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A B S T R A C T

In this paper, a new series of applicable relations, including maximum confined stress and strain as well as the
stress–strain relationship, for AFRP confined concrete are proposed based on the design-oriented approach. The
main advantages of these new relations are their higher accuracy and unified nature for both circular and square
cross sections as well as their ability to predict stress and strain of partially confined columns. For this purpose, a
complete database of the available experimental results from the previous studies is collected. In order to achieve
higher accuracy and reliability, only part of the collected experimental results that passes a series of deliberately
considered criteria are used for derivation of the relations. In addition to the mentioned relations, a threshold for
confinement pressure is defined which can be used as a beneficial tool by designers to specify sufficiency of their
designed AFRP confinement. Furthermore, a simple relation to predict lateral hoop rupture strain of AFRP wraps
is also provided. In order to make the suggested models utilizable for the cases that fibers are not placed per-
pendicular to the column axis, simple modification factors are also derived. The proposed models are formulated
using an evolutionary algorithm named Multi-Expression Programming (MEP), which is an approach for pre-
dicting models in the cases of unknown mathematical structures. Accuracy of the proposed relations is compared
with the other available models based on the collected experimental database. The obtained results showed that
the suggested relations and especially the stress–strain model are capable to predict behavior of AFRP confined
concretes with remarkable accuracy.

1. Introduction

Since the introduction of FRP confinement as a method for retro-
fitting and rehabilitation of existing and damaged reinforced concrete
structures, many researchers and investigators performed extensive
experimental and numerical studies on the characteristics of FRP con-
finement and its performance [1–6]. Among these countless studies,
many are focused on proposition of mathematical models to predict
stress and strain of confined concrete columns. The early models were
based on the relations developed for steel-confined concrete [7,8].
However, due to the linear stress–strain behavior of FRP and lack of the
yield point, the passive pressure provided by FRP wraps differs from the
steel pressure and in contrast with the steel confined concrete, there is
no softening branch in the stress–strain curve of the FRP confined
concrete, provided that full confinement is achieved. As mentioned
previously, a large number of constitutive models are available for FRP
confined concrete columns with different cross section geometry. These
models can be classified in two general categories, namely Analysis-

oriented and Design-oriented [9]. The first group is developed by per-
forming incremental analysis in order to achieve stress–strain curve
[10–12], while in the second category, the models are proposed by
calibrating predefined mathematical forms based on numerical regres-
sion using databases of existing experimental results [13–16]. Design-
oriented models are preferred to the analytic-oriented ones due to their
higher simplicity and ease of application, while they are not necessarily
more accurate. On the other hand, the consistency of the analysis-or-
iented models with mechanical behavior of confined concrete is an
advantage.

Despite availability of many stress and strain models for FRP con-
fined concrete; there are still attempts to propose new more accurate
and applicable relations. Moreover, various investigations are per-
formed recently to improve the available models or to answer different
questions about validity and applicability of the existing models. For
instance, many of the available models for concrete confinement are
developed based on non-standard cylindrical specimens. This fact rises
to the question that does the size of the experimental specimens has any
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effect on the accuracy and applicability of the model or not? To answer
this question, Elsanadedy et al. performed experimental investigations
on 37 cylindrical specimens with three different sizes [17]. They also
verified their experimental program with numerical evaluations. In
another study in 2012, Jiang and Teng proposed a theoretical model for
slender FRP confined circular columns based on the Lam and Teng
stress–strain model [18]. In a more recent study, Nguyen et al. in-
vestigated dilation behavior of normal strength concrete confined by
winding FRP filaments and proposed a new model [19]. They also
showed that FRP filament winding provides more effective confinement
in comparison with FRP sheet wrapping. In an attempt to investigate
performance of partially confined concrete columns, Wang et al. per-
formed an experimental study on the circular concrete columns con-
fined partially with FRP wraps [20]. They also developed a design-or-
iented model which can predict stress–strain behavior of such columns
with acceptable accuracy. In 2014, Siddiqui et al. performed experi-
mental investigation on slender reinforced concrete columns confined
with CFRP wraps and proposed a relation to calculate slenderness limit
for the confined columns based on their attained results [21]. In 2014,
Pham and Hadi took advantage of the energy-based model proposed by
themselves and developed a design-oriented confinement model for
FRP confined circular columns made of normal and high-strength
concrete [22]. The authors claimed that their suggested model is ap-
plicable for seven different types of FRPs. Zhou et al. performed an
experimental study on the performance of FRP-confined lightweight
aggregate concrete under axial loading and proposed a stress–strain
model [23]. In 2016, Hadi et al. experimentally studied axial behavior
of circular concrete-filled FRP tubes considering effects of eccentricity
[24]. Rong and Shi developed an improved failure criterion for FRP
confined concrete based on twin shear strength theory, and using this
new criterion, they proposed an analytical-based strength model [25].
In one of the most recent attempts to propose accurate stress–strain
model for FRP confined concrete columns, Fallah Pour et al. proposed a
simplified design-oriented model for FRP confined circular columns
with normal and high-strength concrete [26]. The main advantage of
this model according to the authors’ claim is a reasonable balance be-
tween accuracy and simplicity.

Most of the previous studies about FRP are performed on Carbon
and Glass FRPs due to their higher application in practice. But recently,
Aramid FRPs attracted more attention from researchers and engineers.
The stress–strain behavior of AFRP in comparison with the other
mentioned types of FRP are depicted in Fig. 1. Though this figure is
schematic, but it is shows that AFRP can be considered as the average of
CFRP and GFRP. Therefore, it provides advantages of each material and

removes some of their special shortcomings. For instance, Aramid fibers
provide higher ductility in comparison with carbon fibers and are more
desirable for seismic applications. Ozbakkaloglu and Akin showed that
AFRP provides much higher ductility than CFRP in the case of cyclic
loading [27]. On the other hand, in comparison with glass fibers, the
aramid fibers are characterized by higher strength, which results in
higher confinement capacity. According to these advantages, it is esti-
mated that demand for AFRP will increase considerably in the coming
years [28]. In addition, application of AFRP in construction and
building industry is also increased in recent years.

Due to the advantages of Aramid fibers, various studies are per-
formed on different aspects of Aramid fibers in structural applications
[29–36]. For example, Leung and Burgoyne experimentally and ana-
lytically investigated compressive behavior of concrete columns con-
fined with aramid fiber spirals [29]. Wu et al. performed experimental
and computational investigation on high-strength circular concrete
columns confined by AFRP sheets [30]. According to their obtained
results, they suggested relations to predict stress and strain of confined
columns. Moreover, they proposed a stress–strain curve for AFRP con-
fined circular columns. In another research work, Wang and Wu im-
plemented a similar experimental study on high-strength square con-
crete columns confined by AFRP sheets and proposed confinement
models for square columns [31]. In 2009, Wang and Zhang studied

Nomenclature

b Width of rectangular section or side of square section
(mm)

CFA Modification factor for fiber orientation
D Diameter or side-length of specimens (mm)
d Diameter of circular column (mm)
deq Equivalent diameter for noncircular sections (mm)
Ef Elastic modulus of FRP (MPa)
E1 Elastic modulus of unconfined concrete (MPa)
E2 Slop of the second branch of stress- strain curve (MPa)
fc Stress of confined concrete (MPa)
fcc Maximum stress of confined concrete (MPa)
fco Unconfined concrete strength (MPa)
fcu Ultimate stress of confined concrete (MPa)
ff ultimate tensile strength of FRP material (MPa)
fl Confinement pressure (MPa)
flm Modified confinement pressure (MPa)
fltr Threshold confinement pressure (MPa)

fo Reference plastic stress in stress- strain curve (MPa)
f30 Strength of unconfined grade C30 concrete (MPa)
h Length of rectangular section (mm)
ke Effective confining coefficient
kl Confinement stiffness (MPa)
L Height of column (mm)
nt Shape parameter
r Corner radios of the cross section (mm)
S Clear spacing between adjacent FRP sheets (mm)
Sf Width of FRP sheets (mm)
tf Total thickness of AFRP jacket (mm)
α Angle between fiber orientation and column axis (degree)
εc strain of confined concrete
εco Axial strain of unconfined concrete corresponding tofco
εcu Ultimate strain of confined concrete
εf Ultimate tensile strain of FRP material
εhrup Hoop rupture strain of FRP jacket
η Geometric Unification Factor

Fig. 1. Schematic stress–strain diagram of different types of FRP.
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effect of creep on axial behavior of AFRP confined concrete columns
with and without steel reinforcements [32]. Most of the available stu-
dies about effects of FRP confinement are concentrated on concrete
members without steel reinforcement. In order to investigate effect of
AFRP jackets on performance of circular and rectangular RC columns,
Silva performed an experimental study and examined variations of the
lateral pressure and rupture of FRP jackets [33]. In a research work,
Wang and Wu proposed a unified stress model for short AFRP confined
concrete columns which takes into account the size effect [34]. In one
of the most recent studies, Djafar-Henni and Kassoul proposed design-
oriented strength, strain and stress–strain models for circular columns
based on a collected experimental database including 81 data points
[35]. Another recent design stress–strain model is proposed by Silva
Lobo et al. which is applicable for both circular and square columns
[36].

The previously mentioned research works demonstrate increasing
interest toward AFRP for structural applications. Accordingly, in this
study a series of highly accurate design-oriented relations are sug-
gested. One of the objectives of this study is to propose unified models
which are applicable for columns with both circular and square cross
sections. Moreover, the effect of partial confinement with AFRP is also
incorporated in the models. For this purpose, a database of experi-
mental data points is collected by means of an extensive literature re-
view. The greater size of this database is one of the advantages of the
present study in comparison with previous researches on AFRP confined
columns such as those performed by Djafar-Henni and Kassoul and Silva
Lobo et al. [35,36]. Furthermore, an approximate model to predict
lateral rupture strain of AFRP is proposed based on the reported ex-
perimental values. One of the other novelties of the present study is
utilization of Multi-Expression Programming (MEP) for derivation of
the proposed models. The MEP is an evolutionary algorithm which is
considered a variant of genetic programming. According to the appli-
cation of MEP, there is no need to enforce a predefined form to the
desired models, which is a basic assumption in many of the existing
studies. In other words, in many of the available models, the re-
searchers considered the model proposed by Richart et al. [37] and only
calibrated its coefficients and powers based on the optimization tech-
niques [26,35]. Although application of Richart et al. model resulted in
acceptable accuracy in previous studies, but since there is no known
exact relation for confined strength, imposing this general form might
produce some error. In this study, it is attempted to avoid such possible
errors, using MEP. Only for the stress–strain model, the format of the
expressions is borrowed from the Richard and Abbott relation [38]. The
accuracy of the proposed models is evaluated using different error
criteria and the attained results proved the new suggested models are
more accurate than the other available relations and even the best
performing ones. The other novelties of the present study are proposi-
tion of modification factors for inclined fiber orientation and suggestion
of threshold value for confinement pressure to assess sufficiency of
designed confinements.

In addition to the mentioned advantages of higher accuracy, reliable
and accurate relations to predict stress–strain behavior of FRP confined
concrete members would also be beneficial in development of numer-
ical models for analysis and design of new structures as well as retro-
fitting of existing structures. Therefore, some researches are performed
in this field recently. For instance, Chisari and Bedon utilized the ge-
netic algorithm to optimize the thickness of FRP wraps to attain the
most competitive solution in terms of cost and performance [39].
Moreover, an interesting topic for the future researches is to include the
material models of FRP confined concrete in finite elements for analysis
and design of retrofitted structures. Such studies are performed for
concrete beams strengthened with FRP sheets [40,41]. However, for the
case of confined columns utilization of beam-column elements in con-
junction with design-oriented models is an interesting option for future
researches. In this regard, force-based finite element which can easily
incorporate materially and geometrically nonlinear behavior using fiber

discretization and co-rotational schemes, respectively are among the
possible candidates [42,43]. Nevertheless, these topics are beyond the
scope of the present study and are not pursued in this paper.

The paper is organized in the following order: Section 2 presents the
utilized criteria for data collection, while the collected experimental
data are presented in the Appendix. The applied evolutionary algorithm
is introduced in Section 3. A short review on the available models for
AFRP confined concrete are presented in Section 4. Section 5 deals with
development of relations to predict maximum strength of confined
concrete. The strain models are treated in Section 6. A threshold value
to predict sufficiency of designed confinement is suggested in Section 7.
Section 8 presents the stress–strain curves for AFRP confined concrete
columns, and compares their accuracy with other available curves. Fi-
nally, the last section presents the concluding remarks.

2. The collected experimental database

A database of experimental tests is the prerequisite for developing
design-oriented models. To achieve this goal, a thorough literature re-
view is performed and a database including experimental tests on cir-
cular and rectangular columns confined by AFRP is collected. This
database, which includes 269 tests, is presented in the Appendix. It
should be noted that all of the previous experiments on non-circular
concrete columns confined by AFRP are performed on square sections.
The reported tests are collected from twenty-one experimental studies
performed between 1995 and 2018 [27,30–32,34,36,44–58]. To the
author’s best knowledge, this is the most complete available database of
AFRP confined columns. It should be noted that all of the reported tests
in the tables are not used for calibrating the proposed models.

In order to achieve an accurate and consistent design-oriented
model, a series of deliberate criteria are considered for classification of
the tests which are used in stress and strain model calibration. These
criteria can be categorized in two groups, namely general and relation-
dependent criteria. The general criteria are as follows, while the rela-
tion-dependent criteria are introduced in the following sections:

1. The specimens with unconfined concrete strength between 20 and
120MPa are considered.

2. Based on the findings of Thériault et al. [59], in order to prevent
possible size-effect, the specimens with dimensions less than 50mm
are not included in the database.

3. Only the specimens which are monotonically loaded are included in
the database for ultimate stress and strain models, but for proposi-
tion of the stress–strain curve, envelop of the cyclic stress–strain
curves are used.

4. Since it is proved that there is no difference between general per-
formances of different types of confinement methods such as FRP
sheet wrapping, concrete filled FRP tube (CFFT) and filament
winding [54], the test results with all of these methods are included
in the database.

5. The specimens which experienced premature failure due to in-
appropriate performance of FRP confinement are excluded from the
collected database.

In the Appendix tables, a series of information including concrete
properties, dimensions of specimens, AFRP characteristics, and ex-
perimental outcomes are reported. The mentioned experimental results
consist of maximum stress, ultimate strain, condition of the second
branch, ultimate rupture strain of AFRP wraps and additional in-
formation regarding partial confinement, use of steel rebar and fiber
orientation. Regarding the reported stress and strain values for the
confined specimens in the tables, it must be reminded that depending
on the confinement properties, a FRP confined concrete column may
have stress–strain curve with ascending or descending second branch,
as depicted in Fig. 2.

A well-design confined column is expected to have ascending
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second branch, and accordingly many of the available stress and strain
models are proposed to predict the ultimate stress and strain of such
columns. On the other hand, in the case of confined columns with
descending branch, the ultimate values of stress are not applicable for
design purposes. In this situation, the peak stress which occurs at ap-
proximately end of the first branch and the ultimate strain are those of
interest for designers. Therefore, in the collected databases, εcu is the
ultimate strain of confined concrete regardless of the slope of the
second branch, but fcc indicates the ultimate and peak stress of confined
concrete for specimens with ascending and descending second bran-
ches, respectively.

3. Multi-Expression Programming

A common task in most of the scientific researches is proposition of
a mathematical model to explain and predict a certain phenomenon or
action. Various methods such as Genetic Algorithm (GA), Genetic
Programming (GP), Evolutionary Programming (EP) and Multi-
Expression Programming (MEP) are proposed to facilitate this activity
[60–63]. Due to their advantages in comparison with traditional ap-
proaches, these techniques have been used by various researchers in the
recent years. For instance, Chisari and Bedon utilized multi-objective
Genetic Algorithm optimization for seismic retrofitting of existing re-
inforced concrete frame structures by application of FRP [64]. In an-
other study, these authors utilized this multi-objective optimization
technique for performance-based rehabilitation design of reinforced
concrete existing structures [39]. In another recent study, Choi et al.
used a variant of genetic algorithm called non-dominated sorting ge-
netic algorithm to achieve optimal seismic retrofit design of FRP jackets
for shear-critical RC frames [65].

Among the available methods, GP and MEP attracted more atten-
tions in recent years. GP, which is an extension of GA, is an optimiza-
tion scheme based on the Darwinian natural selection principle [61].
Instead of using fixed-length binary strings, GP utilizes parse trees as
individuals in its optimization process. Moreover, in contrast with or-
dinary optimization techniques which are applicable for parameter
optimizations, GP is able to predict the best structure for the approx-
imation model in conjunction with the optimal parameters. In this
approach, a random population of trees is created in the beginning of
the evolution process and then a series of generation production com-
mence. The first population is produce by a blind random search for

Fig. 2. Stress–strain curves of FRP confined concrete with sufficient and in-
sufficient confinement.

Table 1
Strength models for circular confined concrete columns.

No. Reference Model FRP type
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Fig. 3. Error percentage of the strength models for AFRP confined circular columns.
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solutions in the large space of possible solutions, which are not ne-
cessarily correct. After creation of initial population, GP algorithm
evaluates individuals and selects the best ones according to the error
criteria, as the parents to produce a new generation. The so-called
children of the opted individuals are produced by using different op-
erations such as mutation, crossover, and direct reproduction. This
process sometimes is referred as “learning”. Again, the individuals of
the new generation are evaluated and the best ones are selected as
parents of the next generation. This process goes on until convergence
or reaching the maximum number of iterations.

MEP is a variant of GP which programming multiple solutions in the

same chromosome. In the most basic form of MEP, the chromosomes
are linear strings. One of the main advantages of MEP is its ability to
encode multiple solutions in the same chromosomes. This provides the
opportunity to search wider zones of the search space. This algorithm
commences by production of a random population. Then, pairs of
parents are selected based on a binary tournament procedure and the
next generation is produced by recombining the parents with a fixed
crossover probability, or mutating the offspring and replacing the worst
individual in the current population with the best of them. This process
continues to produce the best expression within specified number of
generations or until reaching a termination condition [63].

Fig. 4. Performance of strength models for circular sections based on the validated experimental data.
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4. Existing design models for AFRP confined concrete

The main objective of proposing new models and relations is to
improve the previous ones and removing some of their shortcomings.
Therefore, before further proceeding, it is necessary to review the
available models for AFRP confined concretes and evaluate their

advantages and shortcomings. Among the countless available relations,
few are exclusively developed for AFRP confined columns. Needless to
say, it is expected that these relations should provide more accurate
estimation for AFRP confined columns than the general models. In the
following, these models will be reviewed briefly.

The first design-oriented model for AFRP confined concrete columns

Fig. 4. (continued)

Table 2
Strength models for square confined concrete columns.

No. Reference Model FRP type
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were proposed by Wu et al. in 2009 [30]. They performed an experi-
mental study on 60 circular specimens made of normal and high-
strength confined concrete and based on the attained results suggested
a stress model which is presented in Table 3. In order to make their
proposed relation applicable for partially confined columns, Wu et al.
suggested to modify the confinement pressure due to FRP. This mod-
ification will be discussed further in the section 5.3. Wu et al. also
proposed a design-oriented relation to predict maximum strain of AFRP
confined circular concrete column. Their strain model is presented in
Table 3. Same as the stress model, they modified their proposed strain
relation for partial confinement. To predict stress–strain curve of AFRP
confined circular concrete columns, Wu et al. suggested a relation
which its general form is borrowed from the relation proposed by Ri-
chard and Abbot [38].

In 2009, Wang and Wu proposed a series of design-oriented models
for AFRP confined square concrete columns [31]. They performed ex-
periments on 54 short square columns confined with AFRP and based
on the attained results suggested the relations for strength and strain of
confined square columns. These models are introduced in Tables 2 and
4. Similar to the previous models, the authors suggested a modified
relation for confinement pressure to make their developed models ap-
plicable for design of partially confined square columns.

In 2011, Wang and Wu performed an investigation about size effect
on short AFRP confined circular and square concrete columns [34].
Based on the modified Bazant size effect [66], they concluded that the
size effect is influential on the strength of short confined columns, but
its effect on stress–strain curve and failure mode is negligible. They
tested 99 specimens and according to their attained results suggested a
unified relation to predict maximum stress of confined concrete.

In 2018, Djafar-Henni and Kassoul proposed a design-oriented
model for short circular concrete columns confined with AFRP [35].
They developed their models based on a database including 81 ex-
periments on AFRP confined circular concrete columns published by
several authors. These models which are applicable for both normal and
high-strength concrete are derived by regression techniques based on
error minimization. According to the authors claim, their suggested
relations were the most accurate models for AFRP confined concrete
columns, at that moment. In addition to the relation for predicting
maximum strain of confined circular concrete, they also proposed a
strain model. Finally, Djafar-Henni and Kassoul proposed a relation for
stress–strain curve of AFRP confined circular concrete columns. They

used the general form of the relation proposed by Richard and Abbot
[38]. It should be noted that however in the original work by these
authors, the second slope of the stress–strain curve is a function of
confinement stiffness, but numerical evaluations showed that in order
to prevent negative slope for the second branch of stress–strain curve,
this parameter should be replaced with confinement strength.

In the most recent attempts to propose design relations for AFRP
confined concrete columns, Silva-Lobo et al. proposed unified design-
oriented relations based on a database including 25 experimental re-
sults collected from previous studies [36]. In order to verify accuracy of
their suggested models, they tested a circular and a square AFRP con-
fined steel reinforced concrete columns. In order to propose a relation
for stress–strain curve, Silva-Lobo et al. also used the same general
model as the previous researchers, but they suggested different rela-
tions for derivation of the effective parameters. They utilized the rela-
tion proposed by Eurocode 2 for modulus of elasticity of plane concrete
as the initial slope of the stress–strain curve [67]. In is noteworthy that
in addition to the mentioned stress–strain curve, the authors also pro-
posed a similar model to predict axial stress-lateral strain of the con-
fined columns.

5. Strength models for AFRP confined concrete

In this section, the developed models for predicting maximum
strength of AFRP confined concrete columns are presented. First, the
new suggested relation for maximum stress of AFRP confined circular
columns is introduced. Then, a unification factor to make the proposed
relation applicable for square sections is presented. In the next sub-
section, a simple method for predicting maximum stress of partially
confined columns will be introduced. To make the proposed model even
more applicable, a modification factor to include effect of fiber or-
ientation on the maximum stress of confined concrete will be suggested.
In each subsection, accuracy of the suggested relations will be com-
pared with some of the best performing existing models as well as the
reviewed models for AFRP confined concrete to demonstrate super-
iority of the suggested relations using the collected database of ex-
perimental results.

5.1. Strength model for circular sections

In order to develop a design-oriented model to predict maximum
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Fig. 5. Error percentage of the strength models for AFRP confined square columns.
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strength of AFRP confined circular columns, a series of the collected
experimental results presented in Table A-1, which satisfies some ad-
ditional criteria are used. These additional criteria are as follows:

1. Only the continuously confined specimens are considered and the
partially confined specimens are excluded.

2. The specimens with transverse and/or longitudinal steel reinforce-
ments are excluded from the database used in model calibration.

3. In order to prevent any possible effect of slenderness, the specimens
with the height to diameter ratio higher than three are excluded

from the database.
4. The specimens which their direction of aramid fibers are not per-

pendicular to the axis of the column, are not included in the utilized
database.

5. The specimens which provide clearly inconsistent results are ex-
cluded.

6. The tests in which properties of utilized FRP are not in the common
range of AFRP are not included in the database used for model ca-
libration.

Fig. 6. Performance of strength models for square sections based on the validated experimental data.
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Regarding the sixth criterion, it must be noted that material prop-
erties of the AFRP used in tests reported by Rochette and Labossiere
[46] and Suter and Pinzelli [47] are not in agreement with commonly
used AFRP materials. In this regard, even Rochette and Labossiere
clearly stated in their paper that the source of the used FRP was not
known by themselves [46]. Therefore, it is advised not to use these
specimens in the model calibration. Based on the mentioned criteria a

series of valid test results are extracted from Table A-1 and used as the
inputs of MEP program. After performing extensive analyses by the
MEP method and using different values for the parameters of the
method, the following relation is selected as the most accura

te and applicable strength model for AFRP confined circular con-
crete columns:

Fig. 6. (continued)

Fig. 7. Mechanisms of partial confinement due to AFRP sheets.
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Here, fcc and fco are the confined and unconfined concrete com-
pressive strength, respectively. fl is the confinement pressure which is
derived from the following relation:

=f
f t

d

2
l

f f

(2)

Where ff and tf are ultimate tensile stress and total thickness of the
FRP wraps, respectively, and d is the diameter of concrete column.

Once more it should be reminded that in contrast with many of the
available models, no general form is imposed in the process of deriving

Fig. 8. Different error criteria for partial confined stress models of circular and square sections.

Fig. 9. Ratio of theoretical estimations to the experimental confined strength
for circular sections with inclined fiber orientation.

Table 3
Reduction factors for hoop rupture strain.

No. Reference Model FRP type

1 Silva-Lobo
et al. [36]

=ε ε0.85hrup f Aramid

2 Rochette and
Labossiere [46]

=ε ε0.91hrup f Any type

3 Wu et al. [50] =ε ε1.24hrup f Any type
4 Lim. and

Ozbakkaloglu
[77]

= − × − ×− −ε f E ε(0.9 2.3 10 0.75 10 )hrup co f f3 6 Any type
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Fig. 10. Performance of different models for prediction of lateral rupture strain of AFRP confined concrete columns.

Table 4
Strain models for circular confined concrete columns.

No. Reference Model FRP type

1 Wu et al. [30] = +1 9.5εcu
εco

fl
fco

Aramid

2 Djafar-Henni and
Kassoul [35] = + ⎛

⎝
⎞
⎠ ( )2.3 1.2εcu

εco

fl
fco

εhrup
εco

0.75 1.25 Aramid

3 Silva-Lobo et al. [36] = +1 0.076εcu
εco

fl
fco εco

Aramid

4 Fallah pour et al. [26]
= + − ⎛

⎝
⎞
⎠

f1.5 (0.3 0.001 )εcu
εco co

kl
fco

εf
εco

0.75 1.35 Any type

5 Pham and Hadi [22]
= +

+
1 13.24εcu

εco

tf Ef εhrup
dfco tf Ef εhrup

2

3.3

Any type

6 Lam and Teng [9]
= + ⎛

⎝
⎞
⎠( )1.75 12εcu

εco

Ef tf εhrup
dfco

εhrup
εco

2 0.45 Any type

7 Wei and Wu [68]
= + ⎛

⎝
⎞
⎠

⎛
⎝

⎞
⎠

1.75 12εcu
εco

fl
fco

f
fco

0.75
30

0.62 Any type
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this relation and its mathematical form is the results of the utilized
evolutionary algorithm. It is interesting to note that the derived model
is similar to the general form of the existing relations. To evaluate ac-
curacy of the derived strength model, it is required to compare its
performance with some of the available strength models. For this pur-
pose, in addition to the reviewed existing models for AFRP confined
concrete, few of the more recent or best performing models which were
developed for different FRP types are also used. The models which are
used for comparison are listed in Table 1.

To compare accuracy of these models with the proposed relation,
different error measures are used. These error measures are defined by
the following relations:

• Root mean square error:

=
∑ =

−( )
RMSE

n

i
n X X

X1

2
the exp

exp
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In these relations, Xthe and Xexp are the theoretical and experimental
values, respectively, and n stands for the number of specimens. X̄the and
X̄exp are the mean values of the theoretical and experimental estima-
tions, respectively. The index R2 varies from 0 to 1, and higher value
indicates better fit of a model. On the other hand, for the error measures
introduced by Eqs. (3)–(5), a lower value indicates higher accuracy and
on the limit state, a completely exact model would have error measures
equal to zero.

In order to evaluate performance of the suggested model, the pre-
viously introduced performance criteria are computed using the

experimental data used in developing suggested model. The attained
results are presented in Fig. 3 and Fig. 4.

The calculated error measures in Fig. 3 clearly show that the pro-
posed model is the most accurate one among the mentioned strength
models. As can be seen, the model proposed by Wang and Wu has the
worst performance. This can be attributed to inclusion of the specimen
length in their suggested model that incorporates the slenderness effect
in the strength estimation. However, previous studies proved that the
slenderness effect on the specimens with slenderness ratio less than 3 in
not influential [57]. Another interesting finding is the remarkable ac-
curacy of the strength model suggested by Fallah Pour et al. which is
developed for any types of FRP. In addition, this model is relatively
simple. The scattering representation of the predictions in Fig. 4 shows
acceptable performance of the suggested model and the relations pro-
posed by Fallah Pour et al. and Wei and Wu. Again the suggested model
has the highest R2 equal to 0.84. It can be seen that the many of the
mentioned models such as those proposed by Wu et al., Wang and Wu
or lam and Teng overestimate strength of AFRP confined circular col-
umns.

5.2. Unification factor for square sections

Since the available tests of AFRP confined square columns are not
sufficient to propose an independent strength model for square sections
and based on this fact that unified design relations are more welcomed
by designers, the limited available data reported in Table A-2 are used
to formulate a unification factor that makes the proposed relation for
circular columns in previous subsection applicable for prediction of
maximum strength of AFRP confined square section. Before applying
the test results of Table A-2, the additional criteria same as those ap-
plied to the circular sections are used to achieve more consistent da-
tabase. Based on the analysis performed by MEP program, the following
unified strength model is resulted in which η is the unification factor:
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The confinement pressure, fl, in these relations is calculated form
the following relation, in which deq indicates the equivalent diameter:
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Fig. 11. Error percentage of the strain models for AFRP confined circular columns.
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= +d b heq
2 2 (10)

Here, b and h are the width and length of rectangular section, re-
spectively. Needless to say, for a square section, the width and length of
the section are equal.

To verify superiority of this relation in comparison with the other
existing models, its accuracy is compared with the relations listed in
Table 2, based on the previously introduced error measures.

The attained results are depicted in Figs. 5 and 6. Based on the
outcomes, the suggested model is the most accurate among the relations
developed specifically for AFRP confined square columns. In compar-
ison with the general models, however the proposed model is not the
most accurate one. Although the suggested model is less accurate than

the relations proposed by Al-Salloum, Arabshahi or Lam and Teng, but
this lower accuracy is not remarkable when considering this fact that
the mentioned relations are exclusively derived for square or rectan-
gular sections, while the proposed model in this study is a unified re-
lation for both square and circular columns. On the other hand, the
scattering diagrams in Fig. 6 demonstrate that the presented model
again has the highest coefficient of determination equal to 0.82. Con-
sidering all these points, performance of the proposed unified model is
satisfactory.

5.3. Modification for partial confinement

Previous studies on partially confined concrete columns showed
that discontinuous confinement results in non-uniform distribution of
confining pressure [48,74], as depicted in Fig. 7. Based on the previous
investigations, it is proposed to distribute confining stress between

Fig. 12. Performance of strain models for circular sections based on the collected experimental data.

A. Arabshahi, et al. Structures 23 (2020) 225–244

236



adjacent AFRP sheets by arching. According to this method, different
relations are proposed to calculate the effective or modified confine-
ment pressure in concrete core. In this study, the relations proposed by
Wu et al. and Wang and Wu are used to calculate the modified con-
finement pressure for circular and square concrete columns, respec-
tively [30,31]. The modified confinement pressure for circular sections
is derived from the following relations [30]:

=
+

f k
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S S
flm e

f

f
l

(11)
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d
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S
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In this relations, ke is the effective confining coefficient, and Sf and
S are width of AFRP sheets and clear spacing between them, respec-
tively. For the case of square sections, the following relations are pro-
posed for the modified confinement pressure [31]:
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In these equation, r stands for the corner radius of cross section. By
replacing these modified confining pressures in the proposed strength
model, the developed model become applicable for predicting max-
imum strength of partially confined concrete columns. To evaluate
accuracy of the model, the experimental data in Table A-1 and A-2 that
including partially confined columns are used and various error

Fig. 12. (continued)

Table 5
Strain models for square confined concrete columns.

No. Reference Model FRP type

1 Silva-Lobo
et al. [36]

= + ( )1 0.1075εcu
εco

r
b

fl
fco εco

2 Aramid

2 Wei and Wu
[68] = + ⎛
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⎛
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⎞
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+( )1.75 12 0.36 0.64εcu
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f
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3 Youssef et al.
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4 Shehata
et al.[78]
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Fig. 13. Error percentage of the strain models for AFRP confined square col-
umns.
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measures are calculated.
It should be noted that S and Sf of the partially confined specimens

for both circular and square sections are equal to 50mm. Fig. 8 de-
monstrates the attained results for circular and square specimens. The
obtained results show that the suggested model provides more accurate
estimations than the values obtained by Wu et al. and Wang and Wu
[30,31]. In the attained results for circular columns, the proposed
model and the model suggested by Wu et al. both have R2 equal to 0.96.
This parameter for the square sections in the proposed model and Wang
and Wu relation have is equal to 0.97 and 0.98, respectively.

5.4. Correction factor for fiber orientation

A basic assumption in developing many of the existing models for
FRP confined concrete columns is the perpendicularity of the fiber or-
ientation to the column axis. It is proved that in such condition, the
maximum potential of FRP confinement is achievable. On the other

hand, confining concrete columns with FRP sheets or filament windings
in which fibers are not perpendicular to the column axis, would results
in lower stress and strain enhancement. Therefore, the common models
are not able to predict maximum strength or strain of FRP confined
columns with inclined fibers. Accordingly, in this subsection a correc-
tion factor is proposed to account for the fiber angles. For this purpose,
the limited experimental results with inclined fiber angle in Table A-1
(Specimens 114–125) are used to derive the subsequent relation:

= − +C α α α αcos ( ) cos( )sin ( ) sin( )FA
5 2 (15)

Fig. 9 demonstrates ratio of the theoretical estimations using the
proposed model and modification factors to the experimental results for
the specimens with inclined fiber angle. Fiber orientation angle and
specimen number according to Table A-1 are specified along the hor-
izontal axis. It is evident that this formula provides highly accurate
estimations.

Fig. 14. Performance of strain models for square sections based on the collected experimental data.

A. Arabshahi, et al. Structures 23 (2020) 225–244

238



6. Strain models for confined concrete strength

After developing a unified strength model for AFRP confined con-
crete columns, the next step is to propose models to predict maximum
strain of confined columns. Similar to the process used for the strength
models, in order to achieve highly accurate and consistent design-or-
iented strain models, first it is required to extract validated data from
Tables A-1 and A-21. In the case of experimental data used for devel-
oping strain models the following validation criteria are considered

1. The test in which the maximum strain of the confined concrete is not
reported are removed from the database used for strain model ca-
libration.

2. Partially confined specimens are excluded from the database.
3. The specimens with any type of steel reinforcements are not in-

cluded in the database.
4. To preclude any possible effect of slenderness, the specimens with

the height to diameter ratio higher than three are removed from the
database.

5. The specimens which direction of aramid fibers is not perpendicular
to the axis of the column are not included in the utilized database.

6. The specimens which provide clearly inconsistent results are ex-
cluded.

7. The tests in which properties of utilized FRP are not in the common
range of AFRP are no included in the database used for model ca-
libration.

The collection of experimental results that satisfies these require-
ments are used to develop strain models. It is noteworthy that since
hoop rupture strain of AFRP wraps are not known by designers in ad-
vance, a relation is considered more applicable if the hoop rupture
strain is not an effective parameter in it. However, many of the existing
models for ultimate strain of FRP confined concrete include this para-
meter in their formula. On the other hand, the hoop rupture strain is not
reported for all of the collected experimental results. Therefore, it is
necessary to propose a design-oriented relation to predict hoop rupture
strain, before developing the ultimate confined strain relations. Then,
the obtained design oriented models for ultimate strain of circular
columns are presented. In the next subsections, geometric unification
factor and the modification for partial confinement and fiber orienta-
tion are discussed.

6.1. Design model for hoop rupture strain

According to the experimental results, the lateral or hoop rupture
strain of FRP is not equal to its maximum tensile strain [75,76].
Therefore, various authors proposed reduction factors for the tensile
strain of FRP to approximate its hoop rupture strain
[27,36,46,50,52,54,77]. However, these reduction factors, which some
of them are listed in Table 3 cannot reflect the real scattering of the
obtained results for AFRP confined columns.

Therefore, in this study, using the experimental results in Table A-1
which reported the AFRP hoop rupture strain, a relation is proposed to
predict this parameter for circular columns confined with AFRP. This
relation is as follows:

⎜ ⎟= ⎛

⎝
− ⎞

⎠
ε

f
E

ε0.83
2

hrup
co

f
f

2

(16)

Fig. 10 compares accuracy of the suggested model with previously
mentioned reduction factors. The outcomes demonstrate that the pro-
posed relation along with the model suggested by Silva-Lobo et al.
provides more accurate estimations. However, further researches are
required in this field. Nevertheless, the presented relation seems to be
enough accurate for computing ultimate strain of AFRP confined con-
crete columns.

6.2. Ultimate strain of AFRP confined circular column

As mentioned previously, some of the available models consider
lateral rupture strain among the effective parameters on the ultimate
strain of FRP confined concrete. However this inclusion in some cases
results in higher accuracy of the resulting formulae, but the fact that
this parameter is not known by the designers is a major shortcoming
that reduces applicability of such strain models. In spite of this fact, in
this study, two different strain models with and without hoop rupture
strains for AFRP confined circular concrete columns are proposed. For
calibration of the model that does not include the mentioned para-
meter, all of the validated experimental results, reported in Table A-1
are used. On the other hand, to calibrate a strain model considering
effect of lateral rupture strain, first this parameter is approximated for
the experimental results that did not report this parameter and then the
collection of the specimens that satisfy previously mentioned criteria
are used to develop the design-oriented relation. The attained relations
are as follows:

Fig. 15. Ratio of theoretical estimations to the experimental confined ultimate
strain for circular sections with inclined fiber orientation.

Table 6
Predictive models for confinement sufficiency.

No. Reference Threshold equation

1 Mirmiran et al.[79] =
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⎠
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2 Spoelstra and Monti [80] =f f0.07ltr co
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Fig. 16. Accuracy of the models for prediction of confinement sufficiency.
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To evaluate performance of these suggested formulae, the validated
experimental results used in model calibration are utilized to calculate
the previously introduced error measures and the outcomes are com-
pared with the performance of some of the best performing available
strain models which are listed in Table 4.

In the model proposed by Wei and Wu [68], f30, is the strength of
unconfined grade C30 concrete. It is noteworthy that in order to pre-
vent any possible error due to approximation of εhrup using Eq. (16),
only the specimens in which is reported are used for performance

evaluation. The derived results are depicted in Figs. 11 and 12.
It can be seen that the most accurate strain model is the one sug-

gested by Djafar-Henni and Kassoul, and the proposed models are in the
second and third places. As mentioned previously, it is desired not to
include hoop rupture strain in the suggested model for ultimate con-
fined strain, since this parameter is not known by designers and
moreover, it is not reported in many of the available test data. Based on
this justification, the second proposed model seems satisfactory.

6.3. Unification of strain models for square columns

Similar to the performed process for strength model, using validated
experimental results for square columns, unification factors are pro-
posed to make the strain models, introduced in previous subsection,

Fig. 17. Comparison of experimental stress–strain curves with the proposed and some of the existing models.
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applicable for square confined concrete columns. Since the relation
without hoop rupture strain is more desirable from design standpoint,
the second proposed relation (Eq. (18)) is used as the unified strain
model. The outcomes of extensive numerical calculations by MEP
program are the subsequent equalities:
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Accuracy of this model in predicting ultimate strain of AFRP con-
fined square concrete columns is compared with the strain models listed
in Table 5 and the obtained results which are demonstrated in Figs. 13
and 14 clearly verifies higher accuracy of the suggested model.

It should be noted that the strain model for AFRP confined square
concrete columns proposed by Wang and Wu cannot be used in per-
formance evaluation, because the in the collected database of experi-
mental results, the ultimate strain of unconfined concrete is not re-
ported.

It can be seen in Fig. 14, that estimations of the proposed model and
the one suggested by Silva-Lobo et al. are in relatively good agreement
with the experimental outcomes, while the others overestimate or un-
derestimate the ultimate strain of AFRP confined square sections.

6.4. Modification for partial confinement

Same as the method used for strength models, by replacing fl in the
strain models with the modified confinement pressure, the suggested
models for ultimate strain can be used to calculate ultimate strain of

partially confined concrete columns. Due to limitation of the number of
the available tests for partially confined square columns for which the
ultimate confined strain is reported, only performance of the suggested
relation for ultimate strain of circular partially confined concrete col-
umns is investigated. For the ultimate strain, the modified confinement
pressure is derived from the subsequent equation:

=
+

f k
S

S S
f0.63( )lm e

f

f
l

0.78

(21)

Using this modified confining pressure in Eq. 44, the ultimate strain
of partially confined circular specimens in Table A-1 is calculated. The
average ratio of the computed values to the reported experimental ul-
timate confined specimens is equal to 0.905 which verifies acceptable
accuracy of the proposed model.

6.5. Effect of fiber orientation of strain models

It is proved that the maximum potential of FRP confinement is
achieved when the fibers are perpendicular to the column axis.
Therefore, the available relations that are developed for such condition
are not able to predict ultimate strain of confined concrete with inclined
fiber orientation. In order to remove this shortcoming of the proposed
strain models, using experimental results with inclined fiber angle, a
modification factor is proposed to account for the different angle of the
fibers. This factor is as follows:

= −
+ +

C α α
α α

sin( ) cos( )
sin( ) cos( ) 0.5FA (22)

Fig. 15 demonstrates performance of the proposed strain models
with this modification factor in predicting ultimate confined strain of
the specimens with inclined fiber angle. This figure shows that the

Fig. 17. (continued)
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estimations are desirable.

7. A threshold for full confining action

As discussed previously, FRP confined concrete columns demon-
strate two major types of stress–strain curves namely with ascending
and descending second branch. Needless to say, the first type is the
desirable one in which complete potential of confinement is utilized.
This rises to this question that “Is there any measure to judge about
sufficiency of the designed FRP confinements?”. In the answer to this
question, various investigators proposed different thresholds for suffi-
cient confinement [9,79–81]. The main idea behind the available
confinement threshold relations is to calculate a characteristic value for
a specific parameter such as confinement stiffness or stress. Some of the
available threshold models, which are applicable for both circular and
square sections, are listed in Table 6. If the available confinement
pressure or stiffness for a design is higher than the value from the
threshold formula, the second branch of stress–strain curve would be
ascending.

It should be noted that in the formula proposed by Mirmiran et al.,
D is the diameter of circular sections or side of square section. The
introduce relations are proposed using results of confined specimens
with any type of FRP. In this study, a new relation is developed based
on the collected data of AFRP confined columns. For this purpose, a
formula is proposed to predict threshold value of confinement pressure
as a function of concrete strength and geometrical ratio. If the available
confinement pressure for an AFRP confined concrete column be higher
than this threshold value, the column would have an ascending second
branch and the design confinement is sufficient. Otherwise, the design
is not sufficient to achieve full confinement action. The derived relation
for threshold confinement pressure is as follows:
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f

0.191l
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2tr

eq (23)

To evaluate performance of the new derived relation, its accuracy in
prediction of the confinement sufficiency of specimens in Tables A-1
and A-21 is compared with the models reported in Table 8. Fig. 16
demonstrates the success percentage of these methods in prediction
condition of the second branch of stress–strain curve for the experi-
mental data. As it is evident, the proposed relation is the most accurate
model. However, accuracy of the proposed is close to the relation
suggested by Mirmiran et al. which is developed for general type of
FRP.

8. Bilinear stress–strain curve

A new model is also proposed for axial stress–strain of AFRP con-
fined concrete columns, using the general form of the relation suggested
by Richard and Abbot [38]:
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The proposed model is applicable for fully confined circular col-
umns with ascending second branch of stress–strain curve. The new
relation is derived by calibrating the general form of Eq. (24) based on
the stress–strain curves reported in previous experimental studies. The
derived relations for the model parameters are as follows:
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To evaluate performance of the suggested models, stress–strain
curve of 20 experimental specimens are predicted using the proposed
relations, as well as four other design-oriented models. The utilized
models for comparisons include Wu et al., Silva-Lobo et al., Djafar-
Henni and Kassoul and Samaan et al. [30,35,36,82]. Fig. 17 compares
computed stress–strain curves for specimens from Table A-1, with the
reported experimental outcomes. It is evident that the proposed model
is highly accurate and able to trace stress–strain curve with the least
possible error. Moreover, the effective parameters of the suggested
model are simpler in comparison with the other mentioned models.

9. Conclusion

This research paper was focused on development of design-oriented
relations for AFRP confined concrete columns. This task was performed
using a database of experimental results from the previous research
works and the Multi-Expression Programming (MEP). The main con-
tributions and findings of the present study are reviewed in the fol-
lowing:

• A comprehensive database of experimental test on 225 circular and
44 square AFRP confined columns is collected from about 20 pre-
vious research works. To the authors’ best knowledge, this is the
most complete available database on this subject at the time being.

• A unified strength model for AFRP confined circular and square
columns is proposed. Numerical evaluations proved better accuracy
of the developed model in comparison with most of the existing
relations. The proposed model has an average coefficient of de-
termination and root mean square error equal to 0.83 and 17 per-
cent, respectively.

• Two new strain relations were proposed to predict ultimate strain of
AFRP confined circular columns with and without hoop FRP rupture
strain as an effective parameter. Numerical assessments showed that
inclusion of FRP hoop rupture strain in the formulation, makes the
strain model more accurate. The proposed model with hoop rupture
strain as an effective parameter coefficient of determination and
root mean square error equal to 0.75 and 18.3 percent, respectively,
while for the other model this values are 0.62 and 18.5 percent.
However, since this parameter is not readily available for the de-
signers, the second proposed strain model (without hoop rupture
strain) is more practical from the designer standpoint. Accordingly,
the second strain model was used to apply modification factor for
square section and partial confinement.

• To make the developed models utilizable for partially confined
columns, the modified confinement pressure was used in the stress
and strain models. The numerical evaluations demonstrated that the
average error of the proposed models is approximately 50 percent
less than the previous models for partially confined concrete col-
umns.

• To make both strength and strain models applicable for the confined
specimens in which fiber orientations is not perpendicular to the
columns axis, modifying relations were developed based on limited
number of available experimental results. Applying these modifying
factors to the developed strength and strain models provided more
accurate estimations for inclined fibers. According to the attained
results, the average error of the proposed models for ultimate stress
and strain of AFRP confined concrete columns with inclined fibers is
less than 4 percent.

• In addition to the strain models, a simple relation to approximate
hoop rupture strain of AFRP jacket was developed, which provided
reasonable predictions. However, further investigations are required
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in this regard.

• In order to justify sufficiency of designed confinement for circular
concrete columns to achieve confined stress–strain curve with as-
cending second branch, a threshold confinement pressure was pro-
posed. The suggested relation predicted the sufficiency of the con-
finement with 88 percent accuracy compared with experimental
data.

• A bilinear stress–strain curve for AFRP confined circular columns
was suggested by modifying the well-known model proposed by
Richard and Abbot. This model showed very high accuracy in tra-
cing experimental stress–strain curve.
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