law velocity profile is defined for
open channels as:

u
umax

= y
H

( )(1/m)
(2)

where H denotes the water depth and umax represents the
maximum velocity, usually occurring at the water surface.
Straight channels with adequately large aspect ratios usually
feature these profiles. The velocity profiles are mostly similar
due to the exponent 1/m being mostly independent of Rey-
nolds number. Over a wide range of the Reynolds numbers,
it is found that m= 7 (Chen 1991), derived another form of
the previous equation, applicable to steady uniform turbulent
fluid flow in both pipes and open channels:

u
u∗

= c
y
ks

( )(1/m)

(3)

where ks denotes the Nikuradse sand equivalent roughness,
u∗represents the boundary shear velocity, and c is a coeffi-
cient. However, most of the natural and artificial channels
do not have cross-sections with such large aspect ratios.
Maghrebi (2003) proposed that r should be used instead of
y in velocity distribution functions to address this problem.
Later he found some similarities between the idea which is
imposed to the flow cross-section and the Bio-Savar law,
which can be used to calculate the intensity of a magnetic
field dH generated at a point in space by an infinitely long
wire carrying a stationary and steady current I (Halliday
and Resnick 1981). According to this law, the distance r
(and not y) plays the primary role in the quantification of
the generated magnetic field.

The vector product of an elemental boundary ds, in
addition to the distance vector r, can be determined by
using the right-hand rule in the following equation (see
Figure 1):

d uSPM = c1d s× f (r) (4)

The integration of Eq. 4 with the wetted perimeter deter-
mines the total effect of boundary on any arbitrary point
that has coordinates (y, z):

uSPM(y, z) =
∫

boundary

c1 f (r) sin u ds (5)

where the coefficient c1 changes depending on relative rough-
ness and Reynolds number for fully rough flow and hydrau-
lically smooth flow, respectively. Also, u denotes the angle
between ds and r, and f(r) represents the dominant velocity
in terms of r. The power-law velocity profile thus takes the
form of the following equation:

f (r) = u∗(c2 r(1/m)) (6)

where c2 is related to the nature of flow as well as boundary
roughness. By substituting f (r) from Eq. 6 into Eq. 5, the

local point velocity at an arbitrary position in the channel sec-
tion with coordinates (y,z) in Figure 1, uSPM (y,z), is deter-
mined as follows:

uSPM(y, z) =
∫

boundary

c1 c2 u∗(r(1/m)) sin u ds (7)

By using c3 replacing the value of c1 c2 u∗ and considering
m to be equal 7, Eq. 7 can be rewritten to take the following
form:

uSPM(y, z) =
∫

boundary

c3(r
(1/7)) sin u.ds (8)

This equation holds valid for all triangular meshes within
the flow area of Figure 1. Therefore, the total average cross-
sectional velocity produced by the wetted perimeter can be
determined by the following equation:

USPM =
�
A uSPM(y, z)dA

A
(9)

3. Determination of the proposed relationship

All parameters involved in discharge are also related to the
stage-discharge relationship. The cross-sectional area A,
wetted perimeter P, the width of the free surface T, total sur-
rounding perimeter Pt (=P + T), equivalent Manning rough-
ness n, and bed slope S0 are among the key contributing
parameters. Although Pt and T do not appear in the Manning
formula, they are found very useful in describing the flow
characteristics in compound channels with an abrupt change
in wetted perimeter and small variation in area. When dealing
with compound channels, a surrogate variable like T should
be used to consider the geometry of a sudden increment in
the wetted perimeter at the horizontal junction of the main
channel and flood plain. The total perimeter of the cross-sec-
tional area Pt, which is defined as Pt = P + T, is not usually
included in the formulation of discharge (Maghrebi et al.
2017). Another key parameter is USPM, which can be used
to obtain the isovel contours and thus carries the concept
of mean cross-sectional velocity. Hence, the following
relationship can be used to express discharge Q:

Q = f (A, P, T , Pt , USPM , n, S0) (10)

In the next step, certain variables that impact the amount
of discharge are selected according to the following relation-
ship:

Q/ Aa1 Pa2 Ta3Pa4
t Ua5

SPMn
a6Sa70 (11)

As the bed slope of the channel remains constant across all
water levels, its effect can be omitted from the computational
procedure. The exponent a7 is thus set as zero. Since the pre-
sent study aims to establish a general relationship between the
discharges at two different water levels, when proposing a
generalized relationship for estimating the stage-discharge
curve, the form of a ratio is used as follows:

Qe

Qr
= Ae

Ar

( )a 1 Pe
Pr

( )a 2 Te

Tr

( )a 3 (Pt)e
(Pt)r

( )a4 (USPM)e
(USPM)r

( )a 5 ne
nr

( )a 6

(12)

where the estimated and referenced values are denoted by the
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subscripts e and r, respectively, all of the parameters on the
right-hand side of Eq. 12 both in the numerator and denomi-
nator can be calculated by knowing the water level. From the
two discharges on the left-hand side of Eq. 12, the discharge
in the denominator is referred to as the observed value. So the
only unknown variable is the estimated discharge Qe.

This equation presents the challenging issue of determining
the exponent values a1, a2, a3, a4, a5 and a6. There are several
stages for calculating these values. Firstly, data from measured
and theoretical rating curves for different hydraulic cross-sec-
tions must be collected. The Manning formula is then utilized
to calculate the stage-discharge values for the triangular, rec-
tangular and circular sections at various water levels. The fol-
lowing values are adopted for the cross-sections’ geometry: the
circular cross-section’s diameter is 2 m, Hmax=1 m is the
width of the rectangular cross-section and the highest water
level over the invert, the side slopes of 1(H ):1(V ) is related
to the wall slopes of the triangular channel, in which the high-
est water level is Hmax=1 m and Manning roughness coeffi-
cient is n = 0.015 and bed slope is S0=0.001. An additional
cross-section is implemented in order to establish an equation
that is accurate for estimating the stage-discharge relationship
in compound channels. This additional cross-section is exper-
imentally investigated for discharge estimation from FCF-
Series01 (Knight 1992). Table 1 presents the specifications of
the compound channel shown in Figure 2.

The parameters nc, nf, sc, sf, bwc, bwf1, bwf2, h andHf are the
Manning roughness coefficients in the main channel and the
floodplain, the main channel’s side slope, the floodplain’s side
slope, the main channel’s width, the floodplain’s width on the
left and right sides, the main channel’s depth, and the flood-
plain’s depth, respectively.

Velocity has a power of 1 in the fundamental continuity
relationshipQ=AU. Furthermore, we do not expect any values
aside from 1 for a5 because USPM has the same role as velocity.
In regards to a6, the Manning formulae show an inverse
relationship between discharge and roughness, and its value
can, therefore, be set as −1. Hence, only a1 to a4 must be cal-
culated. In order to optimize the exponent values of the key
parameters, Newton’s method is employed to the difference
between the observed and estimated data. As the proposed
relationship can be made from 3 to 6 various parameters, it
is worth noting that the exponent values can be extracted
from various conditions. Accordingly, 15 combinations with
a minimum number of 3 parameters and the maximum num-
ber of 6 parameters can be extracted. On the contrary to the
traditional stage-discharge method in which the stage and

area as a rating are used for the computation of the rating
curve relation, the proposed relation is composed of seven rat-
ings which are connected to stage in the most convenient form
as shown in Eq. 12. Also calculation of the exponents in this
equation is a straightforward task. From Manning formula it
is known that the discharge is inversely related to the rough-
ness, so the exponent a6 should be set as −1. Therefore, the
remaining exponents to be calculated are a1 to a4. To optimize
the exponent values of the key parameters, Newton’s method is
employed to the difference between the observed and estimated
data. The proposed relationship can be composed of 3–6 differ-
ent parameters. Meanwhile, all of the proposed relationships
should contain USPM and n as well as at least another length
parameter. The minimization process features the combination
of all four reference cross-sections (circular, triangular, rec-
tangular and compound). The total number of combinations
which can be altered from one section to four is 15. Thus,
the overall number of equations will be 225. Then, the best-
proposed relation can be selected using some statistical
analysis.

The geometric and hydraulic parameters of Amax, P, (Pt),
USPM and n at four chosen sections must be evaluated across
all water levels in order to determine the exponent values
shown in Eq. 12. The variations of these parameters in the
selected sections are indicated in Figure 3(a–d). Associated
with the maximum water level Hmax, the maximum values of
the parameters as mentioned above are shown in Table 2
and denoted as Amax, Pmax, (Pt)max, USPM and nmax. Various
methods can be utilized to calculate the Manning roughness
coefficient n, which is the equivalent roughness (Yen 2002).
It takes the corresponding roughness valuewhen the boundary
roughness is uniform.However, if boundary roughness is non-
uniform, then at each water level the equivalent roughness
must be implemented. The proposed method can be used to
estimate the rating curve just by knowing the water level.

The values of exponentsa1,a2, a3 and a4 must be computed
in order to complete the calculation procedure. The minimiz-
ation of the statistical measure NRMSE can allow this goal to
be achieved, and is defined as follows:

Table 1. Geometric and hydraulic specifications of the compound channel cross-sections.

Test S0 (×10
−3) nc nf Sc Sf Bwc (m) bwf1 (m) bwf2 (m) h (m) Hf (m)

FCF-S01 1.027 0.01 0.01 1 0 1.5 4.1 4.1 0.15 0.15
FCF-S02 1.027 0.01 0.01 1 1 1.5 2.25 2.25 0.15 0.15
FCF-S03 1.027 0.01 0.01 1 1 1.5 0.75 0.75 0.15 0.15
P & T-S1-R3 0.3 0.011 0.022 0.5 0 0.203 0.381 0.381 0.102 0.1
P & T-S2-R3 0.3 0.011 0.022 0.5 0 0.305 0.381 0.381 0.102 0.1

Figure 2. General characteristics of compound channels.

NRMSE =

1
N

∑N
i=1

																																																																																	
1
N

∑N
j=1

(Qr)i
Aj

Ai

( )a 1 Pj
Pi

( )a 2 Tj

Ti

( )a 3 (Pt)j
(Pt)i

( )a 4 (USPM)j
(USPM)i

( )1 nj
ni

( )−1

− (Qe)j

( )2
√√√√

(Qr)max − (Qr)min
= RMSE

(Qr)max − (Qr)min
(13)

4 A. AHMADI AND M. F. MAGHREBI



where the subscripts i and j refer to the reference and esti-
mated values, respectively and N denotes the total number
of investigated points per stage-discharge curve. Worded
differently, Qe is the estimated discharge at the jth level

which is obtained by the following equation:

Qe = (Qr)i
Aj

Ai

( )a1 Pj
Pi

( )a2 Tj

Ti

( )a3 (Pt)j
(Pt)i

( )a4 (USPM)j
(USPM)i

( )1 nj
ni

( )−1

(14)

By utilizing Eq. 14, a unique discharge curve can be
approximated by considering a single observed discharge as
a reference. Every single curve thus facilitates the calculation
of the RMSE parameter. RMSE, the mean of these values, can
then be determined. The difference between the maximum
and minimum reference discharges comprises the denomi-
nator of Eq. 13. As the establishment of a rating curve that
is derived from all of the chosen sections is desired, the

Table 2. Maximum values for the parameters engaged in Figure 3.

Name
Hmax

(m)
Amax

(m2)
Pmax

(m)
(Pt)max

(m) (USPM)max nmax

Rectangular 1 1 3 4 2.077 0.015
Triangular 1 1 2.828 4.828 4.78 0.015
Circular 1.995 3.14 6.083 6.282 5.219 0.015
FCF-S01 0.250 1.248 10.324 20.324 1.147 0.01
FCF-S02 0.287 1.135 6.814 13.390 1.254 0.01
FCF-S03 0.299 0.762 3.846 7.444 1.172 0.01
P & T-S1-R3 0.18 0.109 1.349 2.416 0.484 0.0184
P & T-S2-R3 0.18 0.127 1.451 2.620 0.518 0.0179

Figure 3. Variation of the relative values of A, P, Pt, USPM and n for different cross-sections (a) to (d) are used for the relationship development and (e) to (h) for
observing its performance.

INTERNATIONAL JOURNAL OF RIVER BASIN MANAGEMENT 5



general form of the objective function F is defined as follows:

F = NRMSETri + NRMSERec + NRMSECir

+ NRMSECom (15)

where the circular, triangular, rectangular, and compound
cross-sections are denoted by the subscripts Cir, Tri, Rec,
and Com, respectively. The minimization process must now
be implemented on F. The number of implemented sections
determines the number of parameters present on the right-
hand side of the aforementioned equation. Classification is
required for examining the performance of each relationship.
For this purpose,NRMSE, which is the statistical measure
related to the mean square error, is used. Figure 4 shows
the variations of NRMSEacross all 225 equations.

As it can be seen, the minimum value of NRMSEis related
to equation number 225. On the other hand, a negligible
difference about 0.001 exists between this value for 225 and
205 equations. In order to validate the established relation-
ship, the data from 4 other sections were used as complemen-
tary data and their stage-discharge curves were estimated
using 225 equations. For this purpose, rating curves data
from two laboratory compound channels FCF-S2 and FCF-
S3 (Knight 1992) and two rough compound channels P &
T-S1-R3 and P & T-S2-R3 (Prinos and Townsend 1984)
were utilized, with NRMSE values being determined for
each dataset. The variations of H, A, P, Pt, USPM and n are
depicted in Figure 3(e–h), while Table 2 presents the maxi-
mum values Hmax, Amax, Pmax, (Pt)max, (USPM)max and nmax.

In Figure 4, the parameters NRMSERec, NRMSETri,
NRMSECir , NRMSEFCF−S1, NRMSEFCF−S2, NRMSEFCF−S3,
NRMSEPT−S1 and NRMSEPT−S2 show the obtained
NRMSERec value for Rectangular, Triangular, Circular, FCF-
S1, FCF-S2, FCF-S2, P&T-S1-R3 and P&T-S2-R3 cross-sec-
tions, respectively.

One of the criteria for determining the final relationship is
the total NRMSE of these sections, where a lower total is
desired. However, the selection criteria for the best equation
among the 225 equations is not limited to the lowest value

of NRMSE. Other criteria including the number of par-
ameters and cross-sections utilized in the proposed relation-
ship have also been considered. Overall, the conclusion that
the best equation is the one with the lowest NRMSE in
addition to the minimal number of involved parameters
and cross-sections was reached.

Table 3 presents the comparison of the statistical perform-
ance of the most accurate extracted relationships grounded
on three, four, five and six parameters, and relating to
equation numbers 48, 133, 205 and 225, respectively. This
was done in order to arrive at a universal relationship. For
the best relationships in each category, i.e. Eqs. 48, 133, 205
and 225, the values of MAPE(%) and NRMSE are 12.78,
0.094, 7.8, 0.056, 4.479, 0.033 and 4.475 and 0.032, respect-
ively. Even though, the configurations of Eqs. 205 and 225
are radically diverse, their difference in absolute mean error
MAPE is only 0.004%. Hence, due to its relative simplicity
(compared with Eq. 225), Eq. 205 was selected as the best
relationship.

Five parameters of A, P, Pt, USPM and n in addition to two
geometrical cross-sections (rectangular and compound) are
required for the determination of exponent’s a1 to a4 in Eq.
225. At last, the selected relationship is displayed as a varied
form of Eq. 12:

Qe = Qr
Ae

Ar

( )0.97 Pe
Pr

( )−1.27 (Pt)e
(Pt)e

( )0.83 (USPM)e
(USPM)r

( )1 ne
nr

( )−1

(16)

The flowchart shown in Figure 5 provides a way of achiev-
ing the proposed equation.

4. Verifications

Estimation of the stage-discharge curve can be accomplished
by a step-by-step method, as shown in Figure 6. Having
obtained the rating curve, the accuracy of the method can
be evaluated by using real data in natural rivers.

Figure 7 depicts the comparison between the estimated
and observed rating curves when applying Eq. 16 for various

Figure 4. Variation of NRMSE for the whole number of relations.

Table 3. Performance evaluation of the best relationships selected from each class of 3, 4, 5 and 6 parameters.

MAPE (%) NRMSE

Exponents value

Equation numbern USPM Pt T P A

12.78 0.094 −1 1 0 0 0 0.761 48
7.80 0.056 −1 1 0 0 −0.488 1.006 133
4.479 0.033 −1 1 0.832 0 −1.268 0.972 205
4.475 0.032 −1 1 0.701 0.047 −1.183 0.979 225
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cross-sections. A feature that is worth noting is that only
three different levels have been used to determine the rating
curve for each section. The model’s performance is highly
accurate, according to the results.

In order to verify the proposed relationship, its capability
in different natural rivers with floodplains and composite
roughness will be examined. For this reason the hydrometric
stations at the Colorado River in Argentina, the Severn and
Main rivers in UK, the Tomebamba River in Ecuador (Knight
et al. 2009), the Cuntan and Loushan sections in the Yangtze
River (Xu et al. 2004), and the Nazli-chay (Amiri 2012) and
Molasani stations in Iran will be used. Each section of these
rivers has its geometric specifications, which are drastically
different from each other. This proves the generality of the
proposed relationship. According to Figure 8, the cross-sec-
tions of the Colorado and Main Rivers are compound with
non-uniform roughness distribution, while both Severn and
Molasani Rivers are compound channels with uniform
roughness distribution. As can be seen from Figure 8(g–h),
the Cuntan and Loushan sections are large rivers with huge
discharges.

Figure 9 shows the normalized calculated isovel contours
by the SPM at an arbitrary water level for all the rivers. It
should be noted that the distribution of isovel contours is

not essential in the proposed relationship; however, USPM

appears in Eq. 16, plays a significant role.
Before being able to use Eq. 16, it is wise to calculate the

geometrical parameters such as A, P, Pt and n as well as the
USPM. In Figure 10 variations of these parameters for all
cross-sections from the lowest to the highest stages are
shown. The maximum values of these parameters are
shown in Table 4. Since at two stations of Cuntan and
Loushan of the Yangtze River, the roughness distributions
of the cross-sections are not available, a uniform roughness
was assumed for each section. Therefore, in Eq. 16 for all
water levels the ratio containing the roughness n/nmax will
take the value of a unit. For the sections of natural rivers, a
typical value of n = 0.035 is assumed as shown in Table 4.

In Figure 11, the estimated rating curve at various flow sec-
tions is shown. For each cross-section, three different sections
at lower, middle and higher water levels, are used for esti-
mation of the rating curves. At the sections of Colorado,
Main and Severn the CES is implemented for estimation of
the rating curves. It can be seen from Figure 11(a) that the
accuracy of the two models is reasonable and they are in
agreement with each other. The error at the Main section
based on the middle water level, is more than the lower and
upper water levels. At the Severn section, the estimated rating
curve based on lower water levels show larger errors in com-
parison to the upper levels. As shown in Figure 11(d), consid-
ering lower water levels for the establishment of the rating
curve is accompanied by larger error, while the accuracy of
the model will be increased by increasing the water level. In
two sections of Tomebamba and Nazli-chay in addition to
the application of the current model, the rating curves

Figure 5. The flowchart of the proposed relationship determination.

Figure 6. The flowchart of the implementation of the proposed relationship in
setting-up the rating curves.
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estimated by the CES are also shown for comparison. The
accuracy of the proposed model is higher than those of the
CES. In the Nazli-chay cross-section, the accuracy of the pre-
sent model and the CES are close to each other. It is worth
mentioning that to apply the CES to a river, the bed slope
is required. Since the slope was not available for two sections
of Loushan and Cuntan, it was not possible to apply the CES
in these sections. This can easily be performed by the use of
the current method.

In order to examine the performance of the proposed
model, some of the statistical measures including the Mean
Absolute Percentage Error (MAPE) and the Normalized

Root Mean Square Error (NRMSE) calculated based on the
estimated discharge Qe, and the observed data Qo are given
as follows:

MAPE = 100
N

∑N
i=1

Qo,i − Qe,i

Qo,i

∣∣∣∣
∣∣∣∣ (17)

NRMSE =

																								
1
N

∑N

i=1
(Qo,i − Qe,i)

2

√
Qmax − Qmin

(18)

Figure 7. The results of stage-discharge curves based on the proposed model using different reference points and cross-sections corresponding to Figure 3.
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The two parameters of MAPE and NRMSE are used to
measure the magnitude of error, which is defined as the
difference between the measured and calculated discharges.
However, the main purpose of the introduction of NRMSE
is looking for the distribution of the data. That is why the
two parameters are used simultaneously. In order to investi-
gate the performance of the proposed model, the discharges
obtained by the proposed method are compared with those
calculated by the CES, which was introduced by Knight et
al. (2009).

Figure 12 shows the results for the MAPE and NRMSE for
the above-mentioned sections. In the Colorado River, the

mean values of MAPE and NRMSE are within 4% and 0.04,
respectively. In this section, the CES has presented almost
identical values in comparison to the proposed model. At
the Severn section, the accuracy of the prosed model is high
when the reference level is selected from the middle water
level, while for the Main River this is not the case and the
accuracy is a little bit higher for the middle water depths.
At the two sections of the Main and Severn, the mean value
of MAPE is about 6%. In these sections, the CES results are
a little bit better than the proposed model. For the Molasani
River, except at the lower water level, MAPE is within 11%. At
the Tomebamba section, the mean value of MAPE is less than

Figure 8. Cross-sectional view of (a) Colorado, (b) Main, (c) Severn, (d) Molasani, (e) Tomebamba (f) Nazli-chay (g) Cuntan and (h) Luoshan stations.
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4%, while at this section the corresponding value for the CES
is about 10%. At the Nazli-chay section, except at the lower
water level, the mean value of MAPE will be about 3.6%.
For the Loushan section, the mean value of MAPE is about
3%. The discharge is very high at these two sections, so it is
expected to reduce the field works considerably, which in

turn will lead to a large amount of savings. At the Cuntan sec-
tion the mean values of MAPE and NRMSE are within 7%
and 0.06, respectively.

In some cases, the stage-discharge curve of a river is not
unique. Some geomorphological and natural variations such
as different roughness due to seasonal vegetation, different

Figure 9. The normalized isovel contours calculated by the SPM at the different river cross-sections.
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Figure 10. Variation of the relative values of A, P, Pt, n, and USPM for the selected river cross-sections.

Table 4. Maximum values for the parameters engaged in Figures. 10.

Name Hmax (m) Amax (m
2) Pmax (m) (Pt)max (m) (USPM)max nmax

Colorado 4.5 357.45 213.54 423.54 30.06 0.0339
Main 1.8 35.00 32.71 31.67 9.15 0.033
Severn 9 487.44 144.22 140 44.43 0.029
Molasani 8.5 1566.25 233.797 463.881 72.96 0.018
Tomebamba 3 61.08 29.41 26.85 14.04 0.051
Nazli-chay 4.6 61.39 22.39 40.52 17.64 0.0333
Luoshan 26 30553.2 1698.18 3390.48 322.46 0.035
Cuntan 31 19220.59 843.03 1678.034 275.48 0.035
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slopes due to morphological variations of a river may be
responsible for this behaviour which is called hysteresis. In
such cases, still the model can be applied rivers. When an
observed reference data is taken from an ascending condition
in a river, the established stage-discharge curve should be
used for the same situation and vice versa. It is just needed
to identify the direction of water level variations and then
select the appropriate rating curve. The accuracy of the results
is highly related to the accuracy of the observed data. All of
the limitations considered for the generation of isovel con-
tours can be considered for the establishment of the stage-dis-
charge curves, too.

5. Discharge sensitivity analysis

When dealing with the measurements of some quantities,
various sources of error may be involved. It is known that
the available real-world data may also have some errors,
which can be originated from the measurement tools,
human errors and the 3-D nature of the flow. It is believed
that the data with high accuracy will lead to more accurate
results of the proposed relationships. In general, reference
discharge accuracy is an important factor in increasing the
precision of the results of the estimated stage-discharge
curve, such that with increased the accuracy of the measured

Figure 11. Estimated stage-discharge curves in the selected river cross-sections by the use of different reference levels.
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discharge, the accuracy of the estimated stage-discharge curve
also increases. In order to investigate the sensitivity of the
results of the proposed method concerning with changes in
measured discharge, the sensitivity of the discharge at the
Severn River cross-section for eight measured points was ana-
lysed. Four different error types were considered for each
measured discharge, such that it was assumed that each of
the reference measured has ± 10 or 20% error, and the
stage-discharge curve was then estimated (See Figure 13).
As shown in Figure 13, variation of error in the range of ±
20% results in obtaining an estimated stage-discharge curve
that is far from actual value, while error in the range of ±

10% for reference fluctuations increases the accuracy of the
results (see Figure 13 (a,b)).

For the more precise understanding, the statistical results
for the two parameters MAPE and NRMSE are shown in
Figure 14. The results confirm the previous results. However,
investigating the combined effect the two parameters MAPE
and NRMSE can allow a better understanding of the state
of each condition, such that at the stage of P1, taking into
account an error of 10% for the measured discharge, the
obtained value of MAPE is less than that of the measured
state, and also this condition holds for the NRMSE statistical
parameter. In contrast, at P6, after assuming a −10% error,

Figure 12. A comparison of MAPE and NRMSE obtained from different referenced levels in the selected river cross-sections.
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the measured discharge of theMAPE parameter was less than
the corresponding value in the measured mode, while the
value of the NRMSE parameter is higher. The purpose of pre-
senting the results is to emphasize that the accuracy of the
proposed method depends on the accuracy of the reference
measured discharge.

Advantage and disadvantage of the previous works in
comparison to the present study are shown in Table 5.

6. Conclusion

The accurate estimation of the amount of discharge flowing
through hydraulic sections and the subsequent establishment
of a reliable stage-discharge curve has always been interested
in river engineers. The purpose of the present study is to esti-
mate the stage-discharge curve in open channels using a novel
method that is based on the concept of isovel contours. The
proposed relation is a proportional relationship that corre-
lates the discharge at one water level to discharge at another

one, where measured data from one water level is used as
reference data, according to which discharge can be calcu-
lated at the estimated level.

To propose the best relationship, the optimization method
was used across 225 different relations in which the impact of
roughness distribution was considered. For validation, stage-
discharge data from laboratory asymmetric compound chan-
nels and different river sections were used. The results
showed that the proposed relationship had a very high ability
to estimate the stage-discharge relationship in various
hydraulic sections. In order to use the current method in
different river sections, there is no need to do any modifi-
cations on the exponents of the proposed relationship. The
most significant advantage of the present method can be
simply explained by the intrinsic simplicity of this method
in estimating the stage-discharge curve compared to other
methods that require calibration of their parameters and
usually provide complex and nonlinear solutions. In other
words, Eq. 16 can be considered as the most general form

Figure 13. Variation of the generated stage-discharge curves in the Severn River due to the existence of error in observed discharges.
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which can be applied to any form of the flow conduit with
irregular roughness distribution, therefore application of the
proposed methodology does not need any further calibration
while others do. Currently, the flow section is considered to
be uniform, while most common methods require the

accurate determination of the location of flood embankments,
which is essential in asymmetric cross-sections. Sensitivity
analysis of the measured discharge from the cross-section
of the Severn River indicates the importance of using accurate
reference data in the present method. For example, in the
Severn River in some cases based on sections corresponding
to P1 to P2, 10% increment in the measured discharge has
improved the accuracy of the results.
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